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Generalized Kolmogorov-Petrovskii-Piskunov Equation 

By 

Kiyoshi MOCHIZUKI and Ilia A. SHISHMAREV 

(Tokyo Metropolitan University, Japan and Moscow State University, Russia) 

1. Introduction 

It is well known that the classical Kolmogorov-Petrovskii-Piskunov (KPP) 
equation describes such phenomenas as combustion (physics), evolution of 
dominant genes and propagation of nerve pulses (biology), propagation of con­
centration waves (chemical kinetics), evolution of the set of Duffing oscillators 
(plasma) and many others (see Kolmogorov et al. [4], Vasilev et al. [9]). 

In this paper we shall study the Cauchy problem for the generalized KPP 
equation 

(1.1) { u1 + au3 + K(u) = 0, 
u(x, 0) = uo(x), 

Here u(x, t) is a real valued function, a 1s a real number and K is a linear 
pseudo-differential operator defined by 

where 

is the Fourier transform of the function tp(x) and K(p) is the symbol of the 
operator K. 

The aim of this paper is to establish the asymptotic behavior as t ------+ oo of 
small solutions to the Cauchy problem (1.1). 

2. Statement of the result 

In order to state the assumptions on K(p) and u0(x), we introduce the 
following notation. 

m(p) = min{l, IPI}, M(p) = max{l, IPI}-



100 Kiyoshi MocmzuKI and Ilia A. SHISHMAREV 

Assumptions on K(p) 

(Al) 

where 0 < b < 2N, p > b and A> 0. 

(A2) ReK(p) z 2,c(p) for p E RN, 

where ,c(p) = cim(p)0 with c1 > 0. 

(A3) 

where c2 > 0, 0 < a-1 ~ 1 and r:t. z 0. 

Assumptions on uo(x) 

luo(P)I :s; eM(p)-s-rx for p E RN, 

(A4) 

(A5) 

(A6) luo(P1) - uo(P2)I ~ elP1 - P2l(J2 M(p2)-s 

P1,P2 E RN, IP1 - P2I ~ 1, 

for 

for 

where 0 < a-2 ~ 1, s > N and e is a small positive constant. 
Under these assumptions we shall prove the following theorem. 

Theorem. Let K(p) and uo(x) satisfy the above (Al)~ (A6). Then for the 
solution u(x, t) of the Cauchy problem (1.1) the following asymptotics is valid for 
t----> oo uniformly with respect to y = x/t11° E RN: 

for some 0 > 0, where 

Ao = lim J u(x, t)dx. 
t->OO RN 

In this paper, we do not discuss exactly the existence and uniqueness of 
classical solutions of the Cauchy problem (1.1). If we assume that the operator 
K has a finite order, i.e., there exist numbers r:t.o z 0 and c0 z 0 such that 

and if we chooses> N + r:t. 0 in (A5) and (A6), then there exists by any means a 
unique classical solution. It follows at once from Proposition 3.1 below, and 
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fully justifies all our calculations. Indeed, the above assumptions guarantee the 
necessary smoothness of classical solution and, after that, the uniqueness follows 
from standard methods like energetic estimates or contraction mapping principle 
(see e.g., Naumkin-Shishmarev [7]). 

Remark I. Ao can be expressed explicitly in terms of the symbol K(p) and 
the initial data u0(x). See Naumkin-Shishmarev [6]. 

Remark 2. In the previous paper [8] by Shishmarev was sududied the 
asymptotic behavior as t ---+ oo of small solutions to the Cauchy problem 

(2.1) { 
Ut + E akuk + K(u) = 0, 

u(x, 0) = uo(x), 

where n 2 4 is an integer and ak are arbitrary real numbers. In this case J in 
(Al) is required to satisfy J E (0,3N). We combine this result and Theorem 1. 
Then the same asymptotic representation as in Theorem 1 can be obtained for 
the Cauchy problem 

(2.2) { 
u1 + k akuk + K(u) = 0, 

u(x, 0) = uo(x), 

if J is more restricted to satisfy J E (0, 2N). 

Remark 3. A simple example of our problem (1.1) is the Cauchy problem 

(2.3) 

with t = 3 and N 2 2. In this case k(p) = Alpl 2, and the above theorem shows 
that for small L1-initial data u0(x), the solution behaves like 

as t---+ oo. The restriction N 2 2 comes from the condition J = 2 < 2N. A 
similar conclusion has been obtained by Kawanago [2] for (2.3) with more 
general exponent t > 1 + 2/ N (as for the positive solutions, see also Kamin­
Peletier [ 1] and Mochizuki [ 5]). However, his methods depends strongly on 
the differential equation (2.3), and it is difficult to apply them directly to our 
problem (1.1). 
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Remark 4. If we consider the Cauchy problem for the equation 

the asymptotics of small solutions is given for N :;::-: 3 by Theorem with t5 = 4. 
On the other hand, if we consider the equation 

u1 + u3 - Liu+ L1 2u = 0, 

the asymptotics is given for N :;::-: 2 by Theorem with t5 = 2. A more interesting 
example is the Cauchy problem for the nonlocal reaction-diffusion equation in 
open systems 

3,, /JI L1u(y,t)dy 0 u1 +u -nu+ ----~~= 
RN (I + Ix - Yl2) ~12 

with rx > N and /J ER, see e.g., Klimontovich [3]. We have (Liu)"= -lpl 2u(p, t) 
and 

where Kv(IPI) is the Macdonald function of order v. So, if N :;::-: 2, assumptions 
(A.I)~ (A.3) are fulfilled with t5 = 2, and the asymptotics of small solutions is 
the same as in the case of (2.3) with t = 3. 

The proof of our theorem will be based on the integral equation 

(2.4) u(p, t) = uo(p)e-K(p)t 

- a f I e-K(p)(t-r) dr I I u(p - q, r)u(q - r, r)u(r, r)dqdr, 
0 RN RN 

which comes from the Fourier transformation of (1.1). We shall apply the 
perturbation methods to this equation, that is, we denote 

(2.5) uo(p) = w(p), 

and represent the solution u(p, t) in the form of the power series in parameters: 

00 

(2.6) u(p, t) = I>2n+1vn(P, t). 
n=O 

Substitute (2.6) into (2.4). Then comparing the coefficients at the same powers 
of s, we obtain 

vo(p, t) = v(p)e-K(p)t, 
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(2.7) vn(P, t) = -aJ
1 
e-K(p)(t-r) d,J NJ N ttvj-t(p- q,r) 

0 R R k=l j=l 

We shall show that vn(P, t) can be determined successively in a suitable 
L1-class in p of functions (Proposition 3.1). Then for sufficiently small e, (2.6) 
converges uniformly in (p, t) E RN x [0, oo ), and as the Fourier inverse trans­
form of u(p, t), the solution u(x, t) of (1.1) is obtained in the form 

(2.8) u(x, t) = (2n)-N J N eiqu(p, t)dp = I:,e2n+lt/Jn(x, t), 
R n=O 

where 

(2.9) 

Thus, our problem reduces to the study of the asymptotics of each function 
t/Jn(x,t) as t-+ oo (Proposition 4.1). 

3. Estimates for functions vn(P, t) 

In this section we shall prepare several propositions which estimate the 
behavior of function vn(P, t). 

Proposition 3.1. For given any y > 1 + J, there exists a constant Ai = 
Ai (y) ;;:: 1 such that 

lvn(P, t)I S A~(n + 1)-y M(p)-s-CJ.e-Kn(P)t, (p, t) E RN X [O, 00) 

for any n;;:: 0, where Kn(P) = K(p/(2n + 1)). 

Proof It follows from (A2) and (AS) that 

(3.1) 

This proves the assertion for n = 0. 
For general n;;:: 1, the proof will be done by induction. Assume that the 

assertion is valid for all Vt(P, t), t = l, 2, ... ,n - l. Then we have for vn(P, t), 

n k 

(3.2) lvn(P, t)I s lalA~-l L LFY(k - j + l)-Y(n - k + l)-y 
k=l j=l 
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where SJ = s + a and 

Lemma 3.1. Let y, SJ > 0. Then 

(3.3) rY(k - j + 1)-y(n - k + I)-y 

~ 3Y(n + 2)-y {j-Y(k - j + I)-y 

+ (k - j + I)-Y(n - k + I)-y + rY(n - k + 1)-Y}, 

(3.4) M(p - q)-s1 M(q - r)-s1 M(r)-s1 

~ 3s1 M(p)-s1 {M(p _ q)-s1 M(q _ r)-s1 

+ M(q - r)-s1 M(r)-s1 + M(p - q)-s1 M(r)-s1 }. 

Proof For h > 0 put F(r) = rh, r > 0. Then for any b;;:::: 0 (i = 1, 2, 3) 
such that bi+ b2 + b3 = I, we have 

(3.5) 

This inequality is rewritten as 

and the assertions of the lemma easily follow from this inequality. 

Lemma 3.2. We have 

e-2K(p)t+Ln(p,q,r)r dr < -------,-~_,--------,------------,----Jt e-Kn(p)t 

0 - max{K(p), fLn(P, q, r)f}" 

Proof Since 

Kj-J (p - q) + Kk-J(q - r) + Kn-k(r) ;:::: Kn(P) 

by (3.5), integration of the left side gives 

e-2K(p)t+Ln(p,q,r)r dr = -------- < ___ _ Jt e-2K(p)t{eLn(p,q,r)t _ 1} e-Kn(p)t 

O Ln(P, q, r) - fLn(P, q, r)f. 

Moreover, if fLn(P, q, r)f ~ K(p), then 

These two inequalities conclude the lemma. □ 
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Lemma 3.3. There exists c3 > 0 independent of j, k, n such that 

max{K(p), ILn(P, q, r)I} 

105 

2 C3 max{F0(k - j + 1)-", (k - j + 1)-'\n - k + 1)-", r"(n - k + 1)-0}K(p), 

where p = Jlql 2 + lrl 2 and K(p) = c1(min{l,p}) 0. 

Proof Note that the inequality 

(3.6) max{K(p), ILn(P, q, r)I} z max{ K(p), i [KJ-1 (p-q) +Kk-J(~-r)+Kn-k(r)]} 

holds. In fact, if ILn(p,q,r)l :s:; K(p), we have 

1 3 [ · . ·] _:s:; K(p) _:s:; [ • • • l, 

where [· • •] = KJ-1 (p - q) + Kk-J(q - r) + Kn-k(r), and the first inequality implies 
(3.6). On the other hand, if ILn(P, q, r)I 2 K(p), we have 

1 
K(p)z[···] or K(p):s:; 3[-··]. 

It then follows that 

Ln(P, q, r) 2 K(p) = max{ K(p), i [· · ·]} or 

Ln(p,q,r) :s:; -i[···] :s:; -max{K(p),i[···l}, 

and (3.6) is also obtained. 
By use of (3.6) we shall show 

(3.7) max{K(p), ILn(p,q,r)I} 2 cr"(k-j + 1)-"K(p). 

Here and in the following the letter c denotes various constants independent of 
n. If lq - rl z 2-1 lrl, then it follows that 

max{K(p), ILn(P, q, r)I} z ~ { K(p) + i [KJ-1 (p - q) + Kk-J(q - r) + Kn-k(r)]} 

1 
2 6 {K(p) + Kj-1 (p - q) + Kk-J(q - r)} 

21 {(2j - 1)-J {K(p) + K(p - q)} + Kk_J(q - r)} 

z 1{(2j- 1)-"K(2-1q) + (2k- 2j + l)-°K(T1r)}. 

2 cF"(k - j + 1)-0k(p). 
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If Jq - rl ::; 2-1 JrJ, then since JqJ :2: JrJ - Jq - rl :2: 2-1 JrJ, it follows that 

1 
max{K(p), JLn(P, q, r)J} :2: 6 { K(p) + Kj-1 (p - q)} 

:2: i (2j - 1)-J {K(p) + K(p - q)} :2: i (2j - 1)-°K(T1q). 

:2: :2 (2j- 1)-J {K(2-1q) + K(4- 1r)} :2: cr°K(p). 

These prove (3.7). 
Inequalities 

max{K(p), JLn(P, q, r)J} :2: c(k - j + 1)-0 (n - k + 1)-°K(p), 

max{K(p), ILn(P, q, r)I} :2: cF0(n - k + 1)-°K(p) 

are similarly proved, and the lemma is concluded. □ 

Proof of Proposition 3.1 (continue). We write (3.2) as 

(3.8) Jvn(P, t)I ::; JaJAf- 1 V,, (p, t); 

V,,(p,t)= ttrY(k-j+l)-Y(n-k+l)-yJ NJ NM(p-qrs' 
k=l j=l R R 

X M(q - r)-s' M(r)- s'dqdr t e-2K(p)t+L.(p,q,r)r dr. 

By means of Lemmas 3.1 and 3.2, 
n k 

(3.9) Vs, (p, t) ::; v+ s' (n + 2)-y M(p )-st e-Kn(p)t LL V-y (k - j + 1 )-y 
k=l J=l 

+ (k - j + 1)-y(n - k + 1)-y + rY(n - k + 1)-y} 

X J J {M(p - q)-s' M(q - r)-s' + M(q - r)-s' M(r)-s' 
RN RN 

M( )-s, M( )-s,} dqdr 
+ p - q r max{K(p), JLn(P, q, r)I} 

We shall show that the term 

n k 
Ii= LL rY(k-j+ 1)-y 

k=l j=l 

1 1 M( )-s, M( )-s, dqdr 
X p-q q-r 

RN RN max{K(p), JLn(P, q, r)I} 
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is bounded by a constant independent of n. It follows from Lemma 3.3 that 

n k 

1, ::=;; c3' LL ry+J(k - j + 1)-y+J 
k=I J=I 

Since y > I + J, the sum LZ=, L1:, ry+J(k - j + I )_-y+J is estimated from above 
by a constant independent of n. Thus, 

11 ::=;; c{JJp<I K(p)-1dqdr + JJp>I M(p - q)-st M(q - r)- s1 dqdr} 

::=;; cf dsf' p2N-I-J dp + c{f M(r)-s1 dr}
2 

::=;; c, 
32N-l O RN 

where in the last inequality we have used the fact that J < 2N and s1 > N. 
The other terms of the right side of (3.9) are similarly estimated, and we 

conclude 

(3.10) 

for some c4 = c4(y) > 0 independent of n. 
Substitute this into (3.8). Then choosing A, = max{l, lalc4}, we conclude 

the inequality of the proposition for vn(P, t). D 

Proposition 3.2. Let p 1, p2 E RN satisfy IP2 I ::=;; IP, I and IP, - p2 I ::=;; 1. 
Then we have for any n, 

lvn(P1, t) - Vn(P2, t)I ::=;; c5A~(n + 1)-y(l + tv)IP1 - p 2 J" M(Pz)-se-Kn(Pz)t, 

where O < v ::=;; 1, a= min{a2,a1v}, cs= 1 +2c2 and A2 = max{A1,3lalc4}. 

Lemma 3.4. Let p 1, p2 E RN be as in the above proposition. Then for any 
0 < V ::=;; 1, 

1e-K(p1)t - e-K(p2)tl ::=;; 2(c2IP1 - P2l"1 tr M(p2f e-2K(P2)t_ 

Proof For definitness we assume ReK(p1)?: ReK(p2). It then follows 
from (A3) that 

II - e-K(Pi)t+K(pz)tl ::=;; 2min{l, IK(p1) - K(p2)1t} 

::=;; 2(min{l,K(p,) -K(p2)lt}r ::=;; 2(c2M(P2tiP1 - P2l"1tr. 

This proves the lemma since M(p2 )?: 1 and e-ReK(p2)1 ::=;; e-2K(Pi)t by (A2). □ 
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Proof of Proposition 3.2. It follows from (A2), (AS), (A6) and Lemma 3.4 
that 

lvo(P,, t) - vo(p2, t)I = e-1 luo(p I )e-K(Pi)t - uo(p2)e-K(p2)1I 

:S: e-l luo(p,)-uo(P2) 1e-2K(pi)t +e-l luo(P2)I le-K(pi)t -e-K(p2)11 

:s; IP1 - P2lu2 M(p2)-se-2K(pi)t 

+ M(p2)-s-a2c2IP1 - P2lu1vtv M(p2)"e-21<(pi)t 

:s; (1 + 2cz)lp, - P2l,,.(l + tv)M(p2rse-2K(P2)t_ 

which proves the proposition for n = 0. 
For n ~ 1, we put 

(3.11) 

x Vk-J(q - r, r)vn-k(r, r)dqdr, 

h = J1 
e-K(pi)(t-r) dr J NJ N t t { VJ-I (p I - q, r) - VJ-I (P2 - q, r)} 

0 R R k=I J=l 

x Vk_)(q - r, r)vn-k(r, r)dqdr. 

By use of Lemma 3.4 and Proposition 3.1, 

lhl :S: 2(c2IP1 - P2l,,.1t)"M(p2)"A;'-1Vs1(P2,t), 

where J.;1 (p, t) satisfies (3.10). Thus, it follows that 

(3.12) lhl :s; 2c2A;'-ltvlP1 - P2I,,. c4(n + 1)-y M(p2)-s1e-Kn(p2)t_ 

To estimate h we assume that Proposition 3.2 is valid for all vc(p1, t) - vc(p2, t), 

t = 1, 2, ... , n - 1. Then, since s > N, as is easily seen 

:S: (1 +2c2)A2-1(1 + tv)IP1 - P2l,,.{Vs(p,,t) + Vs(P2,t)}, 

where V,(p, t) satisfies (3.8) with s1 replaced by s > N. Thus, by (3.10) 

lhl :S: (1 + 2c2)A2-1(1 + tv)IP1 - P2l,,.c4(n + 1)-y 

X {M(p,rse-Kn(p1)t + M(P2)-Se-Kn(p2)t}. 
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Since IP2 1 ~ IP1 I, it then follows that 

(3.11)~(3.13) prove the inequality of the proposition for vn(P1,t)-

vn(P2, t). D 

Proposition 3.3. Assume that IPI ~ 1. Then we have for any n, 

where c6 > 0 and small constants 01, 02 > 0 are independent of n. 

Proof Let n = 0. Then we have 

Note that 

for anyµ> 0. 

Then since ReK(p) ~ 2K(p) ~ 2c, IPIJ by assumption IPI ~ 1, choosing 0 < 01 < 
(J2/b, 02 = (J2 - 0,J, µ = N/J + 01 and c6 ~ (2c,µ- 1)-µ, we obtain the assertion. 

Next let n ~ 1. Then we have 

Vn(P, t)eK(p)t - Vn(0, t) = 

- a tt { L(eK(p)r - l)dr LN LN V1-1(-q,r)vk-J(q - r, r)vn_k(r, r)dqdr 

+ f I eK(p)r dr J J [vJ-1 (p - q, r) - VJ-I (-q, r)]vk-J(q - r, r)vn-k(r, r)dqdr}. 
0 RN RN 

Since IPI ~ 1, it follows from Lemma 3.4 with p2 = 0 that 

for any 0 < v ~ 1. We apply this and Propositions 3.1 and 3.2 to the right side 
of above equality. Then putting 

C(j, k, n) = rY(k - j + 1)-Y(n - k + 1)-Y, 

Pn(P, q, r) = Kj-1 (p - q) + Kk-j(q - r) + Kn-k(r), 
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we obtain 
k n 

(3.14) lvn(P, t)eK(p)t - vn(0, t)I ~ lalAI-1 IPla LL C(j, k, n){2c2[4 +ls+ /6}; 
J=l k=l 

ls= JI M(-q)-s M(q - r)-sr M(r)-srdqdrft (1 + ,v)eReK(p)r-P,,(O,q,r)r dr, 
lql<lp-ql o 

16 = JI M(p - q)-s M(q - r)-sr M(r)-srdqdrft (1 + ,v)eReK(p)r-P,,(p,q,r)r dr. 
lql ~ Ip-qi o 

Since M(-q), M(p-q) 21 and K1-1(-q), KJ-i(p-q) 20, we see that each 
le (t = 4, 5, 6) satisfies the inequality 

ft~ J J M(q _ r)-sr M(r)-srdqdrJ\1 + ,v)eReK(p)r-{Kk-J(q-r)+Kn-k(r)}r dr. 
RN RN 0 

Lemma 3.5. Let p = Jlql 2 + lrl 2. Then we have 

Kk-j(q - r) + Kn-k(r) 2 Kn(p/2) 2 T°Kn(p). 

Proof If lq - rl 2 lql/2, 

Kk-j(q - r) + Kn-k(r) 2 Kk-}(q/2) + Kn-k(r/2) 2 Kn-J+l (p/2). 

On the other hand, if lq - rl ~ lql/2, we have lrl 2 lql - lq - rl 2 lql/2, and it 
follows that 

These prove the assertion. □ 

Lemma 3.6. For any µ > 0 there exists c7 = c7(µ) > 0 such that 

t (1 + r v)eReK(p),-2-°Kn(p)r dr 

~ C7 (n + 1 )J(l+v+µ) t-µ 

Proof Note that (v- 1w'Kn(p)r)" ~ e0J'Kn(p)r for any w' > 0. Then choosing 
w = 2-0 - w' > 0, we obtain 

L (1 + ,v)eReK(p),-2-°Kn(p)r dr ~ 2(v-lw'Kn(P))-v L eReK(p)r-WKn(p)r dr. 
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Let us estimate the right side. First assume that p ::;; IPI ::;; 1. Then since 
ReK(p) 2 2K(p) ~ 2Kn(P), we have for any µ > 0, 

eReK(p)r-wKn(P)t dr < _____ < ___ n ____ _ I
t eReK(p)t-WKn(p)t (µ-IWK (p)t)-µeReK(p)t 

O - Kn(P) - Kn(P) 

Next assume that p > IPI- Then since Kn(P) ::;; Kn(P), choosing 0 < w < w, we 
obtain 

eReK(p)t-WKn(p)r dr < eReK(p)t-WKn(p)t eWKn(p)t-WKn(P)t dr < ---c------JI It eReK(p)t-WKn(p)t 

0 - O - WKn(P) - WKn(P) 

::;; ((w- w)Kn(P))- 1(µ- 1WKn(p)t)-µeReK(p)t_ 

Note here that Kn(P) 2 (2n + l)-6K(p). Then the above inequalities lead 
us to the conclusion. □ 

Proof of Proposition 3.3 (continue). By use of Lemmas 3.5 and 3.6, we have 

It::;; c7(n + I)J(l+v+µ)t-µeReK(p)t I I M(q - r)-SI M(rrs1 
RN RN 

::;; c(n + 1/(l+v+µ)t-µeReK(p)t{ IPI-J tPI p2N-I-J(v+µ) dp 

+ IPI-Jµ J' P2N-1-J(l+v) dp + JI M(q - r)-s1 M(r)-sidqdr}. 
IPI p>I 

We put µ = N /r5 + 01 > 0, and choose v, 01 E (0, 1) to satisfy 

(3.15) 2N -r5(v + µ) = N -r5(v + 01) > 0, 2N -r5(v+ 1) > 0. 

Then the right side becomes finite and we have 

It::;; c(n + I)J(l+v+µ) 1-N/J-01 {1PIN-J(l+v+0i) + IPI-N-J01 + c}eReK(p)t_ 

If we further restrict v, 01 to satisfy 

(3.16) 

then the above inequality implies 

(3.17) 

Here we note that conditions (3.15) and (3.16) are equivalent to 

(3.18) 
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and the existence of such a positive pair is guaranteed since we have assumed 
() E (0, 2N). 

By Lemma 3.1, 

n k n k 

LL C(j, k, n) ::; 3Y(n + 2)-y LL u-Y(k - j + 1)-y ~,~, ~,~, 
+ (k-j + 1)-y(n-k+ 1)-y + rY(n-k+ 1)-y} ::; c9(n+ 1)-y. 

We apply this and (3.17) in (3.14). Then putting 02 = CJ-601 > 0 and c6 = 
max{2c41cscsc9, (2c,µ- 1)-µ}, we conclude the assertion of the proposition for 
n ~ 1. 

Proposition 3.4. There exists the limit rpn = limt---+oo vn(0, t) and we have 

where cw > 0 and 03 > 0 are independent of n. 

Proof Since vo(0, t) is independent oft, we have only to consider the case 
n ~ 1. By Proposition 3.1, we have for any t > t1 > 0, 

n k 

:::: lalA~-l LL C(j, k, n) 
k=I }=I 

Since e-2 -°Kn(p)r ::; (µ- 12-6Kn(p)-r)-µ for any µ > 0, as in the above proof of 
Proposition 3.3, 

::; c(2n + 1) 6µ r ,-µ{ I p2N-I-Jµ dp + J L>l M(q - r)-y M(r)-y dqdr }d,. 

By the condition 0 < c5 < 2N, we can chooseµ to satisfy 1 < µ < 2N /c5. Then 
the above inequalities show 
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Thus, vn(O, t) converses as t _____, oo, and the inequality of the proposition 
holds with c10 = c11/3c4(µ - 1) and 03 = µ - 1. 

4. Large time asymptotics of functions l/Jn(x, t) 

It is proved in Proposition 3.1 that each function vn(P, t) belongs to the class 

BC(RN x [o, oo )) n BC([o, oo ); L 1(RN)) 

(BC means bounded continuous functions). So, we see that its Fourier inverse 
transform l/ln(x, t) is also in BC(RN x [O, oo )). 

In this section we shall show 

Proposition 4.1. For each n, the following asymptotics is valid for t _____, oo 
uniformly with respect to y = x/t 1fJ E RN: 

(2n)N l/Jn(x, t) = rpnt-NfJ J cos(y • JJ)e-21'11" d11 + A 3o(t-NfJ-e), 
RN 

where rpn is as given in Proposition 3.4 and A3 ~ 1 and 0 > 0 are independent of n. 

Proof We represent l/Jn(x, t) in the following form: 

(4.1) l/ln(x, t) = J eip·xvn(P, t)dp + J eip·xvn(P, t){l - eilmK(p)t}dp 
IPl2l IPl~l 

+ J eip·x-ReK(p)t{vn(P, t)eK(p)t - Vn(O, t)}dp 
IPl~l 

+ J eip-x-ReK(p)t{ Vn(O, t) _ rpn}dp + (f)n J eip-x-ReK(p)t dp 
IPl~l IPl~l 

= Ji + Jz + h + J4 + Js. 

By use of Proposition 3.1, J 1 is estimated as follows: 

(4.2) IJ1 I :::;; Aj'(n + l)-Ye-2c,t/(2n+l)" J M(p)-s-a dp 
IPl2l 

:::;; c12Aj'(n + 1)-y+Jµt-µ = c12Aj'(n + l)N+Je,-yt-NfJ-e,_ 

Here, since µ > 0 is any constant, we have chosen µ = N / J + 01. By use of 
Proposition 3.3, J3 is estimated as follows: 

(4.3) lhl:::;; cAI(n + 1)2N+J-yt-Nf<>-0, J IPI-N+02 dp 
IPl<l 

To estimate Jz, J4 and J5 we need the following 
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Lemma 4.1. Let b > 0 and h > -N. Then we have 

J 
e-blp(tlPlhdp s c(bt)-N/J-hfo_ 

RN 

Proof We put q = (bt/ 10 p. Then as is easily seen 

J 
e-blpl"tlPlhdp = (bt)-N/15-h/J J e-lql"lqlhdq. 

RN RN 

Since h > - N, this proves the lemma. D 

Proof of Proposition 4.1 (continue). It follows from Proposition 3.1 that 

lizl S A?(n + 1)-y J e-Kn(P)tleilmK(p)t - lldp. 
IPl<l 

By (Al), we have IImK(p)tl s clplpt for IPI s 1. Then 

leiimK(p)t - 11 s cllmK(p)tl s clpl1\ 

and hence by Lemma 4.1 with b = ci/(2n + 1) 15 and h = f], 

lizl S cA?(n + 1)-YtJ e-c1IPl"t/(2n+I)°IPlpdp 
IPl<l 

(4.4) 

s C14A?(n + l)N+fJ-yt-NfJ-P/<5+1. 

On the other hand, by Proposition 3.4 and Lemma 4.1 with b = 2c1 and h = 0, 

(4.5) IJ4I s A 1c(n + 1)2N-yt-03 J e-ZK(p)t dp 
IPl<l 

s c,sAt'(n + 1)2N-yt-NfJ-03. 

Finally, to estimate ls, we devide it as follows: 

ls= (f)n J eip-x-ReK(p)t dp = (f)n{ J eip-x-Jclpl"t dp 
IPl<l IPIP<1-1 

= <pn{Js, 1 + ls,2 + ls,3}. 

By use of (A2) we have for any µ > 0, 
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By Lemma 4.1 with b = J/2 and h = 0 we have for any µ' > 0, 

lls,1 -J eip•x-AIPIJt dpl :s; J e-"IPl"t dp 
RN IPIP?: 1-1 

-2-1 .,\11-J/P J -2-1 .,\lpl"t d :S:e e 'P 
IPIP>1-1 

:s; (µ'-I2-IJtl-<>fP)-µ'ct-Nfo :s; ct-Nfo-(I-<>/P)µ'_ 

On the other hand, if IPI < t-I/P, then O(IPIP)t :S: c, and we have 

leO(IPIP)1 - 11 :s; ceclPIP t. 

Hence by Lemma 4.1 with b = }., and h = P, 

lls.zl :s; ct J e-"IPIJtlPIP dp :s; ct-Nfo-P/0+1. 
lrl<1-1/P 

If we choose µ, µ' to satisfy 

(1 -J/p)µ = N/J + (1 -J//3)µ' = N/J + P/J-1, 

and if we note 

J eip·x-.,\lpl"t dp = !J (eip·x + e-ip·x)e-.,\lpl"t dp = J cos(p. x)e-.,\lpl"t dp, 
RN 2 RN RN 

then summarizing the above inequalities, we obtain 

(4.6) Ifs - rpnt-NfJ LN cos(y · 17)e-.,\l'll" d171 :S: c16i-N/J-P/J+I, 

where y = x/t11°. 
Now we put 

0=min{01,03,fi/J- l} >0, 

where b is chosen to satisfy 

bn ~ max{l, c12(n + l)N+Jei-Y, c14(n + l)N+P-Y, 

c13(n + I) 2N+o-y, c1s(n + I) 2N-y,A2nc16}, 
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for any n. Then ( 4.1) ~ ( 4.6) show the assertion of the propos1t10n ( the 
uniformity of the convergence in y = x/t11° follows from (4.6)). □ 

5. Proof of Theorem 

Proposition 3.1 shows that for sufficiently small e, say e < A-112 :s; A1112 , 

the right side of (2.6) converges uniformly in (p, t) E RN x [O, oo) and satisfies 
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the integral equation (2.4). Let u(x, t) be the Fourier inverse transform of 
u(p, t). Then it is in BC(RN x [O, oo )) since 

and gives the unique weak solution of the Cauchy problem (1.1). 
To obtain the large time asymptotics of u(x, t), we use its expression (2.8) 

and Proposition 4.1. 
Note that 

Then it follows from (2.6) that 

(2n)N f> 2n+l<pn = lim u(O, t) = lim J u(x, t)dx = Ao. 
n=O t-HJJ t--->oo RN 

Moreover, since 

00 

(2n)NL>2n+IA3 =A4 < oo, 
n=O 

(2.8) and Proposition 4.1 give the expression 

which holds as t ___, oo uniformly in y = xt--- 11° E RN. 

Thus, the proof of Theorem is completed. 
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