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Structure of Positive Radial Solutions for 
Semilinear Dirichlet Problems on a Ball 

By 

Hitoshi MYOGAHARA, 1 Eiji YANAGIDA 2* and Shoji Y 0TSUTAN13t 

(1Horiba, Ltd., 2Tohoku University and 3Ryukoku University, Japan) 

I. Introduction 

The structure of positive radial solutions for nonlinear elliptic equations 
have attracted much attention for these years. In particular, many interesting 
and beautiful results have been obtained concerning the structure of positive ra­
dial solutions on entire space Rn (see, e.g., the survey paper by Ni [8]). How­
ever, it is not straightforward to extend these results to boundary value prob­
lems on bounded domains. 

In this paper, we consider the structure of solutions of the semilinear elliptic 
equation 

(1.1) 

where p > 1, 

L1u + Q(lxl)uP = 0 Ill B, 

if u > 0, 
if u:::;; 0, 

Q(lxl) is a given nonnegative function, and 

n > 2. 

Our main concern is the existence and uniqueness of positive radial solutions of 
(1.1) under the Dirichlet boundary condition 

(1.2) u=O on oB. 

Before studying the boundary value problem, we describe the result of [ 11] 
concerning the structure of positive radial solutions of (1. 1) in the entire space 

* Supported in part by the Grant-in-Aid for Scientific research (B) (No. 12440023), Japan Society 
for the promotion of Science. 

t Supported in part by the Grant-in-Aid for Scientific research (C) (No. 12640225), Japan Society 
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Rn. Since we are concerned with positive radial solutions, we consider the ini­
tial value problem 

(1.3) { 
u,, + n ~ I u, + K(r)uP = 0, r E (0, oo), 

u(0) =a> 0. 

Here we. assume that p > 1, n > 2, and K(r) satisfies 

(K) 

K(r) E C((0, oo)); 

K(r) ~ 0 and K(r) ¢:. 0 on (0, oo ); 

rK(r) E L1(0, l); 

rn-l-(n-2)p K(r) E Ll(l, CXl ). 

We note that K(r) may be unbounded at r = 0. Under the first and second 
conditions, it is shown in [7, 9] that the initial value problem (1.3) is uniquely 
solvable if and only if rK(r) E L 1(0, 1). We denote the unique solution by 
u(r; a). It is known [11] that the solution of (1.3) is classified as 
( i) a crossing solution: u(r; a) has a zero in (0, oo ), 
(ii) a slowly decaying solution: u(r; a) > 0 on [0, oo) and rn-2u(r; a) -----+ oo as 

r-----+ oo, 
(iii) a rapidly decaying solution: u(r; a) > 0 on [0, oo) and lim,__, 00 rn-2u(r; a) 

exists and is positive. 
Finally, it is known [1, 6] that if rn-I-(n-2)p K(r) ¢= L1 (1, oo ), then any solution of 
(1.3) (whether or not it satisfies the initial condition) cannot be positive near oo 
so that u(r; a) is a crossing solution for any a E (0, oo ). 

(1.4) 

It is shown in [11] that the Pohozaev identities 

! {~rn-lu,{ru, + (n - 2)u} + p ! 1 rnK(r)uP+l} 

= G,(r;K)up+l = H,(r;K){rn-2uy+1, 

play a crucial role for the structure of solution of (1.3), where G(r; K) and 
H(r; K) are functions on (0, oo) defined by 

I n - 2 J' (1.5) G(r; K) := p + 1 rnK(r) - - 2-
0 

rn-l K(r)dr, 

I n - 2J 00 

(1.6) H(r; K) := P + I r2-(n-2)p K(r) - - 2- r rl-(n-2)p K(r)dr, 
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respectively. We define 

rG := inf {r E (0, oo ); G(r; K) < 0}, 

rH := sup{r E (0, oo ); H(r; K) < 0}. 

Here we put rG = oo if G(r; K) ?: 0 on (0, oo ), and rH = 0 if H(r; K) ?: 0 on 
(0, 00 ). 

The following result was obtained in [ 11]. 

Theorem A. Suppose that (K) holds. Then the structure of solutions for 
(1.3) is as follows: 
( i) If G(r; K) = 0 on (0, oo ), then the structure is of Type R: u(r; ix) is a 

rapidly decaying solution for every a > 0. 
(ii) Suppose that G(r; K) cf. 0 on (0, oo). 

(a) If rG = oo, then the structure is of Type C: u(r; ix) is a crossing 
solution for every a > 0. 

(b) If 0 = rH s rG < oo, then the structure is of Type S: u(r; ix) is a 
slowly decaying solution for every a > 0. 

(c) If O < rH s rG < oo, then the structure is of Type M: There exists 
ix* E (0, oo) such that 

u(r;IX) is a crossing solution for IX E (IX*, oo), 
u(r; IX*) is a rapidly decaying solution, and 
u(r; 1X) is a slowly decaying solution for IX E (0, IX*). 

(iii) Let a and b be any given numbers with 0 s a < b s oo. Then there exists 
K(r) satisfying (K), rG = a and rH = b such that the structure is of none of 
Types R, C, S, and M. 

Thus, the structure of solutions for (1.3) can be determined completely in 
the case rH s rG, but cannot be determined f~om only rG and rH in the case 
rG < rH. We note that G(r; K) = 0 on (0, oo) if and only if 

(1.7) K(r) = c. r((n-2)p-(n+2))/2 

for some constant c > 0. In this case, the identity H(r; K) = 0 holds on (0, oo) 
and the solution of (1.3) is explicitly written as 

(1.8) { }
-2/(p-1) 2c1Xp-I 

u(r; 1X) = IX l + 2 r(n-2)(p-I)/2 
(p + l)(n - 2) 

The proof of Theorem A in [ 11] is based on the effective use of the 
Pohozaev identities (1.4). Theorem A is a quite powerful tool to derive precise 
information on the structure of solutions, but it was pointed out by Kwong and 
Zhang [5] that the method is not applicable directly to boundary value problems 
on bounded domains, mainly because the above Pohozaev identities are not re­
lated with the boundary conditions. Nonetheless, we will show by· modifying 
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the method that similar results can be obtained for the boundary value problems 
(see [4] about general results). 

Let us return to our original problem (1.1). In order to study positive ra­
dial solutions for the Dirichlet problem (1.1) with (1.2), we consider the initial 
value problems 

(1.9) 

and 

(1.10) 

{ 
u,, + n ~ I u, + Q(r)uP = 0, r E (0, 1), 

u(0) =a> 0, 

u,,+--u,+Q(r)uP=0, rE(0,1), 
{ 

n-1 

u(l) = ~' u,(1) = -/3 < 0. 

For Q(r), we will assume 

(Q) 

Q(r) E C((0, l)); 

Q(r) ~ 0 and Q(r) cj. 0 on (0, 1); 

rQ(r) EL1(0, 1/2); 

(1 - rVQ(r) E L1(1/2, 1). 

We note that Q(r) may be unbounded at r = 0 or r = 1. As is noted above, 
under these conditions, (1.9) has a unique solution u = u(r; a) on (0, 1 ). The 
last condition in (Q) is a necessary and sufficient condition on the existence of 
a unique solution for (1.10) (see Lemma 2.7 below). We denote the unique 
solution by u(r;/J). 

By Lemma 2.3 given in the next section, the solution of (1.9) is classified as 
( i) a crossing solution: u(r; a) has a zero in (0, 1), 
(ii) a singular solution: u(r; a)> 0 on [0, 1) and lim,___,1 u(r; a)/(1 - r) = oo, 
(iii) a regular solution: u(r; a)> 0 on [0, 1) and limr->I u(r; a)/(1 - r) exists 

and is positive. 
We will see that if the last condition in (Q) does not hold, then u(r; a) is a 
crossing solution for any a E (0, oo ). We note that depending on Q(r), the sin­
gular solution satisfies u( 1) > 0 or u( 1) = 0. In the latter case, the singular so­
lution is not differentiable at r = 1. Thus, if u(r; a) is a regular solution, then 
u = u(lxl; a) is a solution of the Dirichlet problem (1.1) with (1.2) in the class 
C(B) n C1 (B - {0}) n C2(B - {0} ). 

Similarly, the solution of (1.10) is classified as 
( i ) a crossing solution: u(r; /3) has a zero in (0, 1), 
(ii) a singular solution: u(r;/3) > 0 on (0, 1) and lim,_,o u(r;/3) = oo, 
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(iii) a regular solution: u(r; f]) > 0 on (0, 1) and limr----,0 u(r; f]) exists and is 
positive. 

We will see that if the third condition in (Q) does not hold, then u(r;f]) is a 

crossing solution for any /J E (0, oo). Also, if u(r; f]) is a regular solution, then 

u = u(lxl;/3) is a solution of the Dirichlet problem (1.1) with (1.2) in the class 
C(B) n C 1 (B - {0}) n C2 (B - {0} ). 

To derive an analog of Theorem A, we need to modify the Pohozaev 
identities and the functions G(r; K) and H(r; K) by taking the boundary condi­

tion (1.2) into account. We will see that the following identities are suitable 

for our purpose: 

(1.11) 

= a:(r; Q)up+I = Hf (r; Q) C ~-r2n~2 r+l' 

where Gb(r; Q) and Hb(r; Q) are functions on (0, 1) defined by 

(1.12) I n - 2 J' Gb(r; Q) := P + l (1 - rn-2 )rnQ(r) - - 2-
0 

rn-IQ(r)dr, 

(1.13) 
1 Hb(r; Q) := __ 1 (1 _ rn-2)p+2r2-(n-2)PQ(r) 

p+ 

- n; 2 r (1- rn-2)p+Ir!-(n-2)pQ(r)dr. 

We also define 

r~ := inf{r E (0, l); Gb(r; Q) < 0}, 

r% := sup{r E (0, 1); Hb(r; Q) < 0}. 

Here we put rS = 1 if Gb(r; Q) 2. 0 on (0, 1), and rt= 0 if Hb(r; Q) 2. 0 on 

(0, 1 ). Thus we have 0 s rS, rt s 1 by definition. 
Now we state our main results on (1.9) and (1.10). 

Theorem 1.1. Suppose that (Q) holds. Then the structure of solutions for 

(1.9) is as follows: 
( i) If Gb(r; Q) = 0 on (0, 1), then the structure is of Type R: u(r; 1X) is a 

regular solution for every IX > 0. 
(ii) Suppose that Gb(r; Q)-;/= 0 on (0, 1). 

(a) If O < rt s rS = 1, then the structure is of Type C: u(r; IX) is a cross­

ing solution for every IX > 0. 
(b) If 0 = rt s rS < 1, then the structure is of Type S: u(r; 1X) is a sin­

gular solution for every IX > 0. 
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(c) If 0 < ri'f s rS < 1, then the structure is of Type M: There exists 
ab E (0, oo) such that 

u(r; rx.) is a crossing solution for rx. E ( rx.b, oo ), 
u(r; ab) is a regular solution, and 
u(r; rx.) is a singular solution for rx. E (0, rx.b). 

(iii) Let a and b be any given numbers with O s a < b s I. Then there exists 
Q(r) satisfying (Q), rS = a and ri'f = b such that the structure is of none of 
Types R, C, S, and M. 

Theorem 1.2. Suppose that (Q) holds. Then the structure of solutions for 
(1.10) is as follows: 
( i ) If Gb (r; Q) = 0 on (0, I), then the structure is of Type R: u(r; f]) is a 

regular solution for every f] > 0. 
(ii) Suppose that Gb(r; Q) 'I- 0 on (0, I). 

(a) Jf O = ri'f s rS < 1, then the structure is of Type C: u(r;f]) is a cross­
ing solution for every f] > 0. 

(b) Jf 0 < rt s rS = 1, then the structure is of Type S: u(r;f]) is a sin­
gular solution for every f] > 0. 

(c) If O < rt s rS < 1, then the structure is of Type M: There exists 
pb E (0, oo) such that 

u(r; f]) is a crossing solution for f] E (f]b, oo ), 
u(r; f]b) is a regular solution, and 
u(r;f]) is a singular solution for f] E (O,f]b). 

(iii) Let a and b be any given numbers with O s a < b s I. Then there exists 
Q(r) satisfying (Q), rS = a and rt = b such that the structure is of none of 
Types R, C, S, and M. 

We note that Gb(r; Q) = 0 if and only if 

(1.14) 

for some c > 0. In this case, we have Hb(r; Q) = 0 on (0, I) and the solutions 
of (1.9) and (1.10) are explicitly written as 

(1.15) { 
2crx.P-I ( rn-2 )(p-1)/2}-2/(p-l) 

u(r-rx.) = rx. 1 +-----~ 
' (p+l)(n-2)2 1-rn-l 

and 

( 1.16) 
f](l - rn-2) { 2cf]p-1 (I - rn-2) (p-l)/2}-2/(p-l) 

u(r- f]) = --- 1 + -----
' rn-2 (p+l)(n-2)2 rn-2 ' 

respectively. 
There are two ways to prove the above theorems. One is to follow the 

proof in [II] for (1.3) by using the modified Pohozaev identities (1.11). The 
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other is to transform (1.9) and (1.10) into the form of (1.3) by suitable changes 
of variables, and apply Theorem A to the transformed systems. Then we may 
inversely transform the results for (1.3) to those for (1.9) and (1.10). In this 
paper, we adopt the latter method. 

This paper is organized as follows. In section 2, we give suitable changes 
of variables to transform (1.9) and (1.10) into the form of (1.3). Then the proofs 
of Theorems 1.1 and 1.2 are obtained easily from Theorem A. In section 3, as 
applications of Theorems 1.1 and 1.2, we give a few corollaries concerning the 
structure of solutions for the problems (1.9) and (1.10) with Q(r) = r0/(I-rn-2 ) r_ 

• We will also give an application to some exterior Dirichlet problem. Section 4 
is devoted to proofs of the corollaries. 

2. Proofs of theorems 

In this section, we give proofs of Theorems 1.1 and 1.2. First we in­
troduce a change of variables which transforms (1.9) to the form of (1.3). 

Lemma 2.1. Set 

(2.1) w(s; ix) := u(r; ix) and 

Then (l.9) is transformed to 

(2.2) 

where 

{ 
Wss + n ~ I Ws + K(s)wP = 0, s E (0, oo ), 

w(0; ix) = ix> 0, 

(2.3) s2(n-l) K(s) := r2(n-l)Q(r). 

Proof Differentiating s-n+l = r-n+l - I, we obtain 

n-1 d n-1 d 
r dr = s ds • 

Hence 

= s2(n-l) ( Wss + n ~ I Ws)­

Clearly w(0; ix) = u(0; ix). Thus we obtain (2.2) with (2.3). Q.E.D. 
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Lemma 2.2. Let K(s) be defined by (2.3). Then K(s) satisfies (K) if and 
only if Q(r) satisfies (Q). 

Proof It is clear from (2.3) that the first and second conditions in (Q) are 
equivalent to those in (K). We have 

sK(s)ds = s • s-l(n-l)rl(n-l)Q(r) • sn-lr-n+l dr = (1 - rn-2)rQ(r)dr. 

Hence sK(s) E L1(0, 1) if and only if rQ(r) E L1(0, 1/2). Similarly, we have 

sn-l-(n-2)p K(s)ds = sn-l-(n-2)p. s-2(n-l)r2(n-l)Q(r). sn-lr-n+l dr 

= rn-l-(n-2)p(l - rn-2lQ(r)dr. 

Hence sn-I-(n-l)PK(s) E L 1(1, oo) if and only if (1 - rlQ(r) E L 1(1/2, 1). Thus 
the proof is complete. Q.E.D. 

Lemma 2.3. Let u(r; rx) be a solution of (1.9). If u(r; rx) > 0 on [O, 1 ), then 
rn-2u(r; rx)/(1 - rn-2 ) is non-decreasing in r E (0, 1). 

Proof Let w(s; a) be the solution of (2.2). It is shown in Lemma 7.2 
of [11] that if w(s;rx) >0 on [O,oo), then sn-2w(s;rx) is non-decreasing in sE 

(0, oo ). By the transformation (2.1), this implies that if u(r; rx) > 0 on [O, 1), 
then sn-2w(s; a)= rn-2u(r; rx)/(1 - rn-2) is non-decreasing in r E (0, 1). Q.E.D. 

We see from this lemma that any solution of (1.9) is classified as one of the 
crossing solution, singular solution and regular solution as in the introduction. 

Lemma 2.4. By the transformation (2.1 ), the following holds. 
( i) Any crossing solution of (1.9) corresponds to a crossing solution of (2.2). 
(ii) Any singular solution of (1.9) corresponds to a slowly decaying solution of 

(2.2). 
(iii) Any regular solution of (1.9) corresponds to a rapidly decaying solution of 

(2.2). 

Proof First, suppose that u(y; rx) = 0 at some y E (0, 1). Then, by (2.1), 
we have w(z; a)= 0 at z := y/(1 - yn-2 ) I/(n-2) E (0, oo ). This proves (i). Next, 
suppose that u(r;rx) > 0 on [O, 1). Then, again by (2.1), we have sn-2w(s;rx) = 
rn-2u(r; rx)/(1 - rn-2 ). This proves (ii) and (iii). Q.E.D. 

By the transformation (2.1 ), we will rewrite the Pohozaev identities (1. 11) 
and the functions Gb(r; Q) and Hb(r; Q) defined by (1.12) and (1.13), respectively. 

Lemma 2.5. Let K(s) be defined by (2.3). Then 

Gb(r; Q) = G(s; K) and Hb(r; Q) = H(s; K). 

Proof By r-n+2 - 1 = s-n+2, r2n-2Q(r) = s2n-2K(s) and r1-n dr = s1-n ds, 
we have 
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Similarly, 

Hb(r; Q) = P ! l (1 _ rn-2y+2r2-(n-2)PQ(r) 

- n - 2 II (1 - rn-2y+1 rl-(n-2)PQ(r)dr 
2 r 

n - 2 II I - -- (r-n+2 - 1y+ . r2n-2Q(r). r-n+I dr 
2 r 

= _l _. (s-n+2y+2. s2n-2 K(s) - n- 2 Joo (s-n+2y+1. s2n-2 K(s) . s-n+I ds 
p+l 2 s 

= _I _s2-(n-2)p K(s) - n - 2 Joo sl-(n-2)p K(s)ds 
p + I 2 s 

= H(s;K). 

Thus the proof is complete. Q.E.D. 

Now we are in a position to prove Theorem 1.1. 

Proof of Theorem 1.1. We define 

sa := inf{s E (0, oo ); G(s; K) < 0}, 

sH := sup{s E (0, oo);H(s;K) < 0}. 

By Lemmas 2.1 and 2.5, we have 

( )-n+2 ( )-n+2 l sa = ra - and 

Then, by Lemmas 2.2, 2.4 and Theorem A, the proof is complete. Q.E.D. 
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Remark 2.1. By the transformation (2.1), we have 

ru, + (n - 2)u - rn- 1u, = (r-n+l - 1) · rn- 1u, + (n - 2)u 

= s-n+l • sn-lWs + (n - 2)w = SWs + (n - 2)w, 

(1 _ rn-2)rnQ(r)uP+I = (r-n+2 _ l). r2n-2Q(r). uP+I 

= s-n+2. sln-2 K(s). wP+I = snK(s)wP+I. 

Hence the modified Pohozaev identities (1.11) are transformed to the Pohozaev 
identities (1.4). Also, it is easy to see that the function Q(r) given by (1.14) and 
the exact solution given by (1.15) correspond to the function K(r) given by (1. 7) 
and the exact solution given by (1.8), respectively. 

A proof of Theorem 1.2 can be obtained in essentially the same manner. 
We introduce a change of variables which transforms (1.10) to the form of (1.3). 

Lemma 2.6. Set 

(2.4) and 

Then (LIO) is transformed to 

sE(O,oo), 

(2.5) 

where 

(2.6) s-n+4-(n-2)p K(s) := r2n-2Q(r). 

Proof Differentiating sn-l = r-n+l - 1, we obtain 

n-1 d -n+3 d r -= -s -. 
dr ds 

Hence 

-n+4 ( n - 1 ) = S Wss +-S-Ws • 

Moreover, we have 

/J = -rn-Iu,(r;/J)l,=I = s-n+3{sn-2w(s;/J)Lls=O = (n - 2)w(O;/J). 

Thus we obtain (2.5) with (2.6). Q.E.D. 
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By using the change of variables (2.4), we will rewrite the functions 
Gb(r; Q) and Hb(r; Q) defined by (1.12) and (1.13), respectively. 

The next lemma can be proved in the same manner as in Lemma 2.2. 

Lemma 2.7. Let K(s) be defined by (2.6). Then K(s) satisfies (K) if and 
only if Q(r) satisfies (Q). 

Lemma 2.8. Let K(s) be defined by (2.6). Then 

and 

where G and H are defined by (1.5) and (1.6), respectively. 

Proof By r-n+2 - l = sn-2, r2n-2Q(r) = s-n+4-(n-2)p K(s) and r-n+I dr = 
-sn-3 ds, we have 

Gb(r; Q) = -- . (r-n+2 - 1). r2n-2Q(r) - -- r2n-2Q(r). r-n+I dr l n - 2 Ir 
p + l 2 0 

Similarly, 

= __ . sn-2 . s-n+4-(n-2)p K(s) _--=- s-n+4-(n-2)p K(s) . sn-3 ds 1 n 2 Joo 
p+ 1 2 s 

= _l_s2-(n-2)p K(s) - n - 2 Joo sl-(n-2)p K(s)ds 
p+ 1 2 s 

= H(s;K). 

Hb(r; Q) = p ! 1. (r-n+2 - 1)I'+2. r2n-2Q(r) 

_ n - 2 JI (r-n+2 _ l)I'+l . r2n-2Q(r). r-n+I dr 
2 r 

= _1 _. s(n-2)(p+2) . s-n+4-(n-2)p K(s) 
p+l 

- n - 2 Is s(n-2)(p+l) . s-n+4-(n-2)p K(s) . sn-3 ds 
2 0 

l n - 2Is = p + l snK(s) - - 2-
0 

sn-l K(s)ds 

= G(s; K). 

Thus the proof is complete. Q.E.D. 

The remaining part of the proof of Theorems 1.2 is obtained in a similar 
manner to Theorem 1.1. We omit the details. 
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Remark 2.2. By the transformation (2.4), we have 

rn-lu, = -s~n+3(sn-2w), = -SWs - (n - 2)w, 

(1 _ rn-2)rnQ(r)up+l = (r~n+2 _ l). r2n-2Q(r). uP+l 

= sn-2 . s-n+4-(n-2)p K(s) . (sn-2w)P+l = Sn K(s)wP+l _ 

Hence the modified Pohozaev identities (1.11) are transformed to the Pohozaev 
identities (1.4). Also, it is easy to see that the function Q(r) given by (1.14) and 
the exact solution given by (1.16) correspond to the function K(r) given by (1.7) 
and the exact solution given by (1.8), respectively. 

3. Applications 

In this section, as applications of Theorems 1.1 and 1.2, we investigate the 
structure of solutions to (1.9) and (1.10) with Q(r) = ra /(l - rn-2)', where a 
and r are real parameters. We note that Q(r) is unbounded at r = 0 for a< 0 
and unbounded at r = l for r > 0. We will also give an application to some 
exterior Dirichlet problem. 

(3.1) 

First we consider the initial value problem 

{
Urr+n~ 1u,+(I-r;_2ruP=O, rE(0,1), 

u(0) =a> 0. 

If a:S;-2, then rQ(r)¢L1(0,I/2) so that (3.1) has no solution. Hence we 
consider the case a> -2 only. 

Corollary 3.1. The structure of solutions of (3.1) with a> -2 is as follows: 
(i) Let l <p<(n+2+2a)/(n-2). 

(a) If r ~ (p + 3)/2, then the structure is of Type C. 
(b) If r < (p + 3)/2, then the structure is of Type M. 

(ii) Let p = (n + 2 + 2a)/(n - 2). 

(3.2) 

(a) If r > (p + 3)/2, then the structure is of Type C. 
(b) If r = (p + 3)/2, then the structure is of Type R. Moreover the so­

lution is written as 

. - { ry_2(a+2)/(n-2) ( rn-2 )(a+2)/(n-2) }-(n-2)/(a+2) 

u(r,a)-a 1+( )( 2) 1 _2 n + a n - - rn 

(c) If r < (p + 3)/2, then the structure is of Type S. 
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(iii) Let p > (n + 2 + 2rJ)/(n - 2). 
(a) If T 2 p + I, then the structure is of Type C. 
(b) If T:::;; (p + 3)/2, then the structure is of Type S. 

't =p+l 
't ,. , 

,e 
't=~ , 

(' ? 2 

TypeC I 
I 

<t 
I 
I 

.,.,. 1 -TypeR ., .. 
.,£"' ., .. 

2 
., .... 

TypeM Types 

0 
p 

n+2+2cr 1 n-2 

Fig. 1. Structure of solutions for (3.1) with a> -2. 

Remark 3.1. If rJ > -2, p > (n + 2 + 2rJ)/(n - 2) and (p + 3)/2 < r < 
p + I, then it is hard to determine the structure of solutions. Numerical com­
putations suggest that the structure of solutions would be very complicated de­
pending on the dimension n. 

For n = 3, Hashimoto and Otani [3] obtained some existence and non­
existence results for the above equation. We can derive more precise infor­
mation from Corollary 3.1. Especially, we can show the uniqueness of regular 
solutions. 

(3.3) 

Next we investigate the structure of solutions for 

{
u,,+n~ 1u,+(I-r:-2ruP=O, rE(0,l), 

u(l) = 0, u,(1) = -/J < 0. 

Ifr 2p+ 1, then (1 -rVQ(r) ¢L1(I/2, 1) so that (3.3) has no solution. Hence 
we will consider the case r < p + I only. 

Corollary 3.2. The structure of solutions of (3.3) with T < p + I is as 
follows: 
( i) Let rJ:::;; -2. Then the structure is of Type C. 
(ii) Let rJ > -2 and I < p < (n + 2 + 2rJ)/(n - 2). 

(a) If T 2 (p + 3)/2, then the structure is of Type S. 
(b) If T < (p + 3)/2, then the structure is of Type M. 
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(iii) Let (J > -2 and p = (n + 2 + 2(J)/(n - 2). 

(a) If r > (p + 3)/2, then the structure is of Type S. 
(b) If r = (p + 3)/2, then the structure is of Type R. Moreover the so­

lution is written as 

/J(l _ rn-2) { p2(u+2)/(n-2) (l - rn-2)(u+2)/(n-2) }-(n-2)/(rr+2) 

(3 4) u(r- /3) - --- 1 +---c--,----------,---
• ' - rn-2 (n+(J)(n-2) rn-2 

(c) If r < (p + 3)/2, then the structure is of Type C. 
(iv) Let (J > -2 and p > (n + 2 + 2(J)/(n - 2). Jf r :s; (p + 3)/2, then the struc­

ture is of Type C. 

't=p+l 
't 

TypeC 

2 

Qt-----------p 
1 

Fig. 2. Structure of solutions for (3.3) with a~ -2. 

't 

2 
TypeM 

I 
I 
I 
I 
I 

't =p+l 

? 
., .. 

,,e'' 
., .. 

-LTypeR 

¢ TypeC 

't =...E..!.1-
2 

.;' ., .. 

01------;--: _____ P 
1 1 n+2+2cr 

: n-2 

Fig. 3. Structure of solutions for (3.3) with a> -2. 
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Remark 3.2. If a>-2, p>(n+2+2a)/(n-2) and (p+3)/2<r< 
p + 1, then it is hard to determine the structure of solutions. Numerical com­
putations also suggest that the structure of solutions would be very complicated 
depending on the dimension n. 

For n = 3, Senba, Ebihara and Furusho [10] obtained some existence results 
for the above equation. We can derive more precise information from Corollary 
3.2. 

(3.5) 

Finally we treat the structure of solutions for the initial value problem 

{ 
Urr + n ~ l Ur+ (rn-;~ l)'uP = 0, r E (1, oo), 

u(l) = 0, u,(1) = y > 0, 

which corresponds to the exterior Dirichlet problem. We note that this ini­
tial value problem is uniquely solvable if and only if r < p + 1. We denote the 
unique solution by u(r; y). Similar to (1.3), any solution of (3.5) is classified as 
(i) a crossing solution: u(r;y) has a zero in (l,oo), 
(ii) a slowly decaying solution: u(r; y) > 0 on (1, oo) and rn-2u(r; y) ----> oo as 

r----> oo, 
(iii) a rapidly decaying solution: u(r;y) > 0 on (1, oo) and limr-,CX) rn-2u(r;y) 

exists and is positive. 
The structures of Type R, C, S and M are defined in the same way as in 

Theorem A. 

Corollary 3.3. The structure of solutions of (3.5) with r <p + 1 is as follows: 

( i) Let p s (n + a)/(n - 2) - r. Then the structure is of Type C. 
(ii) Let p>(n+a)/(n-2)-r and p>(n+2+2a)/(n-2)-2r. 

(a) If r :2'. (p + 3)/2, then the structure is of Type S. 
(b) If r < (p + 3)/2, then the structure is of Type M. 

(iii) Let p > (n + a)/(n - 2) - r and p = (n + 2 + 2a)/(n - 2) - 2r. 
(a) If r > (p + 3)/2, then the structure is of Type S. 

(3.6) 

(b) If r = (p + 3)/2, then the structure is of Type R. Moreover the so­
lution is written as 

X 1 + Y (rn-2 _ 1 iu-2(n-3))/(2(n-2)) { 
2 (u-2(n-3))/(n-2) }-2(n-2)/(u-2(n-3)) 

(a+2)(n-2) 

(c) If r < (p + 3)/2, then the structure is of Type C. 
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(iv) Let p > (n + O")/(n - 2) - r and p < (n + 2 + 20")/(n - 2) - 2r. If r:::; 
(p + 3)/2, then the structure is of Type C. 

't 

c,+2 

-c =p+l 

TypeM 

't =~ 
2 

n-2 ', P 
0 ............... 

1 ...... 
Type C is .......... ,..=- .e. n+2+2cr 

' 2 + 2(n-2) 

Fig. 4. Structure of solutions for (3.5) with a:,; 2(n - 3). 

-r=p+l 
't 

"+2 
n-2 : •. 

ypeR TypeM 
...... ...... 

............ 6 
Typ~C ............ 

................. p 
01------------~--... -

1 n+cr ,.. =-.e.+n+2+2cr 
't=-p+--;:;-:T • 2 2(n-2) 

Fig. 5. Structure of solutions for (3.5) with a> 2(n - 3). 

Remark 3.3. If p > (n + O")/(n - 2) - r, p < (n + 2 + 20")/(n - 2) - 2r and 
(p + 3)/2 < r < p + I, then it is hard to determine the structure of solutions. 
Numerical computations suggest that the structure of solutions would be very 
complicated depending on the dimension n. 

For n = 3, Ebihara and Furusho [2] obtained partial results for the above 
equation. Hashimoto and Otani also have shown some results for a special case 
by modifying the method in [3]. We can obtain more precise information from 
Corollary 3.3. 
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4. Proofs of corollaries 

In this section, we give proofs of Crollaries 3.1, 3.2 and 3.3. Throughout 
this section, we set Q(r) = r" /(1 - rn-2)' and simply write Gb(r) and Hb(r) 
instead of Gb(r; Q) and Hb(r; Q), respectively. 

We first prove the following results. 

Lemma 4.1. If (J > -2 and r :2'. p + l, then the structure of solutions for 
(3.1) is of Type C. 

Proof In the proof of Lemma 2.2, we showed that sn-I-(n-l)p K(s) E 

L1(1,oo) if and only if (1-r)PQ(r)EL1(1/2,l). It is easy to see that 
(1 - r)PQ(r) ¢ L1(1/2, 1) if r :2'.p + l. Thus the structure of solutions of (3.1) 
is of Type C by [1, 6]. Q.E.D. 

Lemma 4.2. If (J s -2 and r < p + l, then the structure of solutions for 
(3.3) is of Type C. 

Proof Since rQ(r) ¢ L1 (0, 1/2) if (J s -2, the structure of solutions of (3.3) 
is of Type C by [1, 6]. Q.E.D. 

In what follows, we consider the case where (J > -2 and r < p + l. For 
Q(r) = r" /(1 - rn-2)', the functions Gb(r) and Hb(r) defined by (1.12) and (1.13) 
are computed as 

(4.1) Gb(r) = _1_ rn+u - n - 2 Jr rn-l+u dr 
p + l (1 - rn-2)'-1 2 o (1 - rn-2)' ' 

(4.2) 
1 r"+2-(n-2)p n 2 J' r"+l-(n-2)p 

Hb(r)=--------~ ----~dr 
p + l (1 _ rn-2r-p-l 2 r (l _ rn-2r-p-l • 

Since n + (J > 0 and r - p - 2 < 0, we have. 

Moreover, we have 

( 4.3) 

(4.4) 
l r"+ 1-(n-2)p 

Hb(r) - -- · ----· S(r) 
r - p + l (1 - rn-2r-p-l ' 

where 

(4.5) S(r) := {(n - 2)r - 2(n - 1) - u}rn-l + n + 2 + 2(J2- (n - 2)P. 
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We note that 

( p+3) S(l) = (n - 2) r - - 2- . 

Lemma 4.3. Let 1 < p < (n + 2 + 2u)/(n - 2). 
(i) Jf (p+3)/2~r<p+l, then rS=rk=l. 
(ii) If r < (p + 3)/2, then 0 < rk < rS < 1. 

Proof For 1 < p < (n + 2 + 2u)/(n - 2), we have S(0) > 0 and 

{ 
> 0 if r > (p + 3)/2, 

S(l) =0 ifr=(p+3)/2, 
<0 ifr<(p+3)/2. 

Hence, if (p+3)/2 ~ r <p+ 1, then 0 ~ min{S(0),S(l)} < S(r) on (0, 1), which 
implies Gf(r) > 0 on (0, 1) by (4.3) and Hf(r) > 0 on (0, 1) by (4.4). Thus we 
obtain rS = 1 = rt, which proves (i). 

Next, if r < (p + 3)/2, then S(0) > 0, S(l) < 0, and the function S(r) de­
fined by (4.5) has a unique zero in (0, 1). Hence, by (4.3) and (4.4), there exists 
r.E(0,l) such that 

ot(r) > 0 on (0, r.) and Gt(r) < 0 on (r., 1) 

and 

and 

Since Gb(0) = Hb(l) = 0, it suffices to show that Gb(l) E [-oo, 0) and Hb(0) E 
[-oo, 0). 

If 1 ~ r < (p + 3)/2, then it is easy to see from (4.1) that Gb(l) = -oo. If 
r < 1, then it follows from (4.1) that 

b n - 2 JI rn-l+rr 
G (1) = --2- 0 (l _ rn-l)' dr E (-oo,0). 

Thus we obtain Gb(l)E[-oo,0). Similarly, if (u+2)/(n-2)~p< 
(n + 2 + 2u)/(n - 2), then it is easy to see from (4.2) that Hb(0) = -oo. If 
1 < p < (u + 2)/(n - 2), then it follows from (4.2) that 

b n _ 2 JI ro-+l-(n-2)p 
H (0) = --2- 1 drE (-oo,0). 

0 (1 - rn-2r-p-

Thus we obtain Hb(0) E [-oo, 0). The proof of (ii) is now complete. Q.E.D. 
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Lemma 4.4. Let p = (n + 2 + 2(J)/(n - 2). 
(i) If (p+3)/2<r<p+l, then r&=rt=L 

19 

(ii) If T = (p + 3)/2, then Gb(r) = 0 on (0, 1). Moreover, the solutions of (3.1) 
and (3.3) are explicitly written as (3.2) and (3.4), respectively. 

(iii) If T < (p + 3)/2, then r& =rt= 0. 

Proof For p = (n + 2 + 2(J)/(n - 2), S(r) is monotone in (0, 1) and 
S(0) = 0. Hence 

( ){>0 ifr> (p+3)/2, 
Sr < 0 if T < (p + 3)/2, 

on (0, 1). Since Gb(0) = 0 = Hb(l), we obtain (i) and (iii). If r = (p + 3)/2, 
then S(r) = 0 so that Gb(r) = 0 on (0, 1). The exact solutions (3.2) and (3.4) 
are immediately obtained from (1.15) and (1.16). Q.E.D. 

Lemma 4.5. Let p > (n + 2 + 2(J)/(n - 2). If , ::;; (p + 3)/2, then 

rt= 0. 

rb -a-

Proof For p> (n+2+2(J)/(n-2), we have S(0) <0 and S(l) ::;;0. Since 
S(r) < max{ S(0), S(l)} ::;; 0 on (0, 1 ), the inequalities c;(r) < 0 and Hf (r) < 0 
hold on (0, 1) in view of (4.3) and (4.4). Thus we obtain r& =rt= 0. Q.E.D. 

Proofs of Corollaries 3.1 and 3.2. The proofs are immediately obtained 
from the above lemmas and Theorems 1.1 and 1.2. Q.E.D. 

Proof of Corollary 3.3. By the Kelvin transformation 

we have 

Hence 

Moreover, 

w(s; y) := rn-2u(r; y), s := r-1, 

2 d d 
r -= --. 

w(l; y) = u(l; y) = 0, 

dr ds 

= s-!{s-n+3(sn-2w)sL 

n-1 
= Wss+--Ws. 

s 

w8 (1; y) = -u,(1; y) = -y. 
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Thus the system (3.5) is transformed to the interior problem 

(4.6) 

where 

(4.7) 

{ 
Wss + n ~ I Ws + (I _ 8

:n-2 )' wP = 0, s E (0, 1), 

w(I; y) = 0, Ws(I; y) = -y < 0, 

u := (n - 2)p - (J + (n - 2)r - n - 2. 

It is clear that the structure of Type R, C, S and M for (3.5) corresponds to the 
structure of Type R, C, S and M for (4.6). Furthermore, the exact solution 
(3.6) is transformed to (3.4). 

and 

By (4.7), we have 

rr:::; -2 {c} p:::; (n + (J)/(n - 2) - r, 

u > -2 {c} p > (n + (J)/(n - 2) - r, 

p < (n + 2 + 2u)/(n - 2) {c} p > (n + 2 + 2(J)/(n - 2) - 2r, 

p = (n + 2 + 2u)/(n - 2) {c} p = (n + 2 + 2(J)/(n - 2) - 2r, 

p > (n + 2 + 2u)/(n - 2) {c} p < (n + 2 + 2(J)/(n - 2) - 2r. 

Thus we obtain the conclusion by Corollary 3.2. Q.E.D. 
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