Q_e"‘”%

R
4ope

;f Kobe University Repository : Kernel

PDF issue: 2026-10-06

Determinant Formulas for the Toda and Discrete

Toda Equations

Kajiwara, Kenji
Masuda, Tetsu
Noumi, Masatoshi
Ohta, Yasuhiro
Yamada, Yasuhiko

(Citation)
Funkcialaj Ekvacioj, 44(2):291-307

(Issue Date)
2001-08

(Resource Type)
journal article

(Version)
Version of Record

(JaLCDOI)
https://doi.org/10.24546/0100501186

(URL)
https://hdl. handle. net/20.500. 14094/0100501186

KOBE
\j].\]\'l:lihl Y
J

%)



Funkcialaj Ekvacioj, 44 (2001) 291-307

Determinant Formulas for the Toda and Discrete Toda Equations

By

Kenji Kanwara®!, Tetsu Masuba?, Masatoshi Noumi?, Yasuhiro OHTA® and
Yasuhiko YAMADA?

(Doshisha University', Kobe University> and Hiroshima University®, Japan)

1. Introduction

In the works [1, 2, 3, 4, 5, 6, 7, 13, 14, 15], the determinant formulas for
the 7 functions of the Painlevé equations are obtained. These determinant
formulas arise as a consequence of the Toda equation which describes Bicklund
(or Schlesinger) transformations of the Painlevé equations [3, 4, 5, 6]. They
provide a proof of the miraculous polynomiality of the special polynomials
arising as the special solutions of the Painlevé equations [16, 17].

Recently, it is clarified that these determinant formulas can be also applied
not only for the special (classical) solutions but also for generic (transcendental)
ones [17, 8]. It is natural to expect the existence of such determinant formulas
for the general solutions of the Toda equation independent of the Painlevé
equations and their (special) solutions.

In this paper, we will give a formula of Hankel type determinant for the
solution 7, of the Toda equation (viewed as a recurrence relation)

" 2
T, Tn — (7)) = Tn1Tnt1, neZ,

for general initial conditions 79 and 7. In the case of n > 0 with 79 = 1, such a
formula is known as Darboux’s formula (cf. [3]). As an application of the
formula, we will consider the 7 functions of the Painlevé equations and give a
new direct proof of their polynomiality for generic cases. Of course, such
formulas can be regarded as generalizations of known determinant formulas for
classical solutions of the Painlevé equations. We also present a similar deter-
minant formula for the discrete Toda equation
I+1,1-1 —(p,i)z 2 041 11

n n =& n+1pn—1'
2. Determinant formulas

In this section, we present the determinant formulas for general solutions of
Toda and discrete Toda equations.
We consider the following recursion relation of a sequence {t,},.z

(1) T, Ty — r,’,z = TpiiTy| — lﬁ(prﬁ,
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with

(2) =y, w=1 =g,

where iy and ¢ are arbitrary functions, and ’ denotes a derivation. Equation
(1) is called the Toda equation in bilinear form. For given ¥ and ¢, 7, are
uniquely determined as rational functions in them and their derivatives.

However, as we shall show below, 7, are actually polynomials in ¥, ¢ and their
derivatives, and moreover, they are expressed in determinantal forms.

Theorem 2.1. Let {an},.n> {bn},cn be two sequences defined recursively as

(3) an = a, |+ Z aiay, ay = ¢,
i+j=n-2
ij=0

(4) by = b1/171 + ¢ Z bibj, by = lﬁ
i+j=n-2
i,j=0

For any integer n, we define |n| x |n| Hankel determinant t, by

ap ar - Gp-l
ay a e ay,
, n>0,
ay—-1 ay ayu-2
(5) Tn = 1, n=20,
by b by
by by b_n
, n<0
b—n~1 b—n o b~2n72
Then, t, satisfies equation (1) with initial condition (2).

Remark 2.2.
1. Equation (1) is transformed to the bilinear form of Toda equation in
“usual” form,

" 7
(6) 0,0p — 0, = Ony10n-1,

by applying suitable gauge transformation on 7,, where g, is given by

(7) (log 6,)" = (log 7))" + Yo

2. Since g, involves two arbitrary functions, Theorem 2.1 gives a deter-
minant formula for the general solution of the Toda equation.

3. 1In the case of ¢ =0 or ¢y =0, Theorem 2.1 recovers the well-known
Darboux’s formula, namely, the determinant expression for solutions of
the so-called Toda molecule equation [9, 10].
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It is also possible to construct a similar formula for the discrete Toda
equation. Let &' and ¥' be arbitrary functions in /, and {x.},., a sequence
defined by

®) K — (1 20l = el
9) Kkl =@ k=1, Kl =yl

where ¢ is a parameter corresponding to the lattice interval of /. Equation (8) is
called the discrete Toda equation in bilinear form [11]. Then we have:

Theorem 2.3. Let {c}}icn» {d]}icn be two sequences defined recursively as

/ /-1
oy -z _ -
(10) ) = k=l ksl - 2l p w2 N" (] —ed ), =9,
=k —2
/=0

41 _ gl
_ gl —d,

&

(11) d/f +@I+2 Z (dil+8cz'l+l)dj]+l7 dé _ Y’I.

i+j=k—2
ij=0

For any integer n, we define |n| x |n| Hankel determinant . by

/ i I
G T Gy
dod ol
, n>0,
i ! !
Chomt G 77 Oy
(12) Kl = 1, n=0,
! ! i
dy N
ald - d,
, n<0
I 1 !
dfn—l d«n T d—2n72
Then, x! satisfies equation (8) with initial condition (9).

Remark 2.4.
1. Equation (8) is transformed to the bilinear form of discrete Toda
equation in ‘“usual” form,
(13) pr ot = (o) = i
by introducing p. by
1
(14) pl= ; . !
"I Tl (1 -2 9772
2. Since p! involves two arbitrary functions, Theorem 2.3 gives a deter-
minant expression for general solution of the discrete Toda equation.
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3. In the case of ¢ =0 or =0, Theorem 2.3 recovers the determinant
expression for solution of the so-called discrete Toda molecule equation

[12].

4. Discrete Toda equation (8) and its solution (10)—(12) reduce to the Toda
equation (1) and its solution (3)—(5) in the limit of ¢ — 0, respectively.

Let us first prove Theorem 2.1. We consider the éase of n>0. Let D be

IR )

the determinant of an (n + 1) x {#+ 1) matrix X, and D( ;
' J1 J2

l,k ) the
Jk

determinant of the matrix obtained from X by removing the rows with indices
i1,...,ix and the columns with indices jj,...,j,. Then we have well-known

Jacobi’s formula (Lewis Carroll’s formula)

a9 o(1)e(301)-2(1)(" ) =oeo(l 0 )

We have the following differential formula for t,:

Lemma 2.5. Putting D = 1,,.1, we have,

n+1 n n+1
1 D = 1y, D = n-1,
(16) (n+1> g (n n+1> -t
n n+1
=D =
(17) D<n+1> ( ) )
(18) D<:> =1, + QYT

Then, Theorem 2.1 follows immediately from equation (15) and Lemma 2.5.

Therefore, it suffices to prove Lemma 2.5.

Proof of Lemma 2.5. Equation (16) is obvious by definition.

equation (17), we consider the following equality,

(19) D<n:1_1> :D(”:l)

a a o Gy A4y Adp
a  az o dpyl Ay Ay
Ay Apyl Gl A Adnp

Here, for n x n matrices 4 = (A4;) and B = (By), A- B denotes

n
(20) A-B= A;B;=TrA'B,
ij=1

To show
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which is the standard scalar product of matrices, and 4; is an (i, j)-cofactor of z,,.
The first matrix of equation (19) is rewritten by using the recursion relation (3) as

al az ... an
a ay - Qpy
(21)
ay  dpti Aon-1
I li I
4 a a1
a @ a,
’ ! I
4,1 4 5T
r
0 ap a
ap 4y - Ay
0 0 ao a)
al az ... an
+v "
0 0 ap
a1 ap - dw-2 0
0 .
a DR _
a 0 0 0 aj ap—1
a a PRI
n a a O 1 2 an
An—1 Qp - Q-2
a 24} 0 i

Applying scalar product of equation (21) with(4;), we see that the first term of
the right hand side of equation (21) gives 7, and second and third terms give no
contribution. Thus we have shown that equation (17) holds.

Equation (18) is shown in a similar manner by considering the equality,

ay a - ay Ail AiZ A{n
: . : Ay Ay - 4
(22) D<n): D B .
n ap—1 Ay ER 2 i ) . : . :
Unil A2 0 Ao a4y, - 4,
n
where A,.’j denotes the (i, j)-cofactor of 7, = D( n 1). |
n

The case n < 0 of Theorem 2.1 is proved in a manner similar to the case of

n >0, and the case n =0 is checked directly. Thus, proof of Theorem 2.1 is
completed.
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Let us next prove Theorem 2.3.

Similarly to the proof of Theorem 2.1, we

concentrate on the case of » > 0. We have the following lemma:

Lemma 2.6. For n> 1, we have

! / l I+1
G o G
/ / / I+1
c c c C
_ 1 2 n—1 1
(23) el =1 . b
! { ! I+1
Ch1 Gy Con-3 Cnfl
! l ! I+1
% 91 Cn2 G
! 1 1 I+1
91 5] Cn—1 &
2(n-1)
€ +2 _
D gyl T ’
! ! cl Cl+l
n—2 n—1 2n—4 n—2
Cl+2
I+1 I+1 1+1 0
CO Cl C”‘2 1— 82¢l+2 y/l
where C! is defined by
k
1 -2 o1
(25) C,=c+e¥ E CpiCily -

Theorem 2.3 for the case of n > 0 is derived as follows.

€
!
gt
82" 142
R
I
Cp1
I+1
CO

Then we have from Lemma 2.6,

n gl 12
@7) D<n> Tl o2yl
1
(28) D< " >:D<"+ ):e”‘lx,ﬁﬂ
n+1 n

2

I
¢y

)
Cn

-2
-1
!

Con—a

i
Con3

I+1
Cn—2

g

We put
I I+1
Cn-1 G
/ I+1
Cn Cl
I 1+1
Con-3 Gh
I I+1
Con-2 G
142
CH-I CO
=l _ 22yl
n+1 !
=K y
n+1 n

d

n n+1
n n+1
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Therefore, Jacobi’s identity (15) yields

2(n—1 2n
gD 2,0 (8n71K1+1)2 _ &

1 — 2oyl " n T gyl
which is equivalent to the discrete Toda equation (8).

Proof of Lemma 2.6. We rewrite

(29) Kl+2 ]

n+1Kn &

l+1 P e S G S

1 n 2 n—1

l+1 S N L I

4 ) Gl Gy

Kl+1 _
=

I+1 I+ ., l+1 I+1

Ch1 Cn Com—3  Cop—

by using the recursion relation (10) to obtain eq. (23). We first add j-th column
multiplied by SWHC;LH‘ to n-th column for j=2,...,n— 1. Next, adding

Jj-th column multiplied by ‘I’Hc,’,_z_j to n-th column for j=1,...,n—2, we
have from eq. (10),
I
I+1 I+1 )
CO e Cn_z p—
&
G -1/ 141 I+1y .
I+1 I+1 n—1 10+ +
c e, —T—l—Y’ (eg™ —eci™ ),y
I+ _ :
K, = ’
Cl n—3
I+1 I+1 Con—a -1 I+1 I+1y .1
Cocn 7 Copyg . +¥ E (¢ —eciiy) a5
Jj=0
Cl n— 2
I+1 I+1 2n—3 -1 l+1 ec el
Chl T Gz e +¥ +1)Czn 4-j
Applying the similar procedure to (n— 1)-th,.. .,2nd columns, we obtain,
1 _
Kn =
I I
I+1 &) )
cl _ -
I+1 =17, 041 1 ot L it 1 Iy
+ + I+ Cn— + +
a 8+Yl (o™ —eet™)eq - ¥ (g™ —eer™ )en s
1 2 i1 I+1 _ 1+1 1 Cé 4 gi-1 141 1+1y ]
+ n n— +
i Z(" sy o — W Z(C 86j11)Con-5-
j=0
Cl n—2
I+1 n 1, gri-1 I+ 141 -3 yri-1 I+1_ 1+1
Cpy — +¥ Z(C &Gy )Cn72*j *T—i—yj Z(cj )CZ” —4-]
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Next, we apply the similar procedure in vertical direction. For k =2,...n, we
add j-th row multiplied by 85”1"1(4:1 - c}“) to k-th row for j=1,...,k~1.
Then we get

I 1
I+1 _@ )
cl e
€ €
! !
folad! a0 b
1
K = € &
I I
c+ I o
n—1
& €
I ! I+1
i ¢z G
! ! I+1
_ D) 4 G G
- . . . ’
1 [ I+1
Cn-1 n-z Gl
where C/*! is defined recursively by
k-1
41 _ +1 =17 . 0+1 I+1 I+1 +1 _ I+1
(30) C =+ g eV ey —eq)CT, G =yt
Jj=0

We can verify that C/ is actually given as eq. (25) by induction. Thus we have
proved eq. (23). Since eq. (24) is proved by a similar calculation, we omit the
detail. This completes the proof of Lemma 2.6. ]

The above discussion proves Theorem 2.3 for the case of n > 0. The case
of n <0 is proved similarly, and the case of n =0 is checked immediately.
Thus we have proved Theorem 2.3.

3. Applications to Painlevé equations

It is established by K. Okamoto that the t functions of the Painlevé
equations Pjy,...,Py; satisfy the Toda equation. Recall that each of the
Painlevé equations P; (J =1I,...,VI) can be written as a Hamiltonian system

_oH  _ H

Sg = — =
(31) 1= P o0

where H is a certain polynomial in p,q, and the derivation ¢ is given by 6 = 0,
for Py, Py, 8 = t0; for Py, Py, and 6 = #(t — 1)9, for Py, respectively. (The
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explicit formula for H will be given in the next section.) The 7 function, which
we denote by o, is defined up to constant factor as

(32) s(log o) = H.

By using a Bicklund transformation (Schlesinger transformation) 7" which acts
as a translation on the parameter space, one can define a sequence of functions
o, by choosing an appropriate normalization factor for T"(o) (ne Z).

Theorem 3.1 (Okamoto [3]). The sequence of t functions o, for the Painlevé
equations Py satisfies the Toda equation

(33) (026,)00 — (002)* = Gny10m_1.

We will review the derivation of the Toda equation in the next section for
completeness.

The main result (The 7, function and its polynomiality).

Let us put
(34) G = 00 (Z—D T,
Then the function 7, satisfy the recurrence relation
(35) Twi1 Tyt = (82T) Ty — (0T;)* + (ndv + u) T2,
with initial condition Tp = 7j = 1. Here u = 3> log oo, v =4 log Z—;

The functions 7T, determined by the Toda equation (35) are rational
functions in p and ¢, since we must divide the right hand side of (35) by 7, to
obtain 7,.;. However, as observed by H. Umenura (see [17] for example), a
remarkable factorization occurs at each recurrence step and the functions 7, are
polynomials in p and ¢. Namely we have the following.

Theorem 3.2. Let (p,q) be a solution for Py and define functions T, =
T.(p,q, 1) through the recurrence relation (35). Then the functions T, are poly-
nomials in p,q.

Proof. The basic ingredient of this proof is the determinant formula in
section 2. We will show for n > 0. The case n < 0 is similar. Note that the
functions 1, = 6,/0¢ (n e Z) satisfy the equation

(36) (0% Tn — (0T0)° = Tus1Taot — Y0072,
with
(37) p=2"1 ,=2.
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From the determinant formula (Theorem 2.1), the solution of the Toda equation
(33) is given by

(38) On = 00Ty = 60 det(@iy;)o <ij<n-1-

We introduce g; (i € N) by setting a; = g1g;/00 = pg;, so that

T n
(39) On = 09 <0_—;> det{gitj)o<ij<n1-

Putting u =6 log o = ¢ and v =7Flogp =4 log(oy/0¢), we can rewrite the
recurrence formula for a, to that of g,:

40)  go=1, and g =0gy1+vgurtu ¥ gg, (n=1).
i+j=n—2
£j>0
As we will see in the next section, the functions u, v and their J-derivatives are
all polynomials in p,q. Hence the matrix elements g; and their determinants
T, are also polynomials in p,q. |

4. Derivation of the Toda equations

In order to ensure the polynomiality of the functions u,v and their J-
derivatives, we will review the derivation of the Toda equation following the
work by Okamoto (3, 4, 5, 6]. In each case P; (J =1I,...,VI), we will check
the following two facts:

The Hamiltonian H and its Bicklund transformation (translation) 7T'(H)
are polynomials in p,gq.

The tau functions g, satisfying the standard Toda equation (33) are
given by

(41) o, = K,T"(0).

Here the normalization factors K, depend only on ¢ and parameters .
The polynomiality of u,v follows from these facts since we have

u =062 log 6y = 6H + 6% log K,
(42) o K
—dlog = =T(H)— H+6log =*.
v=dlog 7 =T(H)— H+0log 2
Note that the polynomiality in p,q is preserved by J-derivation because of the

polynomiality of the Hamiltonian H.
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4.1. The second Painlevé equation: Pj

The Hamiltonian is
1, , 1
(43) H11=§p —lq +§t p— a1q.
The equation for y =g is the Painlevé equation Py given as follows:

(44) y' =2 +1ty+a,

with a = o — 1.
The Bécklund transformations are given by

X %o o1 p q
4apg 20(3 o
so(x) —op o +2u | p+—Ft+ 5 |4+~
(45) S S
o
s1(x) || 0 + 204 —a p g+ ;1
n(x) o1 %p —f —-q

where 09p=1—o; and f =p —2¢%> — 1.
Let T = msy be the translation which acts on the parameter as T'(og,0) =
(o + 1,00 —1). Then we have

(46) TH)-H=Y=gq,  &H)=-%,
and
(47) 0(log 0,H) = T(H) — 2H + T~ (H).

Hence we have the Toda equation:

Tn—l(o.)Tn—H(O.)

(48) 8% log T"(a) = c(n) T(o)?

?

where c(n) is a non-zero constant. This can be transformed to the standard
Toda equation (33) by changing the normalization as

(49) o, = C,T"(a).

Here and in the followings, the relation between the constants C, and c¢(n) are
given by C,_1Cpi1C,2 = ¢(n) (ie. G, =[I{Z) (k)" *cpci—n).
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4.2. The third Painlevé equation: Py

The Hamiltonian is

1
(50) Hy = q2p2 - (q2 +v1g — t)p -+ 3 (U] + vg)q‘

The equation for y = q/s (t = s?) is given by the third Painlevé equation Py

dy 1(dy\ ldy 1, , , d
(51) WA;<$) —E%—i—g(ay +b)+cy +;,
with
(52) a = —4v,, b=4(v + 1), c=4, d=—-4.

The Bicklund transformations are

(53)
X U1 123 P q t
q 1 t
so(x) | =1 —vy | =1 =1y ?(q(p*l)—i(vl—vz))+] 2 t
Lipy — v
s | w | o » gr2t2zm |
p—1
$2(x) vy —1s l1-p —q —t

Let T = sgs25152 be the translation which acts on the parameter as T '(vy,v;)
= (v + 1,024 1). Then

(54) T(H)-H=Y=q(1-p), 0(H)=p.
and
(55) o log(6,H) = T(H) —2H + T~ (H).

Hence we have the Toda equation

T Yo)T" (o)

(56) 010 10g T"(0) = elm) — 7

b

where c(n) is a non-zero constant. This equation can be transformed to the
standard Toda equation by the change of the normalization as

(57) o0 = Cut" *T"(0).
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4.3. The fourth Painlevé equation: P;p

The Hamiltonian is
(58) Hyy = (t—p—q)pg —uq+ ap.
Equation for y =g¢ is given by

/2 3 2
3y t b
59 R S A V- R Y S b
(59) V=5t A gyt
with
1 2
(60) a =5 (o~ ), b:-%z.
The Bicklund transformations are
X 2] o o P q
Clo Ao
So( X 0o o +og (oxto | pt— | g——
(x) 7 7
o
(61) si(x) | oo oy | =g |oadoy P q+;1
o2
$p(x) || wo+ o | o1 + o0 —o p— ; q
7(x) o o oo q f

where a9 =1—0a;—ap and f=t—p—q.
Let T =msps; be the translation which acts on the parameter as
T(O(o, o, OC2) = (OCO + 1,0 — 1,0(2). Then

(62) TH)-H=Y=gq, 0(H)=pq.
and
(63) dlog(6,H +oy) = T(H) - 2H + T~ Y(H).

Hence we have the Toda equation

Tnfl (O.)Tn-H (O’)

(64) 00108 T7(9) + (o = n) = elm) =0 7=

b

where c¢(n) is a non-zero constant. The change of normalization is given by

(65) Gp = Cpe' /=17 7).
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4.4. The fifth Painlevé equation: P)

The Hamiltonian is
(66) Hy = p(p+1t)q(q — 1) + mqt — a3pg — a1 p(q — 1).
Equation for y=1-1/q is given by

1 1 "oy -1)? b (y+1)
m_ | - /2_& Y e X pAv4
(67) —(Zy—i—y—_l)(y) PR (ay+y)+ct+d7y_l ,

where

ol o? 1
(68) 0271, b:_ia C =0y — 0y, d:_z

The Bicklund transformations are

X oo o o o3 p q
so(x) o o) + o o o3+ o + a
0 0 1 0 2 3 0 p q PR,
X1
s1(x) || a0+ —o o2 + o o3 p— 7 q
(69) o
52(x) 0o ap + oy — o3 + o 14 q+ =2
o3
53(x) || oo + o3 o opto3 | —u3 | p— -1 q
P
n(x) o ) o3 oo (g —1) 7

where og =1 — oy — o — 3.
Let T = ms3sp51 be the translation which acts on the parameters as
T(ag,...,03) = (oo + 1,00 — 1,000, 23). Then

(70) TH)-H=Y=p(g—1), 0,(H)=pq(q—1)+ g,
and
(71) 5 log(0H + o)) = T(H) — 2H + T~ (H).

Hence, we obtain the Toda equation

Tn»l (J)Tn+l(0')

(72) 00 10g T7(9) + (o = n) = clm) = 7o

9
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where ¢(n) is a non-zero constant. The change of the normalization is given by

(73) On = Cot" 2™ =117 ().

4.5. The sixth Painlevé equation: Py,

The Hamiltonian is
(74) H=q(q—1)(qg—1)p* — [aalg — 1)(g — 1) + o3g(q — 1) + (20 — 1)q(q — 1)]p
+ oo +o2)(g — 1).

The equation for y = ¢ is given by

”_—l l_|__‘1i+# r_ l+_1__|__L /
) y y—1 y—ly t t—1 y—ty
t—1 +dt(t—l)]
-0 (=07

yoy-DHly -1
2(t—1)°

t
a+b—2+c
y

with
(75) a=d2/2, b=-02/2, c=0a3/2, d=—(af-1)/2.

(g + o1 + 200 + a3 + 24 = 1).  The Bécklund transformations are as follows

(76)
X oo o1 o o3 o p q
0o
so(X) —0p o1 oy + 0o o3 oy p— q——t q
s1(x) 0o —o |2+ oy o3 oy p q
o
SZ(X) oo +o | o+ o —0 o340 | og+ 0 P q+;2
o3
53(x) %o o oy o3| —o3 o4 p— o q
o4
S4(x) %o ¢4 oy + 0 o3 —0lg p— ; q
2
plg—1)"+m(g—1t) | (g—1)t
r(x) o o o 04 o3 —
t(1—1) (g—1)

Let T = sosps3545:50r be the translation which acts on the parameters as
T(og, ... 04) = (otg+ 1,00 — 1,00, 03,04). Then we have
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T(H)—H=Y =pq(1 — q) + x2(t — q),

(77)

0.H = p*q(1 — q) — aa(as + 02) + (o3 + cta)pg — aup,
and
(78) 0 log(0.H + (o + a2)(1 — ag)) = T(H) — 2H + T~ (H).

The Toda equation is given as

Tn~l (O')T"H (O‘)

(79) 00log T"(0) + (s +oo —n)(l —og —n) = c(n) T"(a)2

7

where c(n) is a non-zero constant. The change of the normalization is given by

(80) 0y = (1t — 1)) 2oz ().
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