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- Large Time Asymptotics of Small Solutions to
Generalized Kolmogorov-Petrovskii-Piskunov Equation

By

Kiyoshi MocHizukI and Ilia A. SHISHMAREV

(Tokyo Metropolitan University, Japan and Moscow State University, Russia)

1. Introduction

It is well known that the classical Kolmogorov-Petrovskii-Piskunov (KPP)
equation describes such phenomenas as combustion (physics), evolution of
dominant genes and propagation of nerve pulses (biology), propagation of con-
centration waves (chemical kinetics), evolution of the set of Duffing oscillators
(plasma) and many others (see Kolmogorov et al. [4], Vasilev et al. [9]).

In this paper we shall study the Cauchy problem for the generalized KPP
equation

(L1 {ut+au3+K(u)=O, xeRY, >0,

u(x,0) = up(x), xeRV,

Here u(x,t) is a real valued function, a is a real number and K is a linear
pseudo-differential operator defined by

Kip) = ()™ | e"*K(p)ip)p.

where
() =J P p(x)dx
RN

is the Fourier transform of the function ¢(x) and K(p) is the symbol of the
operator K.

The aim of this paper is to establish the asymptotic behavior as t — oo of
small solutions to the Cauchy problem (1.1).

2. Statement of the result

In order to state the assumptions on K(p) and uo(x), we introduce the
following notation.

m(p) =min{l,|p|},  M(p) = max{l,|p|}.



100 Kiyoshi MocHizukl and Ilia A. SHISHMAREV

Assumptions on K(p)
(A1) K(p)=Alpl’+0(lp/¥)  for peRY, |p| <1,
where 0 < < 2N, f>0 and 4> 0.
(42) ReK(p) = 2x(p) for pe RV,
where x(p) = am(p)® with ¢; > 0.
(43) |K(p1) — K(po)l < e2lpy — po| " M(py)*  for

p,peRY, |p—py| <1,
where ¢; >0, 0 <o; <1 and x> 0.

Assumptions on u(x)

(A4) uo(x) € L{(RM).
(45) lio(p)| <eM(p)™™  for pe R,
(46) lito(p1) — o(p2)|l < élpy — pa|”M(p,)™°  for

N
plvPZGR ’ |p1_p2|S1’
where 0 <oy <1, s> N and ¢ is a small positive constant.

Under these assumptions we shall prove the following theorem.

Theorem. Let K(p) and ug(x) satisfy the above (A1) ~ (A6). Then for the
solution u(x,t) of the Cauchy problem (1.1) the following asymptotics is valid for
t — oo uniformly with respect to y = x/t'/% e R":

u(ox, 1) = Ao(21) N1 NI J

o SO0 n)e A dy + O VP-0)

for some 0 >0, where

Ap = lim J u(x, t)dx.
RN

{—w0

In this paper, we do not discuss exactly the existence and uniqueness of
classical solutions of the Cauchy problem (1.1). If we assume that the operator
K has a finite order, i.e., there exist numbers o9 >0 and ¢y > 0 such that

K(p)l < co(1+1p)*,  peRY,

and if we choose s > N + oy in (45) and (46), then there exists by any means a
unique classical solution. It follows at once from Proposition 3.1 below, and
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fully justifies all our calculations. Indeed, the above assumptions guarantee the
necessary smoothness of classical solution and, after that, the uniqueness follows
from standard methods like energetic estimates or contraction mapping principle
(see e.g., Naumkin-Shishmarev [7]).

Remark 1. Ay can be expressed explicitly in terms of the symbol K(p) and
the initial data ug(x). See Naumkin-Shishmarev [6].

Remark 2. In the previous paper [8] by Shishmarev was sududied the
asymptotic behavior as ¢ — oo of small solutions to the Cauchy problem

n
u+ 3 aqpu +Ku) =0, xeRY,t>0,
(2.1) k=4

M(X, 0) = uO(X)7 X € RNa

where n > 4 is an integer and a; are arbitrary real numbers. In this case § in
(A1) is required to satisfy J € (0,3N). We combine this result and Theorem 1.
Then the same asymptotic representation as in Theorem 1 can be obtained for
the Cauchy problem

ut—l—iakuk—kK(u):O, xeRN, 1>0,

(2.2) k=3

u(x,0) = up(x), xeRY
if 0 is more restricted to satisfy J € (0,2N).

Remark 3. A simple example of our problem (1.1) is the Cauchy problem
(2.3) s+ alul” " u— Adu =0, xeRY >0,
' u(x,0) = up(x), xeRV.

with £ =3 and N > 2. In this case k(p) = A|p|%, and the above theorem shows
that for small [!-initial data uo(x), the solution behaves like

u(x,t) = A0(4n/lt)‘N/2e—|x\2/4/1z + O V0)

as t — co. The restriction N > 2 comes from the condition d =2 <2N. A
similar conclusion has been obtained by Kawanago [2] for (2.3) with more
general exponent /> 14 2/N (as for the positive solutions, see also Kamin-
Peletier [1] and Mochizuki [5]). However, his methods depends strongly on
the differential equation (2.3), and it is difficult to apply them directly to our
problem (1.1).
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Remark 4. If we consider the Cauchy problem for the equation
u+u+A2u=0,
the asymptotics of small solutions is given for N > 3 by Theorem with ¢ = 4.
On the other hand, if we consider the equation
U+ ud — du+ A*u =0,

the asymptotics is given for N > 2 by Theorem with = 2. A more interesting
example is the Cauchy problem for the nonlocal reaction-diffusion equation in
open systems

u +ud — Au +ﬁJ Au(y, t)dzya/z' =
R (1+|x— %)

with « > N and f € R, see e.g., Klimontovich [3]. We have (du)" = —|p|*i(p, 1)
and

lren Qn)¥*  Kw-ap(lp)
[(1+ %) 7] :2“/2—11"(01/2) TZI(J\)’/EM)/Z ’

where K, (|p|) is the Macdonald function of order v. So, if N > 2, assumptions
(4.1) ~ (A4.3) are fulfilled with 6 =2, and the asymptotics of small solutions is
the same as in the case of (2.3) with £/ =3.

The proof of our theorem will be based on the integral equation

(24)  a(p,1) = do(p)e X"

t
- aJ e KD drj J a(p — q,7)i(q — r,v)u(r, 7)dqdr,
0 RY JRN

which comes from the Fourier transformation of (1.1). We shall apply the
perturbation methods to this equation, that is, we denote

(2.5) io(p) = ev(p),

and represent the solution (p, 7) in the form of the power series in parameter &:
¢ o)

(2.6) a(p,t) = Zez”“vn(p, £).
n=0

Substitute (2.6) into (2.4). Then comparing the coefficients at the same powers
of ¢, we obtain

vo(p, 1) = v(p)e X7,
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t n k
2.7 vu(p,t) = —aJ e K)(=7) er J vii(p—gq,t
(2.7) (P, 1) . . RN;; j-1(p — 4,7)

X vk—j(q — 1, V) pi(r,T)dgdr ~ (n>=1).

We shall show that v,(p,f) can be determined successively in a suitable
L'-class in p of functions (Proposition 3.1). Then for sufficiently small e, (2.6)
converges uniformly in (p,¢) € RY x [0,00), and as the Fourier inverse trans-
form of @(p,t), the solution u(x,#) of (1.1) is obtained in the form

(2.8) u(x,t) = (2n)‘NJ ™ Pi(p, t)dp = isz"“l//n(x, 1),
RY n=0
where
(29) i) = @) | e (p, ).
R’

Thus, our problem reduces to the study of the asymptotics of each function
W,(x,t) as t — oo (Proposition 4.1).

3. Estimates for functions v,(p,?)

In this section we shall prepare several propositions which estimate the
behavior of function v,(p,?).

Proposition 3.1. For given any y > 1406, there exists a constant A =
Ai(y) = 1 such that

oa(p, )] < AT (n+ 1) 7"M(p)~ e, (p,f) e RN x [0, 0)
for any n >0, where 1,(p) =x(p/(2n+ 1)).
Proof. 1t follows from (A42) and (A45) that
(3.1) lvo(p, )] = |~ o (p)e ¥ P| < M(p) ™ e 2PN,

This proves the assertion for n = 0.
For general n > 1, the proof will be done by induction. Assume that the
assertion is valid for all v/(p,?), £ =1,2,...,n— 1. Then we have for v,(p, ?),

n k
(3.2) loa(p, 8)] < lal A7 SN Mk —j+ ) T -k +1)77
k=1 j=1

<[] M= 0 g = e g
R R

4
x J e~ 2(PHLa(par)T go.
0
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where s; = s+ o and
Lu(p,q,7) = 2k(p) — {xi-1(p — @) + x1—5(q — 1) + Kn_i(r)}.
Lemma 3.1. Let y,51 > 0. Then
(3.3) JMk—j+ 1) " n—k+1)7
<3m+2)7{j77k—-j+1)7"
+khk—j+D)7n—k+1)7+j " n—k+1)7"},
(3.4) M(p—q) " M(g—r)"M(r)™
<3"M(p) "{M(p~-q) "M(g—r)"
+M(qg—r)" M)+ M(p—q) " M(r)”" )

Proof. For h>0 put F(r)=r" r>0. Then for any b; >0 (i=1,2,3)
such that b; + b, + b3 =1, we have

(3.5) F(bir + bys + bst) < F(r) + F(s) + F(2).
This inequality is rewritten as

F(bir+ bys + bsr) < 1 n 1 1
F(r)F(s)F(1) — F(r)F(s) F(s)F(t)

and the assertions of the lemma easily follow from this inequality.
Lemma 3.2. We have

e_Kn(p)t

maX{K(p), an(p7Q7 r)l} ‘

t
J e~ PHLa(pa)T gr <
0

Proof. Since
Kji-1(p — ) + Kik—j(q — 1) + Knie(¥) = Ka(p)

by (3.5), integration of the left side gives

AZK(p)t+L,,(p,q,r)rd _
e T= < .
0 Ln(paqu) |Ln(l’7q7”)|

t e*ZK(p)t{eLn(pyq,r)t -1} e~ Kn(D)t
J <

Moreover, if |L,(p,q,r)| < x(p), then

e"2k(p)t{e’€(p)t —_— 1} S e‘Kn(P)t

x(p) k(p)

t
J o 2(PIHLupar)T gy <
0

These two inequalities conclude the lemma. O
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Lemma 3.3. There exists ¢3 > 0 independent of j, k, n such that
maX{K(p)a |Ln(p, q, F)I}
> cymax{j 0k =)+ 1), (k= j+ 1) =k + 17, 70—k + 1) }(p),

where p=1/|q|* + |r|* and x(p) = ¢;(min{1, p})°.

Proof. Note that the inequality

(3.6) max{x(p). L,(p, 0.1} > max{ (0). 5 051 (p=0) + ks lg =)+ 010}

holds. In fact, if |L,(p,q,r)| < x(p), we have

where [ -] = xj_1(p — q) + kr—j(q — r) + Kn—i(r), and the first inequality implies
(3.6). On the other hand, if |L,{(p,q,r)| = x(p), we have

[

W] =

k(p) =[] or K(p)<
It then follows. that

1
Lo(p.aur) > wlp) = max{x(p) 3l 1p  or
and (3.6) is also obtained.

By use of (3.6) we shall show
(37) max{k(p), |La(p, ¢, )|} = ¢j(k —j + 1) x(p).

Here and in the following the letter ¢ denotes various constants independent of
n. If |g—r| = 271r|, then it follows that

1

L(p.aor) < =311 < —max{x(p)

W} =

max{e(p) [La(p,0.11} > 5 {6+ 305400 =) + 10 la = 1)+ a0

2 £ {k(p) + 151 (p — ) e 4(a )

> 242~ 1) {x(p) + x(p ~ @)} + (g~ 1))
> 127 1)7x(2 ) + (2K~ 2+ 1) k(27 '1),
> cj 0k —j+ 1) k(p).
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If |g—r| <27'r|, then since |g| > |r| — |g — ] = 27"|r|, it follows that
max{x(p), |La(p,q, 1)} = = {x(p) + xi-1(p — @)}

> 22— 1) (x(p) + 5~ @)} = 25— 17K q).

. ON— o\

> (2] = )7 {K(2 ') + (7R} = ¢ K(p).
These prove (3.7).
Inequalities

max{k(p), |La(p, gV} = c(k —j+ 1) °(n — k +1)"°x(p),

maX{K(p)a |Ln(p7 q, r)|} 2 Cj";(n —k+ l)kaK(p)
are similarly proved, and the lemma is concluded. O

Proof of Proposition 3.1 (continue). We write (3.2) as

(3.8) lon(p, 1)] < lal A7V, (P, 1);

n k

Kl(p7t) = j_y(k_j_’_l)*y(n_k*_l)_yj J M(p—Q)~S1
=1 j=1 RY JRY

X M(g—r)""M(r)™ dqer ~2(p)+La(Pgr)T g
0

By means of Lemmas 3.1 and 3.2,

n

k
(39)  F(p,) <3 (n+2) "M (p) e PN N ik —j+ 1
k=1 j=1

+k—j+ )" n—k+1)7"+j 7 n—-k+1)"}

<[] -0 g =0+ Mg =0 M)
R R

dqdr

M=) M) I T

We shall show that the term

ZZ/ (k—j+1)7"

=1 j=1
_s s dqdr
j j M(p—gq)™ M(g—r)™ a
RY JRY

maX{K(p), ILn(P:% r)|}
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is bounded by a constant independent of n. It follows from Lemma 3.3 that

n k
L<g'Y > j7 Pk —j+1)7"

k=1 j=1
<[] M= ar vt -0 o) dgar
RY JRY

Since y > 1+, the sum » ¢, Z}“: LTk —j + 12‘”‘5 is estimated from above
by a constant independent of n. Thus,

I < c{”p<1 () g + | L» M(p—q)" M(g— ™ dqdr}

1 2
< cJ dSJ pZN_l_‘Sderc{J M(r)_sldr} <c,
S2N-1 0 RY

where in the last inequality we have used the fact that § < 2N and s; > N.
The other terms of the right side of (3.9) are similarly estimated, and we
conclude

(3.10) Vi(p,t) < caln+1) 7 M(p)" el

for some cs = c4(y) > 0 independent of n.
Substitute this into (3.8). Then choosing 4; = max{l, |a|cs}, we conclude
the inequality of the proposition for v,(p,?). O

Proposition 3.2. Let pj,p,eRY satisfy |p,| <|p,| and |p, —p,| <1.
Then we have for any n,

|0 (p150) = on(p2, O < esAF(n+ )7 (1+ %) [ py = py| "M (py) "€ (),
where 0 <v <1, 0 =min{g2,01v}, ¢s =1+ 2¢} and A, = max{A4;,3|a|cs}.

Lemma 3.4. Let p;,p, € RY be as in the above proposition. Then for any
O<v<l,

e~ — =K (22| < 2(ca|py — py| 1) M (py)*e 22,

Proof. For definitness we assume ReK(p,) > ReK(p,). It then follows
from (A43) that

|1 — e K@K | < 2min{1, |K(p,) — K(p,)|1}
< 2(min{l, K(p;) — K(py)|t})" < 2(c2M (p,)*|py — p2|”'t)".

This proves the lemma since M(p,)>1 and e ReK(r) < o= 2(p)t by (42). O
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Proof of Proposition 3.2. 1t follows from (A42), (45), (46) and Lemma 3.4
that

lvo(p1,2) — vo(pa, )] = &' |ito(py e K" — dag(py)eX (2N
< & ig(py) —tto(py) e P &7 it (p,)||e K (P — =K P2
< |py = ol M(p,) S 2 (n)
+ M(py) """ 2¢3|py — o0 M(py) e P!

< (14+263)|py = Pl (L + ") M (py) "¢ ().

which proves the proposition for n = 0.
For n > 1, we put

(3'11) Un(plat)_vn(pbt) = _a{12+13};
t
L= J (e K= _ e«(m)(pr)}dfj J U] N

X Uk—j(q - T)”n—k(n T)dqdr7

t n k
13 = J e—K(ﬂl)(t*T) dr JRN JRN Z Z{Uj_l(pl —dq, ‘L') — Uj_1(p2 —dq, T)}
k=1 j=1

0
X vk—j(q — ¥, T) vk (1, 7)dgdr.
By use of Lemma 3.4 and Proposition 3.1,

L] < 2(calpy = pa| " 0) M ()" A7 K (2, 1),
where ¥ (p,?) satisfies (3.10). Thus, it follows that

(3.12) || < 26347710 py — pol “caln + 1) T M (py) e P,

To estimate /3 we assume that Proposition 3.2 is valid for all v,(p,, 1) — vs(py, 1),
¢=1,2,...,n—1. Then, since s > N, as is easily seen

t
|15] SJ e~ 2P g JJ —|—”
0 |P1—al<|p>—q| |p1—al=|p,—4l

< (14263437 (1+2)|py = pal "(Ws(p1, 1) + Vilp2, 1)},
where ¥;(p,?) satisfies (3.8) with s; replaced by s > N. Thus, by (3.10)

13| < (14 2e) A5 (1 + )| py — pyl"caln+ 1)

x {M(py) e " 4 M(py)~te ),
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Since |p,| < |py|, it then follows that
(3.13) L] <2(1 42457 (1+ 1) py — ol caln+ 1) 7 M(py) e (P2,

(3.11)~(3.13) prove the inequality of the proposition for wv,(p;,)—
Un(szt)~ D

Proposition 3.3. Assume that < 1. Then we have for any n,
P p y
|oa(p, )50 — 0,0, 8)] < cad(n+ 1)V 77 NE=0 | | =NFO ReK(p)

where c¢ > 0 and small constants 01,0, > 0 are independent of n.
Proof. Let n=0. Then we have
[o0(p, 1P — 00(0, )] = [o(p) — v(0)] < |p*M(p)™".
Note that
1 = eReK(P)p—ReK(p)t < oReK(P)()~IRe K(p)t)™#  for any pu > 0.

Then since Re K(p) > 2x(p) > 2¢,|p|° by assumption |p| < 1, choosing 0 < 0; <
02/3, 6 = a3 — 015, u = N/5+ 6, and ¢ > (2c;u~') ¥, we obtain the assertion.
Next let n > 1. Then we have

on(p, )€€ —0,(0, 1) =

n k
k=1 j=1

t
—I—J ekl er

0 RY

Jt(eK(")T - l)dTJ

0 RN JRN Uj_l(_q’ T)Dk_j(q - r7 T)Un~k(r, T)dqdr

JRN [Wi-1(P — ¢,7) — vj-1(=q, )]k (q — ¥, D)V (r, T)dqdr}-

Since |p| <1, it follows from Lemma 3.4 with p, =0 that

|eK(p)t _ 1[ — eReK(p)t|1 _ e—K(p)t| < 2eReK(p)t(CZ|p|m [)V

for any 0 <v < 1. We apply this and Propositions 3.1 and 3.2 to the right side
of above equality. Then putting

Clk,m)=j7(k=j+1)7(n—k+1)77,

Bi(p,q,r) = ki 1(p — q) +xr—j(q — 1) + Kni(r),
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we obtain
k n

(3.14) [oa(p, )€ P — 0,(0,1)] < lalA5 M p|”> > " C(j kym) {26515 + Is + Ig};
=1 k=1

t
L= J M(_q)*ﬂM(q—r)—“M(r)—“dqer (1 4 7")eReKPI=BO. a7 g,
RY JRY 0

t
Is = JJ M(_q)—sM(q _ r)—slM(r)—ﬁdqer (1 + ,L,v)eReK(p)‘r—B,(O,q,r)‘r d‘L’,
lgl<lp—ql 0

11
Iy = J Mp—q) " M(q—r)"M@F)™ dqer (1 4 ¢%)eReKP)=Ep.ar) gr
lgl 2| p—q] 0

Since M(—q), M(p—gq) >1 and x;_1(—q), xj_1(p —q) >0, we see that each
I, (/£ =4,5,6) satisfies the inequality

t
Ig < J J M(q _ r)—n M(}’)Asl dqer (1 + TV)eReK(p)T_{Kk_j(q*r)+’€n,k(r)}‘[ dt.
RY JRY 0

Lemma 3.5. Let p=1/|g|* +|r|>. Then we have

Kie—(q = 1) + nie(r) = Kn(p/2) = 2 %k0(p).
Proof: 1If |q—r1| = |q|/2,
k- (g — 1) + Knie(r) = K1-(q/2) + Kn-i(r/2) = Knjs1(p/2).

On the other hand, if |g —r| < |q|/2, we have |r| > |q| — |q — 7| = |q|/2, and it
follows that
Ki—{q — 1) + Kne(r) = Knie(r) = K0k (p/2).

These prove the assertion. O
Lemma 3.6. For any p > 0 there exists c; = c7{(u) > 0 such that
t
J (1 + I.v)eRe1((1;)1—2"5;@,(;7)1 dr
0

< C7(n + 1)5(1+V+ﬂ)tju

x x(p) ™ (max{x(p), k(p)}) ™ (min{x(p), x(p)}) *eReKCY.

Proof. Note that (v~ 'w'x,(p)7)” < e®™ () for any w’ > 0. Then choosing
w=2"°%—w >0, we obtain

t

t
J (1 + 7")eReKPIT=2"malp) g7 < 2(V‘1w’Kn(P))_VJ eReK(py=wrn(p)t g
0 0
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Let us estimate the right side. First assume that p < |p| < 1. Then since
Re K(p) = 2x(p) = 2K,(p), we have for any u > 0,

eRe K(p)yt—wr,(p)t dr <

Jz eReK(p)t—wK,,(p)t (,u_la)lc,,(p)l)_”eReK(p)t
0 Kn (p) h Kn (p) ‘

Next assume that p > |p|. Then since k,(p) < k,(p), choosing 0 < & < w, we
obtain

eRe K(p)t—axnc,(p)t

t t
J eReK(p)rfanc,,(p)r dr < eReK(p)t—dmn(p)tJ e(bx,,(p)‘r—w;c,,(p)r dr < _
0 0 Wicn(p) — @Kn(p)

< (@ — @Yal(p)) " (u dorcn(p)t) HeReKP),

Note here that «,(p) > (2n+1)°k(p). Then the above inequalities lead
us to the conclusion. 0

Proof of Proposition 3.3 (continue). By use of Lemmas 3.5 and 3.6, we have

L <t 1)6(1+v+u)fﬂeReK(p>zJ J M(g—n " M@)™
RN JRY
x x(p) ™" (max{r(p), x(p)})~ (min{wc(p), x(p)}) “dqdr

< C(I’l + 1)5(1+v+ﬂ)t#eReK(p)t{|p|—5 lel pZNflvé(v—f—,u) dp
0

1
-9,
o) j

l |p2N—1—6(1+v) dp+”
14

M(g—r)""M(r)™™ dqa’r}.
p>1
We put u=N/o+ 6, >0, and choose v, 0; € (0,1) to satisfy
(3.15) 2N —0(v+u)=N-0(v+6;) >0, 2N —d(v+1) > 0.
Then the right side becomes finite and we have
Iy < c(n + 1)) =N/o=01 £ p N=0(15v40) 1P|V 4 cyeReK (o
If we further restrict v, 6; to satisfy
(3.16) N-6(1+v+6,)>—-N-66, >N —a,
then the above inequality implies
(3.17) Iy < cg(n+ 1)5(1+v+“)t’N/‘5‘01 |p|7N750‘eR°K(1’)’.
Here we note that conditions (3.15) and (3.16) are equivalent to

N 2N min{oy, va
(3.18) VO < VST_landemgz—{";—vL},
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and the existence of such a positive pair is guaranteed since we have assumed
d € (0,2N).
By Lemma 3.1,

n

k
ZZC},ki’l ) <3+ Y {jTk—j+ D)7

k=1 j=1
+k=j+ 1) (n—k+1)7" +j7(n—k+1)7"} < co(n+1)"7

We apply this and (3.17) in (3.14). Then putting 8, = —d60; > 0 and c¢s =
max{2¢; leseseg, (2c1171) 7}, we conclude the assertion of the proposition for
nz=l.

Proposition 3.4. There exists the limit ¢, = lim,_ v,(0,7) and we have
[02(0,8) — @,| < c1045(n+ 1)2N7yl*03,
where ci9 > 0 and 03 > 0 are independent of n.

Proof. Since v(0, ) is independent of ¢, we have only to consider the case
n > 1. By Proposition 3.1, we have for any > t; > 0,

|vl’l(0a l) - Un(()? t1)|
n k
< |ajap! ZC],kn
k=1 j=1

t
X J J M(—q)"M(qg—r)""M({F)™ dqer e B0 gy
RN JRY

4
. . .
< lald™ e(n+ l)ﬂj er J ™2 Pl M (g — r) 7T M (r) 7V dgdr.
f RY JRY

Since e 2 (0T < (1279, (p)r)# for any x>0, as in the above proof of
Proposition 3.3,

t
dej J
f RY JRY

c2n+1)* J

1

1
r/‘{ J A e ” Mg — r)_yM(r)_ydqdr}dr
I 0 p>1
By the condition 0 < § < 2N, we can choose p to satisfy 1 < u < 2N /5. Then
the above inequalities show
1

—(tfqul _ [;’Hrl).
—u+1

[0a(0,2) = 0a(0, )] < lal ]~ eri(m + 1)
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Thus, v,(0,¢) converses as f — oo, and the inequality of the proposition
holds with ¢ = 6‘11/3(34(/1 — 1) and 6; =pu— 1.

4. Large time asymptotics of functions y,(x,¢)
It is proved in Proposition 3.1 that each function v,(p, ) belongs to the class
BC(RY x [0, 0)) N BC([0, c0); L'(RY))

(BC means bounded continuous functions). So, we see that its Fourier inverse
transform y,(x,?) is also in BC(RY x [0, 0)).
In this section we shall show

Proposition 4.1. For each n, the following asymptotics is valid for t — o
uniformly with respect to y = x/t'/% ¢ RV:
20\, (x, 1) = 0N/ cos(y -7 e"””ladn—i—A”O 1~N/o=0y,
n n RV 3

where @, is as given in Proposition 3.4 and A3 > 1 and 6 > 0 are independent of n.

Proof. We represent ,(x,t) in the following form:

(41) lﬁn(x, t) = J eip-xvn(p, t)dp + J eip-xvn(p, l){l _ eiImK(p)t}dp

lpl=1 lpl<1

n J eip.x,ReK('p)t{vn(p, t)eK(P)t _ Un(O’ t)}dp
lpl<1

+J eip'x_ReK(p)l{Un(O, l) _ ¢n}dp + (an eip~x—ReK(p)tdp
lpl<1 [pl=<1

=h+hL+S+0+ s

By use of Proposition 3.1, J; is estimated as follows:

(42)  h| <Ay 1) e/ J| M(p)"dp
=

<cAl(n+ 1) (5 2e1t/2n+1)°)#

< cpdi(n+ 1)_y+6”t_” = cppdi(n+ I)NHal_yt—N/‘;_el.

Here, since x> 0 is any constant, we have chosen 4= N/d+60;. By use of
Proposition 3.3, J; is estimated as follows:

4.3 T3 < cA%(n + 1)2N+01=N/o~0: N gy
’ Ipl<1
pl<

< cp3di(n+ 1)2N+5_VZ_N/670' ,

To estimate J, J4 and Js we need the following
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Lemma 4.1. Let b >0 and h > —N. Then we have
J e’b|p|6’|p|hdp < c(bt)_N/‘s_h/‘;.
RN
Proof. We put g = (bt)l/‘;p. Then as is easily seen
|| et plidp = @iy [ ity
RY RY

Since h > —N, this proves the lemma. O

Proof of Proposition 4.1 (continue). Tt follows from Proposition 3.1 that

|| < AM(n+ 1)‘71 e—Kn(P)tleiImK(p)t — 1)dp.

[pl<1

By (A1), we have |ImK(p)t| < c|p\’t for |p| < 1. Then
| mKP — 1) < c|Im K(p)t] < c|p|’t,
and hence by Lemma 4.1 with b=c¢;/(2n+1)° and h = p,

(4.4) |J2] < cAf(n+ l)fytJ e‘“‘\p‘ét/(2”+1)6|p|ﬁdp
|pl<1

< cigdn -+ VNNl

On the other hand, by Proposition 3.4 and Lemma 4.1 with b = 2¢; and h =0,

(4.5) 4| < AZe(n+ 12V 770 J 2D g
lpl<1

< C15A{l(7’l + 1)2Nﬁyt_N/5—03.

Finally, to estimate Js, we devide it as follows:

Js = (an eip.x—ReK(p)t dp — ¢n{ J eip.x~1|p|«5t dp
plP<i)

lpl<1

+ J eip.xfl{plét(eoqp!ﬂ)t _ l)dp + J eip~x—ReK(p)t dp}
|plP<st 1<|plf<1
=@, {Js1+ 5,2+ Js5 3}

By use of (42) we have for any u > 0,

|53 < J e 2alpl’t gy < g2t
1<|plf<i

< (ﬂ‘lzcltl“s/ﬁ)‘/‘ < ct_(l‘(s/ﬂ)ﬂ_
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By Lemma 4.1 with b= 1/2 and h =0 we have for any u’ > 0,

Js 1 — J eip.x—Mp|6t dp’ < J e~llp\§t dp
) 2 |plf =11

_-19,1-8/8 _ -1 é
<e 272t J e 274 p tdp
lplP >

< (Iu/—l2—1M1—5/ﬁ)—u’ct—N/5 < ¢t N/O-(1=5/B)u’.
On the other hand, if |p| <t /%, then 0(|p|*)r < ¢, and we have
120217 _ 1] < ce?|p|Pt.
Hence by Lemma 4.1 with =1 and 2 =8,

|J5,2] < ctj e Pt pPdp < o NIo-BIoH
Ipl<e-n-

If we choose u, y' to satisfy
(1-0/Bju=N/[o+(1-6/B)' =N/5+ B/ 1,

and if we note
1

JRN e"I"x—'1|P|ét dp = EJRN (eip'x + e_ip‘x)e_ilplst dp = J

cos(p - x)e‘“"'a’ dp,
RN

then summarizing the above inequalities, we obtain

(4.6)

Js — (p,,t‘N/JJ cos(y - ”)e—ilﬂl" dq' < cyorNIIBIOHT
RN

where y = x/t!/.
Now we put
0 = min{6,,6;,5/6 — 1} > 0, Az = bA,,
where b is chosen to satisfy
N+68;—y N+p=

b" = max{l,cpp(n+1) ycia(n+1)

eis(n+ 1) eis(n+ 1), 4376},
for any n. Then (4.1)~(4.6) show the assertion of the proposition (the

uniformity of the convergence in y = x/t1/% follows from (4.6)). Ol

5. Proof of Theorem

Proposition 3.1 shows that for sufficiently small e, say ¢ < 4~1/2 < A;l/ 2,
the right side of (2.6) converges uniformly in (p,7) € RV x [0, 0) and satisfies
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the integral equation (2.4). Let u(x,¢) be the Fourier inverse transform of
4(p,t). Then it is in BC(RY x [0, 0)) since

la(p, )| < eM(p)™" € L'(RY),

and gives the unique weak solution of the Cauchy problem (1.1).

To obtain the large time asymptotics of u(x, t), we use its expression (2.8)
and Proposition 4.1.

Note that

|p,] = lim [v,(0, 2)] < A].
t—0

Then it follows from (2.6) that

o0

N 2t
27) Zos "o, = = lim 4(0,7) = lim JRN u(x, t)dx = Ag.
n=
Moreover, since
o0
27z)Nz:z-:2"+1A§1 = A4 < 0,
n=0

(2.8) and Proposition 4.1 give the expression

n)Nu(x, t) = Aoz—N/éj . cos(y - 17)8_]“!'7'6 dn + A30(1~V1%-%)
R

which holds as ¢ — oo uniformly in y = xt~1/9 e RV,
Thus, the proof of Theorem is completed.
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