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Large Time Behavior of Solutions to the 
Landau-Ginzburg Type Equations 

By 

Nakao HAYASHI, Elena I. KAIKINA and Pavel I. NAUMKIN 
(Science University of Tokyo, Japan, Instituto Tecnologico de Morelia, Mexico 

and Universidad Michoacana, Mexico) 

1. Introduction 

We consider the Cauchy problem for the following nonlinear dissipative 
equations 

(1.1) { 
u, - rxuxx + Plul 2u + ylulp-lu = 0, 
u(0, x) = u0 (x), x ER, 

x ER, t > 0, 

where rx, p, y E C, 9trx > 0, p > 3. We assume that %5 ::=::: 0, where i5 = '5( r.x, P) = 
P/J2lrxl 2 + r.x 2 . Equation (1.1) is known as the complex Landau-Ginzburg 
equation. Our main purpose is to study the large time asymptotics of solutions 
to the Cauchy problem (1.1 ). Existence of solutions to the Cauchy problem for 
(1.1) was studied by many authors (see, e.g. [6], [7], [14]). Blow-up of positive 
solutions to the Cauchy problem 

(1.2) U1 - Uxx - uP = 0, u(0, x) = uo(x) > 0 

was investigated in papers [4], [10], [12]. It was shown that solutions of (1.2) 
blow up in finite time for the case p > 3 in [4] and for the case p = 3 in [9], [12]. 
In [ 1], [ 5], [ 13] the asymptotic behavior in time of solutions to the Cauchy 
problem 

(1.3) Ut - Uxx + u3 = 0, u(0, x) = uo(x) > 0 

was considered and L 00 norm of solutions was shown to decay in time faster 
than t- 112. However their methods do not work for the complex Landau­
Ginzburg equation (1.1). Asymptotic behavior in time of solutions to the 
equation (1.3) with nonlinearity u3 , replaced by lulp-lu, (with p =I= 3) was also 
studied by many authors (see, e.g., [1], [2] for 1 < p < 3 and [5], [6], [7] for 
p > 3 and references therein.) 
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In our previous paper [10] we considered the case /J = i and y = 0 and 
found the asymptotic behavior of solutions to the Cauchy problem. In the 
present paper we consider more general equations including (1.3). In the case 

and 

we need more careful computations than that in the previous case /J = i, y = 0 
since in this case our analysis depends on sign of the value of 

= 04(s5(rx,fJ))2 9'(2v - v) 
µ (4n')2 I 2 ' 

where VJ= log(4(1 - ~)/{K1(1 + ✓1 - K1)}), K1 = (rx + ix) 2 /(rx + 2ix) 2, 
K2 = 2(lrxl 2 + ix 2)/lrx + 2ixl 2, 0 = If uo(x)dxl = v'lnluo(0)I. Note that when 
fJ = i, y = 0, µ is strictly positive. 

In order to state our results precisely we introduce Notation and func­
tion spaces. :Frp or J is the Fourier transform of rp defined by rp(!;,) = 
(1/v'ln) J e-ixl',rp(x)dx and :F-1rp(x) or J(x) is the inverse Fourier transform 
of rp, i.e. J(x) = (1/v'ln) J eixl',rp(!;,)d!;,. Let a= ax= a/ax and at= a;at. 
We denote by LP the usual Lebesgue space with norm llr/Jllr = CJa lr/J(x)II'dx) 11P 

if 1:S::p<oo and llr/Jll 00 =ess. sup{lr/J(x)l;xER} if p=oo. For simplicity 
we let llr/JII = 11¢11 2 . Weighted Sobolev space is defined as follows Hm,s = 
{rp E L2; llr/Jllm,s = ll<x)s<iax)mr/JII < 00 }, m,s ER+, <x) = ✓1 + x 2 are the Jap­
anese brackets. By C(I; B) we denote the space of continuous functions from a 
time interval I to the Banach space B. Denote 

w = H1,o nHo,, with llr/Jllw = llr/JII, o + llr/Jllo 1 • 
' ' 

Different positive constants might be denoted by the same letter C. 
In the present paper we prove the following result. 

Theorem 1.1. We assume that uo E W with sufficiently small norm 
lluollw = e and 0 = I J uo(x)dxl > 0. Then there exists a unique solution u(t, x) E 
L 00 ((0,oo) xR)nC([0,oo);W) of the Cauchy problem (1.1) satisfying the fol­
lowing time decay estimate 

Ce 
llu(t)lloo :S:: v11+i✓l+17log(l+t)' 

if 17 = (02 /2n)%5 > 0, and 

Ce 
llu(t)lloo :S:: v11+t{!l + µlog(l + t)' 
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Ce 
llu(t)lloo ~ v'l+r{/1 + ,dog(l + t)' 

if 1J = 0, µ = 0, x > 0, where x is a positive constant defined in (2.28) explicitly. 
Furthermore the following asymptotic formulas of the solution are valid 

0 1 ( x 2 iw , ) u(t,x) = ~---,=c=== exp --4 - - loglogt + iarguo(0) 
v 4mxt J 1 + 11 log t at 1J 

( 
es/2 ) 

+o Jilogtlogt ' 

if 1J > 0, 

u(t,x)= ~ 1 exp(- 4x
2 

- 2iw-Jiogt+iargu0(o)) 
v4nat {fl+ µlogt at ,jµ 

+o(vi~Jlogt)' 

if 11 = 0, µ > 0, and finally 

0 1 ( x 2 3iw 3~ , ) u(t,x)= ~---:--r===exp --4 - 23~ylog-t+iarguo(0) 
v4nat{!l+xlogt at vx 

+o(vr~0ogt), 

if 1J = 0, µ = 0, where w = (02 /4n)':3J(a,f3). 

Remark I.I. We put a= a,+ ia2, /3 = /31 + i/32, where IXJ > 0, a2, /31, 

/32 E R. Then our condition %5( a, /3) ~ 0 is equivalent to the following m­
equality 

0 ~ /32a, 1X2 + /31 G J9at + ai + IOaf!Xi + 3af + ai). 

This inequality implies that there exist /32 , a2 > 0 such that even if /31 < 0 the 
solution does not blow up. 

Remark 1.2. In order to check the inequality 9t(2v, - v2) > 0 for the 
values of a such that ffia > 0, we have substituted a= eitf! with rp E (-n/2, n/2) 
into the function 
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4 (1 - 1 - ( 1 + e-2itf, )2 
2e-2itf, + 1 

= 2 log 1-(-l_+_e_-2~;¢,_)_2 '(~-==(=1 =+=e=_=2i=tf, =)2~1 

2e-2itf, + 1 1 + 1 - 2e-2itf, + 1 

( 
e-2itf, + 1 

2 1- 1-2----
l2e-2i¢ + 112 

-log------;---======-1 
e-2itf, + 1 ( 

1+ 
12e-2itf, + 112 

e-2itf, + 1 
l-2---­

l2e-2itf, + 112 

and plotted it numerically applying the program "Maple". Then it appears 
that the function f(rp) is positive for all rp E (-¢0 , ¢0 ), and is negative for all 
rp E (-n/2, -¢0) U (¢0 , n/2), where rp0 ~ 1.146035015. The function f(rp) has 
a maximum value approximately 0.27 at the point rp = 0. Also f(n/2) = 0 = 
f(-n/2). 

Remark 1.3. When ff= 0,µ = 0, using the program "Maple" we see 
that rx = rxo = lrxlei¢o and P = P1 = 1Plei¢i, or P = P2 = I.Blei¢z, where rp0 ~ 
1.146035015, rp1 ~ -2.9111 and ¢2 ~ 0.2305. We have computed numerically 
by formula (2.28) the value of x using the program "Maple" to get x ~ 

-0.03iJ306 . Then we see that if we choose the first value ,B = ,81, then we 
obtain J = -ilJI, hence x > 0. Therefore, we consider the values (rx0 ,P1) in the 
case ff= 0,µ = 0. 

Remark 1.4. We do not know the asymptotic behavior in time of solutions 
to (1.1) in the following three cases: 1) ff< 0, 2) ff= 0,µ < 0 and 3) ff= 0, 
µ = 0, x < 0. 

For the convenience of the reader we state our strategy of the proof. 
We consider (1.1) with y = 0 (for details, see Section 3). As in [10] we make 
a change of the dependent variable u = ve-rp(t)+ii/t(t). Then for the new function 
v we get the equation 

where we assume that 
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and v0 (0) = luo(0)I = 0/ffn > 0. Namely we consider the Cauchy problem for 
the new dependent variables (v, <11) 

V1 = CWxx - pe-2\l' (1vl 2 -if lvl 2v dx) v, 

<71 1 = ie-2\1'9\ f Plvl 2vdx, 

v(0, x) = vo(x), q1(0) = 0. 

We look for the solution v in the neighborhood of the first approximation <P = 
';§(t)vo = g--1e-a/;2tvo = J G(t, x - y)vo(y)dy, which is a solution to the linear 
Cauchy problem <!>1 - a<l>xx = 0, <P(0,x) = v0 , where G(t,x) = (1/v4nat)e-x2/ 4cx1. 

Then we put r = v - <P and since <P is nearly equal to 0G( t) we get the Cauchy 
problem 

r1 = arxx - pe-2q,(t)g3 (1Gl 2 - f IGl 2Gdx) G - Q, 

q1' = 02e-2q,(t)9t f PIGl 2Gdx + R, 

r(0, x) = 0, q1(0) = 0, 

where Q and R are considered as the remainder terms. By a simple 
computation we have 9t J PIGl 2G(t, x)dx = (l/4nt)9\J(a,P), where J(a,P) = 

Pl J2lal 2 + a2. If 9\J(a,p) > 0, then we can apply the contraction mapping 
principle to the above system (see Section 3) and find the decay estimate 
llr(t)ll 00 ::; ei-1!2(log(l + t))- 1. Also we show in Section 3 that 

e-2q,(t) = C 
1 + 17log(l + t). 

Hence from the representation u = ve-q,+il/t = (r + <P)e-q,+il/t we get the decay 
estimate of the theorem. 

When Y/ = 0, i.e. 9\J( a, P) = 0, the first summand in the right-hand side of 
equation for q1' vanishes so we need to investigate the second approximation, 
namely, we find the solution of the Cauchy problem (1.1) in the neighborhood 
of <P + 'ff, where the second approximation 'ff is defined by the linear Cauchy 
problem 

':P(0,x) = 0. 

We again use the fact that <P = 0G + remainder terms, to see that 'ff satisfies 
approximately to the equation 
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Putting r = v - <l> - 'F, we obtain the system 

r(t) = -/3 t e-2,p(rl(§(t- r) (1vl 2v(r) - l<l>(r)l 2<l>(r) 

- v~) J lvl 2v(r,x)dx + <l>~r) J l<t>(r)l 2<l>(r)dx )dr 

q/(t) = ie-2rp(t)91 J /Jlvl 2v(t, x)dx. 

Below in Section 2 in Lemma 2.3 by virtue of the fact that 91 f /JIGl 2G(t, x)dx 

= 0 we prove the representation lvl 2v - 1<1>1 2<1> = 02 (2IGl 2 'F + G2 'F) + remainder 
terms, and so we can approximate rp(t) as the solution of the ordinary differ­

ential equation 

Since 'F can be considered as a function of G multiplied by e-2'P, the right­
hand side of the above equation has a form µe- 4,p(t) t- 1 + reminder term, where 

µ is a positive constant. Hence we obtain rp'(t) = µe- 4'P(1lt-1 + remainder term, 

whence it follows that e4rp(t) = 1 + µlog(l + t) + remainder term. In Lemma 

2.3 below in Section 2 we compute with more details the coefficient µ and 

the remainder term. Similar considerations we carry out in the case rt = 0, 

µ = 0. Then we need to take into account the third approximation of the 
perturbation theory. See for details Lemma 2.4 below in Section 2 and Section 

5 for the proof of the theorem. 

2. Preliminaries 

The solution of the linear Cauchy problem 

{ 
U1 - rxuxx = f(t, x), XE R, t > 0, 

u(0,x)=uo(x), xER 

can be written by the Duhamel formula u(t) = (§(t)uo + J; (§(t- r)/(r)dr, 
where the Green operator (§ is given by 

(§(t)rp = g;-1e-a/:,2tefl(I:,) = J G(t,x - y)rp(y)dy, 

with the Green function G(t, x) = (1/v'4nat)e-x2 /4ca_ 
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Lemma 2.1. Let the function f(t,x) have the zero mean value f(t,O) = 0 
and satisfy the estimate llf(t)llw::;; s(l + t)- 3!4-l,for all t > 0, where A E [0, 1/4), 
We also assume that the function g(t) satisfies the inequalities 

1 
2 (1 + 11 log(l + t)) ::;; g(t) ::;; 2(1 + 17 log(l + t)) 

for all t > 0 with some 11 > 0. Then the following inequalities are valid 

\fl+ tilt g-q(r)~(t - r)f(r)drlli,o + ~ llt g-q(r)~(t - r)f(r)drllo,t ::;; Cs, 

lit g-q(r)~(t- r)f(r)drt,::;; Csg-q(t)(I + t)- 1/ 2--l, 

where q E (0, I]. 

Proof Since the function f(t,x) has the zero mean value f(t,O) = 0, 
by the Plancherel theorem and the inequality If ( r, rn = If ( r, ¢) - f ( r, 0) I ::;; 
CJklllf(r)llo 1 we get 

ll~(t- r)f(r)ll 2 

= I e-2(9la)¢2(t-r)lf(r, ¢)12d¢::;; Cllf(r)lll,1 I e-2(9la)¢2(t-r)l¢1d¢ 

= C(t - r)-1 llf( r) Ill, 1 J e-2(%x)y 2 lyldy::;; C(t - r)-1 llf( r) Ill, 1 · 

Since we also have ll~(t- r)f(r)ll 2 ::;; Cllf(r)ll 2, therefore 

(2.1) ll~(t- r)f(r)ll 2 ::;; C(l + t - r)-1 llf(r)lll,1 

for all t > r > 0. Similarly, we find that 

In the same way as in the proof of (2.1) we obtain 

llx~(t - r)f(r)ll 2 

::;; CI 1a,(e-a¢1(t-r)f(r, ¢))1 2d¢::;; CI e-291a¢2(t-,)1ad(r, ¢)1 2d¢ 

+ C(t- r)2 I 1¢12e-29la¢2(t-r)lf(r, ¢)12d¢ 

::;; Cllf(r)lll,1 + C(t- r) 2llf(r)lll1 J 1¢1 3e-291a¢2(t-r) d¢::;; Cllf(r)lll,1-
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Thus in view of the estimate g-q(t) ~ C we get 

\fl + tilt g-q( r)C§(t - r)f( r)drll I,o +~lit g-q(r)C§(t - r)f( r) drllo, 1 

JI( \if+t 1 ) ~ Ce o r3/4.,fi"=T + r3/4vt dr ~ Ce. 

This implies the first estimate of the lemma. Note that for 0 ~ t ~ 4 the second 
estimate follows from the first one. So we consider now t > 4. Inequalities 
(2.1) and (2.2) yield 

IIC§(t- r)f(r)II~ ~ CIIC§(t- r)/(r)ll lloxC§(t- r)f(r)II 

~ C(l + t - ,)-3/211/(r)lli ~ C(l + t - r)-3/2(1 + r)-3/2-2.l. 

for all t > r > 0. From the condition of the lemma for the function 
g(t) we have the estimates (1 + t)Jc/2- 118 ~ Cg-q(t) and sup,E[yt,t] g-q(r) ~ 
C(l + 17log(l + Jt))-q ~ C(l + (17/2) log(l + t))-q ~ cg-q(t), whence 

for all t > 4. Thus the second estimate of the lemma is true. Lemma 2.1 is 
proved. ■ 

The following lemma is needed to prove the result for the case 
%5(a,P) > o. 

Lemma 2.2. We assume that vo E W, the norm llvollw = e is sufficiently 
small, Do(0) = luo(0)I = 0/ffn;::,: Ce> 0, a function v(t,x) satisfies the estimates 

llv(t)ll 00 ~ e(l + t)-l/2, llv(t)II ~ e(l + t)- 114 for all t > 0 and has the asymptotic 
representation llv(t) - C§(t)voll 00 ~ Ce512 /(g(t)'1t+T) fort> 0. We also assume 
that the function g(t) is such that 

1 
2(1 + 17log(l + t)) ~ g(t) ~ 2(1 + 17log(l + t)) 

for t > 0, where 1J = (02 /2n)%5(a,p) > 0. 
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Then the following inequalities are valid 

(2.3) 

and 

9 2f 1 f (2.4) 10 (1+171og(t+l))s1+ 0 091 Plvl 2v(r,x)dxdr 

11 
s 10 (1+17log(l+t)) 

for all t > 0. 

Proof For t E [O, l] the estimates (2.3), (2.4) are trivial. We consider the 
case t > 1. We have ~(t)v0 = 0G(t) + R and the remainder term 

has the zero mean value R(t, 0) = 0, so by the Plancherel theorem (as in Lemma 
2.1) we get ll8xRll 2 s Ce2 f l~l 3e-c,;2td~ s Ce2 (1 + t)-2. In the same manner 
we have the estimates IIRllo, 1 s Ce and IIRll 00 s Ce(l + tf314 . We have by an 
easy computation with r = v - ~vo 

II lvl 2v - 03 IGl 2 Gll 1 = ll0RG(0G + ~vo) + R(~vo)2 + r~vo(~vo + v) + rv2 ll 1 

S C(IIRlloo + llv - ~volloo)(02 IIGll 2 + ll~voll 2 + llvll 2 ) 

and 

Ce912 Ce3 
<---+--­
- g(t)(l + t) (1 + t)S/4 

03 j ( x2 (2 1)) p dx 03 
= 3/2 9t exp - -4 - +-= r,:; = -4 9t/5(a,p). 

(4nt) lal t a a ya nt 

Therefore by virtue of the estimate g-1(t) s C(l + 17 log(l + t))- 1 we get 

I J 2 039tl5(a,P)I Ce912 • Ce3 
9t Pl vi v( t' x )dx - -4-n(_l_+_t_) s -( l_+_t_) _( l_+_17_l_og_(_l -+-t )-) + -( l_+_t_) 5-/4 

for all t > 0, whence estimate (2.3) follows and 
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J
t Ce712 dr Jt Ce2 dr 

~ 0 (1 + r)(l + 17 log(l + r)) + 0 (1 + r) 5/ 4 

~ Ce2 + Ce312Iog(l +17log(l + t)) ~ e(l +17log(l + t)). 

Therefore 

hence 

17log(l + t)-e(l +17log(l + t)) ~ it drm JP1vl 2v(r,x)dx 

:::; 17log(l + t) + e(l + 17log(l + t)), 

1 + IJ log(l + t) - e(l + 1J log(l + t)) :::; 1 +it drm J Plvl 2v(r, x)dx 

:::; 1 + 17log(l + t) + s(l + 17log(l + t)) 

whence estimate (2.4) follows. Lemma 2.2 is proved. ■ 

We need the following lemma to prove the theorem in the case 17 = 0, 
µ > 0. We define IJI as a solution to the Cauchy problem 

'Pi - rt.'I'xx + pg- 112 (1w1 2 -1 J IWl 2W dx) cp = 0, IJl(O, x) = 0, 

where cp = <§v0 . We remind that µ = (04 (-3<:5) 2 /(4n)2)£R(2v1 - v2), where v1 = 
log(4(1-~)/{K1(l+~)}), K1 = (a+ix) 2/(a+2ix)2, K2 = 2(lal 2+ix2)/ 
la+2a12. 

Lemma 2.3. We assume that vo E W, the norm llvollw = s is sufficiently 
small, Do(0) = luo(0)I = 0/v2n ;==:Cs> 0, 1J = 0, µ > 0, a function v(t,x) satisfies 
the estimates llv(t)lloo :::; e(l + t)- 1/ 2, llv(t)II :::; s(l + t)-I/4 for all t > 0 and has 
the asymptotic representation 

Cs9/2 
ll v(t) - w - 'I'll < ---

00 - g(t)vtTI 

for all t > 0. We also assume that the function g(t) is such that 
½ (1 + µlog(l + t)):::; g(t):::; 2(1 + µlog(l + t)) and la'(t)I :::; Cs4/(1 + t) for all 
t > 0. 
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Then the following inequalities are valid 

(2.5) 

and 

9 4J 1 I (2.6) 10(1 +µIog(t+ 1)):::;; 1 +e O dryg(t)-:R f31vl 2v(r,x)dx 

11 
:::;; rn (1 + µlog(l + t)) 

for all t > 0. 

Proof As in the proof of Lemma 2.2 we have only to consider the case 
t ~ I. We put r = v - <P - 'I' and write the identity 

(2.7) 2 2 2 2-lvl v - l<PI <P - 2l<PI 'I' - <P 'I' 

= O(lrl(lvl 2 + l<Pl 2 ) + l'I'l 2 (l<PI + lvl + l'I'I). 

First let us prove the representation 

where 

r(t) = __ 1_J1 
( 1 e-x2/(4at(l-o-z)) - e-x2/(4at)) dz 

y4nat O ✓1 - CTZ Z 

with a= (ix+ a)/(2ix + a). We have 

'I'= -/303 t g- 1!2(,){§(t - r) (1a1 2G(r) - G(r) I IGl 2G(r)dx )d, 

- /3 t g-1/2(,)(§(t - r) (l<Pl2<P(r) - <P1r) I l<Pl2<P(r, x)dx 

- 03 IGl 2 G(r) - G(r)03 f IGl 2 G(r,x)dx)dr. 

Dividing the domain of integration into two parts: 0 < r < Jr, and Jr, < r < t 
and integrating by parts with respect to y in the first domain O < r < Jr, we get 
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t lg-1/2( r);'§(t - r) (l<J>J 2<1>( r) - <P~r) J J<J>J 2<1>( r, x)dx 

- 03JGJ 2G(r) - G(r)03 J JGl 2G(r,x)dx) ldr 

< Ce3 J,/i ____3!_ ( Jo dye-C(x-y)2 /(t-T) Ix - YI IY e-cz2 /r dz 
- o ~ -oo (t - r)r 3/ 2 _ 00 

+ Joo dye-C(x-y) 2 /(t-r) Jx - YI Joo e-Cz2 /r dz) 
o (t - r),3/2 Y 

+ Ce3 It ____3!_ I dye-C(x-y)2 /(t-r) _l_e-Cy2 /r 
,/i~ ,7/4 

C 3 -Cx2/t T T (I ,/i d It d ) 
::;; e e o (t- r)y'r + ,/i ~,5/4 

'ff= -/303 t g-1!2(r);'§(t - r) (1GJ 2G(r) - G(r) J IGl 2G(r)dx )dr 

+ O(e3(1 + t)-5/8e-Cx2ft). 

Then as above dividing the domain of integration into two parts: 0 < r < v't 
and y't < r < t and integrating by parts with respect to time t we obtain 

'ff= -f303g-Il2 (t) t ;'§(t - r) (1Gl 2G(r) - G(r) J IGl 2G(r)dx )dr 

+ Cs3 t d,g-312 (r)g'(r) J: ;'§(t- s) (1Gl 2 G(s) - G(s) J IGl 2G(s)dx )ds 

+ O(e3(l + t)-5/8e-Cx2ft) 

= -f303g-112 (t) t ;'§(t - r) (1Gl 2 G(r) - G(r) J IGl 2G(r)dx )dr 

+ Cs3 t d,g-3/2(,)O((l + ,)-3/4r3/4e-cx2/t) + O(s3(1 + t)-5/8e-cx2 / 1) 

= -f303g-112 (t) t ;'§(t - r) (1Gl 2G(r) - G(r) J IGl 2G(r)dx )dr 

+ O(e3(1 + t)-1/2g-3f2(t)e-Cx2/t). 
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By a direct calculation we have 

2 J 2 1 ( 1 ( x2 (2 1)) IGI G(r) - G(r) IGI G(r)dx = 312 -1 I exp --4 -+ = 
(4nr) v1a a r a a 

~ J2all' H' ex+::,)) 
Hence using the formula '1/(t - r)e-bx2 = 1/ JI+ 4ab(t - r) exp(-bx2 / 

{I + 4cxb(t - r)}) we obtain 

(J'1J(t- r) (1Gl 2 G(r) - G(r) J IGl 2G(r)dx) 

= (4nr)t2 Jcxlv1a ( '1/(t - r) exp(-::(~+ 1)) 
- lcxl '1/(t-r)exp(-±)) J2lal2 + a2 4cxr 

= i5 ( 1 e-x2/(4rt(Hrr)) _ _!__e-x2 /(4rtt)) 
(4n) 312rv1a ✓i - m ✓-i ' 

where (J =(ix+ a)/(2ix + a). This implies 

'ff=_ 03<5 g-1/2(t) ft( I e-x2/(4a(t-a,)) _ _!___e-x2 /(4at)) dr 
(4n) 312v1a o ✓i-m ✓-i T 

+ 0(,:3(1 + t)-l/2g-3f2(t)e-Cx2/t), 

whence (2.8) follows. By (2. 7) and (2.8) we have 

We next prove (2.5) and (2.6). We have by (2.7), (2.9) and the fact that 17 = 0, 
i.e. m J fJl<Pl 2<P(r,x)dx = O(e3(l + t)_1_,.) 

(2.10) m JP1vl 2v(r,x)dx=2m JP1<Pl 2 1ff(r,x)dx 

+ 9{ J (J<P 2 iJi( T, x)dx + O(i(I + t)- 1 g- 1 (t)). 



184 Nakao HAYASHI, Elena I. KAIKINA and Pavel I. NAUMKIN 

We consider the right hand side of (2.10). Since <P = 0G + O(st-314 ) (see the 
proof of Lemma 2.2) and by virtue of (2.8) we get 

J l<Pl 2 'P(t, x)dx = 02 J IGl 2 'P(t, x)dx + O(s3 (1 + t)-1 g-1 (t)) 

= - 05<5 g-1/2(t) JI dz 

(4n) 2vatlC(lt o z 

XI ( 1 e-x2/(4at(l-,n))-(x 2/4t)(l/a+l/ii) - e-(x2/4t)(2/a+l/ii)) dx 
✓l - CJZ 

+ 0(s3 (1 + t)-lg-1(t)). 

We have by a simple calculation 

_!_ J 1 e-x2 /(4at(l-rrz))-(x 2 /4t)(l/a+l/ii) dx _ J e-(x2 /4t)(2/a+l/oi) dx 
y! ✓l - CJZ 

= 2folC(I ( 1 - l). 
✓W + C( ✓l - CJ2z 

Thus we get 

(2.11) I 0sb2 
l<Pl 2'P(t,x)dx = - 2 g- 112 (t)v1 + O(s3 (1 + t)- 1g-1(t)), 

(4n) /Jt 

where v1 = J01((1/✓1 -CJ2z)- l)(dz/z) = log(4(1-vT="Ki)/ {K1 (1 + vT=KJ)} ), 
Ki = CJ2 = (ix+ C()2 /(2ix + C() 2. In the same manner we consider the term 
J<P2'fli(t,x)dx. We have 

(2.12) J <P2'fli(t,x)dx 

= !!_Je-(2x2
/ 4ta) 'fli(r,x)dx + O(s5(1 + t)-l-.ic) 

4C(nf 

u -I/2(t) --- X X 0Si: JI' ( 1 ( 2 2) 
= - (4n) 512 tC(ya/ o ✓1 - iiz exp - 4ixt(l - fiz) - 2tC( 
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where v2 = J01 ((1/✓1 -K2z) - l)dz/z = log(4(1 - ~)/{K2(l + ~)}), 
K2 = WJi/(a + 2ix) = 2(ix2 + lal 2)/l2a + ixl 2. Then since %5(a,/J) = 0 we have 
by (2.10), (2.11) and (2.12) 

(2.13) J (""<5)205 
9t /Jlvl 2v(r,x)dx = ~ 2 g- 112(t)9'(2v1 - v2) + O(a3(1 + t)-1g-1(t)) 

(4n) t 

Via (2.13) we get (2.5). We again use (2.13) to obtain 
1 + (4/0) J~ Jg(r}9t J /Jlvl 2v(r)dxdr = 1 + µlog(l + t) + O(a2Jlog(l + t)), 

whence we have (2.6). Lemma 2.3 is proved. ■ 

We need the following lemma in order to prove Theorem 1. 1 in the case 
17 = 0, µ = 0. We define 'ff as a solution to the Cauchy problem 

'P(O,x) = 0, 

where <P = <§v0 and let V be a solution to the Cauchy problem 

Vi - rt Vxx + /Jg-l/3 ( 2l<Pl 2 'P( r) + <1>2 ffi( r) 

- <Pbr) j{2l<Pl 2'P(r)+<P2ffi(r))dxdr- 'P~r) J1<Pl 2<P(r)dx)dr=0, 

V(0,x) = 0, 

thus we have 

and 

V(t) = -/J L g-1!3(,)<§(t - r) ( 2l<Pl 2'P(r) + <P2ffi(r) 

- <Pbr) J(2l<Pl 2 'P(r) + <P2 P(r))dxdr - 'P~r) J l<Pl 2<P(r)dx)dr. 

Lemma 2.4. We assume that vo E W, the norm llvollw = c is sufficiently 

small, ilo(O) = luo(O)I = 0/✓ln :2: Ca> 0, 17 = 0, µ = 0, a function v(t, x) satisfies 
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the estimates llv(t)ll 00 ~ e(l + t)- 112 , llv(t)II ~ e(l + t)-l/4 for all t > 0 and has 
the asymptotic representation 

Ct:6 
llv(t) - <P - 'P - Vlloo ~ Vt+1 

g(t) t+ 1 

for all t > 0. We also assume that the function g(t) is such that 
½(1 + i-dog(l + t)) ~ g(t) ~ 2(1 + xlog(l + t)) and lg'(t)I ~ Ct:4 /(1 + t) for all 
t > 0, where x > 0 is defined below in (2.28). 

Then the following inequalities are valid 

(2.14) 11 3;,;;;;; J 2 I Ct:
2 

0 V g2(t)m Plvl v(t, x)dx ~ t + 1 

and 

(2.15) :o(l +xlog(t+ 1)) ~ 1 +~{ dr~m JP1vl 2v(r,x)dx 

11 
~ 10 (1+:i-clog(l+t)) 

for all t > 0. 

Proof As in the proof of Lemma 2.2 we need only to consider the case 
t ~ I. We put r = v - <P - 'P - V and write the identity 

(2.16) lvl2v- l<Pl2<P- 2l<Pl2'P - <P2'ii - 2<Pl'Pl2 - ii>'P2 - 2l<Pl2V - <P2v 

= O(lrl(lvl 2 + l<Pl 2 + l'Pl 2 + IVl 2) 

+ IVl(l'PI + IVI + lrl)(lvl + l<PI + l'PI + IVI) + l'Pl 3)-

In the same manner as in the proof of Lemma 2.3 we obtain the representation 

where 
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as above a= (ix+ ix)/(2ix + ix). Now let us prove the asymptotic formula 

where 

2 J' dz J' d¢ A( t) = -- -,===== -
v'4nat o z✓l - a2z o ¢ 

X ( 1 e-x2/(4at(l-h.;)) _ 1 e-x2/(4at(l-u.;))) 
✓I - h¢ ✓1 - a¢ 

+-2-J' ( 1 _ i) dzJ 1 d¢ ( 1 e-x2 /(4at(l-u.;)) _ e-x2 /(4at)) 
v'4nat o ✓1 - a2z z o ¢ ✓1 - CJ( 

1 JI dz 
\/'4nat o z✓l - K2z 

X J' d¢ ( 1 e-x2 /(4at(!-a.;)) _ 1 e-x2/(4at(l-u.;))) 
o ¢ ✓1 - a¢ ✓1 - a¢ 

_ _ l_J' ( 1 _ l) dzJ' d¢ ( 1 e-x2/(4at(l-m;)) _ e-x2/(4at)) 
\/'4nat o ✓l - K2Z Z o ( ✓1 - CJ( 

_ _ l_J' dzJ 1 d¢ ( 1 e-x2/(4at(l-azc;)) _ e-x2 /(4at)) 

\/'4nat O Z O ( ✓1 - CJZ( ' 

where h = (a-bz)/(l -a2z), a= {a-(K2/2)z}/(1-K2z), a= (ix+ix)/(ix+2ix), 
b = ixa/(ix + 2ix). We have 

(2.19) P<>05 It V = - - g-21\r)<§(t- r) 
4n 0 

X ( (21Gl 2I'- G2F- G j(21Gl 2I'-G2F)dx-r J1Gl 2Gdx)d, 

with 

R = (21<Pl 2lfF + <P2iJi - ! J(2l<Pl 2lfF + <P2iJi)dx - : J l<Pl 2<Pdx) 

- ~: g-l/3 ( 2IGl 2 I' - G2 I' - G J (2IGl 2 I' - G2 F)dx - I' J IGl 2Gdx). 
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As above we have J IGl 2G(r, x)dx = J/(4n/h) and similarly J(2IGl 2 I' - G2 I')dx 
= -(o/(4n/3r))(2v1 - vz). Then integrating by parts as in the proof of Lemma 
2.3 we get from (2.19) 

(2.20) V=---g-213(t) <§(t-r) -exp -- -+-= I'(r) f3o05 Jt ( 2 ( x 2 (1 1)) 
(4n) 2 o IIXI 4r IX IX 

_!exp(-~) I'(r) + i (2v1 - v2)G(r) - ir(r)) dr 
IX 21Xr /3 /3 T 

+ O(e3e-Cx2/tg-4f3(t)(l + t)-1/2). 

Hence using the formula <§(t-r)e-bx2 =(1/J1+41Xb(t-r))exp(-bx2/ 
{1 + 41Xb(t - r)}) we obtain 

A(t) = 2/3 Jt dr 
v14nal1Xlo o r3/2 

/30 Jt dr 
- v'47ral(J(I o r3/2 

X J' dz <§(t _ r) ( 1 _ e-x2/(4iir(l-rrz))-x2 /(2oa) _ e-(x2(1X+2ii)/(4r1Xii))) 
O Z Vl - CJZ 

+ (2v1 - v2) Jt dr <§(t- r)e-x2;(4°',) 
v4na o r3/2 

_ _ l_J1 dr JI dz <§(t _ r) ( 1 e-x2/(41Xr(l-uz)) _ e-x2/(41Xr)) 
y4na O r 3/ 2 O Z Vl - CJZ 

_ _ 2_J1 dz J' df, e-x2/(41Xt(l-h;)) 
- ~ o zvl - u2z o f,vl - hf, 

1 JI dz J' df, -x2/(41Xt(l-ai;)) 
-~ o zvl - K2Z o f,✓ 1 - af,e 

- _l_JI dzJ' df, e-x2/(41Xt(l-ui;)) 
~ o z o t,✓ 1 - uf, 

(2v1 - v2) JI df, -x2/(41Xt) +--- -e 
~ oC, 

__ l_J' dzJ1 df, ( 1 e-x2/(41Xt(l-uz<;)) _ e-x2/(41Xt)) 
~ o z o f, vl - uzf, ' 
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whence we obtain (2.18). By (2.16) and (2.18) we have 

(2.21) II lvl 2v- l<Pl 2<P- 2l<Pl2'P - <P 2 'ii 

- 2<Pl'Pl 2 - <P'P2 - 2l<Pl 2V - <P2Vll1 

~ Ci:6(1 + t)-lg-1(t). 

We next prove (2.14) and (2.15). By a direct calculations we get 

(2.22) J GIFI 2 dx = 1 JI dz JI d( J dx (e-x2 /(2rit)-x2 /(4at) 

4nlocltv4nar o z o ( 

_ 1 e-x2 /(4rit)-x 2 /(4rit(l-uz))-x 2 /(4at) 

✓1 -az 

1 J' dz J' d( ( 1 
= 4ntJ oc2 + 2locl2 o---;- o T 1 - ✓1 - a2z 

where v(y) = J01(1/~ - l)d(/( = log(4(1 - ~)/{y(l + ~)}), 
and in the same manner we have 

(2.23) 
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where b = Mj(rx + 2ix). Then by an easy calculations we obtain 

(2.24) J IGl 2 A dx 

= 1 Jl dz Jl di;, I dxe-(x2 (Ha)/(4rxat)) 

4nlrxlt\!'4nat o z o ¢, 

X ( 2 ( 1 e-x2 /(4rxt(l-h<;)) _ 1 e-x2 /(4rxt(l-a<;))) 
✓ 1 - (J2z ✓l - hi;, ✓l - (JI;, 

+ 2( 1 . _ 1) ( 1 e-x2/(4rxt(l-a<;)) _ e-x2 /(4at)) 
✓1 - (J2Z ✓l - (J(, 

_ 1 ( 1 e-x2/(4at(l-a<;)) _ 1 e-x2/(4at(l-a<;))) 

✓1 - K2Z ✓1 - a<;, ✓1 - (J(, 

_ ( 1 _ l) ( 1 e-x2 /(4at(l-a<;)) _ e-x2/(4rxt)) 
✓1 - K2Z ✓1 - (J(, 

_ ( 1 e-x2 /(4rxt(l-az<;)) _ e-x2 /(4rxt))) 
✓l - (JZ(, 

= 1 J1 dz (2(v((Jh) - v((J2)) 

4nt✓ rx2 + 2Jrxl2 o z ✓1 - (J2z 

_ (v((Ja) - v((J2)) _ v((J2z)) + v((J2)(2v((J2) - v(K2)), 

✓1 - K2z 4nt✓ rx2 + 2Jrxl2 

and in the same way we get 

(2.25) JG2Adx = 1 

4nt✓ rx2 + 2Jrxl 2 

x J1 dz (2(v((Jh) - v((J2)) _ (v((Ja) - v((J2)) _ v((J2z)) 
O Z ✓1 - (Jlz ✓1 - K2Z 

v( (J2) (2v( (J2) - v(K2)) + ------,====---. 

4nt✓ rx2 + 2Jrxl 2 

Since Y/ = 0 and µ = 0, i.e. 
9i J f31cJ>l 2cJ>( r, x)dx = O(i;3(1 + t)-l-Jc) and 
9i J f3(cJ> 2IJl(r,x) + lct>J 2'P(r,x))dx = O(i;5(1 + t)- 1g-1(t)), using the asymp­

totics ct>= 0G+ O(i;t-314 ), formulas (2.17), (2.18) and (2.22)-(2.25) we obtain 
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(2.26) 9t J Plvl 2vdx 

= 01<)22 g-213(t)9t JP(-2GIFl 2 + GF2 + 2IGl 2 A+ G2 A)dx 
(4n) 

+ 0(0?(1 + t)-lg-1(t)) 

Via (2.26) we get (2.14) and the following asymptotics 

(2.27) 1 + ~ t ~9t J Plvl 2v(,)dxd, 

= 1 + ,dog(l + t) + o(e2 {!1og2 (1 + t)), 

where 

191 
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Note that from the condition µ = 0 we have rx = ei1'o, where rp0 ~ 1.146035015 
and by the condition 1J = 0 we have for /J the following two possibilities /J = 
I/Jlei1'1 or fJ = I/Jlei1'2 , where rp 1 ~ -2.9111 and rp2 ~ 0.2305. We have computed 
numerically via formula (2.28) the value of x using the program "Maple" to get 
x ~ -0.03ib306 . Therefore we see that if we choose the first value /J = I/Jlei1'1 , 

then we obtain J = -ilbl, hence x > 0. 
Now (2.27) yields the estimates (2.15). Lemma 2.4 is proved. ■ 

3. Proof of Theorem 1.1 in the case 1J > 0 

First we state the local existence of classical solutions for the Cauchy 
problem (1.1) (for the proof see [6], [7]). 

Theorem 3.1. Let the initial data uo E W. Then for some T > 0 there 

exists a unique solution u(t,x)EL00 ((0,T) xR)nC([0,T);W) of the Cauchy 

problem (1.1). Moreover if the initial data are sufficiently small lluollw ~ s, then 

there exists a time T > 1 such that the solution u(t, x) of the Cauchy problem 

(1.1) satisfy the estimates llullw ~ 2s for all t E [0, T]. 

We make a change of the dependent variable u( t, x) = e-rp(t)+if(t) v( t, x) then 
we get from ( 1.1) 

(3.1) Vt - !XVxx + /Je-2'Plvl 2v + ye-(p-l)rplvlp-lv - (q/ - it//)v = 0. 

Now we assume that the real-valued functions (f)(t) and ijJ(t) satisfy the fol­
lowing condition 

J (/Je-2'Plvl 2v + ye-(p-I)rplvlp-lv - ((f) 1 - ii/l')v)dx = 0, 

whence via equation (3.1) we get :tfv(t,x)dx = 0 for all t > 0 therefore 

J (/Je-2'Plvl 2v + ye-(p-l)rplvlp-lv)dx = vlii((f)' - ii/J')vo(0). 

If we choose (fJ(0) = 0 and i/J(0) = argu0 (0), we can write v(t, 0) = v0(0) = 

erp(O)-if(Olu0(0) = luo(0)I = 0 > 0 and we have the equations 

(f) 1(t) =im(pe-2'P J1vl 2vdx+ye-(p-l)rp Jivlp-lvdx), 

i/l'(t) = -i3(/Je-2'P J lvl 2vdx + ye-(p-I)rp J lvlp-lvdx )-

(3.2) 

Thus we obtain the Cauchy problem 
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Vt - O:Vxx + f3e-Zq, (1vl 2 -i J lvl 2v dx) V 

(3.3) 
+ye-(p-l)q, (ivlp-l -i J lvlp-lv dx) v = 0, 

rp'(t) =im(pe-21" J1vl 2vdx+ye-(p-l)q, Jivlp-lvdx), 

v(0, x) = vo(x), rp(0) = 0, 

where vo(x)=u(0,x)exp(-iargfu(0,x)dx). Multiplying the second equation 
of system (3.3) by the factor e2q,(t), then integrating with respect to time t > 0 

and making a change of the dependent variables v = '§(t)v0 + r, and e2q,(t) = 

g(t), we get the system of integral equations (r, g) = (d(r, g), fA(r, g)) for the 
first approximation of the perturbation theory 

(3.4) 

d(r,g)(t) = -/3 J>-'(r)'§(t-r)(lvl 2v(r)-v~) J1vl 2v(r,x)dx)dr 

-y L g-(p-l)/2 ( r)'§(t - r) (lvlp-lv( r) - v~) J lvlp-lv( r, x)dx) dr 

fA(r, g)(t) = 1 + ~ L 9t (/3 J lvl 2v( r, x)dx + yg-(P-3)/Z J lvlp-lv( r, x)dx) dr. 

We prove that (d, fA) is the contraction mapping in the set 

X = {r E C([0, oo ); W), g E C(0, oo ): 

sup(g(t)v'l+tllr(t)lloo + v11 + tllr(t)II, 0 + (1 + t)-l/4 llr(t)llo 1) 
t>O ' I 

s t: 512; ~ (1 + 11 log(l + t)) s g(t) s 2(1 + 11 log(l + t)), for all t > 0 }, 

where 11 = (02 /(2n) 312 )mli(a,/3). First we prove that the mapping (d, fA) 

transforms the set X into itself if e is sufficiently small. When (r, g) EX we get 

II lvl 2v(t) - v~) J lvl 2v(t,x)dxllw + II lvlp-lv(t) - v~) J lvlp-lv(t,x)dx\lw 

s Ct:3(1 + t)-314 . 

Therefore applying Lemma 2.1 we get the estimates lld(r)(t)lloo s Ct:3(1 + 
tr 112g-1(t), lld(r)(t)ll1,o s Ct:3 /v11 + t and lld(r)(t)llo,l s Ce\1/1 + t for all 
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t > 0. Furthermore applying Lemma 2.2 we get ½(I +17log(l + t)):::; g(t):::; 
2(1 +17log(l +t)) for all t>O. Thus (d,f?4) transforms the set X into itself. 
We have by L2 - L2 estimate of solutions to the heat kernel and the fact that 
(r1,g1) EX, j= 1,2 

sup(l + t)-Jclld(r,)(t) - d(r2)(t)II 
t>O 

-Jc 2 It dr ( -Jc :<=;Csup(l+t) e I-Jc sup(l+t) llr1(t)-r2(t)II 
t>O OT t>O 

with some small A. > 0 and we get 

sup(l + t)-Jc-I/4 jg,(t) - g2(t)I 
t>O 

Thus we see that the transformation (d, f?6) is the contraction mapping. 
Therefore there exists a unique solution (r, g) of the system of integral equations 
(3.4) in the set X. From the proof of Lemma 2.2 we have g(t) = 17logt+ 
O(dog(17logt)) for t-----+ oo and by (3.2) we obtain 

i//(t).= --0
1 g-1(t)3Jf31vl 2vdx + o( 8

~ -I)/2) 
(1 + t) P 

= -02g-1 (t)':3 J f31Gl 2Gdx + o(i: tg-2(t)) 

- - 02 ':JJ(rx,/3) + a(_!!:_ -2 t) 
- 4n(1+17log(l+t))(l+t) I+tg () 
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where w = (02 /4n):Jl5(a,fJ). Hence we get 

Jt ( w 2 _ 2 ) dr 
l/f(t) = l/J(O) - 0 1 + 17log(l + r) + O(e g (r)) 1 + r 

= arguo(O)-~ log(l +17log(l + t)) + 0(1
82 )· 

17 og t 

Therefore via formulas u(t,x) = e-<p(t)+i,fi(tlv(t,x) = e-<p(t)+i,fi(tl(<§v0 + r) and the 

estimate of r we obtain the asymptotics of the solution to the Cauchy problem 
(1.1 ). Theorem 1.1 is proved for the case 17 > 0. 

4. Proof of Theorem 1.1 in the case 17 = 0, µ > 0 

In this section we consider the case 1J = 0, µ > 0. As in the case 17 > 0 the 
higher order term is not difficult to treat. So let us consider (1.1) without 
the higher order term for the shortness (i.e. we consider the case y = 0.) 
Multiplying the second equation of system (3.3) by the factor g(t) = e4<p(t) and 
then integrating with respect to time t > 0, we obtain 

Therefore we have the system of integral equations 

{ 
v(t) = <§(t)vo - fJ L g- 112 ( r)<§(t - r) (1vl 2v( r) - v~) J lvl 2v( r, x)dx) dr, 

g(t) = 1 +~L Jg"w9t JP1vl 2v(r,x)dxdr. 

We find a solution v of the above system of equations in the neighborhood of 
the second approximation of the perturbation theory <P(t) + 'P(t), where <P(t) = 
<§(t)vo and 

We put r = v - <P - 'P then we get 

{ 
r(t) = -/J L g-1(r)<§(t- r)f(r)dr, 

g(t) = 1 +~L Jg"w9t JP1vl 2v(r,x)dxdr, 
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where 

f(r) = yg(r)(lvl 2v(r)-l<P(r)l 2 <P(r)-v~) J lvl 2v(r,x)dx+ <P1r) J l<P(r)l 2<P(r)dx )­

We define the mappings d(r, g) and IJl(r, g) by 

{ 
d(r, g) = -/3 t g-1 ( r)<§(t - r)f( r)dr, 

IJl(r, g) = I+ i L \/g(r)ffi J /Jlvl 2v(r, x)dxdr. 

We introduce the functional space 

X = {r E C([O, oo ); W); g E C(O, oo ): 

sup(g(t)v'f+tllr(t)lloo + ~llr(t)ll1 0 + (1 + t)-l/4llr(t)llo 1) 
t>O ' ' 

1 
::::; t:912 ; 2y + µlog(t + 1)) ::::; g(t) :::;; 2(1 + µ log(l + t)), 

Ct:4 } 
lg'(t)I ::::; 1 + t for all t > 0 , 

where µ = {02 (3<5)2 /(2n)2}ffi(2v1 - v2) > 0. By the proof of Lemma 2.3 we 
have llf(r)llw::::; Ct:3(1 + r)-314 . Hence in the same way as in the case Yf > 0, 
applying Lemma 2.1 with q = 1 and Lemma 2.3 we can show that the mappings 
d(r, g) and &B(r, g) are the contraction mappings from the set X into itself and 
as above we get 

1// (t) = -ig- I12 (t)3 J /Jlvl 2v dx 

= -02g-112(t)3 J /JIGl 2 Gdx + o(i ~ tg-1(t)) 

= - W + 0(_!._g-l(t)) 
JI +µlog(I + t)(I + t) 1 + t ' 

02 
where as above we denote w = 4n 3J(rx,/J). Hence we get 

if;(t) = if;(0) -Jt( w + O(t:g-I(r))) ldr 
o JI+ µlog(I + r) + r 

= if;(0) - 2wµ- 112 .jiogt + O(dog log t). 
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Therefore via formulas u(t,x) = e-,p(t)+if(tlv(t,x) = e-rp(t)+i,{!(t)(<§v0 + lfF + r) and 
the estimate of lfF given in Lemma 2.3 we obtain the result of Theorem 1.1 in 
the case IJ = 0, µ > 0. 

5. Proof of Theorem 1.1 in the case IJ = 0, µ = 0, x > 0 

In this section we consider the case IJ = 0, µ = 0. As in the case IJ = 0, 
µ > 0 the higher order term is not difficult to treat. So let us consider (1.1) 
without the higher order term for the shortness (i.e. y = 0.) Multiplying the 
second equation of system (3.3) by the factor g(t) = e6"'(t) and then integrating 
with respect to time t > 0, we obtain 

g(t) = 1 +~J>213(r)m Jf31vl 2v(r,x)dxdr. 

Therefore we have the system of integral equations 

{ 
v(t) = <§(t)vo -/3 t g- 113 (,)<§(t- r) (1vl 2v(r) - v~) J lvl 2v(r,x)dx )d,, 

g(t) = I +~J>213(r)m Jf31vl 2v(r,x)dxdr. 

We find a solution v of the above system of equations in the neighborhood of 
the third approximation of the perturbation theory <t>(t) + lfF(t) + V(t), where 
<t>(t), is defined as above 

lfF(t) = -/3 t g- 113 (,)<§(t- r) (1<t>(r)l 2 <t>(r) - <t>~r) J l<t>(r)l 2<t>(r)dx )d, 

and 

V(t) = -/3 t g- 113 (,)<§(t- r) ( 2l<Pl 2 lfF(r) + <t> 2 lfF(r) 

- </:>~,) j(21<t>l 2 lfF(r) + <t>2 ifi(r))dxdr 

- rp~,) J l<P(r)l 2<t>(r)dx )d,. 
We put r = v - <t> - lfF - V, then we get 

{ 
r(t) = -/3 t g-1(,)<§(t- r)f(r)dr, 

g(t) =I+~ t g213 (r)m J f31vl 2v(r, x)dxdr, 
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f(r) = g213 (r) (tvl 2v(r) - l<P(r)l 2<P(r) - (21<Pl 2'P(r) + <P2ifi(r)) 

- v~) f lvl 2v(r,x)dx+ <P1r) f j<P(r)l 2<P(r)dx 

+ <P1r) j{2l<Pl 2'P(r) + <P2ifi(r))dx + 1/'~r) f l<P(r)l 2<P(r)dx )­

We define the mappings d(r, g) and f!l(r, g) by 

{ 
d(r, g) =-Pt g-1(r)C§(t - r)f(r)dr, 

f!l(r,g) = 1 +~J>213(r)9t J Plvl 2v(r,x)dxdr. 

We introduce the functional space 

X = {, E C([O, oo);W);g E C(O, oo): 

sup(g(t)vI+tllr(t)lloo + v'l+lllr(t)ll1 0 + (1 + t)-l/4 llr(t)llo 1) 
t>O ' ' 

1 s 1, 1312;2(1 + ulog(t + 1)) s g(t) s 2(1 + ulog(l + t)), 

Ci;
4 } I g' ( t) I s 1 + t for all t > 0 , 

where u > 0 is taken from (2.28). We easily see that J(r,O) = 0 and by the 
proof of Lemma 2.4 we have llf(r)llw s Ce3(1 + ,)-314. Therefore in the same 
way as in the case 17 = 0, µ > 0, applying Lemma 2.1 with q = 1 and Lemma 
2.4 we can show that the mappings d(r, g) and f!l(r, g) are the contraction • 
mappings from the set X into itself and as above we get 

1//(t) = -ig-113(tp f Plvl 2vdx 

= -02g~lf3(t)':J f PIGl2Gdx + o(i: tg~2f3(t)) 

= _ w + o(__i:_g-2f3(i)) 
.ijl+ulog(l+t)(l+t) l+t ' 
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where m = (02 /4n)3<5(r:t,/J). Hence we get 

1/J(t) = 1/J(0) -J 1 

( m + O(ig-

2

13(-r))) 1dr 
o ijl + idog(l +r) +r 

= 1/J(0)- 3~ 3~+ O(iy1ogt). 2~x V wg-r 

Therefore via formulas u(t,x) = e-rp(t)+ii/J(tlv(t,x) = e-rp(t)+ii/J(tl(i:§v0 + 'P + V + r) 
and the estimates of 'P, V given in Lemma 2.4 we obtain the result of Theorem 
1.1 in the case 17 = 0, µ = 0, x > 0. 
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