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On L? Regularity for Weak Derivatives of Spherically
Symmetric Solutions of the Porous Media Equation

By

Kazuya Havasipa and Masatomo KOBAYASHI

(Kanazawa University and NEC Communication Systems LTD., Japan)

1. Introduction

We consider the Cauchy problem for the porous media equation

— m : N
(1) {u,_Au in RY x (0,T)

u(x,0) =uy on RY,

where m > 1 and uy > 0. By a solution of (1.1) we mean a function u(x,?)
such that

u(x,) =0 in RY x (0,7T),

JTJ lu(x, 6% + [Veau(e, 1) 2)dxd < o0
0 JRY

and

T
J J (ug, — V™ - Vx¢)dxdt+J up(x)p(x,0)dx =0
o JRY RY

for any continuously differentiable function ¢(x,7) with compact support in
RY x [0,T). The problem (1.1) has been studied by many authors. For a
detailed account of (1.1) we refer to the survey of Kalashnikov [6]. The
existence and the uniqueness of solutions of (1.1) are due to [8] and [9] under
some assumption on .

We are concerned to the regularity property for u. The local Holder
continuity of u was shown by Caffarelli and Friedman [3]. Aronson and
Bénilan [1] proved that Au” belongs to L. (R" x (0, T)). The method of their
proof is to obtain the inequarity

1 A
u,Z—;(m—l—l—N) in RY x (0, T),

which is in the distribution sence. Soon after Bénilan [2] proved that

Au™ e L] (RN x (0,7)),
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ifl <p<1l+1/m. Here p needs to be less than 2 in virtue of m > 1. When

p =2, there is the following result by one of the authors [4]:
6x,.8x,.u’"eL2(RN><(0,T))7 i,j=1,...,N,

if 1 <m<3N/(BN —2). When u is spherically symmetric under some as-
sumption on uy, this result was improved in [5] as follows:

the condition 1 <m < 3N/(3N —2) can be weakend with 1 <m <3, for
N=1223

We consider the well-known Barenblatt solution:

wx, 1) = (47 F( a2 = K= D) FE 1/(m=1)
) 2Nm (H_T)zk/]v . ;

where a, t>0 and k= (m— (N—-2)/N)"'. We rewrite w simply with
(t+t)‘k([g]+)1/(m71). Then obviously

0™ = (g],) "V By + ((g]) " 0y,

where P; and Q; are smooth functions. Hence we see that
0y, 0xw™ € LPF(RY x (0,T)), if pRQ—m)/(m—1) > —1.

Let u be the spherically symmetric solution of (1.1). Then from the above
we conjecture that for any given p > 2 :

0x,0,u™ € LY (RN x (0,T)), i,j=1,...,N,

if m is close to 1. In this paper our first aim is to verify this conjecture (see
Theorem 1). Secondly we give precisely the admissive value of m in Theorem
1, when N =1 (see Theorem 2). The tool is to prepare some L?-estimates with
a weight by the integreation by parts.

2. Results

Throughout this paper we suppose that p > 2. And for the case of N > 2
we set

(2.1) g=N-2+p—9,
where 0 is a number with

(2.2) 0<do<p—-1.
We rewrite (2.1) as follows;

(2.3) N—-2+4p—g=05>0.
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For the case of N =1 we set ¢ =p. From the uniqueness we sec that the
solution u of (1.1) is spherically symmetric, if up is so.
Our first aim is to prove

Theorem 1. Let N > 2. Let ug be a spherically symmetric function such
that uy € C(‘)‘(RN ) and uy >0 in RY. Then there exists a constant mgy > 1,
depending only on N and p, such that if 1 <m < my, any solution u of (1.1)
satisfies

0y 0 u™ - |x|[P7P e LP(RY % (0,T))  i,j=1,...,N.

In particular, we consider the case of N = 1, where we do not assume that
u is spherically symmetric. We define

4(p—1
I(p)=1 +(1’—2)7
plp—1)"+4
which is used in the following theorem. For example I(2) =5/3, I(3) =3/2,

I1(4) =13/10.
Then we have

Theorem 2. Let N = 1. Let uy belong to C}(R") such that up >0 in R".
Then the solution u of (1.1) satisfies

*u™ e LP(R x (0,T)),

if 1l<m<I(p).

3. Preliminaries

Throughout this paper we put «=1—1/m > 0. We set v =u" in (1.1).
Then (1.1) becomes

—0yy : N
(1) {v v, = mAv in RY x (0,7T)

v(x,0) = ul'(x) on R".

By the usual way the approximating soluion of (1.1’) is considered. Let
uy belong to C3(RY). Let #>0 and n be a natural number such that
supp up < B,(0), where B,(O) is the open sphere with center O and radius
n. We define

M=supuy>0, QW =8B,0)x(0,T).
RN

The following fact is due to the famous book [7]: -
Let 0 <8< 1. Then there exists a unique ve H>51+5/2(QW) of
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» v v, = mAdv in Q(T")
(3.1) v(x,0) = (up(x) +7)™ on B,(0)
v(x, 1) =n" on 0B,(0) x (0,T),

where the space H21t#/2(QW) with norm | |(%’B ) is referred to [7]. It is
known that r

m<v<(M+n)" in QY
and for some f with 0 < g < 1

0]

2
(Q ;f” <C (<o),
where f and C are independent of x.

If up € C(R"), the solution of (3.1) satisfies

ve H3*W G20y and |v|(3(+)ﬂ) <C (<o),
or

where C dose not depend on n. The following is known:

Taking n — oo and n — +0 afterwards, we can obtain the solution v of
(1.1"). If we set u=v'™, then u is the solution of (1.1).

From now on let 4y be in Cg(RY). So, the solution v of (3.1) belongs to
H3+B.C+0)/2(gln)y,
If v is the spherically symmetric solution of (3.1), then v satisfies

v, = m(v,, + (N — 1)r"'v,) in Q(T")
(3.2) v(-,0) = (up(:) + )" on B,(0)
v(n,t) =™ on (0, 7).

Now we prepare the following lemmas. The next lemma is due to [5].
But we repeat its proof by way of precaution.

Lemma 3.1 ([S]). For the solution v of (3.1) it holds that
Vol < Cn7! on 9B,(0) x (0, T),
where C is a positive constant independent of n and #.

Proof. Let xy be any fixed point on dB,(0O) and v be the outer normal of
0B,(0) at xo. We take a linear function 7(x) such that

n(x%) = 4™, v(x,0) < 7(x) on B,(0)

and
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on(x%)

< Cn!
o |~ no

where C dose not depend on n, n and x°. Obviously
m—mdn=0  in Q(T”),
v on 3B,(0) x (0,T) and B,(0) x {t =0}.
By the maximum principle we have
v<n in Q(T’f).
Hence
0 < v(x, 1) — v(x°t) < n(x) — n(x°) in Q(T")7

which implies immediately that

ov(x°, £)
ov

on(x%)
ov

< cn .

The tangential derivative of v at x* equals 0. Thus we have finished the proof
of Lemma 3.1. Q.E.D.

Hereafter let N > 2, if not saying.
Lemma 3.2. For the solution v of (3.2) it holds that
lve] < Cn™%  on 3B,(0) x (0, T),

where C is a positive constant independent of n and #.

Proof. From (3.2)

Uy = %v’“vt — (N - l)r_lv,.

We see that v; = 0 on dB,(0) x (0, T). Hence we obtain the required inequality
from Lemma 3.1. Q.E.D.

Since v, is unifomly bounded in B,(O) x (0,7) with respect to n, and
0,(0,1) =0 we have the following lemma by using the mean value theorem:

Lemma 3.3. For the solution v of (3.2) it holds that
[v,] < Cr  in Byjp(0) x (0,T),
where C dose not depend on n.
From (2.1) and (2.2)
(3.3) N-2-p—q=0-2p<0
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and
(3.4) N+14+(p—qg) —-2p=3-2p+6<0.

Lemma 3.4. It holds that

d(Np —9)
(p=Dig+2-N)’

_ P
(p-1)(g+2-N)*

Proof. If we set
H=(p-1)(g+2-N)*—plglg+ 1) — (N - 1)(p+4q)),

(qlg+ 1) = (N-1)(p+q) =

then
H=(p-1(p-0"—p{(p+(N-2-8)(p+(N-1-9))
- (N-1)2p+ (N -2-09))}.

Obviously

(p=D(p=0)"=p" = (1+20)p* +5(2+6)p - &,

(P+N=2-0))(p+(N-1-6)) = (N-1)(2p+ (N -2-9))
=p>—(14+20)p —3(N —2-9).
Hence
H =J(Np —6).

This means the required equality. Q.E.D.

From now on we denote by (,) the inner product of L?(0,n). And we
write often by o(1) simply the notation of Landau, o(1) (n — o). We use
often the integration by parts without saying.

Lemma 3.5. For the solution v of (3.2) it holds that
2
(o0 < (G2 ) Qo 22 ) o) 0 c0)
Proof. Obviously

(for?, PN =370) = (lorl?, (r¥7271),)

N-2—gq

<|Ur |p_2Ura UrrrN_z_q>

_r
N-2-—g¢q

1 —2—qgir=n
+m[lvrl”ﬂv .
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From (2.3) and Lemma 3.3
lim (|0, [7r™=27) (1, 1) = 0.
And from (3.3) and Lemma 3.1

tim (|o,|7rY=2"9)(n, £) = 0.

r—o0

Hence using (3.3) again and Cauchy’s inequality, we have

(rl”, ™ 270) = s ok, 00 29) (1)
< P p N-3—g 1 P22 N-l1-g 1
< s (o ) g (200, V) ) o)

If we put e= (p—9)/(2p) particularly, the required inequality is obtained.
~ Q.E.D.

We set k =p—gq and ¥, = (up +#)" for the initial function uy in our
theorems. Then we have

Lemma 3.6. Let uy be the function in Theorem 1. Then
(W) 1)l P15
< C(M + 1)V (o), 7, V1) ([ wo), 17, PV,
where C does not depend on n. If uy is the function in Theorem 2, then
()™ 1), 1) < C(M + 170D, (o), [P,
where (,) means the L*>(—n,n) inner product.

Proof. We prove the first half. We put /=N —-14+x, s=m—1+
p(2—m) and w=uy+#. Obviously

(W) W) l” < COWP=D0 D 2 s, 7).
So, it is enough to estimate (w™*, |w,|21’ r!) only. By integration by parts
™, i 7oty = 0™, w2 2w
= 5w, w P! = (2p = 1), [ |7 2w
— w5, | P 2w + [wl‘s|wr(2”_2wrrl]:zg.
The last term vanishes from (2.3). Hence

(s = D)W, by [7r!) < (2p = Y0, [ 22w ) + 200", o271,
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By Holder’s inequality
W', w272 w1y < v, w77t + Ce) (WP |,
(1, w71 < w2 4 Ce) (97, 71 7).

Noting that p —s = (p — 1)(m — 1), we obtain the first half from the above and
the inequality

(3.5) (Iw,|?, rry < C(|(uo),,I?, pN=ley

By the way of precaution we verify (3.5) at the end of this section, see Remark.
Secondly let u#y be the function in Theorem 2. Since / = 0, it follows from the
above that

(s = (W™, [wil®) < (2p = D)W || * 72, [wir])
< e(w™, [w | ) + C(e) (WP, wilr' ).
Thus the second estimate has been obtained. More easily we can prove that
(3.6) ()W), 17,10 < (M + 1) P70 (((wg), |7, PN 1)
for the function uy in Theorem 1. Q.E.D.
Remark. The function w in the proof of Lemma 3.6 satisfies w, = O(r)
(r — 0), since w is spherically symmetric.
In general, let f(r) be in C'[0,c0) such that £(0) =0 and f(r) =0 for
sufficiently large ». Let a > 1, ¢ >0 and a #¢& Then it holds that
o0 [ee)
(3.7) J Lf(r)|“reVdr < CJ LF/(r)| %! db,
0 0

where C depends only on ¢ and e.

The inequality (3.5) is obtained immediately from (3.7). So, it is enough
to prove (3.7). By the mean value theorem, f(r) = O(r) (r — 0). By integra-
tion by parts

[Pt ar= [ ey a = L groe;

0 E—aly &E—a

a

[0 o

&—a)y

Hence

| et a < | i

0 0
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(by Holder’s inequality)

[o's) (avl)/a o0 l/a
SC(J £l dr) (J Lfere! dr) ,
0 0

which means (3.7).

4. Lemma 4.1 and its proof
From now on we denote by ((,)) the integral fOT(,)dt.

Lemma 4.1. For the solution v of (3.2) it holds that

-2 2 N-1- 1
@.1) ((lor"", o5r "))+p

W“N‘ Dp+a)—qlg+ 1))((|Ur|p,rN7%Aq))

= o (@)
AEIED, (510, a2
T T Y

+o(1) (n — o).
Proof. From (3.2)
(v™%,, |v,|p_2v,,rN‘1‘q) = m(|v,|P2, 02PN 1) (N — 1)(|v,|”_21),,vrrrN“2“q).

Obviously

_ o 1 o
(lor}? 2Uravrr”N g 7) :;((|Ur|p)ra”N 2 )

N_th p» ,N-3—¢q 1 P, N-2—gir=n
= =", +_ 1 r a r=0"
B (low| ) p[l vl =0
As previously
; P .N-2~q — i PpN-2—q —
Tim (oY 20,0 =0, lim (o P29 (n, 1) =

Hence we obtain

42) (0% |o|" 0,V 1Y) = m(Jo [P, 2PN 1)
= V=DV = 2= g)jul?, )

+o(1).
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On the other hand

(070, [0, 20, V1) = (v™%y, (|0, 20,) PV 179)

p—1

1 _
= = ((v7%00),. o, P20V 9)

p—1
N-1-
T e )
1 — p—2 N—]—q r=n
+ 21 [v™%, v, [P “vpr 1 =-

As previously
lim (|o,|” 20,V 1) (r, 1) = 0.
r—-+40

Since (v™%v;), = v *vy — oo~ % p,v,, we have

(4.3) (0%, [v,|P 20V 1) = (™%, (Jo,|”20,) 7V 19)

-1
1
p—1

(V™ |0 [P 20,V 1)

+ (v o, ]v,|p_zvrrN_1’q)

-1
N -1

P o )

1 _
g o o) ),

Here the last term vanishes by virtue of (3.2).
We can write

- 1_ T (070, [P0 NI = —ﬁ (W™, (Jor|7) V9.
Hence
1 —o P2, N-1-q\\ _ o —ael poN—l—g
= (7, 0|0 ))ﬁ_p(p——l)((v o0 077 )
1

_ —o v Perlfq Z:T.
p(p_l)[(v 7[ r| )]t:O
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Combining this with (4.3), we obtain
@4) (v o P 2o,V 1T0) = % (Ca N )

N-1- N
—qu((v‘“vt, o7 0,r ¥ 721))

e
First we estimate the first term on the right-hand side of (4.4). From
(3.2)
(0~ Loy, [0 PPV 179) = m(v oy, |0, 2PV ) 4 m(N = D) oy, o PPV 279).
And

1 _ -
(v v, [0, | PPV 1) Zm(v L (o Po) N D)
— o o)

N-1-
——————q(v_lv,,]vr

p+1 [Fr

1 B e
+m[l) 1Ur|vr|prN ! q]r:g'

As previously
lim (v |o )" r¥N 1) (r, 1) = 0, lim (0,]0,]P ¥V 19 (n, £) = 0.
r—+0 n—0

So from the above

(4.5) (Uﬁa;ll)t, |Ur|PrN71*Q) = P (0—2’ ivr|p+2rN—1~q)
m((N — 1)p + 3 L
MO~ Vp 0 1 o
+o(1).

Next we estimate the second term on the right-hand side of (4.4). From
(3.2) again

(0™, |07 20N 27) = m(vp, 0,72, PV 20 £ m(N = D)(Jo, |2, r V379,

And
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— 9 1 o
(trrerlor] ™2, PY77) = (o), V2

N-2-
= =2 o, V)
p

1 .
+ ol PPV 200
As previously the last term equals o(1). Hence we have
(4.6) (v, || 2oV = %((1) — (N =2) +p+q)([o.[7,rV379)

+o(1).

Combining (4.4) and (4.5) with (4.6), we obtain

47) (v, o201 )) = %((vﬂlvwﬂ’w—l—ﬂ)
’ ﬁ (N = Dp+ q) (v or, |0, PPV 279))
- ﬁ [, o, PPV =]
_%__11;)@((17 —1D)(N=2)+p+q)

(o], P37

to(l)  (n— o).
Here we note that
(N—1=g)((p— DN - 1)+g+1)— (p— (N~ (N 2~ g)
=N-1(p+q —q(g+1).

Therefore the required equality follows from (4.2) and (4.7). Q.E.D.

5. The first L? estimate

We investigate the inequality deduced from Lemma 4.1.
We consider the first case: (N —1)(p+¢q) —g(g+1) =0. From Lemma
3.5



On L? Regularity for Weak Derivatives 35

2
(2 22 170) (Il =270 < (1 (%) >(<|vrv"2v3,,rN*1‘q>>

+o(1).
And using Lemma 4.1, we have

(51) ((|Dr|p_27 UrzrrN_l;q)) + ((|7-7r|p, rN—3—l]))

p ’ x - + —1-
= <1+ G5 ) PG+ 1) )

14 ’ o(N-1)p+q),, P N-2-
+<1+(1)—5)> pprn (el »

+ C™ o [PrV ), g +o(1)  (n— o0),

where C is a positive constant depending only on p.
We consider the second case: (N—1)(p+¢q)—q(g+1) <0. We mul-
tiply the both sides of the inequality in Lemma 3.5, by [(N —1)(p+¢q)—

g(g+1)]/[p(p - 1)].
2

(P

5-2) <p—f5> p(p—1)

o

“plp-1)

Next adding ((|o,/?"*v2,rV=1-9)) to the both sides of (5.2), we obtain from
Lemmas 3.4, 4.1 and (5.2) again

(g(q+ 1) — (N = 1)(p + @) ((jorl? 203, r¥179))

(N =1D(p+ )~ (g + D)((Jol", 7).

o o B
(1 (p—l)(p—é)z(q(q+1) (N 1)(p+q))>((lvr|P 02, ))

) % ((El R )
< (o 221y 4 B2 1><,’,’(; ")f)q(q D) (o7, V)

< o
~ pp+1)

+C™ o Pr¥ 10 g + o(1).

(o2, 4 SO 2R (b, 2o

Hence
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- 1- (p—D(p-067° « ~ o
((Jorl?~20p, PV 170)) < 5tp—3)  pp D\ o2, PN )

(p—D(p-0)*a(N-Up+q), _ e
6(Np —9) p(p+1) ((v lvr’ |Ur|prN : 7))

+ O Ju P9 L + o(1).
From the above and Lemma 3.5 it follows that

((lorl" =207, PV 70) + (o, V74

2
< (1 +(5%5) )((lvrlp‘zvfr,rN-l-‘I))
P Y\-D(p-9)® « a2 N-1e
S<1+<1)—5)> SNp—9) s+ D" ™)

» N\ (p-D(p-0>a(N-1)p+q),, N
+<1+(1"5>> 9 ppan (@ el

+ C0™ [0, P70 Lo + o(1).

This means that
(53) ((lorP 7202, PN 120) + ([0}, PV 371))

? Y\ @-Dp-9>°
S(”(p—é)) 5(Np—9)

« 2|y, |PT2, pN-1-
{0 )

a((N=1)p+q)
p(p+1)
+ Co™% o’V g+ 0(1),

where C is the positive constant as in (5.1).
Combining (5.1) and (5.3) with the above, we obtain

(54) (ol 202, )+ (ul?, Y 0)

rr?

(o |vr|f'rN*2-q>>}

< Cof (022, PV 4 (07 o P N2}
+ C(v—fx7 |Ur|prN717q)t:0

+o(1).
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We estimate the right-hand side of (5.4). First we have by integration by
parts

(v“2lvr|”+2, PN = (072 v, Po,, 0N 179
= 20720 "2, V) — (p+ Do oo, eV 9)
— (N =1 =) o), PV =29 4 [v o, o, |PrV 19120

As previously

HTO(IUrlP'HrN‘lfq)(r’ [) = 0’ lim (U_lvr‘UrV)rN_l'q) (n, t) _o
Hence
(55 @A) = (p 4 DO ol V)

+ (N =1 = @) v )P, r¥=279)
+o(1) (n — o0).
We use the following Cauchy’s inequalities;

_ S1- - - 1 - i
[ o], Y1) < oo ) 4 (o ),

rr?

gy ] N
(7 o2 < ol oY) ().

Weseethat N—1—g=1—-p+6<0from(2.3). Since (p+1)+|N—-1—¢|=
2p — 6, it follows from the above and (5.5) that

e e e )
+M(‘U P PN=3-0y 4 o(1).
48 rlo
. 1
So setting ¢ = m’ we have
(0 20?2, Y0 < (p 4 1)(2p — ) (o7 02N 4 (2p — )2 (L V)
+o(1).

Hence we can estimate the first term on the right-hand side of (5.4). The
second term can be also estimated from the above.
Combining these inequalities with (5.4), we conclude the following

Proposition 5.1. There is a positive constant oy such that for the solution v
of (3.2) it holds that if 0 < o < ay,
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((E et

YT+ ((Jol?, PV ) < CT o PPV g + o(1)
(n — o),

where oo and C depend only on N and p, but not on n and y.

6. Lemma 6.1 and its proof
We put k =p —q as in Lemma 3.6 for the sake of simplicity.
Lemma 6.1. Let v be the solution of (3.2). Then

(6.1) P i 1 (’; - “) (202, |op PPV 1)) 4 (o272, 02,V 1Y)

N-1+«k N-2+«k 3k
s I B (WA
p-1 P

- (N - 1)((Urlvrr|p72a UrrrrN73+K)) + (N - 1)((Urrlvrr|p_2; UrrrrN_2+K))

3- _ - . K, _ _
- pla((v IU”UWV) 2al’rrvrrr”N t ) ——((v lvra |Urr|prN 2+K))
P - p
- “(N - 1)((U_lvrza ‘UrrlpﬁzvrrrrN_z-‘rK))
o -2.3 -2 N-2
+ p— 1 (N - 1)((U ) |U”‘|1J Uyt +K))
o _
(N = DV 4 (0, o 7, 5)
N-1+k _ .
+ (N = l)ﬁ((vr'vrrvj 2avrr"N 4+K))
1 —a P N—-l4x\1t=T
P(P— l)m [(U |Dr,' F )]t:()
+o(1) (n — o0).
Proof. First by integration by parts
e CI (lvrrlp_zvrrrrN_l+K)r) = *Oﬂ(U_a_lvtvr, |Urr|p—zvrrrrN_1+K)
+ (U_avrta |vrrlp720rrrval+x)
- [Uﬁavt|Urrlp_217rrr”N71+K]rrz(r)"

Noting that v, =0 for r =n. We have from (2.3)
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(62) —_(U—avta ('Urr‘pizvrrrrNich)r) = —O((Uia—ll)tvr, lU,rlpizl)rrrrNVHK)
+ (07 0pt, [V 20 V).

From (3.2)

(6.3) —“(vfailvtvrv 'vrr\p_zvrrrrN41+K) = _“m(v—lvrvrr, |Urr|p_zvrrrrN*1+K)

—am(N — 1)(v"10?, |v,,|P_varN“2+K).

Combining (2.3) with (3.4), we have

(6.4) (07" 0ps, [0y P 0 VIR = (™%, (Jor | 20) PV 71H5)

-1

o v _
= - 1 (U * 1Urvrty |Urr|p 2Urr

rN—1+K)

(U_avtrra |Urr|pv20rrrN_l+K)

-1
N-l+4x
p—1
+ o(1).
In (6.2) we use the function (|v,|?"2, v ~17%), in spite of v e H**HGH/2 but

it is not contradictory we may take an approximating smooth sequence of v.
We estimate the second term on the right-hand side of (6.4). We can write

1

(v v, I”rr|p—2Urr"N'HK) = ; (v™%, (|Urr|p)trN—l+k).

(0™ %0ty [0 [P0 N2

Since (v™%v;), = v %0, — a0~ * 10,0,, it follows from (3.2) that
v 0y = MUy + m(N — 1)(vrr_1)r + omv " v,0, + om(N — l)r“lu_lvrz.

Hence (6.4) becomes

(65) (U_(xvrta lvrrip_zvrrrrN_l_Hc)
am _ — _
= = 1 (U 1Urvrrra Iurrlp 2UrrrN 1+K)

oam _ _ — _

+ p_l(zv— D v, (0,70, [0 20N 1)
o’m o, P N—1+K

(o2, 1)
o’m -2.3 p—2 N—-2+4x

+ (N = 1)(v™"v], e “vper )
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1 —o —14x
—p—(;‘;—l—)(’) 7(|Urr|p)/N H )

m p-2 N—-2+«k
- p— 1 (N -1+ K)(Urrrlvrrl y Ut )

m —1 p=2. N-2+x
_ﬁ(N =1+ x)(N = 1) ((vr),, |on]” “vpr )
- Paj/ll( = L+ x) (0™ 0, o P )
= N =1+ )N = D60 o)
+o0(1)

Combining (6.2) and (6.3) with (6.5), we obtain

(6.6) — (0™, (Ivrr|p_zvrrrrN_l+K)r)
2 - _ - _
= p _l; (v 0,00y, |0r)? 2y, N 1)

—om(N — 1) (0" 020y, |0 [P 2FV245)

+ paml ( 1)(U Ur(Urr )r? |Urr|p721)rrrN71+K)

O(zm P, N—l+x
+ __l(v 02, o, |Pr )

a’m v 2p 3 P2, N72+K
+p_1(N”1)( |Urrl )
—*1—(1)_“ (|l) |P) ;,.N71+rc)

P(P _ 1) ) rr t

~ r-2 N-2+k
— ;“_—1 (N -1+ K)(Urrr|vrrl s Upet )
B L N—-T+r)N -1 Ur}"_l s |Urr P*ZUW},N—2+K

p—1 r
= N = 100 o 720
N LRV D7l )

p p—
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On the third and eighth terms on the right-hand side of (6.6), we write
(vr 1), = vt — 0,72, that is

N1y = (07 Yoy, [0 PPV 2 — (07 020y, [0, P2V 3,

N—2+K) — (|Urr|p7 rN—3+K)

(v v (or7Y),, [Vrr|P 2 0pr

rrrN—4+K) .

((Urril)ry |vrr|p_zvrrr - (Ur|vrr|p_2a [%

The integration over the sixth term equals
(@ (lon ") ¥=14)) = (0™ o, o PPV =149)) + (07 Jonl PPV 91250
= am((v™" vy, [0 | P 1))
+om(N = 1)((v vy, [on]"r¥724%))
[ ol NS (from (3.2).
The seventh term is

_ ~ 1 -
(67) (|vrrlp zvrh UrrrrN 2+K) - ; ((Ivrr|p)r,rN 2+K)

1
= _;(N -2+ K)(|vrr[p’rN73+K) +o(1)

(as previously).

From the above (6.6) becomes

(6.8)  —((v™ s, ([0pe " 20V~ 14%) )
2 —
= ) _li Ocm((v_lvrvrrr, |Urr|p72vrrrN_1+K))
— am(N = 1) (07 020, 0]V 2H%))

2
o (070 )

o“m _ _ o
N = (070 ol P2
1 _
_ v—“’ Urr PpN-l+x t:T
p(p_ 1)[( I | )}I—O

aom (N —1 _ 24k
o p-1 <T+ K) (o o r500)

om

o1 (N = DN + 1) (007, o |20,V )



42 Kazuya Havasiba and Masatomo KoBAYASHI

- % (N —1+x) (N - 1= % (N-2+ K)) ((Jorr)”, rN—-3+K))
+%(N — )N — 1+ 1) (0o |72, 0V 45Y)
S L. v Yo v, [PpN—1HE
o =1y (O o el E)
+o(1).

By integration by parts the last term equals

_(v‘lvrh |Urr|prNV]+K) = _(U_zvr27 |Urr|prN71+K)

+ p(v_lvrurh lUrrlpi?‘Ur,rrN_lﬂc)

+ (N = L4 x) (v oy, v, PPV =27)

+o(1).
Thus (6.8) is rewritten as follows:
1
(69) = (vt (ol Purr™14%),))
= 3—poc((v_lvv (0[P 20 V- 1H5Y)
p _ 1 rvrrrsy rr rr

—a(N — 1)((071%20"” }Urr|P_2VN_2+K))

x 1 -2,,2 P N—l+x
+ o—— | ((v"%v;, jv |
= 1( p)« ol Pr¥ 1))

(N = 1)((v7%6], lon "0,V 21%))

~ o= Dml o PPV 2y

- %K((Uglvr’ Ivrr|pva2+K))

o
p—1
1
p—1

(N - 1)(N + K)((U_lvrza |vrrlp—20r,rN_3+K‘))

(N—-1+x) (N— 1 —%(N—2+K)) ((|Urr|p,rN_3+K>)
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*L‘—pi (N = DN = 14+ 1) (0|2, 0,rV=4))

+o(1).
On the other hand from (3.2)
e Gl (I”rr]pizvrrrrN_HK)r) = —m(vy, (|vrr|p72v,,,rN’l+’C)r)
= m(N = Do, ([onl"omrV149),)
|11*2 2 N—H—K)

LU T

= m(lvrr rrr

+ (N = 1) (0 |0r |72, 0y V219)
—m(N — 1)(Ur|vrr!p72a UrrrrNV3+K)
+o(1).

Combining this with (6.9), we conclude Lemma 6.1. Q.E.D.

7. The second L? estimate

We estimate the term ((|v,,|”,7V~3)) on the left-hand of (6.1). First by
integration by parts

(v]?, PV 73 = (|0 P20y, 0tV —315)

=—(p— 1)(|vrr|p—zvrm vrrN—3+x)
— (N = 34 1)(Jtr " 20y, 0V —H)
+ Ll o ¥

As previously

im (o2 20,0 Y ) =0 and lim (Jo P 200V ) (0, 1) = 0,
r—=+0 n—co

because N -2 —g=0J—p < 0. Hence
(71) (ivﬂ|p’ rN_3+K) = _(p - 1)(|Urr|p_zvrrr7 UrrN_3+x)
-(N-3+ K)(lvl’rlpizvrrv UrrN_4+K)

+ o(1).
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By Cauchy’s inequality
|([orrl? 20y, 0V )] < 8(|Urr|p~27 o, NI + C(g—l)(lvrr|l"2’ U
e>0.
On the other hand by Hélder’s inequality
|(Jor?2, o2 N < ' (fonl?, PV )+ CETD (0l YY) e >0,

The above inequalities are trivial for p = 2. From these inequalities

(7.2) |(|Urr|p_zvrrra o) < 8(|Urrlp72’ UrzrrrN*HK) + C(gkl)
X {8’(|Urr|p7rN_3+K) + C(Slél)(lvr|parN_3vq)}-
Further
e e T IE g (e Y ) B &l G [ (L B

From the above and (7.1) we see that

(1—Ce e (p—1) — &N =3+ &) {[vn]?, ¥ >) < e(p — 1)(|on]? 2, 02,4V 1H)
+ C(8_1781_1)(|Ur|P, rN—3—q)
+o(1).

Taking ¢ > 0 as sufficiently small, we fix it. Afterwards we take ¢’ > 0 anew.
Then

1—-Cee'(p—1) —e|N -3 +x| > 1/2.
Here we use Proposition 5.1. Then the following lemma holds:

Lemma 7.1. For the solution v of (3.2) and any é > 0 it holds that

((Joml?, PV =34%)) < 0((Joml? 2, 02,V 71H9))
+ C(v™*, |v,|prN‘1“q)t:0
+o(l)  (n— o),
where C depends on N, p and 67Y, but not on n and 7.
We use (7.2) and the inequality
|rrlorl? 2, 0 )] < [0, 05, + Ce ) (ol V).

Then for some A > 0 it follows from Lemmas 6.1 and 7.1 that
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(13) 575 (5 =) €02 bl 540 41 = 40) (ol 2,14

:]; L L e )

—o(N — 1)((0—103’ |Urr|p_20rrrrN_2+K))

oK o?

- ((U-IUH |vrr!prN_2+K)) + 1 (N— 1)((1)_21}3, |Urrlp_2vrrrN—2+K))

o

(N = DN + ) (v 02, [or|P20,r V3 15))

+p—~_—(N — D((0rlon P2, vV 447))

b Y,
p(p—1)m

+C % o [PV,

+o(1).

Here we put 6 =1/(24) and take o > 0 as « < 1/(2p). Using again Lemma
7.1, we have from (7.3)

(74) (W07, Jon "™ =)+ (o772, 07, e H9)) + (Joml?, 7V 19))
< CI((Ur|Urr|p_2, UrrrN74+K))]
+ Coc{|((v_lv,|vrr|p_2, UrrvrrrrN71+K))| + |((Uﬁlvr, !Urr|prN_2+K))|
S L )| R (G T L )
T C2((07202, o P20 V2|
LW, P Ly + (07 V), )
+o(1).
We shall prove

Proposition 7.2. Let v be the solution of (3.2). Then there are two positive
constants oy and C such that if 0 <« < oy, it holds that

— - —2 — —
(07207, IonlP ¥ o (2, 02,r71459) = ([, V=)

< C{™ o7, V) g o+ (07 [l P ) g Fo(1) (= o0),
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where oy and C depend on N and p, but not on n and . For the case of N = 1,
the last term (v™2,|v,|"rN=179),_, disappears.

Proof. We set the right-hand side of (7.4) as follows:

5
ChL + Ca Y I + ColIs + C{Jy + 1} + o(1).
k=2

We estimate each term [I;, i = 1,...,6. For these we apply Holder’s inequality:
(7.5) L = (o |onr |72, 0N 4]

< &((|ol”, PV ) + CEe ) (0l 7V 379

< &((|o|”, PV ) + C™, o PV 1) g+ 0(1)

(by Proposition 5.1),

=|((v” v,|v,,| vrrvmrN—lJrK))l
< &(v7207, [onl PV 4+ L) (ol 05,V ),
= |((U Oy, [0 PPV 2|

< &((v202, o PPN 4 Cle Y ((Jon )P, PV ),

2L = 2|((™" 7, [owm | 0™ 21|
< ((|Urr|p_2,U“ZUfVN_3+K))+((|vrr|p 2, rzrrrN 1+K))
The first term on the right-hand side of (7.5) becomes
(7.6) (lolP, 07268V 3%) < (0202, [0 PV 1%) + Cle™ ) (0o PF2, PV 19).
On the other hand by integration by parts
(2, P2, PV ) = (0 2o Py, o 1Y)

= 2(2u, P12, V1)

— (p+ 1) ol vy, 7V
— (N =1=q)(0  orl"v,, r"279)
+ [0 Yo |Po N1

As previously

lim (v o, [P or V10 (r, £) = 0, lim (v~ o, v,V 1) (n, £) = 0.
r—+0 n— oo
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Hence
(2|0, |72, PV 10y = (p + D)0 0,0y, PV 179
+ (N =1 = @) v, |Pv,, PV-279)
+o(1).
Using the inequality

|(U—llvrlpvrhrN—l—q)’ S8/(072|vr|p+27,,N—l‘q)_‘_C(g/—l)(|vr|p—2u2 rN—l—q),

rr?

we have
(1.7) (2o, P2, V1) < Cf(for P 202, Y0 A (07 o )P PV 4 0(1).
By Hoélder’s inequality

(202, PV 179) < (ol ) + (¥ 0))

rr?

- and

@ ol V) < a0 0?2 PN )+ O (Jof 7, PV ),
Then it follows from the above and (7.7) that
(7.8) (0 %0l < C{(Jonl?, ¥ ) + (o) P )} 4 0(1),
Combining (7.5), (7.6) and (7.8) with Proposition 5.1, we obtain
2s < (0720 [0l ) + (o772, 02,V
+ C{((jon ", 7)) + (07, 0PV o} + o(1).
Next we estimate I5. First
Is = |((v" 0}, o[ 0N 30))|
< C{(70 o P2 )) 4 (Jonl?, PV 2} + 0(1).
From (7.6) and (7.8)
(07107, Jon 0, 9)) | < o((07207, [ | P10
+ C{(([onl”, PN 72H)) + (ol PV )}
Hence by Proposition 5.1
Is < &((v7%07, o)) + C{((on |, 7V 5)) A (07, [PV ), } + 0(D).

Lastly we estimate I;. We have
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Is = I((UfZUrSa |Urr|p_2vrrrN_2+K))|
< C{((w™207, [om PV 1)) + ((0720F, o [P 72PN 34},
From (7.6) and (7.8) we obtain
Is < C{((v™207, ol PV + ((onl?, 7Y 2)) + (7% oY), } + 0(1).

We have finished the proof of Proposition 7.2 from (7.4) and the above
estimates of each term I;, i=1,...,6. . Q.ED.

8. Proof of results

Let D be a bounded domain in R¥!' (= RY x R}). For any function u
on D we define its norms as follows:

2 o
uy) = > sup|ojoul.

2s+|aj<2 D
And we define
H*'(D) = {u|u is continuous in D, together with all derivaties of the
form ¢70;u for 2s+ |o| < 2}.

Then H>!(D) is a Banach space with its norm | |
We denote by v the solution of (3.2). For the time being let # > 0 be
sufficiently small and fixed. The following fact is known:

There exist a subsequence {v]l } of {v]l} and a function v" such that
vl =" in H*'(D) (v — o).
for any bounded subdomain D in R" x (0,T).
Hence 070%v" € C(R"Y x [0, T]) for 25+ |a| <2 and v” satisfies

g {7, ) R 07)
. v7(-,0) = (¥")" on RV,
where Y7 = ug + 7.
We set u” = (7)™ and 0 <y <#’. Then it is known that

0<u(x,t) <u" (x,0) <M+1,
and there exsits a function u such that
u(x, 1) — u(x, 1) ae RY x (0,T) (n — +0),

where u is the required solution of (1.1).
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In general it holds that for any function f

105,05, /1 < C(| forl + 7M1 1]
Hence it follows from (3.6), Lemma 3.6, Propositions 5.1 and 7.2 that

T pn
J J 104,00l |P PN drdt < C+0(1),  i,j=1,...,N,
0 Jo

where C is independent of n and #. Letting n — oo, we have

T poo
J J |0x, 0,0 PPN 3 drdt < C, i,j=1,...,N.
0 Jo

We denote by Lg(RN x (0,T)) the Banach space with its norm
(B2 | f17PN=347=4 drdr) /P Then from the above there exist a function » on

RY x (0,T) and a subsequence {#,} of {5} such that 7, — 0 as v — c0. And
they satisfy

Ox, 00" converges weakly to 0.0,v in LP(R" x 0,7)).
i 7 4 J q

We easily see that v = »™. Thus Theorem | has been proved.

Lastly we prove Theorem 2.

When N =1, we easily see that the solution v dose not need to be
spherically symmetric in the proof of Lemma 6.1. Let v be the solution of (3.1)
and let us proceed in parallel with the previous argument. But we set k¥ =0,
namely p =g¢. The inner product (,) means that of L?(—n,n).

From the proof of Lemma 6.1 we have

d (l — oz) (07202, [oxx]?)) + ((oxxl? 2,02 )

p—1\p
_3p (07 e el Do) — — [0 [oal )12+ o(1).
p—1 mp(p—1)
Here we put
X = |Uxx|(p72)/2|vxxx|, Y = v—l|vx| |Uxx[p/2_

Then

Hence it is enough to hold that
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x24- 2 : (%—oc)Yz—quxXYZO,
P

for any two variables X and Y. For this sake the following is sufficient:

3—p>22 4 (1 >
8.2 ot — ——oa} <0,
8.2) (p—l p—1\p

which is equivalent to

4(p-1)

< ——.
p(p? —2p+5)

This is the same as m < I(p), where I(p) is the quantity in Section 2.
Therefore we have

(™, IUxXIp)z=T < (v, lvxx‘p)z=0 +o(1).

Replacing T with ¢ on the left-hand side, we integrate the both sides on
0<t<T. Then

(07 Joxxl?)) < T [oxx|”) 1 + 0(1),
which means
(L Josel”)) < T(M A+ 1) (07, [0x]?) g + 0(1).

Using Lemma 3.6, we proceed in parallel with the proof of Theorem 1. The
remained part is similar. Thus we complete the proof of Theorem 2.
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