<RNE,

;f Kobe University Repository : Kernel

R
4ope

PDF issue: 2026-10-06

Global Solvability and Asymptotic Behaviour of
a Hyperbolic Problem with Acoustic Boundary
Conditions

Cousin, A. T.
Frota, C. L.
Larkin, N. A.

(Citation)
Funkcialaj Ekvacioj, 44(3):471-485

(Issue Date)
2001-12

(Resource Type)
journal article

(Version)
Version of Record

(JaLCDOI)
https://doi.org/10.24546/0100501193

(URL)
https://hdl. handle. net/20.500. 14094/0100501193

KOBE

\j].\]\'l:lihl'[ Y
J

%)



Funkcialaj Ekvacioj, 44 (2001) 471-485

Global Solvability and Asymptotic Behaviour
of a Hyperbolic Problem with Acoustic Boundary Conditions

By

A. T. Cousin, C. L. Frota and N. A. LARKIN
(Universidade Estadual de Maringa, Brasil)

1. Introduction

This article presents a study of global solvability and asymptotic behaviour
of solutions to the mixed problem for the nonlinear hyperbolic equation with
nonlinear damping and acoustic boundary conditions:

(1.1) uy — a(Wixy + g(u;) =0, in Q=(0,1) x (0,7),
(1.2) u(0,1) =0, te(0,7),

(1.3) —pu(1,1) = 64(2) + c10,(8) + co0(2), te(0,7),
(1.4) up(1,6) =6,(5), te(0,T),

(1.5) u(x,0) = up(x), u(x,0) =u(x), xe(0,1), 6(0)=0p;

where p, T, cg,c; are positive constants, a: R — R and g : R — R are differen-
tiable functions.

In 3], J. T. Beale and S. I. Rosencrans considered acoustic boundary con-
ditions for a gas, undergoing small irrotacional pertubations from the rest, in a
domain < R? with a smooth compact boundary 42 = I.  They assumed that
the boundary I” is nonporous and locally reacting in the sense that wave motion
along the boundary is negligible. Therefore, if u(x,¢) is the velocity potential
and J(x, ) denotes the normal displacement of a point x € I' at time ¢, they
must satisfy the equations:

(1.6) Uy — Au =0, in Qx(0,7);
(1.7) Oy — €10; + cod = —puy, on I x (0,T);
(1.8) §t=%, on I'x (0,T);

here v is the unit outer normal, ¢; = d/m, ¢o = k/m, p = py/m; where m is the
mass per unit area on the boundary, d is the resistivity of the boundary, k is the
spring constant and p, is the unperturbed density of the gas.
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The mixed problem for (1.6)~(1.8) was considered by J. T. Beale which,
using semigroup techniques, carried out a detailed analysis in bounded domain
[1] and exterior domains [2]. Beale’s idea was to work with an equivalent
initial value problem in the form u, = Au where A is an operator on a suitable
Hilbert space H. For bounded domains, in [1], Beale gave a description of the
spectrum of the operator 4 and proved that there is no uniform rate of decay
for solutions to the mixed problem for (1.6)-(1.8).

Recently, C. L. Frota and J. A. Goldstein [4] studied acoustic boundary
conditions (1.7), (1.8) for the nonlinear Carrier equation with a nonlinear damping

(1.9) ut,—M<J u? dx)Au+|u,|°‘u,:O.
Q

The authors proved results on global solvability, uniqueness, regularity and
continuous dependence of solutions on the parameters when the boundary I’
is made up of two disjoint pieces Iy, /], each having nonnempty interior.
Acoustic boundary conditions (1.7), (1.8) were imposed for (x,¢) e I7 x (0,T)
and the Dirichlet boundary condition u(x,f) =0 was imposed for (x,t) € Iy x
[0,T]. Moreover, for dimensions n =2 or n = 3, global solvability and unique-
ness for the mixed problem for (1.9) with acoustic boundary conditions on the
whole boundary I” were stablished. This was obtained as a limit case when the
positive measure of [ shrink to zero.

Global solvability and stability of the energy of the mixed problem for (1.9)
with the Dirichlet boundary conditions was proved in [5].

In the present paper we consider the nonlinear wave equation (1.1) with
local nonlinearities. The function a(u) depends on a solution while the func-
tion M([,u? dx) in (1.9) depends on the L?>-norm of it. This difference makes
the study of (1.1)-(1.5) more complicated and we restrict it only to the one-
dimensional case. Exponential and algebraic energy decay are proved under some
appropriate assumptions on the damping g(x,) and when ¢ is sufficiently large.

2. Existence and uniqueness

In this section we prove the existence and uniqueness of global solutions to
(1.1)-(1.5). We denote the inner product and norm in L3(0,1) by

1 1 1/2
(4,0) = J0u<x>v<x>dx, ||u||=< j |u<x>|2dx) ,

and we define ¥V = {ze H'(0,1);2z(0) = 0} and the norm in V by
Izlly = llzsll, — zeV.

The functional spaces are standard, see in Lions and Magenes [5].
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Theorem 2.1. Suppose that the functions a and g satisfy

(2.1) 0 <ap <a(l),
(2.2) la'(A)] < koa(A),
(2.3) 19(&)] < ki (1] + 1),
(24 kalé|" < g(&)¢,
(2.5) kslé]* < ¢'(2),

for all 1,¢ € R, where k;; i =0,1,2,3; are positive constants and « > 1. Let cy,
p be positive constants and c¢; € R. Given dg€ R, upe VN H?*(0,1) and u; €
VN L?+2(0,1), there exists a unique pair of functions (u(x,t),5(t)) which is a
solution to (1.1)—(1.5) from the class:

u,u' € L*(0,T; C([0,1])),  u" e L®(0,T;L*0,1));
seCY([0,T]), " eL®(0,T).

Proof. Let {w;} be a basis of V, orthonormal in L?(0,1). For each
¢ € (0,1] and m € N we consider 6y : [0, T] — R and g, (x, 1) = 3771 @, (£)w;(x),
x€(0,1), t [0, Typ), which are solutions to the following approximate problem

(o a0 ) + (0. 52) =t

g(u, (1)) .
TN emNJ =0 1<
i (a(ugmu» )=t dsiEm
p”ém(l’ Z) +5;;n(t) + clégm(t) + CO&W(I) =0,
’ ’ Ouom
uam(o) = Uom, ugm(o) = Ulm, 55‘”’!(0) = dy, 6gm(0) = Ox (1)7

where &y € R, up, = Z]f’i](uo,wj)wj and uy, = Zj'il(ul, W)W

Since ¢ > 0, this approximate problem can be transformed into a normal
system of ODE for the unknown functions J,, and Pomj» 1 <J < m. Therefore,
it has local solutions, defined at some interval [0, T,,], which satisfy the fol-

lowing approximate equations:

26 (o4 gy o) + (20, 52) ~ (et

+<w v>:0, for all ve Vy, = [wi,...,Wnl,

2.7) Pl (1,0) = 810 (1) + €160, (1) + COBn().
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Estimate 1. Taking v = 2u,, (1) in (2.6) and multiplying (2.7) by 26, (),
we have

From here we get

4
dt

jl(e+;)<u' (oo 02+ Jtan (D12 + 0,0 +
0 a(ttgn(x, 1)) )" o Ve

L), (x, 1)
+2 JO A(tgm(x, 1)
)

- - Jl al(usm(xa Z) (Mém X, t))3 dx t & (5/ (t))z'

1

p(5§m(t))2 + = (Gum(1)?

1
i “o ( * m) (26,1 - e (1), +

! 1ty (x, )] : 2fei]

! 2
) (Oem (D))"

+2k2J

0 @ltton(%,1) et

(6,0
< ko Jo it (3, 1))

Using Young’s inequality for all # > 0, we obtain

Jl 01 r (2, 1)

U g, (x, 0)
0 alttem(x,0) =)y a(uom(x, 1) d’““(’”J o (5, 1))

0 a(ttem(x, 1))

Choosing # sufficiently small, we find

4
dt

! 1 , 1, ¢
JO <8 + m) (U (X, 1)) + |t (D) |7 +;<5sm(z))2 +;0

(Oum(1))?

ey S e Ty B A0
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here and in expressions to follow, A4;, i € N, denotes a positive constant which
does not depend on ¢,m and ¢. Integrating this inequality from 0 to ¢ < Ty,
we obtain

1 1 u, x 2 2 l ’ 2
[ (8+———a(u€m(x, t)))< 15 0+ a1+ 5 80,0

@ 2 o |uém(xa T)laH—z T
R § R

1, (x, )l ‘ 2
$A4+A2J J L’__dxdr—i—/lgj @ (2))%dx.

0 Jo atgn(x, 7)) o

Gronwall’s inequality yields

1
09 | (o sy ) o 0 s+ T+ @0

0

tply,,r oa+2
co 2 |ty (X, T)]|
+ = (Oem (t +AJJJ”~————dxd7:sA.
p( ®) 1 0Jo aluem(x, 7)) :

Taking into account that ¥ — H!(0,1) < C({0,1]) and « is a continuos
function, we can see that there exits a constant M, independent of &,m and ¢,
such that

(2.9) 0 < ap < a(gn(x, 1)) < M, for all xe (0,1), t€0, Tenl.
From (2.8) and (2.9), we have

(210) Ny (DI + Tt (0) 17 + (@ () + Bun(1)) + j " (2122 < A
This is the first estimate. ’

Estimate 2. First of all we put £ =0 in (2.6) and (2.7). It follows

(o)) - (5r) (o)

8,(0) = —prtim(1) — 1

Taking v = u/,(0) in this equality, we find constants 47 and As, such that
(2.11) O < A2 and  161(0)] < As.

Differentiating (2.6) and (2.7) with respect to ¢, we have
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@) (o4 gy ) + (S 0.2) - et

2.13) S10) + (1) + bl (6) = —puly(1, ).
Taking v = 2u,(f) in (2.12) and multiplying (2.13) by 25/ (¢), we obtain

d | 1 , / o o
E [JO <8+m)iusm('xv t)|2dx+ ||uam(t)||%/ +/_)(58m(t))2 +;(5am(t))2]

2
" (e (%, 1)Uy (X, 0) |14, (%, 0)]|

0 [@(tom(x, 2)))?

L (ugm(x, 1)) g(u,, (x, 1))l (x, Duil (x, 2)
2 £ EM £
* Jo [a(ttem(x, 1))]?

For all # > 0, Young’s inequality gives

dx

dx.

2
g = || Ll 5Dl 1
0

d

[t (3, )2 ¥
!l e, 01l v, 1) (el
S”L altom(x, ) ‘“+amLa%ummd’

o [ @ (U (x, 1) g, (5, )il (x, Ul (x, )
b= zjo (a(ttom(x, 1))

14,7 200 117 a2
gmwO“WWMWM%mM+W%MﬁIWM&MW>

dx

0 a(ten(x, 1)) 0 a(Uem(x, 1))

2 1,/ o2
2l
dx + C(p)||u’, ()3 J i dx
(”)H ()”V 0 a(usm(x7 Z))

o O et
=1 0 a(Usm(x, 1))

1 " 2
2t [ L0

d Arr;
o lttgn(x, 1)) 5 A
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1 10,0 " 2 1,0 oy 2
P LTI AL WAL PN

0 a(Uem(x, 1) 0 a(Uem(x, 1))
here we have used (2.3) and (2.4).
Therefore,
4 jl(a+——1——)|u" (6,12 + )13+~ 010 (0))% + 260, (0))”
dt 0 a(usm(x, l)) em\"" em Vv p em p em
U Juad, (3, 8)]*uatny (6, )|
#2ky | Ml DR ax

c 1,/ L (x 2
2' 1| (6// (Z))Z + ﬂjo Iuam('zk;)ln(lxemt)() 7t)| dX
1 14 o+2 1 u// 2
+ Clnlu (o [ Mo e | RSOy,

Choosing # > 0 sufficiently small we have

d| (! 1 , / .,
dt “0 <"3 +m) |, (3, D) dx + ||l (D15 +;(5Em(t))2 +

Ml e, )l (x, O
“”Jo 1))

1,,n X 2 19,7 oa+2
< Ais (%(z))2 4 L —_‘c'f(l;";i ()’:)))) dx + [ (D12 JO ;ZS(ZE:’(?L)) dx+ 1) .

Integrating this, we get

1 D (3, )1
onl) 4 | | M e

< A <l + thgm(r) Y{sm(r)dr> ,

0

1
o) = | ( *T‘ﬁﬂ) (e, 02 + o (D1 + B2 + (Bl (1))

Ly,,7 a+2
_ [t (%, D)
hem(£) = 1+ L a(ttom (. 1)) dx.
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From (2.10) we can see that there exists a constant 45 independent on
g,m,t such that

1
JJMMﬂMTSAm
0

then h,, € L'(0,T). This and Gronwall’s inequality give

(2.14) ¥, (1) < drge™ b O 4 for all e [0, 7).

Hence

(2.15) [l (O + (A2 + @ (0) + G (1)) < A, for all 1[0, T],

and the second estimate is proved.
Using estimates (2.10) and (2.15) we can pass to the limit as m — oo and
& — 0 in the approximate problem to get

(2.16) (;Eu—gg)u) + (%(l),g—i) — 3 (1) + <i<(‘:l/((t’)))),u) =0,

for all ve ¥V, ae. on [0,T].

(2.17) pu'(1,8) + 8" (1) + 16’ (1) + cod(2) = 0, a.e. on [0, 7).
(2.18) u(x,0) = up(x), u'(x,0) = uy(x), a.e. on [0,1].

(2.19) 5(0) =0y,  &'(0) :%(1).

Taking in (2.16) v =9 e 2(0,1), we have

0 P ) )
(dmm aﬂ@+awm>”)‘

which implies
u" —a(uuy +gu') =0  ae. in (0,1) x (0,T).
Uniqueness may be proved in the usual way. Theorem 2.1 is proved.

Remark 2.1. The result of Theorem 2.1 is valid even for a =1 if we
assume that k, and k3 are sufficiently large.

3. Asymptotic behaviour

In this section, we shall prove the exponential and algebraic decay of the
energy of (1.1)—(1.5). Therefore, instead of (2.3) and (2.4) we make the fol-
lowing stronger assumptions
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(3.1) lg(&)] < T (127" + 1),
(3.2) ka(1€)P 72 + 17 < g(&)E;
for all £ e R, with 0 < f <1, where

_ 10/ (e=5) _ p1-B)/ (a=B)

(@—p)

479

Theorem 3.1. Let (u,0) be a solution to the problem (1.1)—(1.5). Assume

that ¢ > 0 and the coefficient co in (1.3) satisfies the inequality

p 1
34 L e — )
(3.4) €0 8¢

where &> 0 is the constant of the embedding ||.||cqo 1y < €ll-Ily. Then there are

positive constants K and C such that
h(t) < Ke™©,  forall t>0, if =0
(3.5) or ‘
W)y <CO+0F,  forall =0, if 0<p<1
here h(t) = |[u' (1)) + (@), + 16" (D% + 16(1) .
Proof. Let us define a function @:[0,00) — R by
V' (x,1)? 2 1 o
3.6 @tzj—’——dx—k w2 + =6 (0)* +=(6(1))*.
(36) (0= | ey Gt O+ 00+ 0(0)
Multiplying (1.1) by 2u’(x,7) and integrating over (0,1), we obtain
dt

o a(u(x,1)) o alulx,n)

S CEICES 0
0 latutx )P

This and (1.3) give

(3.7) @' (1) +2J1§’(”—/(’“1))J‘Z'("—’I) dx+2~l‘}(5'<z))2

From (2.2) and (3.2), we find

d Ul w07, ”u(Z)HZV] 2L 42 Jl g (v, ' (x,1)
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' (x, 0]
o a(u(x,1))

<k JII—LLI(X’—I)PdX

* o alu(x, 1))

By Young’s inequality

1 |u/(x, t)|a+2 &

&'(1) +2/€2J dx + 2%, J FE ()

o alu(x,1)

! a2
)+ 260 + R o) | LI

o alu(x,1))
(a=B) /(=) _ =(1=B)/(a=1}] 1,1 B2
[ e (eoh)) [lemal? o,
(= p) (1-5) o alu(x,1)
for all ¢ > 0.
Choosing ¢ = k> and taking into account (3.3), we obtain
2¢; 2 ' (x, 07" N RN
3.8 @' (1) +——(6'(¢ —|—AJ—dx+kJ————dx$0,
(8 P+ FOO A oty TR et 1)

where

O REPIE ) (= gy \ OB
=2 - () >0

Inequality (3.8) shows that @ is a monotonically decreasing and bounded func-
tion for all > 0. We define

ot = [®(1) — d(t+1)]/FD >0

Integrating (3.8), we get

2e1 [ 510002 Mo
(3.9) “”+/7L““”d“““hﬁ)dwmﬂ>d”
t rl x. 1 a42
o [ ] Mgy dsde < 200
and
t+1 i+1
(3.10) Jt |5'(T)|2dT+Jt ””I(T)||ﬁ+22<o,1)df

t+1
+ J ||u’(r)||ﬁ+22(071)dr < 4,052(1), for all > 0.
t

By the mean value theorem for integrals, there exist t; € [t,1+1/4] and £, €
[t+3/4,7+ 1] such that
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(B.11) @) <24Y P e, 16'(1)] < 24,7020, for i=1,2.

Moreover, from (3.6), we obtain

(3.12) ()|, < @V3(r) and  |5(2)| < \/gcbl/z(z).

Another simple consequence of the mean value theorem is that there exists
a point #* € [t;,£,] such that

5]
(3.13) (1) SZJ D(t)dr.
151
Integrating (3.7) from ¢* to ¢, we find
t* el / /
(3.14) &) = cp(t*)+zj J g DT e

o Jo alulx, 7))

2e1 (" sreozge s [ M4 @D ()
+7L 5'(2)] dr+L | S e

0 [a(u(x, 1))]?

To estimate the right hand side of (3.14), we observe that (2.1), (3.1) and (3.10)
give

(3.15) 2JZ* Jl 9 DT e

c Jo alu(x, 7))

< 21;1 a “u ( )||ﬁ+2 d a o+2
s — LA2(0,1) 7+ . ”u( )“L“”Ol

0 t
12 g2
ap
2¢ (7 2
(3.16) %J 10’ (7)) dr < CIAZ@M()
t ap

(3.17) Jt* Jl o' (ulx, Dl (x, )| dxdr < @Jﬁjl u'(x,7) ] dxdz

0 [a(u(x,1))] a ) Jo
a B+2 o 2

<t [ WU ydrr | IR e ) < 40720,
t t

Taking into account (3.13)-(3.17), we find
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2]

(3.18) d(1) < 2J &(t)dt + As0P2(1).

15

We need an estimate for the integral ftfz &(1t)dr. Using (3.6) and (3.10), we have

7}

(3.19) J

4]

B(2)dr < A6(O%(1) + O (1)) + f (@) |2z + %J& 9(x)2dx.

n

Multiplying (1.1) by u(x,¢) and integrating over (0,1) we get

! ’ 2
(ol = [ D gy [T,
0

dt)y a(u(x,n)) alu(x, 1))
a'(u(x, ) (x, 0 u(x, 1) ,
_ L PR dx +8'(Du(l, 1)
[ e )
Jo awlxn)

Integrating this from ¢#; to #;, we obtain

620) | jutoi} de

4}

:Jl u’(x,tl)u(x, tl) dX—Jl ’(x tz) (x,lz) dx

o alu(x,n)) o a(ulx,n))

o (x, ) (" M (ulx, ) (x )P, 1)
+L Jo a(u(x, 7)) dhed Jtl Jo [a(u(x,7))]? dxdz

+ J:z ' (tu(1,7)dr — J:Z JOI % dxdr.

Since V — C([0, 1]), making use of (3.10)—(3.12), we can estimate each term of
the right hand side of (3.20) for all # > 0 as follows:

Yl (x, t)u(x, 1) 2412
(3.21) JO ) dx < Za—O@(z)qﬂ/z(z)

< 17( sup QD(T)) + C(n)0%(1); for i=1,2.

t<t<t+l

ty llu’(x )|2 A/(,B+2) .
2 [, Lty 4cte = oo
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2 (1 a'(ulx, 7))l (x, 7)| u(x, 7)
(3.23) J L la(u(x, 7)) e

) J: ( max_|u(x, r)|> J; ' (x, 7)|dxd

ay 0<x<l1

< A J:Z lu(@)Ily ' (2)]|*de < 4302 (0);

153 t

(3.24) J &' (Du(l, 7)dr < J

n

max [u(x,7)] )10 (7)|dz
(sma3, o)

f

sAgf @l |5()Idf3ﬂ< sup q><r>)+c<n>@ﬁ+2<z>;

t<t<t+l

“ (g (x,7))u(x, 7)

ki
0

2l 1 1
< J j<|u'<x,r>|ﬁ+ 1, 2) ) (e, 7)| e
0

3l

Y

IA

%) 1
A * Zdx|d
di [m e+ g, s, 1) ] f

2]

€O | (@30 + W D5 p)do

< Cn( sup q§(r)> + C(n) O 2(1).
t<t<t+1
From (3.20)-(3.25), we have
620 [ luoliar<an( s o) +a0n©%) + 070,

It remains to estimate the last term of (3.19). We multiply (1.3} by 6(¢)
and integrate from ¢, to f,, to obtain

(3.27) %J: 16(c)|2de

= u(1,1)3(t1) — u(1, £2)3(t2) + J u(1,7)0' (7)dr + %5/(11)5(”)

n

1 ’ 1 2 2 & /
25 (zz)(s(zz)vjtl 0/ () 2d —;L 5(0)8' (2)d.
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Let us estimate the right hand side of (3.27). First of all, using (3.12), we can
see that

(3.28) lu(1,1)0(2)| < E\/CZQ(Z), for i=1,2.
0
Here ¢ is given by (3.4), and we have used that V' — C([0,1]) and the fact that

@ is a monotonically decreasing function.
On the other hand,

(3.29) %5’(@-)&(1&) < 17< sup @(r)) + C(n)@P*2(r), for >0, i=1,2;

r<T<t+l1
7]
(3.30) lj 6" (2)|*dr < é@lmm;
p n p
e (s s eco [ 502 pi2
(3.31) > d(r)d'(r)dr < 3 [6(7)|“dr + C(e)@" (1), for all ¢ > 0.
3] 151

Taking into account (3.24), (3.27) and (3.28)—(3.31), we get

2 1-0) j 5(x) P < 25\/2@@ + 3n( sup M)

f t<t<t+1
42 B2
+ [ 3C(y) +7+ Cle) | @7 (1),
chosing ¢ = 1/2, we find

(3.32) @r |5(r)|2drs4c‘\/czo¢(t)—|—611( sup gb@))

n t<t<t+1
+(6C(n) + 410)07 ().

From (3.18), (3.19), (3.26) and (3.32), it follows

(1-8e/2)o0) < dun( sup_ 2(0)) + A7) + 050,

This inequality and assumption (3.4), for # > 0 sufficiently small, imply

sup  D(7) < Ap(P(0)0%(f),  for all >0,

1<t<t+l

which can be rewritten as

(3.33) sup  OYPR(1) < C(®(0))[®(t) — D(t+1)],  for all t>0.

t<t<t+1
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By lemma of M. Nakao (see [6] and [7])}, (3.5) holds, there with theorem 3.1 is
proved.
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