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Large Time Behavior of Solutions to the
Landau-Ginzburg Type Equations

By

Nakao HavasHi, Elena 1. KaikiNa and Pavel 1. NAUMKIN

(Science University of Tokyo, Japan, Instituto Tecnolégico de Morelia, México
and Universidad Michoacana, México)

1. Introduction

We consider the Cauchy problem for the following nonlinear dissipative
equations

(1.1) {ut—auxx+ﬂ|u|2u+y|ul”‘lu=0, XeR, t>0,

u(0,x) = up(x), xeR,

where «, 8,7 C, Ra >0, p > 3. We assume that R > 0, where d = (o, f) =

B/+/2|a|* +a2. Equation (1.1) is known as the complex Landau-Ginzburg
equation. Our main purpose is to study the large time asymptotics of solutions
to the Cauchy problem (1.1). Existence of solutions to the Cauchy problem for
(1.1) was studied by many authors (see, e.g. [6], [7], [14]). Blow-up of positive
solutions to the Cauchy problem

(1.2) Uy — Uyy — P =0, u(0,x) = up(x) > 0

was investigated in papers [4], [10], [12]. It was shown that solutions of (1.2)
blow up in finite time for the case p > 3 in [4] and for the case p = 3 in [9], [12].
In [1], [5], [13] the asymptotic behavior in time of solutions to the Cauchy
problem

(1.3) U — Uy +1° =0, #(0,x) = up(x) > 0

was considered and L® norm of solutions was shown to decay in time faster
than +!/2. However their methods do not work for the complex Landau-
Ginzburg equation (1.1). Asymptotic behavior in time of solutions to the
equation (1.3) with nonlinearity u?, replaced by |u|” 'u, (with p # 3) was also
studied by many authors (see, e.g., [1], [2] for 1 < p <3 and [5], [6], [7] for
p >3 and references therein.) '
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In our previous paper [10] we considered the case f=i and y =0 and
found the asymptotic behavior of solutions to the Cauchy problem. In the
present paper we consider more general equations including (1.3). In the case

SRL:O, and Sa#0
\/2]e)* + o2

we need more careful computations than that in the previous case =i, y =0
since in this case our analysis depends on sign of the value of

_ (@6’

= 2vi —n),

(dn)> @ =w)
where v, = log(4(1 — /T —x) K, )L+ T=1)}), &1 = (a+a)%/(a+25)%
12 = 2(jo)* +32)/Ja+28)%, 0= |[up(x)dx| = V27|ip(0)|]. Note that when

B=1i, y=0, uis strictly pos1t1ve.

In order to state our results precisely we introduce Notation and func-
tion spaces. F¢ or ¢ is the Fourier transform of ¢ defined by (&) =
(1/V27) [e ™¢¢(x)dx and F'¢(x) or §(x) is the inverse Fourier transform
of ¢, ie @(x)=(1/V2n) [e™p(&)dé. Let 0=0,=0/0x and 8, = d/or.
We denote by L7 the usual Lebesgue space with norm [|g||, = ([ |4(x)|” dx)'/?
if 1 <p<oo and ||¢],, =ess. sup{|g(x)|;xe R} if p=oo. For simplicity
we let |4|| = |¢ll,- Weighted Sobolev space is defined as follows H™* =
{6 € L% [gll,,, = [<x>*Ga:>™gl| < 00}, m,s € RY, {x) = VI+ x are the Jap-
anese brackets. By C(I;B) we denote the space of continuous functions from a
time interval I to the Banach space B. Denote

W=HYOHY with (gl = (14110 + 1 ¢llo,1-

Different positive constants might be denoted by the same letter C.
In the present paper we prove the following result.

Theorem 1.1. We assume that uye W with sufficiently small norm
lluollw = € and 0 = | [uo(x)dx| > 0. Then there exists a unique solution u(t,x) €
L™((0,00) x R)NC([0, 20); W) of the Cauchy problem (1.1) satisfying the fol-
lowing time decay estimate

Ce

o] < ’
VI+ /T +nlog(1 +1)

[u(o)l

if n=(6?/2n)R >0, and

< Ce
T VT /1 +plog(l+1¢)

[lu(o)ll
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if =0, u={0*(36)*/(4n)IRQ2v; — v2) > 0, finally
Ce
VI+1/1T+ xlog(l+10)’

[u()le <

ifn=0, u=0, x>0, where x is a positive constant defined in (2.28) explicitly.
Furthermore the following asymptotic formulas of the solution are valid

u(t,x) = b ! ex <— x —iﬂlo logz+iar ﬁ(O))
VArat \/1+nlogt P\ 4 n &8 g0

52
+ 0| ——,
v/tlogtlogt

if n>0,

1 22
u(t,x) = 0 xp< x lw\/log t+iargip(0 )

Vanat /1 + ulogt dat

&3
+ 0| —————],
(ﬁ{‘/log tv/log t)

if =0, u>0, and finally

u(t,x) = 0 ! ex (—x—z Siw s log?t + iar u(O))
T Vamar T xlogt T\ 4wt 29wV CE Bt

&3
O\ ————7— |,
(xﬁf/@{/@)
if 1 =0, u=0, where w = (0%/47)3(a, §).

Remark 1.1. We put a=o; +ioy, f=p +if, where oy >0, o, B,
B, eR. Then our condition Rd(x,f) >0 is equivalent to the following in-
equality

1
0s&m@+ﬁ<§¢%f+@+lwh§+hf+@>

This inequality implies that there exist §,,a, > 0 such that even if f; < 0 the
solution does not blow up.

Remark 1.2. In order to check the inequality R(2v; —v,) >0 for the
values of « such that Ro > 0, we have substituted o = ¢ with ¢ € (—n/2,7/2)
into the function
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72i¢ 2
al1o 1o (A
2e~2%¢ 41
14e 28V 1472\
2e~2b + 1 2e2¢ 4 1
—2ig
af1- Jica L
|22 + 1]
-2ip 4 1 —2i¢ 1 |
[2¢=2¢ 41| |2¢=24 + 1|
and plotted it numerically applying the program “Maple”. Then it appears
that the function f(¢) is positive for all ¢ € (—¢y,¢,), and is negative for all
pe(—n/2,—¢y) U(dy,n/2), where ¢,~ 1.146035015. The function f(¢) has
a maximum value approximately 0.27 at the point ¢ =0. Also f(n/2)=0=
f(=n/2).

Remark 1.3. When n=0,u=0, using the program “Maple” we see
that a =09 = |ale™ and f=p, =|fle!, or B=p, =|fle?, where ¢,~
1.146035015, ¢; ~ —2.9111 and ¢, =~ 0.2305. We have computed numerically
by formula (2.28) the value of » using the program “Maple” to get x~
—0.03i0°60°. Then we see that if we choose the first value S =p,, then we

obtain 6 = —i|d|, hence % > 0. Therefore, we consider the values (a, ;) in the
case 7 =0,u=0.

f(8) =R2» ~n)

= 2log

Remark 1.4. We do not know the asymptotic behavior in time of solutions
to (1.1) in the following three cases: 1) # <0, 2) =0,u<0 and 3) =0,
u=0, »<0.

For the convenience of the reader we state our strategy of the proof.
We consider (1.1) with y =0 (for details, see Section 3). As in [10] we make
a change of the dependent variable u = ve~?W+¥(®)  Then for the new function
v we get the equation

b — oy + € P Blol 0 — (9" — i) = 0,

where we assume that

J(ﬂe‘z“’lvizv — (¢’ —ip"))dx =0
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and (0) = |iip(0)] = 6/v2n > 0. Namely we consider the Cauchy problem for
the new dependent variables (v, )

’vt = MWex — ﬁe’2“’(|0[2 - éj |v] v dx) v,
¢ = ée‘zq’ﬂijﬁ!vadx,

o(0,%) = vo(x),  p(0) =0.

We look for the solution v in the neighborhood of the first approximation @ =
G(Hve = F e “52’130 = [ G(t,x — y)vo(y)dy, which is a solution to the linear
Cauchy problem @, — 0D, = 0, D(0,x) = vo, where G(r,x) = (1/+anar)e /4
Then we put r = v — @ and since @ is nearly equal to 0G(r) we get the Cauchy
problem

rr = g, — fe 20006 (|G|2 - JIGIZde> G-0,

¢/ = 6% 200 Jﬁ|G| Gdx + R,
r(0,x) =0, (0) =0,

where Q and R are considered as the remainder terms. By a simple
computation we have inﬁlG]zGtx)dx—(ant) (o, ), where d(a,f) =
B/\/2|)? +a?. If R(a, f) >0, then we can apply the contraction mapping
- principle to the above system (see Section 3) and find the decay estimate
IF()]l,, < Ct~2(log(1 +¢))~". Also we show in Section 3 that

e~ 201 — ____g____
1 +#xlog(l + 1)

Hence from the representation u = ve™?*¥ = (r + ®@)e™?*¥ we get the decay
estimate of the theorem.

When 7 =0, i.e. Ré(a,f) =0, the first summand in the right-hand side of
equation for ¢’ vanishes so we need to investigate the second approximation,
namely, we find the solution of the Cauchy problem (1.1) in the neighborhood
of @ + ¥, where the second approximation ¥ is defined by the linear Cauchy
problem

Y’,—ocY’xx+ﬁe'2“’<|q§|2——;—J|¢|2¢>dx>d§20, ¥(0,x) =0.

We again use the fact that @ = G + remainder terms, to see that ¥ satisfies
approximately to the equation
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¥, —aW,, + p0Pe <|G|2 - J|G|2de> G=0.
Putting r = v — & — ¥, we obtain the system

'ma::—ﬁﬂe2Wﬂga—w>0vfwﬂ—w¢@n%Mﬂ

- E(HQJ 1o[20(z, x)dx + 4527) J |<D(z’)|2q5(r)dx> dr

o'(1) = ée‘z"’m‘ﬁ Jﬂ|vlzv(t, x)dx.

Below in Section 2 in Lemma 2.3 by virtue of the fact that R [ BIGI*G(t, x)dx
= 0 we prove the representation |v|*v — |®|*® = 0%(2|G|*¥ + G*¥) + remainder
terms, and so we can approximate ¢(¢) as the solution of the ordinary differ-
ential equation

o' (1) = 0% IR J BR2IG|*¥ + G*P)dx.

Since ¥ can be considered as a function of G multiplied by e 2%, the right-
hand side of the above equation has a form e *()¢~! + reminder term, where
4 is a positive constant. Hence we obtain ¢(7) = ue *®)¢~! + remainder term,
whence it follows that ¢*®) =14 ulog(1 + ¢) + remainder term. In Lemma
2.3 below in Section 2 we compute with more details the coefficient 4 and
the remainder term. Similar considerations we carry out in the case # =0, ~
u=0. Then we need to take into account the third approximation of the
perturbation theory. See for details Lemma 2.4 below in Section 2 and Section
5 for the proof of the theorem.

2. Preliminaries
The solution of the linear Cauchy problem

u, — o = f(t, %), xeR, t>0,
u(0,x) = up(x), xeR

can be written by the Duhamel formula u(z) = g(t)uo+f0t 4(t — 1) f(1)dr,
where the Green operator ¢ is given by

gm¢=f*fW%@=JGmx—wﬂw@,

with the Green function G(1,x) = (1/v4nar)e /%,
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Lemma 2.1. Ler the function f(t,x) have the zero mean value f (,0)=0
and satisfy the estimate || f(1)|lw < e(1+0)™/* for all t > 0, where ) e [0,1/4),
We also assume that the function g(t) satisfies the inequalities

%(1 +nlog(l+1)) < g(t) <2(1 +nlog(l+ 1))

for all t >0 with some n>0. Then the following inequalities are valid

V14t th_q(r)g(t —1)f(7)dz

0

1
+—

j TS|+

0

< Ce,
0,1

< Cog 9 (1)(1+ 1),

o)

| (- D) (D)

0

where g € (0, 1].

Proof. Since the function f(z,x) has the zero mean value f (,0) =0,
by the Plancherel theorem and the inequality |f(z,&)| =|f(z,&) —f(z,0)| <

CVIENS@)llo,x we get
I15(t =) f (@)

e 2 fe, )P < CFI ¢ e g

~—

e,

I
Q

(=07 /@5, Je"z(m“)yzlyldy <Ct-9 I/ @lg,-
Since we also have |%(r — 1)/ (z)||*> < C||f(7)||>, therefore

(2.1) 1€ = f@I* < CU+ 1 =) NG5,

for all >t >0. Similarly, we find that

(2.2) 10:%(t ~ ) f (> < C(L+ 1= 1) 7| £(2) ||

In the same way as in the proof of {(2.1) we obtain
Ix%(1 =) f ()]

< cj 06 (e7 D f (, &) 2dé < cje-mf“f*fwaff(n &)7de
+ C(f _ T)2 J |é|2e—2‘1{afz(t—‘[)|f(r’ é)|2d€

< ClIf (@5, + Clr - r>2nf<r>||§,1Jifﬁe%fz(’-ﬂ dé < C|f(@)ll5 ;-



178 Nakao Havasmi, Elena 1. KAKINA and Pavel 1. NAUMKIN

Thus in view of the estimate g~7(¢) < C we get

4 1

7 ST j GGt — ) (2) de

0

jo gDt — ) ()dr

0,1

SC&J
0

Yo+t N 1
AT —t DAY
This implies the first estimate of the lemma. Note that for 0 < ¢ < 4 the second

estimate follows from the first one. So we consider now ¢ > 4. Inequalities
(2.1) and (2.2) yield

19(t =) f(D)|IZ, < ClgG(t— 1) f (D)) 0:9(t — 2) £ ()|
<C+ 1= @) < C1 + 1t — 1) (1 + 1) Y22

)dr < Ce.

for all r>7>0. From the condition of the lemma for the function
g(t) we have the estimates (1+n)*?71/% < Cg™(t) and sup, ;.9 (1) <
C(1+nlog(1+1)™ <C(1+ (n/2)1og(1 +¢))™? < Cg~9(¢), whence

t
| o @ate - os@ar

0
< Ce IM
- 0(r—1) 3/4.3/4+2

Vi H2 g 4 d
_3/4 T g _ar —q _ar
< Ct (L a9 J\ﬁ S T 970 L/z (t_1)3/4+,1>

< PR () < Gt (1 + 7

0

for all £ > 4. Thus the second estimate of the lemma is true. Lemma 2.1 is
proved. W

The following lemma is needed to prove the result for the case
Ro(a, f) > 0.

Lemma 2.2. We assume that vo e W, the norm |vo|lw = ¢ is sufficiently
small, 9(0) = | (0)| = 0/v2r > Ce > 0, a function v(t,x) satisfies the estimates
lo(2)]l, <e(1+ N7V o)) < e(1+ 074 for all t >0 and has the asymptotic
representation ||v(t) — %(t)vo||,, < Ce>?/(g(t)Vt+ 1) for t >0. We also assume
that the function ¢(t) is such that

%(1 +nlog(l+ 1)) < g(t) <2(1 +#log(l + 1))

for t >0, where n = (6°/27)Rd(a, ) > 0.
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Then the following inequalities are valid

1 2 C82
(2.3) E‘WJ/’W ot X)dx| <
and
9 2 )
(2.4) S0 log(i+ 1) < 145 | 9 [ Aofe(e, avde
0

11
< 1—0(1 +nlog(l + 1))

for all t> 0.

Proof. For t €0, 1] the estimates (2.3), (2.4) are trivial. We consider the
case t > 1. We have %(f)vy = 6G(f) + R and the remainder term

R = (9(t)vy — 0G(1)) = F e (8y(&) — £o(0))

has the zero mean value R(z,0) = 0, so by the Plancherel theorem (as in Lemma
2.1) we get [|0,R||? < Ce? [ |¢eC¢"d¢ < Ce>(14+-1)"%. In the same manner
we have the estimates [|R||, | < Ce and ||R||,, < Ce(1 + 1™*. We have by an
easy computation with r =v — Gy

Il [o]>0 — 6%|G)> G|, = |ORG(8G + o) + R(%0)* + rGvg(%vo + v) + 77|,
< C(IR|, + Ilo = Fooll . YOG + | wol® + [10]]*)

Ced/2 Cé?
< +
gyl +10 (140

and

0391] BIG|*G(t, x)dx

:#;ZM‘RJ exp(—i—j (;—Fé))ﬁ\—;%:%%(%ﬁ)'

Therefore by virtue of the estimate g~'(¢) < C(1 +7log(l +1))™" we get

0*R(, B)
)

Ce%/2 CCé
= U+ +nlog(l+0) (1407

ISR J Blv*v(t, x)dx

for all > 0, whence estimate (2.3) follows and
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t
’%J dTR J Blo|*v(z, x)dx — nlog(1 + 1)
0

J’ Ce’? dr +J’ Ce?dr
o (L+7) (I +7log(l +17))  Jo(1+1)%*

< Ce? + Ce3%log(1 + log(1 + 1)) < (1 + nlog(1 + 7).

Therefore

nlog(l+1) —e(l +xlog(l +1)) < %Jl drfRJﬁlv]zv(r, x)dx
0

<nlog(l + 1) +&(1 +nlog(l + 1)),

hence

t
1+7log(l+1) —e(1+ylog(l+1) <1 +%j dtﬂijﬁ|v|zv(f,x)dx
0
< 1+nlog(l+1)+&(1 +nlog(l+1))

whence estimate (2.4) follows. Lemma 2.2 is proved. H

We need the following lemma to prove the theorem in the case # =0,
1 >0. We define ¥ as a solution to the Cauchy problem

W, — aW +ﬁg—1/2<|q5|2 - H |cD|2<Ddx)d5 =0, ¥(0,x)=0,

where @ = %vy. We remind that x = (0*(36)?/(4n)*)R(2v; — v,), where v =
log(4(1—/T=1) /{r;(1++/T=x)}), w1 = (a+8)*/(a+25)%, Ky = 2(|a|*+&2)/

|oc + 28| .

Lemma 2.3. We assume that vy € W, the norm ||vollw = ¢ is sufficiently
small, 56(0) = |ip(0)| = 0/vV2r = Ce >0, 1 =0, u > 0, a function v(t,x) satisfies
the estimates ||v(0)||, < e(1+6)"V% |ju()| <1 +07"* for all t>0 and has
the asymptotic representation

C69/2
g(tivi+1
Jor all t>0. We also assume that the function ¢(t) is such that

L1+ ulog(1+1)) < g(r) <2(1 + ulog(1+1)) and |g'(2)| < Ce*/(1 + 1) for all
t>0.

[o() =@ —¥|,, <
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Then the following inequalities are valid

2
(2.5) H\/g(t)iﬁjﬁlva(t,x)dx <=
and
9
(2.6) E(l +ulog(t+1)) <14 J dt/g(t ‘RJ |v]*0(z, x)dx

11
< 1o (1 +plog(l +1))
for all t> 0.

Proof. As in the proof of Lemma 2.2 we have only to consider the case
t>1. Weput r=v—@— ¥ and write the identity

2.7) [v*v — |D*® — 2|0|* ¥ — D*P
= O(rl([o + D) + [ (@] + |o] + | 7)).
First let us prove the representation

6% ~1/2

(2.8) W =g PO + 06 (1 + 1) g (e,

where

1
F(l) — 1 J < 1 efxz/(4oct(l~az)) —e /(4at) > dz
Vanrat Jo \V1 — oz z

with ¢ = (&+ «)/(2a + o). We have
= —B6? t -l T -1 2 T T
p0* [ o7 @ste= 016860 - 612 [ 1P G0 )
L &(7)
-5 [ o w90 (1oPet) - 22 [jof o, as
— 0|GI°G(x) - G(o)6° J G126z, x)dx) dr.

Dividing the domain of integration into two parts: 0 <7< v/fand Vi<t <!
and integrating by parts with respect to y in the first domain 0 < 7 < \/f we get
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L lgl/z(r)g(t g (lcblzcb(r) - Jier ot s

— 0°|G|*G(z) — G(7)6? J |GG, x)dx> dt

Vi dr

< C83J

0
( J dye-Con =) _X =Y J et gy
0 -z —o0 —0

(t—1)73/2

© o0
dve—C=»)*/(1=1) [x— ¥l J -C2/x g
+ Jo ye =0 , e z

s gemcene—n L mce
“lavi=e) Yt 777 ¢

_Cx2/ dr
< Cele 1

(= e
< Cle (1 + 1),
Thus
Y= _f6° J g ()%t — 1) <|Gl2G(r) - G(7) J |G|2G(r)dx> dt

14
0
+ O (1 + 1) e,

Then as above dividing the domain of integration into two parts: 0 < 7 < /¢
and /f < 7 <t and integrating by parts with respect to time ¢ we obtain

¥ = —p6°g12() L 9G(t — 1) <|G|2G(r) - G(7) J IGIZG(r)dx> dt
+ Cé® JO drg™?(v)g' (1) L Gt — ) (|G|20(s) — G(s) J |G|2G(s)a’x) ds
+ 031+ 1) B~/

— BB (0) J;g(t _2) <|G|2G(r) G J |G|2G(r)dx) dz

t
+ C83J drg3*(1)O((1 + r)‘3/4t‘3/4e_cx2/’) + O0(3(1 + t)_S/Se_CXZ/’)
0

— B0V (0) J; 9(t— 1) <|G|2G(r) ~ G(2) J ]G|2G(r)dx> de

+O@EE(1+ 1) g (e,
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By a direct calculation we have

i)
2)o* 4 o2 dat

Hence using the formula (1 —t)e™® =1/y/1+ 4ab(i — 1) exp(—bx?/
{1l +40b(t — 7)}) we obtain

ﬁff(t—r)<|Gl2G(f> 6(2) [16P G(ax

R )

_@%g(f— 7) eXp( :(xT))

o ( 1 efxz/(4a(t—a'r)) _ Le—xz/(%ﬁt)
\/E b

- (47:)3/21\/& Vi—ot
where ¢ = (& +«)/(2& + «). This implies
63 o 2 1 . dr
w__ "% -1/2 t J (____ —x*/(4a(t—07)) _ _* _—x /(40:1)) “r
anrya O\ Vil G

+ 0@ (1+ 07 g (e N,
whence (2.8) follows. By (2.7) and (2.8) we have
(2.9) | [v]*0 — |@)*® - 2|@0)*F — &2P||, < CS3(1+ 1) g7 (2).

We next prove (2.5) and (2.6). We have by (2.7), (2.9) and the fact that # = 0,
ie. R [P|®|*D(z, x)dx = O(3(1 + 1) 174

(2100 % J Blofu(z, x)dx = 2R J B2 (z, x)dx

+R Jﬂq>2¢(z, x)dx + O(e(1+ )¢~ (1)).
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We consider the right hand side of (2.10). Since @ = G + O(et=3/*) (see the
proof of Lemma 2.2) and by virtue of (2.8) we get

J|QS|2‘P(t, x)dx = 6 J |GI*¥ (£, x)dx + O(>(1 + 1) 'g7 (1))

S
(47)* /aut|o|t 0z
1 2 2 - 2 _
% e [(dat(1—az))—(x*/4)(1 Jat1/a) e—(x /4t)(2/oc+1/oc)> dx
J (\/1 —oz

We have by a simple calculation

1 J L -/ at(1=02) (2 ja)(1 a1 3) gy J o (/AN 1/3) g

VE) V1 -z
:zﬁ|a|( i _1>
V2a+a\V1 - g2z .
Thus we get
2 0°s* -1/2 3 -1 -1
eI 10l = — o g o + 06+ 070

where v = [ (1/V1—=022) — 1)(dz/z) = log(4(1 — vVT=#1) /{1 (1 + VI —x1)}),
k1 =0? = (@+a)?/(2a+a)>. In the same manner we consider the term

[@*¥(t,x)dx. We have
(2.12) J &P (1, x)dx
02

" damt

0% ipgy “1< L (— X _x_2)
(47_[)5/2“\/@9 0 1—=262 p 4at(l — 6z) 2t

- exp(—z—j <é+§>>> %der 0@ (1 +1)7"7

05|5|2 -1/2 3 -1,
:—mg (v + 01+ g (1),

Je*@xz/‘*m) B (e, x)dx + O (1+ 1)
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where v, = fo (1/V/1 —kpz) — l)dz/z = log( (1 = V1 —K2)/{ra(1 + V1T = K2)}),
Ky = 286/ (o + 28) = 2(a* + o) /|20 + 5|%. Then since R(x,f) =0 we have
by (2.10), (2.11) and (2.12)

(306)°6° g2

(4n)2t (ORQ2v1 —v2) + 0(83(1 n t)_lg_l(t))

(2.13) iRJ Blo|o(z, x)dx =

;_%Q—I/Z(r)+0( (1407 g7 (0)).

Via (2.13) we get (2.5). We again use (2.13) to obtain

1+ (4/0) [y \/g@R [ Blo|*v(r)dxdr = 1 + plog(l + 1) + O(e2y/log(1 + 1)),
whence we have (2.6). Lemma 2.3 is proved. W

We need the following lemma in order to prove Theorem 1.1 in the case
=0, u=0. We define ¥ as a solution to the Cauchy problem

1
¥, — oW+ pg 3 <|q§|2 - 5] IR dx> =0, ¥(0,x)=0,
where @ = %y and let ¥ be a solution to the Cauchy problem

V,— aVix + Bg~ /> (2[¢|2¥’(r) + &P (7)

_ 432” J QIO (x) + BT (x))dxd — ?J |¢\qu(f)dx> dr =0,
7(0,x) = 0,
thus we have
(1) = J; g P9 — 1) <|q5|2<p(f) - @J [¢|2@(T)dx> dz,
and
V() = —BJ; g\ PG —1) <2|¢>|ZW(T) + &P (1)
_ 20 J(z|q>| W(r) + &2 (x))dxdz — @j |¢|2Q5(T)dx> dr.

Lemma 2.4. We assume that vo € W, the norm |vo|lw = ¢ is sufficiently
small, 99(0) = |d4p(0)] = 0/v2rn = Ce >0, n =0, u =0, a function v(t,x) satisfies
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the estimates |v(?)|,, <e(l+ n2, o)l <e(1+2)7"* for all t>0 and has
the asymptotic representation

Ceb

[o(f) —®-¥ ~TV|, < PONES

SJor all t>0. We also assume that the function g(t) is such that

1(1+xlog(1 + 1)) < g(f) <2(1 + xlog(l +¢)) and |g'(t)] < Ce*/(1+1) for all
t> 0, where » > 0 is defined below in (2.28).
Then the following inequalities are valid

{0 [ BoPe(s vax

2
I

(2.14) <

1
7] t

Ce
+
and

(2.15) %(1 +xlog(t+1)) < 1+ gJ; de? gz(t)mjﬂ|v|zv(r, X)dx

11
m(l + xlog(1 + 2))

IA

Jor all t> 0.

Proof. As in the proof of Lemma 2.2 we need only to consider the case
t>1. Weput r=v—®— ¥ —V and write the identity

(2.16)  [v]*v — |®*D - 2|@|*¥ — B*F — 20| %|? — BY? — 2DV — B2V
= O(Irl(|of* +198° + [* + [V]*)
H VI + VI D (ol + [ @]+ 2] + V) + | #]).

In the same manner as in the proof of Lemma 2.3 we obtain the representation

(2.17) = i—fg‘”(t)F(t) +0Eg PN+ 1)),

where

b

re = 1 Jl( U @ati=on) _ e—xz/(4oct)) dz
Vanat Jo \V1 — oz z
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as above 0 = (& +a)/(2&+«). Now let us prove the asymptotic formula

552
p)
(2.18) V= (i 2 g PO AW) + Oe g () (1 + 1)),
T
where
2 1
A() = J dz J d¢
Vanat Jo zv/1 — 62z )0 &
X ( S (T B S )
1 —h¢ V1—oé

1
J < 1) dz J d¢ (; o (dai(1-02)) _ e—xZ/(4at))
\/47z<xt0 V1-g2z z Jo £ \V1 -0l

1

\/47zat Z\/l — Koz

« J df( L ui-agy _ ! ex2/(4m(1—a§)))
0 - le Vv 1- O'f

1 1
_ 1 J ( 1 _ 1)%] ﬁ( L xaioat) _ s/ (bt
Vanat Jo \VT —Kyz z Jo £ \W1—0aé
d

1 J _ZJ dé (;e [(at(1-028)) _ ,—x /(4zxt)>
Vdroat Jo Z Of V1—o0z¢ 7

where h = (o —bz)/(1 —0%2), a= {0 — (k2/2)2}/(1 — K22), 0 = (a+&)/(a+23),
b=oo/(o+2). We have

o

5 pt
@19) v=-F| ¥ @en-o
x ((2|G12F - G'T =G [QIoPr - ¢*)ax— | |G|2de)df
-7 @ - R,
0
with

R= (z|q>|2tp + o2 — %J(z|q§|2w+ G2 F)dx — %J [¢|2¢>dx)

5
_%g—lﬂ (2|G|2F ~ G*T - GJ(2|G|2F = G )dx — FJ |G’2de)'
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As above we have [|G|>G(z, x)dx = §/(4nfr) and similarly [(2|G|*T" — G*T')dx
= —(d/(4nP7))(2v1 — v2). Then integrating by parts as in the proof of Lemma
2.3 we get from (2.19)

(220) V= —%92/30) L:g(z — 1) (% exp(—Z—i G + é))l"(r)
2\ =

- é exp(— %) I'(t)+ /% 2v1 —v)G(z) — %F(r))

dz
T
+ O g 4B (1 + 1)1,
Hence using the formula %(t—1)e ™ = (1/\/1+ 4ab(t — 1)) exp(—bx?/
{1 +4ab(t — 7)}) we obtain

28 J’ dt
Aty =—L | 22
0 Vama|a)d Jo 73/

1
dz 1 2 2 > 7 2 5 z
% @t -1 e /(4at(1—0z))—(x*(a+a)/ (4ra&)) _ ef(x (a+2a)/(4woc))>
Jo z ( )<\/1 — oz

_Lfﬂ
Vana|a| Jo T3/

! dz 1 2 /(45 = 2 2 7 5
% J —g(l‘ _ ’L')( e /(4or(1-6z))~x*/(Qur) e—(x (oz+2oc)/(4ramc))>
0 Z — 0z

2V1 — W t dt —x2/(4at
e o

1 (‘dr (‘dz ( 1 2 2
R Bt Xyt — ¢ e /(4ar(l—0z)) e * /(4zxr)>
\/4nocjof3/2jo z ( ) 1-o0z
__2 Jl dz Jl dS v /au(1-n0)
Vanot Jo zv1 — 62z )0 E/1T —RE

1 1
1 J dz J dé o x/ (at(1-at))
Vanat Jo z/1 — K2z Jo &1 — al

__ J 1 %Jl _ A4S a(1-a)
VaratJo 2 Jo &1 — &

Gt Jl A< w2
Vanat Jo ¢

1 1
__1 J dz J ﬁ( 1 o/ a(1-0z) _e—xZ/(4ur)>,
Varatlo z Jo & \V1 -0z
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whence we obtain (2.18). By (2.16) and (2.18) we have
(2.21) I [o?0 — | ® - 2|@|* ¥ — B*F
—20|P|? — Y2 - 2|0’V — 27|
<Cef(1+0 g (o).

We next prove (2.14) and (2.15). By a direct calculations we get

1 Vdz [t d¢ ) yoas
222 J GI"zdx:————J _J _de<e~x 2y~ /(40
(222) 7 Anjaltv/Arat Jo Z Jo €

+ —_1_—e—xz/(4oct)—x2/(4oct(l—oz))—xz/(4&t(l~65))
V1—o0zy1—a6¢&
1
vV1—-o0z
1

_ e*xz/(Zoct)—xz/(%'ct(l—&f)))
1-0o

o2/ (dat) =x? /(4at(1~02))—x* | (431)

-

__Jlﬁjlﬁ S N
dmtrfo2 4 2?0 FHo S L VI-ok

1 B 1
T—
\/1 — 02z —iré + —;—xzzé VI —Kal

o
) K2<1—§Z)
1 Jldz |4 ()
=— | = — (1
47zt\/ocz—|—,’2|oc|2 02 1-o%z

where  v(y) = fol(l/\/l — y&—1)dé/E =log(d(1 — VT —=p)/{y(1 +T=y)}),

and in the same manner we have

+

o(o — bz)
_ 1 Ydz v( 1 -0z )
2.23) JGrzdxz———J EV A Z%2) oY),
( 4ntyfa? + 2?70 © Vi-o?z
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where b = ao/(x+23). Then by an easy calculations we obtain

(2.24) J|G|2A dx

1 J Ydz J ! ﬁ J dxe— (% (a+)/ (dadr))

B 47|t/ At Jo ER IS
« ( 2 ( 1 efxz/(4at(l—hf)) _ 1 e—xz/(4at(1—af))>
V1—g2z \V1 -k V1 -0

1 1 2 2
+ 2< _ 1> ( e /(dat(1-08)) e * /(4<xt))
V1 - g%z v1-al

1 ( U -w/a(i-at)) _ _l_e—xz/(4at(l—cré))>
V1 — Kz \W/1—aé V1I—aé

_ (_1“ _ 1> <; o2/ dat(1=8)) _ exl/(4at))
V1 =Kz v1—-act

_ <___1_ e—xz/(4at(1—ozf)) _ e—xz/(4oct)>)
V1 —oz&
B 1 Jl dz <2(v(ah) —v(c?))
dnty/a? 4 2] 0 * V1-—o2z

_ (v(0a) —v(a?))
V1 —Kyz

_ v(o_zz)> n v(0?)(2v(a?) — v(x2))
4ty /a2 + 2)al?

and in the same way we get

1

drty/o? + 2a)?

dz (2loh) ~ oY) (o) —weD) 5
XJOZ( V1 -2z V1—kz ( )>

L e 2v(e) ()

4nry/a? + 2)a?

Since # =0 and 4 =0, ie.

R [ fl®|*®(1, x)dx = O(3(1 + 1)) and

R [(D*F (1, x) + |®*¥(7,x))dx = O@E(1 + 1)~ g7 (¢)), using the asymp-
totics @ = 0G + O(et>/*), formulas (2.17), (2.18) and (2.22)—(2.25) we obtain

(2.25) J G*Adx =
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(2.26) zRJ Blolv dx

05>
 (4n)’

g PR J B(—2GIT? + GI* + 2|G* 4 + G*A)dx
+0(CE1+ 07 'g71()

o
Kz(l *EZ)
075 1 gz 2y 1 -0z
~ooaros| | S - 2
0

— 2v(k3) + 3v(a?z2)

(4n)’t z V1-02z
o(o — bz)
_%vwbywwkammﬂw»gww—w%
V1 —0g2z V1-02z V1 —rz

= 3v(a?)(2v(0?) - V(Kz))) +O0(Ce(1+1) "¢ (1),

Via (2.26) we get (2.14) and the following asymptotics

(2.27) 1+ gj; R J Blo|o()dxde

=1+xlog(l+1¢) + 0(82\3/10g2(1 + t)),

where
(2.28) K2 (1 - %Z) o(o — bz)
%w*%(f&(MQFﬁz) bw>v<“”%>+w%
B (4n)* 0 Z 1 -02z 2 V1 -2z 7

— 3v(02)(2v(02) —v(x2))

~N——
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Note that from the condition u = 0 we have « = e, where ¢, ~ 1.146035015
and by the condition # = 0 we have for § the following two possibilities f =
|Blei®r or B = |Ble’:, where ¢; ~ —2.9111 and ¢, ~ 0.2305. We have computed
numerically via formula (2.28) the value of » using the program “Maple” to get
x~ —0.03i0°0°. Therefore we see that if we choose the first value § = |f|e:,
then we obtain § = —i|d], hence » > 0.

Now (2.27) yields the estimates (2.15). Lemma 2.4 is proved. MW

3. Proof of Theorem 1.1 in the case n > 0

First we state the local existence of classical solutions for the Cauchy
problem (1.1) (for the proof see [6], [7]).

Theorem 3.1. Let the initial data uge W. Then for some T >0 there
exists a unique solution u(t,x) e L*((0,T) x RYNC([0,T); W) of the Cauchy
problem (1.1).  Moreover if the initial data are sufficiently small ||uo|w < ¢, then
there exists a time T > 1 such that the solution u(t,x) of the Cauchy problem
(1.1) satisfy the estimates |\u|ly < 2e for all te[0,T).

We make a change of the dependent variable u(z, x) = e *W+¥Oy(¢, x) then
we get from (1.1)

(3.1) v — e + P2 |o]*0 4+ ye P Py — (o) — iY")o = 0.

Now we assume that the real-valued functions ¢(f) and ¥(f) satisfy the fol-
lowing condition

J<ﬁe‘2‘”lv|2v +ye” PPNy — (! — iy )o)dx = 0,
. . d
whence via equation (3.1} we get %fv(t, x)dx =0 for all 7> 0 therefore

J(l)’e‘zfﬂlvlzv + ye= =017 v)dx = V2r(p' — it )50 (0).

If we choose ¢(0) =0 and (0)=argip(0), we can write 9(z,0) = §p(0) =
e?©-W0)4,(0) = |ip(0)] = > 0 and we have the equations

o) = %m(ﬁe-w j jof20 dx + ye~ (=D J |U|P*lvdx>,
(3.2) 1
W'(f) = — 53(&3‘”’ J [v)%v dx + pe~ (P2 J |v|p"lvdx) .

Thus we obtain the Cauchy problem
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—2¢ 2 1 2
vy — oy + fe lv| ~7 [o|“vdx |v

1
+ '(Pl)‘ﬂ(up]——J l}p_lvdx)UZO,
(33) ye 0] g |1

o'(f) = %ER (ﬂe_z‘” J |vlzv dx + ye~ (P12 J |v|p1vdx> ,
(0, x) = vp(x), p(0) =0,

where vy(x) = (0, x) exp(—iarg [u(0, x)dx). Multiplying the second equation
of system (3.3) by the factor e?(), then integrating with respect to time ¢ > 0
and making a change of the dependent variables v = %(f)vy +r, and e20) =
g(f), we get the system of integral equations (r,g) = (&/(r,g),#(r,g)) for the
first approximation of the perturbation theory

(3.4)

(1,00 =~ [ a7 @5~ ) elot) 25 [Pt 0y e
—yJ; g P U291 — 1) <|U|Plu(f) ~ ”—(g—) J lo]” " o(z, x)dx) dr

B(r,g)(t) =1+ %LI ‘R(/}J |v|%0(t, x)dx + yg~ P~I/? J [v|” " o(r, x)dx) dr.

\

We prove that (<7, %) is the contraction mapping in the set
X = {r e C([0, 0); W), g € C(0, o0):

sup(g GOVTFr(B)] o + VTH (@) ,0 + 1+ 070 llg,1)

1
< 85/2;5(1 +nlog(l + 1) < g(z) <2(1 +nlog(1 + 7)), for all z> o},

where 5 = (6%/ (271)3/ *YR(x, ). First we prove that the mapping (</,%)
transforms the set X into itself if ¢ is sufficiently small. When (r,g) € X we get

v(t)

H |v|%v lv| v(t, x)dx o~ u(2) —TJ|U|1’*IU(I, x)dx

w W

< C8(1 +t)“3/4.

Therefore applying Lemma 2.1 we get the estimates ||« (r)(¢)||, < Ce*(1+
07297 0), | (D)o < C/VT+1 and L () (D)l < CeVT+1 for all
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t>0. Furthermore applying Lemma 2.2 we get (1 +#log(l+17)) <g(z) <
2(1 4+#nlog(1+1)) for all > 0. Thus (o/,#) transforms the set X into itself.
We have by L? — L2 estimate of solutions to the heat kernel and the fact that
(rj,g]) eX, j=1.2

sup(1 + )L (r1)(1) — L (r2) (D)

>0

o d _
< Csup(l + 1) *e2j —13 (sup(1+t) Hr(e) = ra(0)
0T >0

>0

+sup(l +0) Vg, (1) — gz(l)|>

>0

< e(sup(l + 07 HIr () — ()] + sup(l + ) 4 g1(0) - gsz)

>0

with some small 2 > 0 and we get

sup(1+ )7 4|g1(2) — g2(2)|

>0

e ' d _
< sup €1 +0) 41 5 (sup(t 40 (0 = ()
>0 07 >0

Tsup(1+ 1) gy (1) — gz(t)l>

>0

< o((sup(1-+.) () = (0] -+ 50p01 4071010 - 001
>0 >0

Thus we see that the transformation (</,4%) is the contraction mapping.

Therefore there exists a unique solution (r,g) of the system of integral equations

(3.4) in the set X. From the proof of Lemma 2.2 we have g(f) = nlogt+

O(elog(nlogt)) for t — oo and by (3.2) we obtain

, | 2,4 £’
VO =50 O3 [faedr s o

2

= 07103 Jﬁ|G|2de + 0(18+ tg_z(t)>

__ 30(z, ) 2
T4 (T plog(T+ )1 +t>+0(1 ! 2“))

® &
T T rqloeglrd+n T 0(1 7 2(’)>’
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where w = (6?/4n)30(a, ). Hence we get

Y (t) = ¥(0) - JO (ﬁ(’H——r)Jr 0(829'2@)> lfr

) &
= argiip(0) % log(1 +#log(l + 1)) + 0(1 gt)

Therefore via formulas u(z,x) = e ?W ¥ Wp(¢, x) = e ?O¥()(Gyy +7) and the
estimate of r we obtain the asymptotics of the solution to the Cauchy problem
(1.1). Theorem 1.1 is proved for the case > 0.

4. Proof of Theorem 1.1 in the case # =0, u>0

In this section we consider the case # =0, u > 0. As in the case # > 0 the
higher order term is not difficult to treat. So let us consider (1.1) without
the higher order term for the shortness (i.e. we consider the case y=0.)
Multiplying the second equation of system (3.3) by the factor g(¢) = e*®) and
then integrating with respect to time 7 > 0, we obtain

t
gty =1 —I—%J gl/z(r)iﬂjﬁ]vlzv(r, x)dxdr.
0
Therefore we have the system of integral equations
' —1/2 2 v(7) 2
v(t) = 9(t)vy — (1)9(t — 1) | |v]"v{7) ——0—J|v| v(z, x)dx |dr
o
=1+-= J Vgl ERJ/?]U| v(t, X)dxdr.

We find a solution v of the above system of equations in the neighborhood of
the second approximation of the perturbation theory &(r) + ¥(¢), where &(¢) =
4(t)vy and

@(7)
0

9«0::—ﬂﬂg-“%ﬂ%a—~ﬂ(mwwféu>— Jﬂ¢@ﬂ2¢uyh)dr

We put r =v— @ — ¥ then we get
r@=%JI%WW%V@M
=1+- J Vg fRJﬁM v(t, x)dxdz,
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where

10 = Va@ ofo(s) 102" [ fotr, s + 22 [ (000 Po(onte).
We define the mappings /(r,g) and %(r,g) by

()= 5[ 47! @91 s @,
B(r,g) =1+~ J V9 ‘RJ Blv*v(z, x)dxd.

We introduce the functional space

X = {r € C([0, 00); W); g € C(0, o0):

S;gg(g(t)vl 1l (@)oo + VTH2r(@)13,0+ (1407 r@)o, 1)

1
< 89/2;5(1 +plog(t+1)) < g(r) < 2(1 + plog(1 + 1)),

o4
lg ()|_1C forallt>0}

where u = {6*(30)?/(2n)*}R(2v; —v;) > 0. By the proof of Lemma 2.3 we
have ||/ (7)|lw < Ce3(1 + 1)73/4. Hence in the same way as in the case # > 0,
applying Lemma 2.1 with ¢ = 1 and Lemma 2.3 we can show that the mappings
2 (r,g) and %(r,g) are the contraction mappings from the set X into itself and

as above we get

Y1) = —%g*l/z(z)sjmuﬁudx

&
_Bzg"l/z(t)SJﬂ|G|2de+ 0(1 —9 1(1))

) 2
RV ETTT DI +t)+0<1 +17 (t))

2
where as above we denote w :Efsé(oc, ). Hence we get

P i) e
W) = 9(0) L<1+m%u+a+mg u01+f

= (0) — 20u~2\/logt + O(eloglog ).
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Therefore via formulas u(z, x) = e #+WWy(z, x) = e ?O+¥(0)(Gyy + ¥ +r) and
the estimate of ¥ given in Lemma 2.3 we obtain the result of Theorem 1.1 in
the case # =0, u > 0.

5. Proof of Theorem 1.1 in the case # =0, u=0, x>0

In this section we consider the case # = 0, #£=0. As in the case # =0,
# >0 the higher order term is not difficult to treat. So let us consider (1.1)
without the higher order term for the shortness (i.e. y=0.) Multiplying the
second equation of system (3.3) by the factor g(¢) = %) and then integrating
with respect to time 7> 0, we obtain

6 t
g(H) =1 +§J g2/3(r)iRJ Blv*v(z, x)dxdr.
0
Therefore we have the system of integral equations

o(t) = 9(t)vy — ﬁj(: g P 0)%(t—1) (|v|zv(r) - #;)J |v|%0(x, x)dx) dr,

g() =1 +ng g2/3(r)fRJ Blv*v(z, x)dxdx.

We find a solution v of the above system of equations in the neighborhood of
the third approximation of the perturbation theory &(f) 4+ ¥(¢) + V(¢), where
&(t), is defined as above

v = -] o @90 (10wl 0t - 2 P o) d

and

V() =-p J; gP)%(t—1) <2|q5|21p(f) + 2P (1)
_P(7)
7

_ 5’%] |<15(r)|2<15(r)dx> dx.

J(2|<D|2?I’(T) + &P (1))dxdr

Weput r=v—-&— ¥ -V, then we get

o) = - JO g (D)9t — 1) f (D),
g(t) =1 +—g J; g2/3(f)snj Blol*v(, x)dxdx,
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where

@) =90 (Ivlzv(f) —|@@)*®(2) - 2|8 ¥(7) + &P (1))

_%T)JW (z, x)dx + (T)Jldi( )|*®(z)dx

20 [0 w(e) + 2T+ L2 [100) Py ).

We define the mappings </(r,g) and %(r,g) by
t
(r,g) = —ﬁj g (@~ ) f ()
6 23 2
B(r,g) =1 +6 (1)R | Blo|“v(z, x)dxdx.
We introduce the functional space
X= {r e C([0, 0); W); g € C(0, c0):

sup(g())VT + dlr(D)l, + VT + (D)l o + (1 + 07 lrO)llo,1)

>0

< 813/2;%(1 + #log(t+ 1)) < g(t) < 2(1 + »log(l + 1)),
ce*
!
lg'(1)] < 157 for all t > O},

where » > 0 is taken from (2.28). We easily see that f(z,0) =0 and by the
proof of Lemma 2.4 we have ||f(¢){lw < Ce3(1417)">*. Therefore in the same
way as in the case # =0, 4 > 0, applying Lemma 2.1 with ¢ =1 and Lemma
2.4 we can show that the mappings «/(r,g) and %(r,g) are the contraction
mappings from the set X into itself and as above we get

V() = 5o P03 | AuPods

=—0%¢"'3(0)3 J/}|G|2de + 0(-%;;—2/30))

- @ + 0< e g_2/3(t)>
1+ xlog(1 +1)(1+ ) 1+¢ ’
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where o = (6*/4n)36(x, ). Hence we get

_ N ® 23 dt
b= - | e OO 1

=y(0) - 23\;; \3/ log?t + O(e+/log ?).

Therefore via formulas u(z, x) = e ?W+¥Op(¢, x) = e POHO (Gpy + ¥ + V +-7)
and the estimates of ¥, V given in Lemma 2.4 we obtain the result of Theorem
1.1 in the case # =0, u =0, x> 0.
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