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By 
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(Korea University, Japan, The University of Electro-Communications, Japan and 
University of Hanoi, Vietnam) 

1. Introduction and preliminaries 

Let R be a real line and E a Banach space with a norm I• 1- Let r be a 
given positive number. For a function x: R----+ E, a function Xi: [-r, O] ----+ E, 
t ER, is defined by xi(0) = x(t + 0), 0 E [-r, OJ. We deal with the linear 
functional differential equation with finite delay in the Banach space E of the 
form 

(L) 
dx(t) 
----;fr= Ax(t) + L(t, Xi)+ f(t). 

Denote by re:= C([-r,0],E) the set of all continuous functions from [-r,0] to 
E with the supremum norm. We assume that Eq. (L) always satisfies the 
following hypothesis (H): 

(i) A : §(A) c E----+ E is the infinitesimal generator of a C0-semigroup 
T(t), t?: 0, on E; 

(ii) L : R x re ----+ E is continuous and L( t, •) : re ----+ E is linear; 
(iii) f : R ----+ E is continuous. 
Note that IIL(t)II := IIL(t, ·)II is a locally bounded, lower semicontinuous 

function. Throughout this paper we assume that IILll 00 = sup{IIL(t)II : t?: 0} < 
oo. If L(t, ijJ) and f(t) in Eq. (L) are periodic functions with a period w > 0, 
we denote Eq. (L) by Eq. (PwL). If f(t) = 0, we denote Eq. (L) and Eq. 
(PwL) by Eq. (Lo) and Eq. (PwLo), respectively. 

The purpose of this paper is to investigate criteria for the existence and the 
uniqueness of (mild) periodic solutions to Eq. (PcvL) in the relation between 
the delay r and the period w by materializing the theory of semi-Fredholm 
operators, which is used in [9]. In particular, we discuss the uniqueness of 
periodic solutions to Eq. (P wL) by using the manner of [9] and the standard 
way. 

* Supported by the Japan Society for the Promotion of Science. 
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First, we inverstigate criteria for the existence of periodic solutions to Eq. 
(PcvL). In 1974, Chow and Hale [1) gave the following fixed point theorem for 
linear affine maps to show the existence of periodic solutions to Eq. (P cvL) with 
A = 0 and E = Rn. Let X be a Banach space and T a bounded linear affine 
map defined by Tx := Sx + z for x EX, where Sis a bounded linear operator 
on X and z E X is fixed. 

Theorem 1.1. If the range flt(/ - S), I being the identity, is closed and if 
there is an x 0 E X such that { x0 , Tx0 , T 2 x 0 , ... } is bounded in X, then T has a 
fixed point in X 

The following trivial result is the case where the fixed point of T is unique. 

Theorem 1.2. If l E p( S) ( the resolvent set of S), then T has a unique fixed 
point in X 

More recently, Shin and Naito [9) studied the existence and the uniqueness 
of periodic solutions to Eq. (PcvL) with infinite delay, in which the semi­
Fredholm operator theory plays an important role. 

Denote by ffr the set of the fixed points of the affine map T on X given in 
the above theorem. Then ffr = y + N(I - S) for some y E ffr: it is an affine 
space, where N(B) stands for the null space of linear operator B. The di­
mension of the affine space ffr is defined as the dimension of the null space of 
I - S; that is, dimffr = dimN(/ - S). Denote by <l>+(X) the family of semi­
Fredholm operators on X; that is, the family of linear bounded operators F such 
that dimN(F) is finite and the range flt(F) is closed. Notice that for a semi­
Fredholm operator F on X, flt(F) is closed in X if and only if there exists 
a constant c > 0 such that J[x]I :$; cJFxJ for x EX, where J[x]I = inf{Jx + yJ: 
y E N(F)}, cf. [9, Lemma 6.4]. Using such semi-Fredholm operators, Theorem 
1.1 is refined as follows, see [9). 

Theorem 1.3. Assume that there is an x 0 EX such that {x0 , Tx0 , T 2x0 , .. . } 

is bounded in X If I - SE <l>+(X), then ffr #- 0 and dimffr is finite. 

Remark. Let S be a bounded linear operator on X. Then the following 
statements hold true. 

1) If S is an rx-contration operator on X, then re(S) < 1. 
2) If re(S) < 1, then 1 is a normal point of S. 
3) If 1 is a normal point of S, then I - SE <l>+(X). 
4) If / - SE <l>+(X), then flt(/ - S) is closed. 

In order to apply the above result to Eq. (P wL), the perturbation theory 
of semi-Fredholm operators is needed, cf. [3), [7), [9, Proposition 7.3]. Let 
F, K: X----* X be bounded linear operators. 
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Theorem 1.4. Assume that FE <P+(X). If K is a compact operator on X, 
then F +KE <P+(X). 

Theorem 1.5. Assume that FE <P+(X) (; and hence, dimN(F) = n < oo 

and l[x]I s c!Fxl for x EX and for some c > 0). If IIKII s 1/2c(l + yn), then 

F +KE <P+(X), and dimN(F + K) s n. 

Using those theorems we will show the existence of periodic solutions to 
Eq. (PwL) in the first half of the present paper. 

Next, we inverstigate criteria for the uniqueness of periodic solutions to Eq. 
(PwL), which is considered in the latter half of the paper. We will employ two 
manners. The first manner (Proposition 5.5) is concerned with the following 
result, which is the case where n = 0 in the above theorem. 

Proposition 1.6. Assume that I - FE <P+(X) and dimN(I - F) = 0 (; and 

so, lxl s cl(/ - F)xl for x EX and for some c > 0). If IIKII s I/2c, then 

I - F + K belongs to <P+(X), and dimN(I - F + K) = 0. 

Notice that if 1 E p(F) in Proposition 1.6, then I - FE <P+(X) and 
dimN(/ - F) = 0. The second one (Theorem 6.4) is based on the following 
trivial result. 

Proposition 1.7. Assume that I E p(F). If I E p((I - F)- 1 K), then I E 

p(F +K). 

We here emphasize that in general, our results (Proposition 5.5 and 
Theorem 6.4) on the uniqueness of periodic solutions to Eq. (PwL) are in­

dependent of each other. 

2. Estimates of IIK(t)II 

We denote by u(t,a,rp) and u(t,a,rp,f), respectively, the mild solutions 
of Eq. (Lo) and Eq. (L) through (a, rp) ER x <fJ. Refer to [8, 10, 12, 13, 14] 
for the existence and uniqueness of mild solutions to Eq. (L). Define the 
solution operator U(t, a), t ~ a, on <fJ for Eq. (Lo) by U(t, a)rp = u1(a, rp) := 

u(t+ •,a,rp). Then it may be seen that this is a family of bounded linear 
operators, and II U(t, a)II is bounded for t in every compact interval of 
[a, oo ). Put 

( J..) = { f I T(t - s)L(s, Us(a, rp))ds, 
z t,a, 'f' " 

0, a - rs ts a. 
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Then z(t, u, <ft) is continuous for t 2". u - r. For t 2 u define an operator K(t, u) 

by K(t, u)</J = z1(u, <ft) for <ft E <f!. Then it is a bounded linear operator on <f!, 

and U(t, u) is decomposed as 

(1) U(t, u) = T(t - u) + K(t, u), 

where 

(T(t)</J)(O) = { T(t + 0)</J(O) 
</J(t + 0) 

for t + 0 2 0 
for t + 0 s 0. 

Set K(t) = K(t, 0) and let the C0-semigroup T(t) on E in Hypothesis (H) 

satisfy the inequality IIT(t)II s Mwewt, t 2 0, where Mw 2". 1 and w ER. Then 
we have the following result, which can be found in [9]. 

1) T(t) is a Co-semigroup on <f!; and hence, 

(2) IT(t)</JI S Mwl</Jlemax{O,w}t for t 2". 0. 

2) If T(t) is compact for t > 0, or if L(t, •) is a compact operator for 

t > 0, then K(t), t > 0, is a compact operator on <f!. 
3) The following inequality holds true: 

(3) IIK(t)II Sat e(a+max{O,w})(t-s)IIT(s)llds 

for t 2". 0, where a= MwllLll 00 -

Lemma 2.1. Let a, r and w be positive constants, and let f, u : [O, oo) -, 
R be nonnegative continuous functions. Suppose that f(t) is a nondecreasing 

function in t and that u(t) satisfies the inequality 

(4) u(t) s a sup J' e-w(r-s)u(s)ds + f(t). 
max{0,t-r}<:;r<:;t 0 

Then the following inequalities hold: 

1) 

for t 2 0. 

2) 

u(t) s wf(t)/(w - a) if w > a and t 2". 0. 

Proof We prove the assertion 1). The inequality (4) becomes 

u(t) sat u(s)ds + f(t). 
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By applying Gronwall's inequality to this inequality, we can obtain 

u(t) s [1 +a { ea(t-s)ds]f(t) 

= ea1/'(t), 

which implies the assertion 1). 
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Next, we prove the assertion 2). Set v(t) = sup099 u(s). Then from the 
inequality (4) we have 

and hence, 

u(t) s av(t) sup J' e-w(r-s) ds + f(t) 
max{O, t-r} <:,rst 0 

sav(t) sup (1-e-w')/w+f(t) 
max{O,t-r}srst 

s av(t)(I - e-wt)/w + f(t) 

s av(t)/w + f(t), 

v(t) s av(t)/w + f(t), 

from which the described inequality follows, cf. [9, Lemma 3.6]. 

Using the above lemma, we have the following estimates on IIK(t)II­

Proposition 2.2. Suppose that IIT(t)II s Mwe-w1, w > 0, for t ~ 0. Then 
the following estimates hold true for IIK(t)ll-

1) 

IIK(t)II s min{M;IILlloo(l - e-wt)eMwllLllo,J/w,Mw(eMwl1Llloo 1 -1)} 

2) 

if w > MwllLlloo and t ~ 0. 

for t ~ 0. 

Proof Set a= MwllLll 00 • Using the decomposition (1) of the solution 
operator for Eq. (Lo), we have 

IK(t)¢1 S Mw sup J' e-w(r-s)IL(s, U(s, 0)¢)1ds 
max{O,t-r}srst 0 

Sa sup {J' e-w(r-s) IK(s)¢1ds + J' e-w(r-s) I T(s)¢jds}. 
max{O,t-r}<:,r<:,t O 0 
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Furthermore, it follows from the estimate (2) of T(t) that 

J: e-w(r-s)lf(s)i;blds :s:; J: e-w(r-s) Mwli;blds :s; Mw(l - e-wr)li;bl/w. 

If we set u(t) = IK(t)i;bl, then 

u(t) :s; a sup Jr e-w(r-s)u(s)ds + aMw(l - e-wt)li;bl/w. 
rnax{O,t-r}:<;;r:<;;t 0 

Using Lemma 2.1 and the estimate (3), we have the estimates described in the 
proposition. 

3. Existence of periodic solutions: bounded perturbations 

In this section, we consider the existence of periodic solutions to Eq. (PwL) 
by using Theorem 1.3 and Theorem 1.5. The following two lemmas can be 
found in [9, Lemma 6.1 and Proposition 6.2]. 

Lemma 3.1. i;b E N(I - T(w)) if and only if i;b(0) E N(I - T(w)) and i;b(0) = 

T(nw + 0)i;b(0), -r :s; 0 :s; 0, whenever nw;:,: r; in particular, i;b E N(I - T(w)) is a 
restriction to [-r, O] of an w-periodic function. Furthermore, 

dimN(I - T(w)) = dimN(I - T(w)). 

Lemma 3.2. The functions i;b, t/1 E <f5 satisfy the equation (I - T(w))i;b = t/1 if 
and only if 

1) (I - T(w))i;b(0) = t/1(0). 
2) i;b( 0) = "5.:_11:,} t/1( 0 + jw) + T( 0 + kw )i;b(0), 0 Eh, k = I, 2, ... , p, where 

h=[-kw,-(k-l)w), k=l,2, ... ,p-1, lr=[-r,-(p-l)w) and pis the 
integer such that (p - 1 )w < r :s; pw. 

Lemma 3.3. Suppose that TE <l>+(X) (; and hence, dimN(T) = n and 
I [x] I :s:; cl Txl for x E X and for some c > 0). Then there exists a closed subspace 
Z of X such that X = N(T) EB Z, and Q := Tlz, the restriction of T to Z, has a 
bounded inverse, and IIQ-1 11 :s:; (1 + y'n)c. 

Proof Take a closed subspace Z such that X =NEB Z and that IIPzll :s:; 
y'n, where Pz stands for the projection onto N along Z, cf. [6, B.4.9, pp. 29-30, 
28.2.6, p, 386]. Take a z E Z. It is represented by z = (I - Pz)x for some 
x EX. Since TPzX = 0 and l(I - Pz)xl :s:; (1 + vn)l[x]I, we have 

lzl = l(I - Pz)xl :s:; c(l + v'n)ITxl = c(l + v'n)IT(/ - Pz)xl = c(l + v'n)ITzl. 

This implies the assertion, cf. [9, Proposition 7.3]. 
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Let I - T(w) E <P+(E), and put N = N(I - T(w)). Then there exists a 
closed subspace M of E satisfying the conditions in Lemma 3.3; and hence, 
E =NEB M. Let SM be the restriction of I - T(w) to M; that is, 

SM:= (I - T(w))IM: M---+ f1ll(I - T(w)). 

From Lemma 3.3 we see that the inverse operators-;/ of SM is continuous and 

(5) 

where n = dimN(I - T(w)), and co is a constant such that 

(6) l[x]I $; col(/ - T(w))xl 

for x EE. 
Put ~={ijJE<(}:ijJ(O)Ef1ll(I-T(w))} and let ijJE~. Since f1ll(SM)= 

f3f(I - T(w)), s-;/i/J(O) is well defined and (/ - T(w))S-i/i/J(O) = ijl(O). We 
define a function (VijJ)(·): [-r,O]---+ E pointwise by 

k-1 

(7) [Vi/J](0) = L ij1(0 + jw) + T(0 + kw)S"i)ijJ(O), 0Eh, 
}=0 

fork= I,2, ... ,P, and [Vi/J](O) = S-;}i/J(O). Notice that ~(V) = ~-

Lemma 3.4. The operator V defined by (7) is a linear operator from ~( V) 
to <(}_ 

Proof It is sufficient to prove that Vijl E <(} for ijJ E ~(V). Clearly, 
V ijJ is continuous in each interval h. Thus we prove that ( V ijJ) (-kw) = 
(Vi/J)(-kw - 0) for k = I, 2, ... p - I. Notice that S"i)ijJ(O) = T(w)S"i)ijJ(O) + 
ijl(O). From the definition (7) of V, we have, 

k-1 

(Vijl)(-kw) = Li/J(-kw+ jw) + T(O)S-i/i/J(O), (-kw Eh) 

as required. 

}=0 

k-1 

= L i/J(-kw + jw) + ijl(O) + T(w)S"i)ijJ(O) 
}=0 

k 

= L i/J( -kw+ jw) + T( -kw+ (k + 1 )w )S-;} ijl(O) 
}=0 

= 0_,~r!-o {t, ij1(0 + jw) + T(0 + (k + I)w)S"i)ijJ(O)} 
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Lemma 3.5. 

fJl(I - T(OJ)) = E0(V). 

Proof Let ijJ E fJl(I - T(OJ)). Then there is a <ft E ~ such that [I - T(OJ)]¢ 
= ijl. From Lemma 3.2 we see that (I - T(OJ))</J(O) = ijJ(O); and hence, ijJ(O) E 

fJl(I - T(OJ)). This implies that ijJ E E0(V). 
Conversely, if ijJ E E0(V), then ijJ(O) E fJl(I - T(OJ)). Lemma 3.4 means 

that Vi/IE~- Hence it follows from Lemma 3.2 that [I - T(OJ)]VijJ = ijl. 
Therefore the proof is completed. 

Proposition 3.6. I - T(OJ) E <P+(E) if and only if I - T(OJ) E <P+(~). 

Proof If fJl(I - T(OJ)) is closed in E, then E0(V) is closed in~- Indeed, 
if <Pn E E0(V)------> <ft as n------> oo, then <Pn(O)------> ¢(0) as n------> oo. This implies that 
<ft E E0(V). From this fact and Lemma 3.5 it follows that fJl(I - T(OJ)) is closed 
in~-

Conversely, we assume that fJl(I - T( OJ)) is closed in ~- Then it follows 
from Lemma 3.5 that E0(V) is closed in~- Let Xn E fJl(I - T(OJ))------> x as n------> 
oo. Then there exist a sequence frn} c ~ of constant functions and rp E ~ such 
that f/Jn(O) = Xn, f/Jn E E0(V) and f/Jn------> rp as n------> oo in~- Hence we have q>(O) = 

x and rp E E0(V). This implies that x E fJl(I - T(OJ)). The remainder follows 
from Lemma 3.1; and hence, the proof is complete. 

Proposition 3.7. 1 E p(T(OJ)) if and only if IE p(T(OJ)). 

Proof It is sufficient to prove that if 1 E p(T(OJ)), then 1 E p(T(w)). 
Since fJl(I-T(OJ))=E, we have E0(V)=~- Hence it follows from Lemma 
3.5 that fJl(I - T(OJ)) = E0(V) = ~- Lemma 3.1 implies that 1 E p(T(w)). 

Lemma 3.8. Suppose that I - T(OJ) E <P+(E), and take the quotient space 
~ / N ( I - T (OJ)). If there exists a positive constant c such that 

(8) I Vi/JI :s; cli/11 for all ijJ E f0( V), 

where V is defined by (7), then 

1[¢]1 :s; cl(I - T(w))¢1 for¢ E ~-

See [9, Theorem 6.5] for the proof. 
From this lemma we can obtain the following result. Put mw := 

sup{IIT(t)II: 0 :s; t :s; OJ}. 
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Theorem 3.9. Assume that I - T(w) E <i>+(E) (; and hence, dimN(I -
T(w)) = n < oo and l[x]I:::;; col(/ - T(w))xl for x EE and for a constant co> 0). 
Then I - T(w) E <i>+(CC), dimN(/ - T(w)) = n and 

for t/t E 5:0( V), 

as a result, 

1[¢]1:::;; (p + mwco(l + v'n))l(J - T(w))¢1 for ¢ E CC, 

where p is as in Lemma 3.2. 

Proof Take the closed subspace M such that the estimate (5) holds 
true. Suppose that t/t E 5:0( V). Then, for 0 Eh, k = 1, 2, ... , p, 

I Vt/t( 0) I :::;; kit/ti + mw 11s111 lt/t(0) I :::;; (p + mw II Si/ II) It/ti-

This implies that 

(9) 

Using this fact, the estimate (5) and Lemma 3.8 we have the conclusion of the 
theorem. 

Denote by Y'L(w) the set of all w-peiodic solutions of Eq. (PwL). Using 
Theorem 3.9, Theorem 1.3 and Theorem 1.5 we can find the main result on the 
existence of periodic solutions. 

Theorem 3.10. Assume that I - T(w) E <i>+(E) (; and hence, dimN(I -
T(w)) = n < oo and l[x]I:::;; col(/ - T(w))xl for x EE and for a constant co> 0), 
and that Eq. (PwL) has a bounded solution. If 

IIK(w)II :::;; 1/2(1 + v'n)(p + mwco(l + v'n)), 

4. Existence of periodic solutions: compact perturbations 

In this section, we consider the existence of periodic solutions for Eq. (P wL) 
by using Theorem 1.3 and Theorem 1.4. In particular, in order to check the 
condition I - T(w) E <i>+(CC), we will compute the radius re(T(t)) of the essential 
spectrum of T(t). 
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For a subset D c E we denote by T(·)D the family of functions T(t)x 

defined for t E [O, oo) with a parameter x ED, and by T(-)D I [a, b] its restriction 

to [a, b]. We note that o:(Q(O)) s o:(Q) for a bounded set Q c <If, where Q(O) = 
{1(0): <PE Q}. Put Jr:= max{l, Yr}, where Yr= limsup1--+ollT(t)II-

Lemma 4.1. 
1) Let T(t) be a C0-semigroup on E. Then 

o:(T(t)) < { supo 9 s1IIT(s)II, 
- SUP1-rsss1IIT(s)II, 

r::C:t::C:0 

t > r. 

2) Let T(t) be a C0-semigroup on E such that T(t)x E ~(A) for all x EE 

and t > 0. Then 

o:(T(t)) < { max{Jr, sup0<sst o:(T(s))}, 
- SUP1-r<s<t o:(T(s)), 

r::C:t>0 

t > r. 

3) Let T(t) be a Co-compact semigroup for t > to on E. 

(i) Case to ::C: r. 

r > t ::C: 0 

to ::C: t ::C: r { 

SUPo<s<ill T(s) II, 

o:(T(t)) < SUP1-rssdl T(s) IIJr, 
- SUP10-rssst0 II T(s) IIJr, 

0, 
to+ r :2: t > to 

t > to+ r. 

(ii) Case r > to. 

to :::: t:::: 0 

r ::C: t > to { 

SUPo<s<1IIT(s)II, 

o:(T(t)) < SUPosssto II T(s) IIJr, 
- SUPt-rsssto II T(s) IIJr, 

0, 

to+ r ::C: t > r 

t > to+ r. 

Proof For a bounded set Q c <If and for t ::C: 0, we have 

( '() ) {max{o:(T(•)Q(O)l[O,t]),o:(Ql[t-r,O])}, 
o: T t Q s 

o:(T(-)Q(O) I [t - r, t]), 

From this we can easily obtain the conclusion of the lemma. 

here will give the proof of the relation 

o:(f(t)) s sup IIT(s)IIJr for t E (to, r] 
Osssto 

r::C:t>0 

t > r. 

For example, we 
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in the assertion 3) (ii). For any e > 0, t - to > e > 0 we have 

rx(T(t)D) 

:,;; max{ rx(Q I [t - r, 0]), rx( T(-)Q(0) I [0, to + el), rx(T(-)Q(0) I [to + e, t])} 

:,;; max{ rx(Q), rx(T(-)Q(0) I [O, to +el)} 

:,;; max{ 1, o,,;~~~+e IIT(s)II }rx(Q) 

:,;; max{ o!~~10 IIT(s)II, 10 ,,;~~o+e IIT(s)II }rx(Q) 

:,;; max{ o!~~to II T(s)II, II T(to) II 0 ~~~e II T(s) II }rx(Q) 

:,;; max{ o!~~
10 

II T(s) II, II T(to) IIJr }rx(Q) 

:,;; sup IIT(s)IIJrrx(Q). 
0 ,,;s,,;to 

This implies the described inequality, cf. [9, Lemma 4.2, Lemma 4.3]. 
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Corollary 4.2. If T(t) is a Co-compact semigroup for t > to on E, then T(t) 
is a Co-compact semigroup for t > t0 + r on <t/. 

Now, we will find sufficient conditions that the radius of the essential 
spectrum of the solution operator U(t, 0) of Eq. (PLo) is less than 1. Suppose 
that a function g : [0, oo) -+ [0, oo) is locally bounded, and submultiplica­
tive (that is, g(t+s):,;; g(t)g(s) for t,s ~ 0). Then it is well known that 
limt--+oo i- 1 logg(t) = inf1>o i-1 logg(t), which may be -oo, but not be +oo. 
This quantity is called the type number of the function g(t). We denote 
respectively by r,rv,f,fv the type numbers of the functions rx(T(t)),IIT(t)II, 
rx(T(t)), IIT(t)II, provided that T(t) is a Co-semigroup on E. Then r:,;; rv, and 
T:,;; fV. 

Notice that 

re(T(t)) = it, t > 0, 

by using the Nussbaum formula. In particular, if T(t) is a C0-compact 
semigroup on E, or if L(t, ·) is a compact operator for each t ER, then the 
radius of the essential spectrum of the solution operator U(t, 0) of Eq. (Lo) 
becomes re(U(t,0)) = re(T(t)) = exp(ft), t > 0. Thus, if f < 0, then I - T(w) 
E <l>+(<t/). Now we give several conditions that f is negative. 
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Lemma 4.3. LetllT(t)II :::::; Mwe-wt, w > 0, for t c: 0. Then 

(10) for t > r 
for t:::;; r. 

Theorem 4.4. 1) Let T(t) be a Co-semigroup on E. If ,v is negative, then 
TV< 0. 

2) Let T(t) be a Co-semigroup on E such that T(t)x E E0(A) for all x EE 
and t > 0. If , < 0, then i < 0. 

3) If T(t) is a Co-compact semigroup on E or a Co-compact semigroup for 
t > to on E, then i < 0. 

Proof It is sufficient to prove only the assertion 1). Since ,vis negative, 
there is aµ such that -,v > µ > 0 and IIT(t)II:::::; Mµe-µ 1 for all t?: 0. Using 
the estimate (10), we see that 

iv = lim ! log II T( t) II 
t---->OO f 

:::::; lim ! log M e-µ(t-r) 
t---->OO t µ 

= -µ < 0, 

from which we have the assertion 1). The remainder follows from Lemma 4.1, 
cf. [9, Theorem 4.8]. 

We are now in a position to give a criterion for the existence of periodic 
solution of Eq. (PwL). 

Theorem 4.5. Assume that at least one of the following conditions is 
satisfied: 

1) T(t) is a Co-compact semigroup on E. 
2) L(t, •) is a compact operator for each t ER and ,v < 0. 
3) T(t) is a Co-compact semigroup for t > to on E and L(t, •) is a compact 

operator for each t E R. 
4) T(t) is a Co-semigroup on E such that T(t)x E E0(A) for all x EE and 

t > 0, L(t, ·) is a compact operator for each t ER, and T < 0. 
Then I is a normal point of U(w, 0); and hence, the following results hold 

true: 
i) in the case where I Ep(U(w,0)), Eq. (PwL) has a unique w-periodic 

solution. 
ii) in the case where I is a normal eigenvalue of U(w,0), if Eq. (PwL) has 

an bounded solution, then YL ( w) #- 0 and dim YL ( w) is finite. 
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Proof From Theorem 4.4, Theorem 1.2 and Theorem 1.3 we can easily 
obtain the conclusion of the theorem. 

5. The uniqueness of periodic solutions (I) 

We consider criteria for the uniqueness of w-periodic solutions to Eq. 
(PwL). First, we state the general results. From Proposition 1.6 we have the 
following result. 

Theorem 5.1. Assume that I - T(w) E <P+(~) and dimN(I - T(w)) = 0 (; 
and hence, 1¢1 :s; cl(J - T(w))<PI for all <PE~ and for some c > OJ, and that the 
inequality IIK(w)II :::;; 1/2c holds. If Eq. (PwL) has a bounded solution, then Eq. 
( P wL) has a unique w-periodic solution. 

The following result is an immediate consequence of Theorem 3.10. 

Theorem 5.2. Assume that I - T(w) E <P+(E) and dimN(I - T(w)) = 0 (; 
and hence, lxl :s; col(J - T(w))xl for all x EE and for some co> OJ, and that the 
inequality IIK(w)II :s; 1/2(p + mwco) holds. If Eq. (PwL) has a bounded solution, 
then Eq. (PwL) has a unique w-periodic solution. 

Next, we consider the uniqueness of w-periodic solutions to Eq. (P wL) for 
the special case where the type number rv of the function IIT(t)II is negative. 
Then there exists a positive number w > 0 such that II T(t) II :::;; Mwe-wt for t z 0. 
Hence 1 E p(T(w)), and so, 1 E p(T(w)), because of Proposition 3.7. For each 
<,6 E ~ take the space BC(<,6), the set of bounded, continuous functions 
x : [O, oo) ---+ E such that x(O) = <,6(0). This is a complete metric space with the 
metric d(x, y) = llx - Yll 00 := sup{lx(t) - y(t)I: t z O}. Define an operator F¢, 
on BC(<,6) by 

(F¢,x)(t) = T(t)<,6(0) + t T(t - s)(L(s, is)+ f(s))ds, t z 0, 

where x(t) = <,b(t) for -r _:::;; t _:::;; 0 and x(t) = x(t) for t z 0. Set 

llflloo = sup{lf(t)I : t z O}. 

Then we have IIF1xll 00 _:::;; Mwl<P(O)I + Mww- 1[IILll 00 max{llxll 00 , 1¢1} + llfllool• 
Using this relation we have the following result, cf. [9, Proposition 8.1, Theorem 
8.2]. 

Lemma 5.3. Suppose that IIT(t)II :s; Mwe-wt for t z 0. If MwllLll 00 < w, 
then every solution of Eq. (PwL) is bounded, and every w-periodic solution v(t) of 
Eq. (PwL) is estimated as 

( 11) 
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Theorem 5.4. Suppose that IIT(t)II :<,::; Mwe-wt for t:;::,: 0 (; and so, 1¢1 :<,::; 

cl(/ - T(w))tftl for all tp E <{; and for some c > 0). If 

2ck(w) < 1 and 

then Eq. (PwL) has a unique w-periodic solution, where k(t) is as in Proposition 
2.2. 

Proof From the assumption on IIT(t)II we have that 1 Ep(T(w)). On 
the other hand, using Proposition 2.2 and the assumption in this theorem, we 
have 

1 
IIK(w)II :<,::; k(w) < 2c. 

Therefore, by combining Theorem 5.1 and Lemma 5.3 we can obtain that Eq. 
(PwL) has a unique w-periodic solution. This proves the theorem. 

Proposition 5.5. Let IIT(t)II :<,::; Mwe-wt fort:;::,: 0 and let p be a nonnegative 
integer such that (p - 1 )w < r :<,;; pw. Assume that ww > log Mw. If 

(12) 2(p + Mw)k(w) < l 
(1 - Mwe-ww) 

and 

then Eq. (PwL) has a unique w-periodic solution. 

Proof Now we will compute the value of the constant c in Theorem 
5.4. Since ww > logMw, we have IIT(w)II :<,::; Mwe-ww < 1, and hence, 

Combining the relation (9) and (13) we get 

C :<,;; P + mwllSAi II 

:<;;; p + Mw/(1 - Mwe-ww) 

Therefore it follows from the assumption that all conditons of Theorem 5.4 are 
satisfied, and the proof is complete. 

Notice that the above result is also derived from Theorem 5.2. 

Remark. From the above proof we can obtain the following condition 

2(p - pMwe-ww + Mw)k(w) < l 
(1 - Mwe-ww) 

and 
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which is weaker than the condition (12). However, we do not use this 
condition, because it is sufficient to consider only the condition (12) in our 
discussion. 

Remark. Let II T( t) II ~ e-wi, w > 0, in the Proposition 5.5. Then (12) 
becomes 

2(p + l)IILll 00 < l 
w- llLlloo 

and 

6. The uniqueness of periodic solutions (II) 

W > IILll 00 -

In this section we consider criteria for the uniqueness of periodic solutions 
to Eq. (PwL) by using Proposition 1.7. 

Theorem 6.1. Assume that 1 E p(T(w)). If 

(14) 

then Eq. (PwL) has a unique w-periodic solution. 

Proof From Proposition 3.7 we have that if 1 E p(T(w)), then 
1 E p(T(w)). For the solution operator U(t, 0) of Eq. (PwLo), the periodic 
map U(w,0) is decomposed as U(w,0) = T(w) +K(w). We here note that 
1 Ep(U(w,0)) if and only if 1 Ep((I-T(w))-1K(w)). Therefore, applying 
Proposition 1. 7 to our situation, we can obtain the proof of the theorem. 

We now get a sufficient condition for the condition (14) in the above 
theorem. 

Lemma 6.2. Assume that 11 T( w) 11 < 1. If 

(15) IIK(w)II < 1 - IIT(w)II, 

then the condition (14) holds. 

Proof From the condition (15) we have 

11((/ - T(w))-1K(w)II ~ 11((/ - T(w))- 1 11 IIK(w)II 

~ IIK(~)II < 1. 
1 - IIT(w)II 

This fact implies the condition (14). 
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Lemma 6.3. Let IIT(t)II s Mwe-wt, w > 0. Assume that w > r and 
w(w - r) > IogMw. Then the inequality (15) in Lemma 6.2 can be replaced by 
the following inequality: 

(16) IIK(w)II 1 
1 - Mwe-w(w-r) < • 

Proof From assmptions and the estimate (10) of T( t) we have II T( w) II s 
Mwe-w(w-r) < 1. Hence, the inequality (15) follows from the inequality (16). 
This proves the lemma. 

Combining Lemma 6.3 with Proposition 2.2, we can obtain the following 
result. 

Theorem 6.4. Suppose that IIT(t)II s Mwe-wt for t 2 0 and that w >rand 
w(w - r) > logMw. If 

k(w) < l 
(1 - Mwe-w(w-r)) and 

then Eq. (PwL) has a unique w-periodic solution. 

In general, Proposition 5.5 and Theorem 6.4 are independent of each other, 
which will be shown in Remark of the next section. Hence, summarizing those 
results, we have the following result. 

Theorem 6.5. Suppose that IIT(t)II s Mwe-wt for t 2 0 and that w > r, 
w > MwllLll 00 ewr and w(w - r) > logMw. If 

(17) min{ 2(P + Mw) 1 }k(w) < 1 1 - Mwe-ww, 1 - Mwe-w(w-r) ' 

then Eq. ( P wL) has a unique w-periodic solution. 

Remark. We note that Theorem 5.4, Proposition 5.5, Theorem 6.4 can be 
expressed by using the estimate 1) in place of the estimate 2) of K( w) in 
Proposition 2.2. To avoid the complexity of the statement of the paper, we 
omitted them. 

7. An example 

In this section, we shall see, by means of a simple example, how the results 
of Proposition 5.5 and Theorem 6.4 can be used to prove the unique existence 
of a periodic solution of a partial differential-integral equation. 

Denote by E = C[- oo, oo], the space of all continuous real valued functions 
u(x), defined on (-oo, oo ), satisfying the condition that limx---+-oo u(x) and 



Existence and Uniqueness of Periodic Solutions 69 

limx-+oo u(x) exist, and take its norm as JJuJJ = sup_oo<x<+oolu(x)J. Then Eis a 
Banach space. 

We consider the initial value problem for the equation of the form 

au(t, x) 82u(t, x) Jt ( ) 
(18) - 8-t - = ax2 - rxu(t, x) + b(t, x) t-r e-c t-s u(s, x)ds + f(t, x), 

and 

u(0,x) = ¢(0,x), -rs 0 s 0, rjJ E ct'. 

It is well known that the linear operators A and Ao, defined by 

d 2u 
Au= - - rxu for u E E0(A), 

dx2 

d 2u 
Aou = dx2 for u E E0(AO) 

are infinitesimal generators of Co-semigroups T(t) and To(t) on E, respectively, 

cf. [2, Chapter VIII]. Hence, 

IITo(t)II = 1, and JJT(t)JJ = e-at 

for all t ?: 0. 
Assume that 
(C-1) rx>0 and c>0. 
(C-2) b(t, x) and f(t, x) : R x R-----+ R are continuous and w-periodic 

functions in t such that b(t, ·), f(t, ·)EE, t ER. 

Put JJb(t)JI = sup_oo<x<oolb(t,x)J, llblloo = SUPo:s:i:s:wllb(t)l1- Similarly, we 
define 11/(t)II and 11/11 00 for f(t, x). Set 

B(t, rp)(x) = b(t, x) rr ec0¢(0, x)d0, rjJ E ct'. 

Then we have 

IB(t, r/J)(x)I s llb(t)II rr ec0 l¢ld0 s llb~t)II Ir/JI 

and hence, IIBIJ 00 s llb!l 00 / c. Therefore from Proposition 5.5 and the estimate 
(11) we have the following result. 

Theorem 7.1. Asssume that the conditions (C-1) and (C-2) are satisfied. 
Let p be a positive integer such that (p - 1 )w < r s pw. If 

(19) 
2(p + 1) llblloo < 1 

crx - 11h11 00 

and crx > llblloo, 
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then Eq. (18) has a unique w-periodic solution v, and 

(20) 
C 

llvlloo ::; ca - llblloo llflloo• 

The following theorem follows immediately from Theorem 6.4. 

Theorem 7.2. Asssume that w > r and the conditions (C-1) and (C-2) are 
satisfied. If 

( 1) llblloo(l - e-"m) < I and II II 
2 (1 - e-a(m-r))(ca - llblloo) ca> b w, 

then Eq. (18) has a unique w-periodic solution v with the estimate (20). 

Remark. For simplicity, let w > r, c = I and a= I> llbll 00 • Then we 
compare the condition (19) in Theorem 7.1 with the condition (21) in Theorem 
7.2. Since w > r, we have p = I. Hence, using the condition (17) in Theorem 
6.5 we can obtain the following fact: if 

llblloo<max{ 4!1 , 1 _)ru +l}, 
1 - e-(m-r) 

then Eq. (18) has a unique w-periodic solution. However, we see that 
1) there is a periodic w close to the delay r such that 

1 - e-m 
---->4· 1 _ e-(m-r) • 

2) there 1s a sufficiently lage periodic w such that 

Those facts show that the condition (19) in Theorem 7.1 and the condition 
(21) in Theorem 7 .2 are independent of each other. 
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