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Structure of Positive Radial Solutions for
Semilinear Dirichlet Problems on a Ball

By

Hitoshi MYOGAHARA,! Eiji YANAGIDAZ* and Shoji Yorsutani®t

('Horiba, Ltd., Tohoku University and *Ryukoku University, Japan)

1. Introduction

The structure of positive radial solutions for nonlinear elliptic equations
have attracted much attention for these years. In particular, many interesting
and beautiful results have been obtained concerning the structure of positive ra-
dial solutions on entire space R" (see, e.g., the survey paper by Ni [8]). How-
ever, it is not straightforward to extend these results to boundary value prob-
lems on bounded domains.

In this paper, we consider the structure of solutions of the semilinear elliptic
equation

(1.1) Adu+ Q(|xu? =0 in B,
where p > 1,

up_{|u|p if u> 0,
~lo ifu<o,

O(]x|) is a given nonnegative function, and
B={xeR"|x| <1}, n>2.

Our main concern is the existence and uniqueness of positive radial solutions of
(1.1) under the Dirichlet boundary condition ’

(1.2) u=90 on 0B.

Before studying the boundary value problem, we describe the result of [11]
concerning the structure of positive radial solutions of (1.1) in the entire space
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I Supported in part by the Grant-in-Aid for Scientific research (C) (No. 12640225), Japan Society
for the promotion of Science.
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R". Since we are concerned with positive radial solutions, we consider the ini-
tial value problem

n
Upy +
(1.3) r

u(0) = o > 0.

u,+ K(rju? =0, re(0,),

Here we. assume that p > 1, n> 2, and K(r) satisfies

K(r) € C((0, 0));

K(r) =0 and K(r) #0 on (0, 0);
rK(r) e L'(0,1);

PP R (p) e L1, 00).

We note that K(r) may be unbounded at r =0. Under the first and second
conditions, it is shown in [7, 9] that the initial value problem (1.3) is uniquely
solvable if and only if rK(r) e L'(0,1). We denote the unique solution by
u(ryo). It is known [11] that the solution of (1.3) is classified as
(i) a crossing solution: u(r;a) has a zero in (0, o),
(ii) a slowly decaying solution: u(r;a) > 0 on [0,00) and r""*u(r;a) — oo as
r— 0,
(iii) a rapidly decaying solution: u(r;o) >0 on [0, 00) and lim,_o 7
exists and is positive.
Finally, it is known [1, 6] that if »*~!~®2PK(r) ¢ L!(1, c0), then any solution of
(1.3) (whether or not it satisfies the initial condition) cannot be positive near oo
so that u(r;a) is a crossing solution for any « € (0, o).
It is shown in [11] that the Pohozaev identities

"2u(r; o)

(1.4) 4 {lr”*lu,{ru, + (n—2u} +

1
n p+1
p " K(r)u }

2 p+
= G,(r; K)u?"! = H,(r; K){r" 2},

play a crucial role for the structure of solution of (1.3), where G(r;K) and
H(r;K) are functions on (0,00) defined by

1 n—2("
1.5 G(r;K) == ——r"K(r) — " K (r)dr,
(1) (5K) = K0 =" [ K
1 2—(n—2) n—2(% 1—(n—2)
(1.6) H(r;K) ;:mr PK(r) — 5 r PK(r)dr,
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respectively. We define
rg :=inf{r € (0, c0); G(r; K) < 0},
ri :=sup{r € (0, 00); H(r; K) < 0}.

Here we put rg = o0 if G(r;K) >0 on (0,00), and ry =0 if H(r;K) >0 on
(0, 00).
The following result was obtained in [11].

Theorem A. Suppose that (K) holds. Then the structure of solutions for
(1.3) is as follows:
(i) If G(r;K) =0 on (0,00), then the structure is of Type R: u(r;a) is a
rapidly decaying solution for every o > 0.
(ii) Suppose that G(r;K) #0 on (0, 0).
(@) If rg = o0, then the structure is of Type C: u(r;a) is a crossing
solution for every o > 0.
(b) If 0=ry <rg < oo, then the structure is of Type S: u(r;a) is a
slowly decaying solution for every o > 0.
() If 0<ry <rg< oo, then the structure is of Type M: There exists
o* e (0,00) such that
u(r;a) is a crossing solution for o€ (a*, 00),
u(r;o*) is a rapidly decaying solution, and
u(r;o) is a slowly decaying solution for o € (0,a*).
(iii) Let a and b be any given numbers with 0 < a < b < co. Then there exists
K(r) satisfying (K), r¢ = a and ryg = b such that the structure is of none of
Types R, C, S, and M.

Thus, the structure of solutions for (1.3) can be determined completely in
the case ry <rg, but cannot be determined from only rg and ry in the case
r¢ <rg. We note that G(r;K) =0 on (0,00) if and only if

(1.7) K(r) = ¢ - f{=2p-(n52))/2

for some constant ¢ > 0. In this case, the identity H(r; K) = 0 holds on (0, o)
and the solution of (1.3) is explicitly written as

2CO(p_l =2/(p-1)
(18) u(r; o() =all +v—ir("*2)(17—1)/2 .
(p+1)(n-2)

The proof of Theorem A in [11] is based on the effective use of the
Pohozaev identities (1.4). Theorem A is a quite powerful tool to derive precise
information on the structure of solutions, but it was pointed out by Kwong and
Zhang [5] that the method is not applicable directly to boundary value problems
on bounded domains, mainly because the above Pohozaev identities are not re-
lated with the boundary conditions. Nonetheless, we will show by modifying
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the method that similar results can be obtained for the boundary value problems
(see [4] about general results).

Let us return to our original problem (1.1). In order to study positive ra-
dial solutions for the Dirichlet problem (1.1) with (1.2), we consider the initial
value problems

-1
urr+nTur+Q(r)up:O7 }"E(O,l),

(1.9)
u(0) = o >0,
and
n—1
(1.10) urr+Tu,+ Qru? =0, re(0,1),

u(l)=0, u(l)=-p<0.
For Q(r), we will assume

Q(r) € C((0,1));

Q(r) =0 and Q(r) #£0 on (0,1);
rQ(r) e L'(0,1/2);

(1-r)?Q(r)e L}(1/2,1).

We note that Q(r) may be unbounded at r =0 or r =1. As is noted above,
under these conditions, (1.9) has a unique solution u = u(r;a) on (0,1). The
last condition in (Q) is a necessary and sufficient condition on the existence of
a unique solution for (1.10) (see Lemma 2.7 below). We denote the unique
solution by u(r; ).

By Lemma 2.3 given in the next section, the solution of (1.9) is classified as
(1) a crossing solution: u(r;o) has a zero in (0,1),
(i) a singular solution: wu(r;o) >0 on [0,1) and lim,_; u(r;a)/(1 —r) = o0,
(iif) a regular solution: wu(r;a) >0 on [0,1) and lim,_; u(r;)/(1 —r) exists

and is positive.
We will see that if the last condition in (Q) does not hold, then u(r;«) is a
crossing solution for any o € (0,00). We note that depending on Q(r), the sin-
gular solution satisfies #(1) > 0 or u(1) = 0. In the latter case, the singular so-
lution is not differentiable at » = 1. Thus, if u(r;«) is a regular solution, then
u = u(|x|;a) is a solution of the Dirichlet problem (1.1) with (1.2) in the class
C(B)NCY(B - {0})NC*(B — {0}).

Similarly, the solution of (1.10) is classified as
(i) a crossing solution: u(r;f) has a zero in (0,1),
(ii) a singular solution: u(r;f) >0 on (0,1) and lim,_o u(r;f) = o0,
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(iii) a regular solution: u(r;f) >0 on (0,1) and lim, o u(r; B) exists and is
positive.

We will see that if the third condition in (Q) does not hold, then u(r;f) is a

crossing solution for any § e (0,00). Also, if u(r;f) is a regular solution, then

u = u(|x|; B) is a solution of the Dirichlet problem (1.1) with (1.2) in the class

C(B)N C!(B - {0})N C*(B - {0}).

To derive an analog of Theorem A, we need to modify the Pohozaev
identities and the functions G(r; K) and H(r; K) by taking the boundary condi-
tion (1.2) into account. We will see that the following identities are suitable
for our purpose:

(1.11) %{%r”_lu,{rur + (n—2)u —r"tu,} —1—#(1 - r"‘z)r”Q(r)uP“}

n— +1
= o =) s)

— pn—2

where G®(r; Q) and H®(r; Q) are functions on (0,1) defined by

(1.12) Gt (r; Q) : (1 =2 o@r) -2 ; 2 J L O(r)dr,

Tptl 0
1 - e
(1.13) H"(r;0) = (1=r 2P =2r 0 (r)

_ 1
e [ e G2

We also define
rb .= inf{re (0,1); G*(r; Q) < 0},

rb .= sup{re (0,1); H*(r; Q) < 0}.

Here we put % =1 if G*(r; Q) >0 on (0,1), and r}; =0 if H’(r;Q) >0 on
(0,1). Thus we have 0 < rg, rh <1 by definition.
Now we state our main results on (1.9) and (1.10).

Theorem 1.1. Suppose that (Q) holds. Then the structure of solutions for
(1.9) is as follows:
(i) If G*(r;Q) =0 on (0,1), then the structure is of Type R: wu(r;a) is a
regular solution for every o > 0.
(ii) Suppose that G*(r; Q) #0 on (0,1).
(a) If0 <rh <rl =1, then the structure is of Type C: u(r;a) is a cross-
ing solution for every o > 0.
(b) If 0 =rh <rb <1, then the structure is of Type S: u(r;a) is a sin-
gular solution for every o > 0.
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() If0<rh <rb<], then the structure is of Type M: There exists
ab € (0,00) such that

u(r;o) is a crossing solution for o e (a®, o),

u(r;ab) is a regular solution, and

u(r; o) is a singular solution for o€ (0,a").

(iii) Let a and b be any given numbers with 0 < a <b < 1. Then there exists

Q(r) satisfying (Q), rl = a and rl; = b such that the structure is of none of
Types R, C, S, and M.

Theorem 1.2. Suppose that (Q) holds. Then the structure of solutions for
(1.10} is as follows:
(i) If G*(r; Q) =0 on (0,1), then the structure is of Type R: u(r;f) is a
regular solution for every f > 0.
(ii) Suppose that G*(r; Q) #0 on (0,1).
(a) If0=r)< rg < 1, then the structure is of Type C: u(r;f) is a cross-
ing solution for every > 0.
(b) If0<ry <rb=1, then the structure is of Type S: u(r;f) is a sin-
gular solution for every f > 0.
) If 0<ry <rb <1, then the structure is of Type M: There exists
B’ €(0,00) such that
u(r; ) is a crossing solution for fe (B
u(r; %) is a regular solution, and
u(r; ) is a singular solution for f e (0,4%).
(iif) Let a and b be any given numbers with 0 <a < b < 1. Then there exists
O(r) satisfying (Q), rl = a and rl; = b such that the structure is of none of
Types R, C, S, and M.

We note that G’(r; Q) =0 if and only if
(114) Q(V) Y r((n—Z)p—(n+2))/2(1 _ rn72)—(p+3)/2

? ),

for some ¢ > 0. In this case, we have H’(r; Q) =0 on (0,1) and the solutions
of (1.9) and (1.10) are explicitly written as

-1 a2 N\(p-1)/2)"2/P=1)
(1.15) u(ro) =ag 1+ 2ca 5 ( ! 2)
(p+1Dn=2)" \I =

and
_ =2/(p-1)
_ pn=2 2871 1 — 2 (p—-1)/2
(116) u(rp =PIy 2P 2( - > ,
. (p+Dm-=2)"\ "
respectively.

There are two ways to prove the above theorems. One is to follow the
proof in [11] for (1.3) by using the modified Pohozaev identities (1.11). The
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other is to transform (1.9) and (1.10) into the form of (1.3) by suitable changes
of variables, and apply Theorem A to the transformed systems. Then we may
inversely transform the results for (1.3) to those for (1.9) and (1.10). In this
paper, we adopt the latter method.

This paper is organized as follows. In section 2, we give suitable changes
of variables to transform (1.9) and (1.10) into the form of (1.3). Then the proofs
of Theorems 1.1 and 1.2 are obtained easily from Theorem A. In section 3, as
applications of Theorems 1.1 and 1.2, we give a few corollaries concerning the
structure of solutions for the problems (1.9) and (1.10) with Q(r) =r?/(1—r""2)".

" We will also give an application to some exterior Dirichlet problem. Section 4
is devoted to proofs of the corollaries.

2. Proofs of theorems

In this section, we give proofs of Theorems 1.1 and 1.2. First we in-
troduce a change of variables which transforms (1.9) to the form of (1.3).

Lemma 2.1. Set
(2-1) W(S; 0() = u(r; oc) and gLt

Then (1.9) is transformed to

-1
Wss+nTWs+K(S)Wp:07 SG(0,00),

(2.2)
w(0;a) = o > 0,
where
(2.3) VK (s) := r2=D ().

Proof. Differentiating s~ = r~"*2 — 1, we obtain

r”‘li—s —
dr ds’

Hence

r2e= <urr + uur) =" ),
¥

— g2n=1) <st n n—1 Ws>~
s

Clearly w(0;0) = u(0;). Thus we obtain (2.2) with (2.3). Q.E.D.
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Lemma 2.2. Let K(s) be defined by (2.3). Then K(s) satisfies (K) if and
only if Q(r) satisfies (Q).

Proof. It is clear from (2.3) that the first and second conditions in (Q) are
equivalent to those in (K). We have

sK(s)ds = s - 5720 D20-D oy - sn L gy = (1 — " 2)rQ(r)dr.
Hence sK(s) € L!(0,1) if and only if rQ(r) € L'(0,1/2). Similarly, we have
1P g () ds = gm0 52D 20D o) gnelntl gy
| = "0 (1 — 2 O dr.

Hence s"~!1=("-2PK(s5) € L!(1, 00) if and only if (1 —r)?Q(r) € L'(1/2,1). Thus
the proof is complete. Q.E.D.

Lemma 2.3. Let u(r;a) be a solution of (1.9). If u(r;a) > 0 on [0,1), then
r"“2u(r;o) /(1 — r"~2) is non-decreasing in r e (0,1).

Proof. Let w(s;a) be the solution of (2.2). It is shown in Lemma 7.2
of [11] that if w(s;) >0 on [0, 00), then s" ?w(s;a) is non-decreasing in s €
(0,00). By the transformation (2.1), this implies that if u(r;) >0 on [0, 1),
then s"2w(s;a) = r"2u(r;a)/(1 — r"~2) is non-decreasing in r e (0,1). Q.E.D.

We see from this lemma that any solution of (1.9) is classified as one of the
crossing solution, singular solution and regular solution as in the introduction.

Lemma 2.4. By the transformation (2.1), the following holds.

(i) Any crossing solution of (1.9) corresponds to a crossing solution of (2.2).

(i) Any singular solution of (1.9) corresponds to a slowly decaying solution of
(2.2).

(iii) Any regular solution of (1.9) corresponds to a rapidly decaying solution of
(2.2).

Proof.  First, suppose that u(y;a) = 0 at some y e (0,1). Then, by (2.1),
we have w(z;0) =0 at z:=y/(1— yr2)1/=2) ¢ (0,00). This proves (i). Next,
suppose that u(r;a) > 0 on [0,1). Then, again by (2.1), we have s" 2w(s;a) =
r"2u(r;a)/(1 — r"~2). This proves (i) and (iii). Q.E.D.

By the transformation (2.1), we will rewrite the Pohozaev identities (1.11)
and the functions G®(r; Q) and H®(r; Q) defined by (1.12) and (1.13), respectively.

Lemma 2.5. Let K(s) be defined by (2.3). Then
G*(r; Q) = G(5;K) and  H’(r;Q) = H(s; K).

Proof. By r " —1=s""2 r20Q(r) = s 2K(s) and r'~" dr = s'~" ds,
we have
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1 n—2{"
b, _ _ n=2\.n _ n—1
G/ 0) = s (L= () = "2 | 17 Q)
=) g 2 2Jrr2"'2Q<r) T dr
r+1 2 Jo
= 1 _s7n+2 ,S2n72K(S) _ EJS SZ"*2K(S) .s7n+1 ds
r+1 2 ),
1 n n—2{(° n—1
arye) () == Jos K(s)ds
= G(s; K).
Similarly,
HY(50) = (1= 2y 22
_ 9l
SE2 [ a- oo
— % . (r*"+2 _ 1)P+2 . r2n—2Q(r)
p
_h ; zjl(r_n+2 P 200 gy
= 1 . (s‘n+2)p+2 . S2n—2K(S) _ n__zjw (S“n+2)p+1 . S2n72K(S) _S—n+1 ds
_ b o n=2(" _-2p
= oK) T | K s
= H(s; K).

Thus the proof is complete. Q.E.D.
Now we are in a position to prove Theorem 1.1.
Proof of Theorem 1.1. We define
s¢ = inf{s € (0, 00); G(5; K) < 0},
sy = sup{s € (0, 0); H(s; K) < 0}.
By Lemmas 2.1 and 2.5, we have
(56) " =)™ =1 and  (sy) "= ()" L

Then, by Lemmas 2.2, 2.4 and Theorem A, the proof is complete. Q.E.D.
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Remark 2.1. By the transformation (2.1), we have

Py, = s”’lws,

i+ (n—2)u—r"u, = " - 1) "+ (= 2)u
=52 5"y 4 (n— 2w = sws + (n = 2)w,
(1= "2 Q(ru?™ = (r" — 1) - r2Q(r) - u?*!
_ gni2 'SZ"_ZK(S) WPt = s"K(s)Wp“'

Hence the modified Pohozaev identities (1.11) are transformed to the Pohozaev
identities (1.4). Also, it is easy to see that the function Q(r) given by (1.14) and
the exact solution given by (1.15) correspond to the function K(r) given by (1.7)
and the exact solution given by (1.8), respectively.

A proof of Theorem 1.2 can be obtained in essentially the same manner.
We introduce a change of variables which transforms (1.10) to the form of (1.3).

Lemma 2.6. Set

(2.4) s"w(s; B) ;= u(r; ) and V=2,
Then (1.10) is transformed to
-1
Wes +nTws +K(swP =0, s5e(0,00),
(2.5) :
0;8)=—— 0
w0 ) =-—— >0,
where
(2.6) s PR () = 2 Q).
Proof. Differentiating s"2 = r "2 — 1, we obtain
d d
n—1% _ _ —n+t3*
T S d

Hence

202 n—1 1, n—
r (urr+ - ur> =r" (7n 1ur)r

_ s~n+3 {s~n+3 (sn—ZW)S}S

_ n—1
=5 Wy +——wy ).
s
Moreover, we have

B= =", B,y = 5™ 25 )} g = (1 — 2)w(0;).
Thus we obtain (2.5) with (2.6). Q.E.D.
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By using the change of variables (2.4), we will rewrite the functions
G®(r; Q) and H®(r; Q) defined by (1.12) and (1.13), respectively.
The next lemma can be proved in the same manner as in Lemma 2.2.

Lemma 2.7. Let K(s) be defined by (2.6). Then K(s) satisfies (K) if and
only if Q(r) satisfies (Q).

Lemma 2.8. Let K(s) be defined by (2.6). Then
G'(r;Q)=H(s;K) and  H(r, Q) = G(5;K),
where G and H are defined by (1.5) and (1.6), respectively.

Proof. By r™?—1=3""2 y220(r) = s 400K (s) and rH dr =
—s"3 ds, we have

1 — 2 r
Gb(r; Q) :m . (r~n+2 _ 1) . r2n72Q(r) . ?2_J0 r2n~2Q(r) L g
1 (>
=y s K G) - = J s (5) 513 s
1 (@
=t R - J SI-DP K (5)ds
= H(s; K).
Similarly,
1
Hb(r; 0) :m . (r7n+2 _ 1)P+2 ) r2n72Q(r)
— n ; 2J1(r_n+2 _ 1)P+1 . r2n72Q(r) . r*ﬂ“rl dr
— —1‘ . S(n72>(17+2) . S—n+4—(n-2)pK(S)
p+1

n=2f (n=2)(p+1)  —n+4—(n—2) n—3
- s s PK(s)-s"" ds
0

1 =20

:p—+ 1s"K(s) _ 7 Jos"_lK(s)ds
= G(5; K).

Thus the proof is complete. Q.E.D.

The remaining part of the proof of Theorems 1.2 is obtained in a similar
manner to Theorem 1.1. We omit the details.
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Remark 2.2. By the transformation (2.4), we have

n—1 _ 3

Pl = —s (") = —swy — (n— 2)w,

g+ (n—2u—r"u, = =) (- 2u
— _sn—2 . S*n+3(sn—2w)s + (l’l _ 2)sn—2w — _Sn~1ws,
(1 _ rn—2)rnQ(r)up+l _ (r7n+2 _ 1) ~r2"_2Q(r) .uerl

_ sn—z .S—n+47(n72)pK(s) . (Sn—2w)P+1 _ snK(S)Wp+l.

Hence the modified Pohozaev identities (1.11) are transformed to the Pohozaev
identities (1.4). Also, it is easy to see that the function Q(r) given by (1.14) and
the exact solution given by (1.16) correspond to the function K(r) given by (1.7)
and the exact solution given by (1.8), respectively.

3. Applications

In this section, as applications of Theorems 1.1 and 1.2, we investigate the
structure of solutions to (1.9) and (1.10) with Q(r) = r°/(1 — r""2)", where o
and 7 are real parameters. We note that Q(r) is unbounded at r = 0 for ¢ < 0
and unbounded at r =1 for 7 > 0. We will also give an application to some
exterior Dirichlet problem.

First we consider the initial value problem

n—1 re
Uy + U + — rn_z)

(3.1) r (1
u(0) =a>0.

If 0 <-2, then rQ(r) ¢ L'(0,1/2) so that (3.1) has no solution. Hence we
consider the case ¢ > —2 only.

=u? =0, re(0,1),

Corollary 3.1. The structure of solutions of (3.1) with ¢ > —2 is as follows:
(i) Let 1<p<(n+2+20)/(n—2).

(@) If t=(p+3)/2, then the structure is of Type C.

(b) If 1< (p+3)/2, then the structure is of Type M.
(i) Let p=(n+2+20)/(n—2).

(@) If > (p+3)/2, then the structure is of Type C.

(b) If 1= (p+3)/2, then the structure is of Type R Moreover the so-

lution is written as

a2(0.+2)/(n_2) ( rn72 )(a'+2)/(n—2) }‘(n—Z)/((H—Z)

(32)  ul(ra) = “{1 Tt m—2)\I=r2

() If t<(p+3)/2, then the structure is of Type S.



Structure of Positive Radial Solutions 13

(i) Let p> (n+2+20)/(n—2).
(@) If t=p—+1, then the structure is of Type C.
(b) If 1< (p+3)/2, then the structure is of Type S.

T=p+l

n+2+2¢
1 n-2

Fig. 1. Structure of solutions for (3.1) with ¢ > —2.

Remark 3.1. If 6> -2, p>(n+2+20)/(n—2) and (p+3)/2<t<
p+1, then it is hard to determine the structure of solutions. Numerical com-
putations suggest that the structure of solutions would be very complicated de-
pending on the dimension n.

For n =3, Hashimoto and Otani [3] obtained some existence and non-
existence results for the above equation. We can derive more precise infor-
mation from Corollary 3.1. Especially, we can show the uniqueness of regular
solutions.

Next we investigate the structure of solutions for

U +n_1u + r u?
(3.3) T A=y

u() =0, u(l)=-4<0.

=0, re(0,1),

If t>p+1, then (1 — r)?Q(r) ¢ L!(1/2,1) so that (3.3) has no solution. Hence
we will consider the case t < p+ 1 only.

Corollary 3.2. The structure of solutions of (3.3) with t<p+1 is as
Sfollows:
(i) Let 0 <—2. Then the structure is of Type C.
(i) Let 0> -2 and 1 <p< (n+2+2a)/(n-2).

(@) If t=(p+3)/2, then the structure is of Type S.

(b) If 1< (p+3)/2, then the structure is of Type M.
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(iif) Let 0> =2 and p=(n+2+20)/(n—2).
(@) If t> (p+3)/2, then the structure is of Type S.
(b) If t=(p+3)/2, then the structure is of Type R. Moreover the so-
lution is written as

- o+2)/(n— o\ (64+2)/(n=2) Y~ (n=2)/(6+2)
B(1—r""2) '32( +2)/(n-2) <1 o 2)
34) u(rp) = 1+ .
(3.4) u(rp) ( ]

pr—2 n+a)(n—2 =2

() If t<(p+3)/2, then the structure is of Type C.
(iv) Leto>—-2andp>n+2+20)/(n—2). Ift<(p+3)/2, then the struc-
ture is of Type C.

T=p+l

No solutions

1

Fig. 2. Structure of solutions for (3.3) with o < —2.

T=p+l
'c
No solutions / ? T’?L;‘a‘
s €
peS 'Qi—-Type R
2 :
TypeM ¢ TypeC
P
0 1 n+2+20

n-2

Fig. 3. Structure of solutions for (3.3) with ¢ > —2.
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Remark 32. If 6>-2, p>n+2+20)/(n—-2) and (p+3)/2<1t<
p+ 1, then it is hard to determine the structure of solutions. - Numerical com-
putations also suggest that the structure of solutions would be very complicated
depending on the dimension 7.

For n = 3, Senba, Ebihara and Furusho [10] obtained some existence results
for the above equation. We can derive more precise information from Corollary
3.2.

Finally we treat the structure of solutions for the initial value problem

" +n— lu L re
(35) Fr r r (7’"_2 — 1)‘5

u(l)=0, wu(l)=y>0,

w’ =0, re(l, o),

which corresponds to the exterior Dirichlet problem. We note that this ini-
tial value problem is uniquely solvable if and only if t < p+ 1. We denote the
unique solution by u(r;y). Similar to (1.3), any solution of (3.5) is classified as
(i) a crossing solution: u(r;y) has a zero in (1, 00),
(ii) a slowly decaying solution: u(r;y) >0 on (1,00) and r"2u(r;y) — oo as
r— 00,
(iii) a rapidly decaying solution: u(r;y) >0 on (1,00) and lim, . r" u(r;y)
exists and is positive.
The structures of Type R, C, S and M are defined in the same way as in
Theorem A.

Corollary 3.3. The structure of solutions of (3.5) with 1 <p+1 is as follows:
(i) Let p<(n+o)/(n—2)—1. Then the structure is of Type C.
(ii) Let p>(n+a)/(n—2)—7v and p> n+2+20)/(n-2) -2t

(@) If t= (p+3)/2, then the structure is of Type S.

(b) If t < (p+3)/2, then the structure is of Type M.
(iii) Let p>(n+o)/(n—2)—71 and p=(n+2+20)/(n—2)—2z.

(@) If > (p+3)/2, then the structure is of Type S.

(b) If 1= (p+3)/2, then the structure is of Type R. Moreover the so-

lution is written as '

' rn—Z _
(3.6) u(ry) = &;,;_—2‘1—)

(0-2(n-3))/(n-2)
X {1 + _____2;/ (r”“2
(c0+2){n—-2)

2(n-2)/(0-2(n3))

py(o-2=3)/2(a-2) }_

() If t<{(p+3)/2, then the structure is of Type C.
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(iv) Let p>(n+o)/(n—2)—7t and p<(n+2+20)/(n—-2)-2t. If 1<
(p+3)/2, then the structure is of Type C.

T=p+l

. - E+3
No solutions T=

Type M

TypeC G\‘\,,t:__e n+2+2¢

2 2(n-2)

Fig. 4. Structure of solutions for (3.5) with o < 2(n— 3).

T=p+l

No solutions

c+2
n-2|:
Type M
2/ . -
Type C e
" TS p
01 ' _E\n\+2+20
T=-p+77% =5+t %

Fig. 5. Structure of solutions for (3.5) with ¢ > 2(n — 3).

Remark 33. If p>(n+o)/(n—2)—1, p< (n+2+20)/(n—2)~ 27 and
(p+3)/2<t<p+]1, then it is hard to determine the structure of solutions.
Numerical computations suggest that the structure of solutions would be very
complicated depending on the dimension .

For n =3, Ebihara and Furusho [2] obtained partial results for the above
equation. Hashimoto and Otani also have shown some results for a special case
by modifying the method in [3]. We can obtain more precise information from
Corollary 3.3.



Structure of Positive Radial Solutions 17

4. Proofs of corollaries

In this section, we give proofs of Crollaries 3.1, 3.2 and 3.3. Throughout
this section, we set Q(r) =r?/(1 —r"2)" and simply write G®(r) and H®(r)
instead of G®(r; Q) and HP(r; Q), respectively.

We first prove the following results.

Lemma 4.1. If 0> —2 and © > p+ 1, then the structure of solutions for
(3.1) is of Type C.

Proof. In the proof of Lemma 2.2, we showed that s" 1-(""2PK(s)e
L'(1,00) if and only if (1-7r)?Q(r)eL'(1/2,1). It is easy to see that
(1—r)PQ(r) ¢ L'(1/2,1) if T > p+1. Thus the structure of solutions of (3.1)
is of Type C by [1, 6]. Q.E.D.

Lemma 4.2. If 0 < -2 and 1 <p+1, then the structure of solutions for
(3.3) is of Type C.

Proof. Since rQ(r) ¢ L'(0,1/2) if ¢ < —2, the structure of solutions of (3.3)
is of Type C by [1, 6]. Q.E.D.

In what follows, we consider the case where ¢ > —2 and t<p+ 1. For
O(r) =r°/(1 — r*2)", the functions G*(r) and H®(r) defined by (1.12) and (1.13)
are computed as

1 phto n—21(" rn—l—ﬁ-a
. G*(r) = —
(4 1) (7') p+ 1 (1 B rn—2)":71 2 JO (1 _ rn~2)‘f dr:
1 rU+2"("_2)p n— 2 1 ra"*'l*(n*z)p
4.2 H(r) = — J dr.
( ) (7') P+ 1 (1 _ rn_2)r—p—2 2 , (1 _ rn,z)r—p-—l r

Since n+0 >0 and 7—p—2 <0, we have

Moreover, we have

b 1 rn—1+o

(43) Gr(r):p—i—l.(l——V”_Z)T.S(r)’
b 1 ro‘+1—(n72)p
(4.4) H()= g T -S(7),
where
(4.5) S() = {(n—2)r—2(n— 1) — g2 4 "E2H 20 = (1= 2p,

2
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We note that

Lemma 4.3. Let 1 <p<(n+2+20)/(n—2).
(i) If (p+3)/2<t<p+], then vl =rf =1
() Ift<(p+3)/2, then 0 <rh <ré <1,

Proof. For 1 <p<{(n+2+20)/(n—2), we have S(0) > 0 and

=0 ifr=(p+3)/2,

>0 ifr>(p+3)/2,
S(l){
<0 ifr<(p+3)/2.

Hence, if (p+3)/2 <t <p+1, then 0 < min{S(0), S(1)} < S(r) on (0,1), which
implies G?(r) > 0 on (0,1) by (4.3) and H?(r) > 0 on (0,1) by (4.4). Thus we
obtain rf = 1=r{, which proves (i).

Next, if T < (p+3)/2, then S(0) >0, S(1) <0, and the function S(r) de-
fined by (4.5) has a unique zero in (0,1). Hence, by (4.3) and (4.4), there exists
r« € (0,1) such that

G’(r)>0on (0,r,) and  GP(r) <0 on (r,1)
and
H%(r) >0 on (0,r)) and H%(r) <0 on (r.,1).

Since G?(0) = H®(1) = 0, it suffices to show that G®(1) € [~0,0) and H?(0) €
[—0,0).

If 1 <7< (p+3)/2, then it is easy to see from (4.1) that G*(1) = —c0. If
7 < 1, then it follows from (4.1) that

G*(1) = —

_ 1 n—1+o
i 2J 4 _dre (—w,0).

2 0(1*—}""‘2)

Thus we obtain G®(1)e[-0,0). Similatly, if (6+2)/(n—2)<p<
(n+2420)/(n—2), then it is easy to see from (4.2) that H®(0) = —co. If
1 <p<{(o+2)/(n—2), then it follows from (4.2) that

Hb(0) = — dr e (—00,0).

n—2 1 potl=(n=2)p
2 Jo (1 —pn-2)7¢71

Thus we obtain H%(0) € [~00,0). The proof of (ii) is now complete. Q.E.D.
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Lemma 44. Let p=(n+2+20)/(n—2).
(i) If (p+3)2<t<p+], then rb=rh=1.
(ii) Ift= (p+3)/2, then G*(r) =0 on (0,1). Moreover, the solutions of (3.1)
and (3.3) are explicitly written as (3.2) and (3.4), respectively.
(iii) If t<(p+3)/2, then v, =15 =0.

Proof For p=mn+2+20)/(n—2), S(r) is monotone in (0,1) and
S(0) =0. Hence

>0 ifr>(p+3)/2,
S(r){ <0 ifr<(p+3)/2,

on (0,1). Since G*(0) =0 = H?’(1), we obtain (i) and (iii). If = (p+3)/2,
then S(r) = 0 so that G®(r) =0 on (0,1). The exact solutions (3.2) and (3.4)
are immediately obtained from (1.15) and (1.16). Q.E.D.

Lemma 4.5. Let p>(n+2+20)/(n—2). If t<(p+3)/2, then rt =
b
rg = 0.

Proof. For p>(n+2+420)/(n—2), we have S(0) <0 and S(1) <0. Since
S(r) < max{S(0),S(1)} <0 on (0,1), the inequalities G’(r) <0 and H?(r) < 0
hold on (0,1) in view of (4.3) and (4.4). Thus we obtain 2 =r}, =0. Q.E.D.

Proofs of Corollaries 3.1 and 3.2. The proofs are immediately obtained
from the above lemmas and Theorems 1.1 and 1.2. Q.E.D.

Proof of Corollary 3.3. By the Kelvin transformation

wisiy) =r"ulryy),  s=r
we have
d d
Pe=
dr ds
Hence
n+2 n—1 2/ n-3 .2
r Uy, + . u ) =r-r (" v,
— S—l{s—n+3 (Sn—ZW)S}S
n—1
= Wy + —— Wy
s
Moreover,
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Thus the system (3.5) is transformed to the interior problem

(46) et e =0, se ),
w(l;y) =0, ws(l;y) = -y <0,

where

4.7 G=n-2)p—0c+n-2)1—n-2.

It is clear that the structure of Type R, C, S and M for (3.5) corresponds to the
structure of Type R, C, S and M for (4.6). Furthermore, the exact solution
(3.6) is transformed to (3.4).

and

By (4.7), we have
6<-2ep<(nto)/(n-2)—r,

G6>-2&p>m+o)/n-2)—r,

p<(n+2+25)/(n—-2)ep>mn+2+20)/(n—-2)—21,
p=n+2+26)/n-2)ep=n+2+20)/(n—2)— 21,

p>m+2425)/(n-2)ep<(n+2+4+20)/(n—2)—21.

Thus we obtain the conclusion by Corollary 3.2. Q.E.D.
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