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Asymptotic Profiles of Solutions for the BBM-Burgers Equation 

By 

Ming MEI and Christian SCHMEISER 

(Vienna University of Technology, Austria) 

1. Introduction and main result 

We are concerned with the asymptotic behavior of solutions to the Cauchy 
problem for the Benjamin-Bona-Mahony-Burgers equation (say also the BBM­
Burgers equation, or the BBM-B for simplicity) 

(1.1) { 
Ut - Uxxt - Uxx + uPux = 0 

ult=O = uo(x) -----, 0, asx-----,±00, 

where x ER, t > 0, p z 1 is integer, the initial value= uo(x) satisfies 

(1.2) J~
00 

uo(x)dx =I= 0. 

On the time-asymptotic behavior of the solution to Eq. (1. 1 ), there are a 
number of works, see (1, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 17, 18] and the 
references therein. Among them, many works, cf. (1, 3, 4, 5, 6, 7, 13, 14, 17, 
18], are concerned with the asymptotic behavior of the solution as follows: if 
(1.2) holds, then the solution u(x, t) converges to O in the sharp forms 

While in [11, 12] the first author showed that, if 

J~
00 

uo(x)dx = 0, 

then the solution u(x, t) converges to O much faster as follows 

llu(t)IIL2 = 0(1)(1 + t)-314 

and the L 1-decay rate 

llu(t)IIL1 = 0(1)(1 + t)- 112 for p z 2, 

which are sharp too. 
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In all above mentioned works, 0 is considered as the asymptotic state of 
the solution u(x, t) for the BBM-Burgers equation. Very recently, Kinami­
Mei-Omata [10] found that a good asymptotic profile of the solution u(x, t) is its 
corresponding diffusion wave but not the 0. Namely, the convergence to the 
diffusion wave is faster than to the 0. The diffusion wave means the solution 
of the Burgers equation for p = I or the heat equation equation p ~ 2, more 
precisely, the Burgers solution for p = I to the Burgers equation 

(1.3) { 01 - 0xx + 00x = 0 
0(x, 0) = 0o(x) -----+ 0 asx-----+±oo, 

such a solution is called the corresponding nonlinear diffusion wave; or the 
solution for p ~ 2 to the heat equation 

(1.4) { 01 - 0xx = 0 
0(x, 0) = 0o(x) -----+ 0 asx-----+±oo, 

this solution is called the corresponding linear diffusion wave. 
When 

holds, Kinami-Mei-Omata [10] proved the convergence rates as 

and 

{ 
0(1)(1 + t)-(7/8)+u, 

ll(u - 0)(t)llu, = o(l)(l + t)-718 J1n(2 + t), 

0(1)(1 + t)-1, 

{ 
0(1)(1 + t)-(3/ 4)+u, 

ll(u-0)(t)llu = O(l)(l+t)-314 ln(2+t), 

0(1)(1 + t)-314, 

for p = I 

for p = 2 

for p ~ 3 

for p = I 

for p = 2 

for p ~ 3. 

A similar problem is also studied by G. Karch in [9], but his convergence rates 
are weaker than those in [10]. 

Therefore, in the case J~ uo(x)dx #- 0, it is clear that the convergences to 
the diffusion waves are faster than to the 0. This means, comparing with the 0 
the corresponding diffusion wave is a better asymptotic profile for the BBM-B 
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solution. Now our questions are, what is the optimal asymptotic profile for 
the BBM-B equation and what is the convergence rate? These are our main 
interests in the present paper. By means of the variable scaling method, we 
discover that the· real asymptotic profile is neither the O nor the linear diffusion 
wave (for the case p ?: 2), but should be the solution of the corresponding 
nonlinear parabolic equation 

(1.5) { Br - Bxx + 0P0x = 0 

Blt=O = Bo(x) ---+ 0, asx---+±oo, 

where the initial datum 00(x) is asked to satisfy 

(1.6) J~
00 

[uo(x) - 0o(x)]dx = 0. 

We shall further show some much faster convergence rates as follows 

and 

ll(u - B)(t)II oo = { O(l)(l + t)-(?/s)+Ci, 

L 0(1)(1 + t)- 1, 

{ 
0(1)(1 + t)-(3/4)+Ci, 

ll(u - B)(t)IIL2 = O(l)(l + t)_314, 

where a > 0 is any given constant. 

for p = l 

for p?: 2 

for p = l 
for p?: 2, 

Now let us make an analysis on what optimal asymptotic profile is for the 
BBM-Burgers equation (1.1). Setting the following scalings to our variables 

(1.7) x---+ x/e, 

for some positive constants m and e, where e « 1, we then scale the BBM­
Burgers equation (1.1) to 

(1.8) 

Balancing the leading order terms, we choose m = l/ p, and Eq. (1.8) is 
reduced to 

(1.9) 
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For e « 1, we neglect the small term -B2Uxxt, and conduct the asymptotic state 
equation of the BBM-B equation (1.1) as follows 

(1.10) 

This parabolic solution should be the optimal asymptotic profile of Eq. (1.1). 
By other choice of m we derive other asymptotic states considered 

previously. 
Let m be chosen as mp< 1, we then rewrite Eq. (1.8) as 

(1.11) I-mp( 2 ) p _ 0 e Ut - e Uxxt - Uxx + U Ux - . 

For e « 1, the term el-mp(u1 - e2Uxxt - Uxx) may be neglected so that the 
asymptotic equation of Eq. (1.11) is 

i.e., (~) =0. 
p + 1 X 

Integrating it over (±oo,x] and noting that, formally u(±oo, t) = 0, we obtain 

namely, u(x, t) = 0. 

This means that the 0 is the asymptotic state of the solution u(x, t) of the BBM­
B equation. This case has been well studied by many people, for example see 
[1, 3, 4, 5, 6, 7, 11, 12, 13, 14, 17]. 

Now let m = I. Then Eq. (1.8) becomes 

(1.12) 

When p = 1, dropping the small term -e2uxxt due to e « 1, we see easily from 
(1.12) that the asymptotic state equation is the Burgers equation 

(1.13) Ut - Uxx + UUx = 0. 

When p ~ 2, we neglect the small terms -B2Uxxt and eP- 1uPux, and obtain the 
heat equation 

(1.14) Ut - Uxx = 0. 

The solutions for the Cauchy problem to Eqs. (1.13) and (1.14) are the so-called 
nonlinear and linear diffusion waves. Such diffusion waves are considered as 
the asymptotic profiles in each case p = 1, p = 2 and p ~ 3 by Karch [9] and 
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Kinami-Mei-Omata [10] very recently, and the convergence rates to them are 
given too. 

Now let us state our main results. Firstly, we note that, by using the 
Green function method together with the basic energy estimates, when 

Jeffrey and Zhao [8] prove that the solution 0(x, t) of Eq. (1.5) exists uniquely 
and globally in time, and has the decay rates as in (1.15) below. In the same 
fashion, we can further prove that, if 

then 

j = 0, I, 2. 

We list all of them as follows, and say that they are contributed by Jeffrey and 
Zhao [8], although the last part on L 1 estimates (1.16) is excluded there. 

Theorem 1.1 ([81). Suppose that 00 (x) E H 2 (R) nL1(R) holds. Then there 
exists a positive constant Jo such that when ll0ollL' + ll00IIH2 :s; Jo, then the 
Cauchy problem (1.5) has a unique global solution 0(x, t) 

and satisfies 

j = 0, I, 2. 

Furthermore, if 

then 

(1.16) 

Now our main results are as follows. 

Theorem 1.2. Suppose that (1.6), 

(1.17) 

j = 0, 1,2. 
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and 0o(x) E L 1(R) nH4 (R) hold. Let rt:= ll0ollv + ll0ollH4• Then there exists 
a positive constant Jo such that when llvoll w3,, + rt s Jo, then the Cauchy problem 
(1.1) has a unique global solution u(x, t) 

u(x, t) - 0(x, t) E C(0, oo; H 1 (R) ), 

and satisfies that: 
( i) If p = l, for any u > 0, then the following estimates hold 

(1.18) 

(1.19) 

(1.20) 

ll(u - 0)(t)llu = 0(1)(1 + t)-(3/ 4)+u, 

ll(u - 0)x(t)llu = 0(1)(1 + t)-l+u, 

ll(u - 0)(t)llu, = 0(1)(1 + t)-(7/S)+u_ 

(ii) If p ~ 2, the convergence rates are much faster as follows 

( 1.21) 

(1.22) 

( 1.23) 

ll(u - 0)(t)IIL2 = 0(1)(1 + t)-314 , 

ll(u - 0)Jt)IIL2 = 0(1)(1 + tr514, 

ll(u - 0)(t)llv" = 0(1)(1 + t)- 1• 

Using L 2, L 00 -results in Theorem 1.2 and the interposing inequality 

for 2 s q s oo , 

we can obtain immediately Lq-decay rates as follows. 

Corollary 1.1. Under the assumptions in Theorem 1.2, then for 2 s q s oo 

it follows 

(1.24) 
U - 0 t - { 0(1)(1 + t)-(7/8)+(1/4q)+u, 

II( )( )IILq - 0(1)(1 + t)-1+(1/2q), 

for p = l 

for p ~ 2. 

Remark l. 1. 1. The rates in Case p = l of Theorem 1.2 have been 
shown in [10], we list here again only for completeness. 

2. In Case p = 2, our convergence rates are much better than that to the 
diffusion wave in [9, 10]. This means that the solution 0(x, t) of the nonlinear 
parabolic equation (1.5) is a better asymptotic profile of the BBM-B solution 
u(x, t) than the linear diffusion wave (1.4) is. However, in Case p = 1, it seems 
that the rates are not sharp. Is it possible to improve them to be optimal ones 
like those in our Case p ~ 2? 
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3. As shown in the Appendix below, the BBM-B solution u(x, t) of 
Eq. (1.1) exists globally for any large initial datum, and so does the parabolic 
solution 0(x, t) of Eq. (1.5). This fact inform us that it should be possible 
to have the convergence u(x, t) --+ 0(x, t) for the large initial perturbation prob­
lem. Therefore, it is quite interesting to study such an asymptotic conver­
gence u(x, t) --+ 0(x, t) with some decay rates for a large initial perturbation! 
However, this question in theoretical proof is difficult and remains still open. 
We expect to have more contributions on it in the future. 

Notations. We now introduce some notation for simplicity. C always 
denotes some positive constants without confusion. a;J := akf / oxk. LP 
presents the Lebesgue integral space with the norm II • llu- Especially, L 2 is 
the square integral space with the norm II· llu, and L 00 is the essential bounded 
space with the norm II· 11£'"• Hk = and wk,p denote the usual Sobolev spaces 
with the norms 11 · IIHk and II· llwk,p, respectively. Suppose that f E L 1 nL2 (R), 
we define the Fourier transforms of f as follows: 

Let T and B be a positive constant and a Banach space, respectively. 
Ck (0, T; B) (k ;:::,,: 0) denotes the space of B-valued k-times continuously differ­
entiable functions on [0, Tl, and L2 (0, T; B) denotes the space of B-valued 
L 2-functions on [0, T]. The corresponding spaces of B-valued functions on 
[0, oo) are defined similarly. 

2. Reformulation of the original problem 

From Eqs. (1.1) and (1.5), we have 

(2.1) (u - 0)i - Uxxt - r:x(u - 0tx + (;:\ - ::ll \ = 0. 

Since 0(±00, t) = 0, and we expect u(±oo, t) = 0, ux(±oo, t) = 0, then after 
integrating (2.1) over (-oo, oo ), we have formally 

(2.2) d Joo -d [u(x, t) - 0(x, t)]dx = 0. 
t -00 

Thanks to the essential assumption (1.6), we integrate (2.2) over [0, t] with 
respect to t to have 

(2.3) J~00 [u(x, t) - 0(x, t)]dx = J~00 [uo(x) - 0o(x)]dx = 0. 
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Therefore, it is natural to introduce 

(2.4) v(x, t) = [
00 

[u(y, t) - 0(y, t)]dy, i.e., vx(x, t) = u(x, t) - 0(x, t), 

which satisfies 

(2.5) (
(0 + Vxy+ 1 uP+I) 

Vxt - Vxxxt - 0xxt - IXVxxx + p + l - p + 1 x = 0. 

Integrating it over (-oo, x] with respect to x, and noting u(±oo, t) = 0, 
0(± oo, t) = 0, we obtain 

(2.6) 

That is, 

(2.7) 

where 

l (0 + Vxy+ 1 uP+I 
Vt - Vxxt - IXVxx - 0xt + p + } - p + } = 0, 

vlt=O = [
00 

[uo(y) - 0o(y)]dy = vo(x). 

{ Vt - Vxxt - IXVxx = Fp, 

vlt=O = vo(x), 

(2 8) D - 0 i [(0 )p+1 0p+1l - 0 1 ~ 0; p+l-i . rp - xt- --1 +vx - - xt- --1 ~a; Vx , 
p+ p+ i=O 

for some positive constants a; = C;+i. 

p~l 

Theorem 2.1. Under the assumptions of Theorem 1.2, there exists a positive 
constant 61, such that, when II Vo II W3, 1 + 17 < 61, then the Cauchy problem (2. 7) has 
a unique global solution v(x, t) satisfying 

v(x, t) E C(0, oo; H2(R)). 

Furthermore, we have the following estimates. 
1. When p = 1, for any given CJ> 0, the solution v(x, t) of (2.7) satisfies 

I 

(2.9) z)l + t)((Zj+l)/4)-"ll8£v(t)llu + (1 + t) 1-"llvxx(t)IILz 
j=O 
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2. When p 2 2, the solution v(x, t) of (2.7) satisfies 

2 

(2.10) ·I)1 + t)(2Ht)/4 llo{v(t)IIL2 ~ C(llvollw3,1 + YJ). 
j=O 

159 

By Theorem 2.1 and the well-known Sobolev inequalities as, if f E H 1, 

then 

(2.11) 

we can obtain the decay rates for llv(t)IIL'° and llvx(t)IIL'° as follows. 

Corollary 2.1. Under the assumptions in Theorem 1.2, it follows 

(2.12) 

and 

(2.13) 

for p = 1 

for p 2 2 

for p = 1 

for p 2 2. 

Once Theorem 2.1 is proved, we then very easily obtain Theorem 1.2 by 
u(x, t) - 0(x, t) = vx(x, t). Therefore, to prove Theorem 2.1 is our main goal in 
the following. 

We now define the solution spaces as follows, for any T > 0 and given 
c5 > 0, 

p 2 1, 

where 

(2.15) for p 2 2. 

We are going to state the local existence and the a priori estimates. 

Proposition 2.1 (Local Existence). Suppose that vo E H 2(R) holds, then 
there exists a positive constant To such that the Cauchy problem (2.7) has a 
unique solution v(x, t) E Xµ(O, To) satisfying Mµ(To) ~ 2Mµ(O) for all p 2 1. 
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Proposition 2.2 (A Priori Estimate). Let T be a positive constant, and 
v(x, t) E Xp(O, T) (p :::00: 1) be a solution of the Cauchy problem (2. 7). Suppose 
that the assumptions in Theorem 1.2 hold, then there exist positive constants 63 

and C independent of T such that if Mp s 63, then for t E [O, T] the following 
estimates hold: 

1. When p = 1, for any a> 0 

I 

(2.16) 2)1 + t)((2j+l/4)-o-11a{v(t)IIL2 + (1 + t) 1-"llvxx(t)IIL2 
j=O 

2. When p ;::o: 2, 

2 

(2.17) I)1 + t)(2j+l)/4 11a{v(t)IIL2 s C(llvolw,,1 + 17). 
j=O 

Using the continuation argument based on Propositions 2.1 and 2.2, we 
can prove Theorem 2.1. So, to prove the above two propositions is our goal. 
Since Proposition 2.1 can be proved in the standard way, our main effort will be 
made on the proof of Proposition 2.2 in the next section. 

3. A priori estimates 

Since the case p = 1 has been proved in [10], we focus only on the case 
p :::00: 2. As in [12, 10], taking the Fourier transform to Eq. (2.7), we have 

namely, 

with the solution 

where 

(3.1) 
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Then taking the inverse Fourier transform to the above resultant equation, we 
have 

(3.2) v(x, t) = ~ 100 eil;xe-B(l;)tfjo(!;)d!; + ~ Jt Joo eil;xe-B(l;)(t-s) Fp((, 1 d(,ds. 
2n _00 2n O _ 00 1 + !; 

Differentiating it with respect to x, we have 

(3.3) 

-~ft Joo (i()1eil;xe-B(l;)(t-s)Fp((,1 d(,ds. 
2n o -oo 1 + ( 

We first have two lemmas which were proved by the first author in [12]. 
The second lemma is to estimate the initial perturbation. 

Lemma 3.1 ((12)). It holds 

(3.4) e . d(,:,:; C(l + t)-(J+l)/2_ Joo 1,11 -CB(l;)t 

-00 (1 + ?;2)(1 + 1w1 

Lemma 3.2 ((12)). If v0 E W 3• 1 (R), then 

(3.5) ll2~J~oo (i!;)Jeixl;e-B(l;)ti)o(!;)d!;L2:,:; C11vollwH1,1(l + t)-(2}+1)/4 

for j = 0, I, 2. 

(3.6) 

We are going to estimate the nonlinear term. 

Lemma 3.3. Let v(x, t) E Xp(0, T) (p 2 2), then 

for j = 0, I, 2. 

Proof Let v E Xp(0, T) (p 2 2). Due to the definition of Xp(0, T) and 
the Sobolev inequality (2.11) it is easy to obtain 

and 
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On the other hand, thanks to (2.8) we get 

(3.9) 

and 

(3.10) ioxFpl:::;; l0xxtl + lv{vxxl 

+ ! l t aj[Jl0j-l0xv:+1-jl + (p + 1 - J)l0jv{-jVxxl], 
p j=l 

Applying (3.7), (3.8) and Theorem 1.1 to (3.9) and (3.10), we then have 

(3.11) suplFp(,,s)I s J00 
IFp(x,s)ldx 

/;ER -oo 

1 p-1 00 

+-1 I>jll0(s)il{00 llvx(s)llf;;;1-j J lvxl 2dx 
p + j=O -oo 

s ll0x1(s)llv + - 1- 1 apll0(s) llf:1 ll0(s)IIL2 llvx(s)llu 
p+ 

1 p-1 

+-1 L a1IIB(s)l{00 llvx(s)llf;;; 1-Jllvx(s)lli,2 
p + J=O 

Sc{ 17(1 + s)-312 + ap17P Mp(T)(l + s)-(p+l)/Z 

+ t a111i Mp(T)p+l-J (I+ s)-(2p-j+l)/2} 

:::;; C[17(1 + s)-312 + (17 + Mp(t)Y+ 1(I + s)-(p+I)/Z] 

S C[17 + (17 + Mp(T)y+1](I + sr312, 

where we used p ~ 2, namely, (p + 1)/2 ~ 3/2 and (2p - j + 1)/2 > (p + 1)/2 
for O sj sp-1, which implies (1 +s)-(Zp-J+l)/Z < (1 +s)-(p+l)/2 s (1 +s)-312; 

and we have 



BRM-Burgers Equation 163 

(3.12) supl<;IIFp(<;,s)I s J00 
loxFp(x,s)ldx 

~ER -oo 

S J~oo { l0xxtl + lvxxllvxlp + p ! l 
X ta1[Jl01- 10xvf+l-jl + (p + 1 - J)l01vf-1vxxl] }dx 

+-1-1 t al [Jll0(s)ll{:1 llvx(s)llf1 J00 
l0xvxldx 

p + l=I -oo 

+ (p + 1 - J)ll0(s)ll{:1 llvx(s)llf1 J~
00 

l0vxxldx] 

S ll0xxh)IIL1 + llvx(s)llf;-1 llvx(s)ll£2 llvxx(s)ll£2 

1 ~ 1 • 
+ p + 1 ;;i'a1[Jll0(s)llf: llvx(s)llf~ll0x(s)IIL2llvx(s)IIL2 

+ (p + 1 - J)ll0(s)ll{:1 llvx(s)llf1110(s)IIL2lliixx(s)IIL2] 

S c{ 17(1 + s)-2 + Mp(T)P+1(1 + s)-(p+l) 

+ P ! 1 t a1[J11l Mp(ry-1+1 (1 + s)-(2p-1+2)/2 
J=l 

+ (p + 1 - J)11l Mp(ry-1+1 (1 + s)-(2p-1+2J;2]} 

s c{ 17(1 + s)-2 + Mp(T)P+1(1 + s)-(p+l) 

p 

+ 2::>1111 Mp(ry-1+1 (1 + s)-(p+2)/2 
l=I 

s C[17 + (17 + Mp(T))P+1](1 + s)-2, 

where we used p;::: 2, 1 sj s p, namely, p + 1 ;::: 3 and (2p - j + 2)/2;::: 
(p + 2)/2;::: 2, which imply (1 + s)-(p+l) < (1 + sf2 and (1 + s)-(2p-l+2l/2 s 
(1 +s)-(P+2ll2 s (1 +s)-2. 
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Making use of Parseval's equality, (3.11), (3.12), Lemma 3.1, and the well­
known inequality (cf. [16, 12]) 

for a,b > 0 and max(a,b) > 1, 

we can prove this lemma as follows 

(3.13) 

and 

(3.14) 

t ( oo e-2B(l;)(t-s) ) 1/ 2 

::;JsuplFp((,s)I J 22 d( ds 
0/;ER -oo(l+() 

::; C[IJ'+ (fl+ Mp(T))P+1] t (1 + s)-312 (1 + t - s)- 114 ds 

::; C[fl +(fl+ Mp(T))P+l](l + t)-1/4, 

J
/111 Joo . e-B(l;)(t-s) , II -2 i(e'l;x 2 Fp((,s)d( ds 
o n -oo 1 + ( L2 

JIii e-B(l;)(t-s) , II = i( 2 Fp((,s) ds 
0 1 + ( £2 

It (Joo l(l2e-2B(l;)(t-s) , 2 )1/2 
= 2 2 IFp((,s)I d( ds 

0 -00 (1 + ( ) 

Jt (Joo 1(12 e-2B(l;)(t-s) ) 1/ 2 
::; suplFp((,s)I 22 d( ds 

0/;ER -oo (1+() 

::; C[fl +(fl+ Mp(T))P+1] t (1 + s)-312 (1 + t - sr314ds 

::; C[fl +(fl+ Mp(T))P+l](l + t)-3/4, 
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and 

JIii I Joo -B(l;)(t-s) II 2 (i!:,)2eil;xe . 2 Fp(f,,s)df, ds 
o n -oo 1 + f, L2 

J
tll e-B(l;)(t-s) II = (if,)2 2 Fp(f,,s) ds 
0 1 + f, L2 

It (Joo lc',l4e-2B(l;)(t-s) , 2 )1/2 
= 2 2 IFp(c',,s)I df, ds 

o -oo (l+f,) 

t ( oo f, 4e-2B(l;)(t-s) ) 1/2 
~ J sup((l + IWIFp(c',,s)I) J I I 2 4 df, ds 

0 /;ER -00 (1 + f, )(1 + IW 

~ C[17 + (17 + Mp(T)Y+ 1] 

x J)(l + s)-312 + (1 + s)-2](1 + t- s)-514ds 

(3.15) ~ C[17 + (17 + Mp(T))P+ 1] t (1 + s)-312 (1 + t - s)-514] 

(3.16) ~ C[17 + (17 + Mp(T))P+1](I + t)-5!4 _ 

Thus, we proved (3.6) for j = 0, I, 2. □ 

Proof of Proposition 2.2 (A Priori Estimates). Let v(x, t) E Xp(0, T) be the 
unique solution of Eq. (3.2), p ~ 2. From (3.3), Lemma 3.2, and Lemma 3.3 
we obtain 

+ Jtll2l Joo (it,)ieil;xe-B(l;)(t~s) Fp(f,,s)df,11 ds 
O n -oo 1 + f, L2 

~ Cllvoll w1+1,1 (1 + t)-(l+lJl/4 

+ C[17 + (17 + Mp(T))P+1](I + t)-(1+21)/4 

for j = 0, I,2. Multiplying (3.17) on both sides by (1 + t)-(l+lJ)/4 (j = 0, 1,2), 
respectively, and adding all of them, we then obtain 

2 

Mp(T) = sup I)I + t)(1+lJ)l4 llo{v(t)llu ~ C[llvollw3,1 + 17 + (17 + Mp(T)y+'], 
O<tsT j=O 
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that is, 

Since there is some positive constant C1 > 0 such that 

(3.18) is reduced to 

p 

CL a1111 Mp ( rv-1 ~ c, ( 11 + Mp ( T) )P, 
J=O 

Let us choose J3 in Proposition 2.2 to be 

J3 < min{1'4Cl ' 1 1/ }, 
1 (4C,) P 

when 11 < J3 and Mp(T) < J3, from (3.19) we prove 

for some positive constant C2. That means 

2 

L(l + t)('+2Jl/4 11a{v(t)IIL2 ~ C2[llvollw3,l +11] 
}=0 

holds for all t E [O, T]. 
Thus, the proof of the a priori estimates is complete. 

Appendix: Global existence for large initial values 

□ 

As indicated in Remark I.I, we are going to give a proof on the 
global existences of the solutions u(x, t) to Eq. (1.1) and 0(x, t) to Eq. (1.5) for 
large initial data. The method we will adopt is still the elementary energy 
method. 

Theorem 3.1. For any u0 (x) E H 2 (R), the Cauchy problem (1.1) has a 
unique global solution 
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Furthermore, u(x, t) satisfies 

(A.I) llu(t)ll12 + t llux(r)ll11dr::::; 2lluoll12 + 2P~' lluolltf+') for all t :2: 0. 

Theorem 3.2. For any 00 (x) E H2(R), the Cauchy problem (1.5) has a 
unique global solution 

Furthermore, 0(x, t) satisfies 

We are going to prove Theorem 3.1. Since Theorem 3.2 can be proved in 
the quite same way, we shall omit the details. Now let us define the solution 
space for the Cauchy problem (1.1) by 

(A.3) YM(t1,t2) = { uiuE C0(t1,t2;H2(R)), Ux EL2(t1,t2;H 1(R)) 

with sup llu(t)IIH2 ::::; M} 
[11, 12] 

where t1, t2 and M are some positive constants. 
We now prove two results as follows. One is the local existence, another is 

the a priori estimates. 

Proposition 3.1 (Local Existence). Consider the Cauchy problem with the 
initial time r 

(A.4) { 
U1 - Uxxl - rJ.Uxx + uPux = 0 

ult=, = u,(x). 

Then, if u,(x) E H 2(R) and llu,IIH2 ::::; M, then there exists to = to(M) > 0 such 
that there exists a unique solution u(x, t) to (A.4) in Y2M( r, r + t0 ). 

The proof of Proposition 3.1 can be done by an iteration method for its 
integral equation. Since it is standard, we omit the detail. 

Proposition 3.2 (A Priori Estimates). Let M and T be arbitrarily fixed, and 
u(x, t) E Y2M(O, T) be a solution of (1.1). Then it holds that 



168 Ming MEI and Christian SCHMEISER 

Proof Multiplying (1.1) by u and integrating it over [O, t] x R, we get the 
first basic energy equality 

(A.6) 

Furthermore, multiplying (1.1) by -Uxx and integrating it over [O, t] x R, we 
then obtain 

Making use of the Sobolev inequality (2.11 ), for f E H1(R), 

and noting the first basic energy equality (A.6), and the Cauchy inequality 
labl ~ ea2 + (4e)-1b2 for any e > 0, we have 

Substituting (A.8) into (A. 7) and choosing e = 1 /2, we have 

Thus, combining (A.6) and (A.9), we prove the estimate (A.5). □ 

Proof of Theorem 3.1. For any given initial value u0 (x) E H 2(R), let M 
be the constant such that 
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then there exists a unique local solution u(x, t) E Y2M(O, to) by Proposition 3.1 
with , = 0. For such a local solution in [O, t0 ], by using Proposition 3.2, we 
have the a priori estimate as follows 

llu(t)ll7f2 + t llux(,)ll11d,::::; 2lluoll12 + 2P-' lluoll;;f+l)::::; M 2 , 

which implies uE YM(O,to) and llu(to)ll12::::; M 2. Now at the "initial" time 
, = to, Proposition 3.1 gives u(x, t) E Y2M(to, 2to). So it extends u(x, t) E 

Y2M(O, 2t0). Then Proposition 3.2 further shows the a priori estimate (A.5) for 
all t E [O, 2to] and u E Y M(O, 2to), especially, the solution u(x, t) at t = 2to to be 
bounded as llu(2to)IIH2::::; M. Repeating the previous procedure, we will finally 
prove u(x, t) E XM(O, +oo) and (A.l). □ 
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