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1. Introduction 

We are concerned here with the oscillatory character of certain solutions of 
scalar differential equations of the form 

(1) x(t) = f(t, x(t), x(t - r(t))), 

where t - r(t) is a given strictly increasing map defined for t:::::: t0 for some 
to ER. We also assume that r(to) = 0 and O < r(t) ::::; t - to for t:::::: t0 . Eq. (1) 
is a particular form of a "retarded differential equation", the delay in time being 
provided by the argument t - r(t) and it is a special kind of a functional 
differential equation of the type 

(2) x(t) = g(t, X1), 

where x1 is the "tail" map (as it is given, for instance, in [6]), x1(0) = x(t + 0), 
0 E [-r(t), O]. A particular instance of the more general situation to be in­
vestigated in this paper, was studied in [2], namely, the "scaled differential 
equation" 

(3) x(t) = -ax(t) + ax(pt), 

where a > 0 and O < p < 1 are given real numbers. Here, we have to = 0 and 
r(t) = t - pt. The nomenclature for Eq. (3) is due to the change of scale in 
time of the argument pt. Variations of this equation have been used in some 
mathematical models for pantograph equipment ([3, 4, 5, 9, 10, 13, 14, 15]). 
Eq. (1) has an interesting feature: two different kinds of initial value problem 
(IVP) can be attached to it, namely, the punctual IVP "x(to) = x0," or the 
functional IVP "x(t) = ijJ(t)", where x0 is arbitrarily chosen in R or ijJ is 
arbitrarily chosen in '1J, := '1J([r', r], R), and r > to is an arbitrary real constant, 
with r' = r - r( r). Here, as usual, '1J( [a, bl, R) stands for the space of the con-
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tinuous maps from [a, b] into R, equipped with the supremum norm 11¢11 = 
sup{li,b(t)I: tE [a,b]}. One often refers to either (to,xo) or (r,t/1) as an "initial 
condition". This duality of IVPs directly leads to the phenomenon of collapse 
of backward continuation ([2]), responsible for a wild kind of oscillatory be­
havior of solutions of Eq. (1), as we shall see. In order to make notations 
simpler, we extend the above nomenclature of r' by putting r" = (r')' = 
r' - r( r') and so on. 

By a "solution" of the punctual IVP we mean a differentiable map x(t), 
defined in an interval [t0 ,b] which, of course, satisfies Eq. (1) fort E [t0 ,b] and 
x(to) = x0 . The derivative at to means, of course, the right-hand derivative 
while the derivative at b is the left-hand one. As usual, the notations x(t+) 
and x(t-) denote the right-hand and the left-hand derivative of x at t, re­
spectively. Similarly, a "solution" of the functional IVP is a continuous map 
x : [r', b] --+ R, such that b > r, x is differentiable in [r, b] and, of course, satisfies 
x(t) = t/J(t), t E [r', r], x(t) = f(t, x(t), x(t - r(t))), t E [r, b] with the derivative at 
r being the right-hand one, etc.. To emphasize the dependence on r and t/J 
of this solution we shall denote it by "x(., r, t/J)." The solution of the punctual 
IVP will be denoted simply by "x(., x0)." We assume from now the following 
conditions: 

Hypothesis (H): (i) f(t,x,y) is continuous int and C00 with respect to x,y 
for t ~ to (this condition implies that f(t, ., .) is locally Lipschitz, i.e., for each 
compact rectangle Q = [a, b] x [c, d] and t ER there is a constant MP> 0 such 
that 

lf(t, x,y) - f(t, u, v)I ~ MP max{lx - ul, IY - vi : (x,y), (u, v) E Q}, 

where 1-1 denotes the modulus or absolute value map); (ii) Dyf(t,x,y) =I= 0 for all 
(t,x,y), t ~ to ((ii) implies that f(t,x, .) is strictly monotone); (iii) f(t,x, .) is 
surjective; (iv) f ( t, 0, 0) = 0, t ~ to and (v) r is C00 • Assumption (iv) implies 
that x(t) = 0 is a solution of Eq. (1), which is called "the trivial (or null) 
solution" and it is the unique solution for both the punctual IVP "x(to) = 0" 
and the functional IVP "xr = 0" as it will become clear in the sequel. This 
equilibrium is denoted by x(., 0). 

Note that (ii), (iii) and (iv), together, imply that the sets d/ = 
{y: f(t, O,y) > 0} and s11- = {y: f(t, O,y) < 0} are nonempty, disjoint and 
d; U s11- U {0} = R, t ~ t0 . To fix the ideas, we may think, without loss of 
generality, that: 

Hypothesis (G): d/ = R+ = {y: y > 0} and s11- = R- = {y: y < 0}. 

Note that since f is continuous, it follows that {y: f(t,O,y) = 0} = {0} for 
each t ~ to. 
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If we compare the above conditions with the simpler ones in [2], where the 

authors made use of the stronger semigroup property which holds for linear 

delay equations, we see that the present conditions are not yet sufficient to 

guarantee backward continuation of a large set of initial conditions, as it is in 
the linear case. In this paper we use a special property called piling property to 

be defined, as well as applications of implicit function theorems, to extend the 

results to a much more general class of problems. 

2. Existence and uniqueness of solutions 

Let us now prove that, under assumption (i) above, the initial value prob­

lem x(to) = xo has a unique solution in a sufficiently small interval [to, to+ Ex0 l, 
Ex0 > 0. Indeed, let rx > 0 and J > 0 be given, rx < oo, and consider the operator 

T : ~([to, to+ rx], R) ----> ~([to, to+ a], R) 

(4) T(</>)(t) = xo + J1 
f(s, </>(s), </>(s - r(s)))ds, t E [to, to+ rx]. 

lo 

Note that O < r(t) s; t - to implies that T is well defined. Let Lx0 := 

max{lf(t,x,y)I: (t,x,y) E Q~}, where 

Q~ := [to, to+ a] x [xo - J, xo + J] x [xo - J, xo + J] 

and restrict tin Eq. (4) to vary in [to, to+ Ex
0

] where Ex
0 

= min{ a,J/ Lx
0
}. Take 

</>o(t) = Xo, and form the sequence {</>n}r given by 

t E [to, to+ Ex0]. 

Then, 

l<f>n(t) - xol s; J, 

\<Pn+I (t) - <Pn(t)I ::; Lx0 Mn(t- tof+I /(n + l)!, 

where M is an upper bound for the Lipschitz constants MP of f for 

(t,x,y) E Q1 . The existence of Mis guaranteed by the continuity off with 
xo 

respect to t (hypothesis (H)(i)). Hence, the series 

00 

Xo + I:[<Pn+I (t) - <Pn(t)] 
n=O 

converges uniformly in [to, to+ Ex0 ] to a map x(t), due to Weierstrass' com­
parison M-test with the series 

I I Lx0 ~ (MEx0 f+I 

xo + M 6i' (n + 1) ! 
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which clearly converges to lxol + (Lx0/ M)(eM<xo - 1). The partial sum of this 
series is </Jn(t), so that the sequence {</Jn} converges itself as n---+ oo to x(t). 
Clearly, x satisfies 

(5) x(t) = xo + J1 
f(s,x(s),x(s - r(s)))ds, 

to 
t E [to, to + ExoL 

i.e., x 1s a solution of the punctual initial value problem x(t0 ) = x0 with 
lx(t) - xol :<::; J, t E [to, to+ Ex0]. Suppose now that y(t) is another solution of 
the same initial value problem in the same interval [to, to+ Ex0]. Then, 

y(t) = xo + Jt f(s,y(s),y(s - r(s)))ds, 
to 

t E [to, to+ Exol• 

Hence, 

and, in general, 

t E [to, to+ Ex0]. 

Thus, </Jm(t) ---+ y(t), t E [to, to+ Ex0] which shows that x is unique. As men­
tioned earlier, we denote this solution by x(.,xo). Hence, we have: 

(A) The solution x(., x0 ) exists and is locally unique for each given initial 
condition xo. 

Clearly, from the formula (5) of x(., xo), one sees that this solution continuously 
depends on x0 . Also, it is clear that the following corollary of proposition (A) 
holds: 

(B) No other solutions of Eq. (1) than the ones that satisfy 

x(to+) = f(to, x(to), x(to)) 

may hit (or cross),from the right hand side, the planet= to in the (t,x,y)-space. 

Let us take advantage of our exposition to introduce at this stage a new 
concept (the piling property) that will be useful in the sequel, since it will 
establish a powerful criterion to guarantee that certain functional initial con­
ditions do not belong to a solution of a punctual IV_P. For that matter, note 
that Picard-Lindelof's scheme for proving proposition (A) yields the following 
general result: given a Lipschitzian g(t, x) and real numbers xo and (positive) 
6x

0
, ax

0 
let Ex

0 
:= min{ax

0
,6x

0
/ Lx

0
(Jx

0
)}, where 
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Lx0 (Jx0 ) := max{lg(t, x)I: to~ t ~to+ OCx0 , Ix - xol ~ Jx0}, 

then the solution x(t) of .x = g(t, x), x(to) = xo satisfies lx(t) - xol ~ Jx0 , for 
t E [to, to+ Exol• 

We want this kind of property to be globally valid for a map g(t,x,y), as 
stated in the definition: 

Property (P). A map g(t, x,y) ER, t, x,y ER is said to have the piling 
property at to ( or, more simply, "the property (P)"), if, for each x E R we can 
find two positive numbers, Jx, and OCx, such that Jx < oo, and O ~ J2 - Jx ~ 

• lzl - lxl if z is another real number with lzl > lxl, and such that for 

Lx = max{lg(t, z, w)I : to ~ t ~to+ OCx, Ix - wl, Ix - zl ~ Jx}, 

we have E = inf{ocx,Jx/Lx: x ER}> 0. 

Let us make a paragraph to show that the class of maps that_ satisfy (P) 
is "large". In fact, if g(t, x,y) is a continuous map which is strictly monotone 
with respect to x for each fixed y, and in y for each fixed x, and such that 
lg(t, x,y)I ~ K(t)(lxl + IYI) + C, where K: [to, oo)---+ [O, oo) is continuous on 
[to, oo ), then g has the piling property at any to. Here, C ;:=:: 0 is a constant. 
We first assume that g(., x, y) is positive and increasing in x for each y and 
increasing in y for each x and arbitrarily choose oc > 0 and O < J < 1. We 
have Lx(J) =max{lg(t,z, w)I: (t,z, w) E [to,to+oc] x [x-J,x+J] x [x-J,x+J]} 
= g(tx, x + J, x + J) for some tx E [to, to+ oc]. Hence, Lx(J) ~ 2Klx + JI + C, 
where K: ::=::max{K(t) : t E [to, to+ oc]}, K < oo. Next, we take ocx = oc and 

Jx = { J, if Ix+ JI < 1 
Jlx+JI, if lx+JI ;:=:: 1. 

It is clear that if lx+Jl<l then Jx/Lx(Jx)::=::J/(2K+C)=J/[2K(l+Ci)], 
where C1 = C/(2K). If x+J > 1, then we have 

Jx Jjx + JI J X + J J X + J 
Lx(Jx) ;:=:: 2Klx + Jxl + C = 2K X + J(x + J) + C1 = 2K (1 + J)x + J 2 + C1 • 

Now, we just observe that the function h(x) = (x+J)/[x+J(x+J) + Ci] is 
decreasing provided C1 < J (as we may freely increase K as needed, we may 
assume that C1 = C/K < J) and h(x)---+ 1/(1 +J) as x---+ oo; hence h(x) ;:=:: 

1/(1 + J). The case x + J < -1 is similar. So, E = inf { OCx,Jx/ Lx(Jx) : x ER};:=:: 
J / [2K ( 1 + J) + C] > 0 and, of course, all the requirements of property (P) are 
also satisfied by g, as we wished to prove. Let us now make no assumption on 
the sign of g but assume that g is increasing in x for each y and decreasing in y 
for each x (of course, the opposite assumption works in the same way). Let 
oc, J, K and Lx(J) be as in the previous case. Clearly, also in this case, the 
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maximum absolute value la(t,z, w)I must occur at one of the comers of the 
rectangle [x - J, x + J] x [x - J, x + J], i.e., Lx(J) = la(tx, x + J, x - J) I, for some 
tx. Then, Lx(J) ~ K(t)(lx - JI+ Ix+ JI)+ C ~ .K(lx - JI+ Ix+ JI)+ C, where 
.k 2 max{K(t) : t E [to, to+ ix]}. There are two possibilities: 

Case I: x 2 0. Here, we have that Ix+ JI 2 Ix - JI for any J > 0. We 
take 

Jx= {J, if lx+JI < 1 
Jlx+JI, if Ix-JI 2 1. 

Then, we have Lx(Jx) ~ 2.Klx + Jxl + C. If Ix+ JI < 1, then 

Jx J J -- > ~ >----
Lx(Jx) - 2Klx + Jxl + C - 2K + C 

J 1 
2.K 1 + C/(2.K). 

As before, we may assume that C, := C/(2.K) < J. Then, in the case Ix+ JI < 1 
we have: 

Now, suppose that Ix+ JI 2 1. Then, since x 2 0, it follows that 

Jx J(x + J) J(x + J) J x + J 
-Lx-(J-x) 2 -2K~~ (_x_+_J-x)_+_C 2.K[x + J(x + J)] + C 2.K (1 + J)x + J 2 + C1 ' 

C1 as above. Let h(x) = (x + J)/[(1 + J)x + J 2 + C1]. Then, h'(x) = ( C1 - J)/ 
[(l+J)x+J2 +Ci] 2 <0 with h(0)=J/(J2 +C,), limx_, 00 h(x)=l/(l+J). 
So, h(x) 2 1/(1 +J) for x 2 0, and Jx/Lx(Jx) 2 [J/(2.K)][l/(1 +J)], as wished. 

Case 2: x < 0. This case works in a similar way, but we shall write the 
proof for completeness. Here, we have Ix - JI > Ix+ JI for any x < 0 and 
J > 0. We take !Xx = ix and 

Jx = { J, if Ix - JI < 1 
Jlx-JI, if lx+JI 21. 

We have Lx(Jx) ~ 2.Klx Jxl + C. If Ix -JI < 1, then 

Jx J J J 1 J 1 
--=-->----->--->---
Lx(Jx) Lx(J) - 2.Klx - JI + C - 2.K 1 + C1 - 2.K 1 + J' 

where C1 is as above. If Ix - JI 2 1 then since Ix - JI = -(x - J) = J - x, 

_J_x_ > ~-_J_lx_-_J_I __ 
Lx(Jx) - 2Klx - Jlx - JI I + C 

J J-x 

2.K J 2 - (1 +J)x+ C1. 
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We now let h(x) := (c5 - x)/[c52 - (1 + c5)x + Ci] for x < 0. Then, h'(x) = 
(c5-C1)/[c52 -(l+c5)x+ci]2>0 and h(0-)=c5/(<52 +C1), limx-HX)h(x)= 
1/(1 +c5). Hence, h(x) 2 1/(1 +c5) for x < 0 and bx/ Lx(c5x) 2 [<5/(2K)] • 
[1/(1 +c5)]. Therefore, in both cases we have inf{c5x/Lx(c5x): x ER} z [c5/(2K)] · 
[1/(1 +<5)], and so, E = inf{rxx,c5x/ Lx(c5x): x ER}= inf{rx,c5x/Lx(c5x): x ER}> 0. 

Observe that if g is locally Lipschitzian and has the property (P) then the 
solution of every IVP x(t) = g(t,x(t)), x(to) = xo ER exists, is defined in an 
interval t0 :::;; t :::;; to + E, where E > 0 is independent of xo, and this solution 

. satisfies Ix( t) - xo I :::;; c5x0, t E [to, to + E] as it is shown by a proof using Picard­
Lindelof's scheme. Of course, a similar result holds for the punctual IVP 
x(t) = g(t, x(t), x(t - r(t))), x(to) = x0 ER. Moreover, we have: 

Lemma 2.1. If a locally Lipschitzian g(t, x,y) has the property (P) and y(t) 
is a map such that y(t1) < xo - c5x0 and y(t2) > Xo + c5x0 for some Xo ER and 
some t1, t2 E [to, to+ El, then y(t) cannot be a solution of a punctual IVP x(t) = 
g(t,x(t),x(t-r(t))), x(to) =z, zER. 

Proof First, suppose that y is a solution of the IVP with y(t0 ) = x0 . Let 
rxx0 ,bx0 , and E be as in property (P). Suppose that y(t) is such that y(t1) < 
xo - c5x0 and y(t2) > xo +c5x0 for some t1, t2 E [to, to+ E]. Then there will exist a 
first moment t* E [to, to+ E) such that 

ly(t) - xol :::;; c5x0 for t E [to, t*] 

and either y( t*) = xo + c5x0 or Xo - c5x0 • Then 

lg(t,y(t),y(t - r(t)))I:::;; Lx0 for to :::;; t :::;; t * . 

Therefore 

ly(t*) - xol:::;; It' lg(s,y(s),y(s - r(s)))lds:::;; Lx0 lt* - tol < Lx0 E. 

to 

Since Lx0 E:::;; c5x0 , this contradicts ly(t*) - xol = c5xo· This establishes the result 
in the lemma when z = xo. 

Using a similar argument, we see that y(t) also cannot be a solution of the 
IVP when we pick z < xo or when z > xo. Hence the lemma is proved. 

Now, regarding existence and uniqueness of the solution of a functional 
IVP x, = ijJ, we can use an argument that is a simple adaptation of the one used 
in the above proof of proposition (A). This solution x(t, r, i/1), t E [r', r + rx], 
for all ix chosen sufficiently small is the unique fixed point of the operator 
T,/J: ~([r',r+ix],R)---+ ~([r',r+ix],R) given by 
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t E [r', r], 

T,/J(y)(t) = t/1(0) + f f(s,y(s), t/J(s - r(s)))ds, tE[r,r+a]. 

Assumption (i) of Section I above and the computations carried out in the 
proof of proposition (A) clearly show that Ti/J becomes a contraction when a is 
chosen sufficiently small. Hence, there is a unique fixed point Ti/J(x) = x which 
furnishes a solution x(t, r, t/1), t E [r', r + a], given by 

(8) 

(9) 

x(t, T, t/J) = t/J(t), 

x(t, r, t/1) = x(t), 

t E [r', r] 

t E [r, r + a]. 

Of course, this reasoning can be repeated infinitely many times, if necessary, in 
order to forwardly continue the solution x(., r, t/1), which is, finally, found to be 
defined in a maximal interval [ r', bi/J), r < bi/J :'.S'.: oo ( see [ 6)). One such solution 
is said to be 'forward noncontinuable". It is clear from the expression of Ti/J 
and the uniqueness of the solution x(., r, t/1), that this solution, as in the case of 
the punctual IVP, continuously depends on the initial condition (r, t/1). Thus, 
we can state: 

(C) The forward noncontinuable solution of the functional initial value 
x, = t/1 attached to Eq. ( 1) exists, is unique for each given t/1 E '(}, and continuously 
depends on ( r, t/1). 

One can now use the above proof of (C) in order to forwardly continue the 
solution x(., x0) of the punctual initial value problem from its original interval 
of definition [to, to+ Ex0 ] (proposition (A)): Using r = to+ Ex0 , and t/J(t) = 

x(t,x0), tE [r',r], the operator Ti/J given by expressions (6)-(7), will yield the 
unique continuation of x(.,xo) to an interval [to, to+ Ex0 + a]. As before, this 
process admits infinitely many iterations, so that the solution x(., xo) is finally 
found to be forward noncontinuable and defined in a forward maximal 
interval of the form [to, hx0 ), to+ Ex0 < hx0 :'.S'.: oo. The concept of"uniqueness" in 
functional differential equations is of a different nature than the one in o.d.e.'s 
(ordinary differential equations): two distinct solutions may intersect each other at 
intervals of appropriate lengths; in the o.d.e. case, uniqueness means that two 
distinct solutions cannot intersect each other. The uniqueness referred to in 
proposition (A) is of the o.d.e. type at t0 , which precisely means that there 
exists one, and only one, solution through (to,xo) for each given x0 ER. The 
solutions of punctual initial value problems with different x0's may even coincide 
at intervals of the type [c, d] as long as to < d' < c. So, given any t1 > t0 , it is 
possible to have two different solutions of Eq. ( 1) intersecting at t1. This is 
impossible at to. 
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3. Backward continuation of solutions 

It is clear that if a functional initial condition ( r, 1/J) is appropriately chosen 
(for instance, if r' ~ y < T and 1/J(t) = x(t, y, rp) for t E [r', r]), then the solution 
x(., r, 1/1) can be "backwardly continued" in the interval [y', r], i.e., there exists 
rp E <(!Y such that x(t, y, </)) = x(t, r, 1/1) for t;::,: r'. In other words, for an appro­
priately chosen initial condition ( r, 1/J), the solution of a "previous" functional 
initial value problem (namely, (y, rp)), coincides with the solution x(., r, 1/1) for 
t;::,: r'. In particular, we shall have x(t, y, rp) = 1/J(t), t E [r', r]. As in the case 
of a forwardly noncontinuable solution, we may think of a "backwardly non­
continuable" solution of Eq. (1), x(., r, 1/1), which satisfies either one of the 
following: r = t0; r > t0 and ~( r-) is not defined; r > to, !fr( r-) is defined but 
~(r-) =I-J(r,i/J(r),i/J(r')). We also have the notion of the "maximal backward 
interval of definition of a solution" of Eq. (1 ), which must be either of the form 
(y, r], or of the form [y, r], y ;::,: t0 . And, the "maximal interval of definition" of 
a solution is the interval where the solution is both backwardly and forwardly 
noncontinuable. 

We intend to show now that 

(D) For each given T > t0 there correspond infinitely many functional initial 
conditions ijJ which yield backwardly continuable solutions x(., r, 1/J). 

For that matter, assume, without loss of generality, that r' < y < T and 
observe that for the backward continuation of x(., r, 1/J) to exist in [y, r], it is 
necessary that 1/J is differentiable in [y,r], ~(r-)=f(r,i/J(r),i/l(r')) and ,PE 
<(!([y', y], R) exists such that 

(10) ~(t) =f(t,i/l(t),rp(t-r(t))), tE [y,r]. 

Given a pair (r, 1/1), 1/J E C00 , let h(t,y(t)) be formally given by 

(ll) h(t y(t)) = {~(t,r,i/l)-f(t,x(t,r,i/J),y(t)), if tE [r,bw) 
' 1/J(t) - f(t, 1/J(t),y(t)), if t E [y, r]. 

Since h(r, 1/J(r')) = 0, Dyh(r, 1/J(r')) =I- 0, the implicit function theorem (see [1, 7]) 
ensures the existence of y(t), tin a neighborhood of r, such that h(t,y(t)) = 0, 
with y as smooth as 1/J is in this neighborhood (with, of course, y(t) = x(t, r, 1/1) 
for t ;::,: r). This version of the IFT does not require differetiability of f with 
respect to t, since they use the equivalent integral equation form of the differ­
ential equation. Hence, if we let rp(t - r(t)) := y(t), t ~ r, then x(., y, rp) is a 
backward continuation of x(., r, 1/J) to the interval [y, r]. The condition ~(t) = 
f(t, 1/J(t),y(t)) together with a condition of the type 1/J E <(!n, n;::,: 1, allows a 
number of successive applications of the implicit function theorem, and thus 
yields a backward noncontinuable solution x(., r, 1/1) defined in a maximal back­
ward interval of the type [y, bw) or of the type (y, bw ), y < r. 
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4. Oscillatory solutions 

Before we proceed on the question of backward oscillation of solutions, let 
us clarify our understanding of oscillation in the present case of Eq. (1). Recall 
that the classical theory of o.d.e.'s (see [8, 11]) defines a nonconstant solution as 
"oscillatory in an interval I" when it has at least two zeros in this interval. 
But, in the case of Eq. (1), where an initial condition map if; can already be 
chosen satisfying this condition, it is advisable to adopt a more stringent def­
inition: a nonequilibrium solution y(t) is said to be "backwardly oscillatory", if 
a sequence {tn};" with y(tn) = 0 can be found such that tn--+ t0+. 

From now on, we assume that f(t, x, x) has the property (P) at t0 . Then, 
we will prove: 

(E) To the equilibrium solution x(t, 0) of Eq. (1), there correspond infinitely 
many solutions of functional IVP's which have (to, r] as their maximal backward 
interval of definition and are backwardly oscillatory. 

The proof of proposition (D), specialized to the null solution of Eq. (1) 
(i.e., x0 = 0 or if; = 0), shows that for any C00 map rp, the map 

71(t) = [exp(-(t- r')-2 - (r - t)-2)]</J(t) 

is C00 and satisfies 71(n) ( r') = 17(n) ( r) = 0 for n = 0, l, 2,. . . . This implies that all 
boundary conditions that arise from successive differentiation of Eq. (1) at t = r' 
and at t = r are promptly satisfied by 17. The solution x(., r, 17) is therefore 
backwardly (see [10]) continuable in the whole interval (to, r] (we are using item 
(iii) of hypothesis (H) about the surjectiveness of f in order to guarantee the 
existence of the solution y(t) of Eq. (10) for arbitrary values of ,j). In order to 
prove our claim about the existence of infinitely many backwardly oscillatory 
solutions of Eq. (1), it is enough to prove that there are infinitely many 71's of 
the category above constructed, which lead to solutions x(., r, 17) of the desired 
oscillatory category. But, this is a nice consequence of the piling property of 
f at to (property (P)) via Lemma 2.1 as well as the above scheme for pro­
ducing the perturbations 17 of the null equilibrium. In fact, if we choose r < E, 

(this is the E referred to in Lemma 2.1) and rp(t) as above such that 71(t) = 
K[exp(-(t - r')-2 - (t - ,)-2)]</J(t), where K is any convenient constant, satisfies 
17(tI) > bo and 17(t2) < -bo for some lI, t2 E (r', r) (recall that we are taking 
x0 = 0), then x(., r, 17) is backwardly continuable in (to, r], as we have just seen. 
It cannot be a solution of any punctual IVP, by Lemma 2.1. Indeed, if we 
denote by x(t) this solution, then it cannot satisfy limHto+ x(t) = XI for any 
XI ER, since otherwise it would also satisfy x(to+) = f(to, XI, xI), x(to) = XI 
and would coincide with the ordinary solution x(., XI), a contradiction. Of 
course, we can choose infinitely many such <p's. Figure 1 below depicts one of 
these <p's and its corresponding 71. 
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' 
' /'' T T 

...... __ .. , 

Fig. 1. 17~a cw perturbation of x(t) = 0 

Next, we observe that for any choice of a map rp as above, with the further 
requirement that rp(t1) = 0 and ¢(t1) #- 0 for some isolated t1 E (,', ,), we shall 
also have x(t1) = 0 with x(t1) #- 0. If, say, x(t1) > 0, then f(t 1,0,x(tD) > 0, so 
that x(t;) > 0 by hypothesis (G) (we recall that the symbol t' stands fort - r(t)). 
On the other hand, x(t1) > 0 means that x(t) < 0 for t slightly less than t1. 
Combining these facts, we obtain a point t2, ti < t2 < t1 such that x(t2) = 0 and 
x(t2) < 0. So, by (G), we have x(t~) < 0. But, x(t2) < 0 implies that x(t) > 0 
for t slightly less that t2, which, as before, implies the existence of t3 , t~ < t3 < t2 
such that x(t2) = 0, and so on. We thus obtain a decreasing sequence {tn}~, 
tn E (to, E) such that x(tn) = 0. Let us prove that limn_, 00 tn = l = to. Suppose 
the contrary, i.e., l > to and there are no other zeros of x(t), t < l. Then, say, 
x(t) > 0 for t < l. In particular, we then have x(l) = f(l, 0, x(l')) > 0, a con­
tradiction. Similarly, one obtains a contradiction if x(t) < 0 for t < l. Hence, 
we must have l = t0 and this finishes the proof of (E). The choice ¢(t1) #- 0 in 
the above proof is in fact immaterial. If one assumes ¢(t1) = 0, then we have 
x(t,) = f(t,, 0, x(tD) = 0, which implies (from hypothesis (H)) x(t;) = 0. If 
either x(t;) < 0 or x(t;) > 0, the above argument applies; if, else x(ti) = 0, we 
repeat this procedure: at ti' < ti we must have x(ti') = 0. Continuing in this 
way, we get a convergent sequence tk := tik) such that x(tk) = 0 and x(tk) ----+ 0. 
As above, we must have tk----+ to. 

Before we proceed in the oscillations subject, let us make a paragraph to 
introduce some ideas that will be useful in the sequel. Since the null equi­
librium is the solution of the punctual IVP x(t0 ) = 0, we can extend the result of 
(E) to any other solution x(., x0 ) as follows. Given one such solution, consider 
the auxiliary equation 

(12) y(t) = F(t,y(t),y(t - r(t))), 

where F(t,z, w) := x(t,xo) - f(t,x(t,xo) + z,x(t- r(t),xo) + w). We claim that 
F(t, z, w) also satisfies hypothesis (H) and the piling property and that y(t, 0) = 0 



134 L. A. V. CARVALHO, K. L. Comrn and L. A. C. LADEIRA 

is a solution of Eq. (12). It is evident that F(t, z, w) is C00 in z, w for t ~ to, 
since f(t, u, v) is C00 in u, v fort~ to. Consequently, it is locally Lipschitz con­
tinuous (probably with different Lipschitz constants). Regarding the bounded­
ness of the Lipschitz constant of F, note that: 

IF(t, z, w) - F(t, u, v)I 

= lf(t, x(t, xo) + z, x(t - r(t), xo) + w) - f(t, x(t, xo) + u, x(t - r(t), xo) + v)I. 

If (z, w) and (u, v) lie in the rectangle Q = [a,b] x [c,d], then it follows that 
(x(t, xo) + z, x(t - r(t), xo) + w), (x(t, xo) + u, x(t - r(t), x0 ) + v) lie in the rect­
angle 

Q(t) := [x(t, xo) + a, x(t, xo) + b] x [x(t, xo) + c, x(t, xo) + d] 

If we now apply (H)(i) for f, we obtain 

IF(t, z, w) - F(t, u, v)I :::;; Mf(t) max{lu - zl, Iv - wl : (z, w): (u, v) E Q}. 

So F satisfies a Lipschitz condition. Now suppose t lies in a compact interval; 
then x( t, xo) and x( t - r( t), xo) lie in a compact set, and all the rectangles Q( t) 
are contained in a compact rectangle Q. Then, a bound MP(t) :,;; M, for t in 
the mentioned compact interval, follows. Consequently, 

IF(t, z, w) - F(t, u, v)I :,;; M max{lu - zl, Iv - wl : (z, w), (u, v) E Q}, 

as wished. The other parts of (H) are clearly satisfied by F. The required 
boundedness of lf(t,x(t,xo) +z,x(t-r(t),xo) + w)I in the piling property is es­
tablished with the help of the Lipschitz property, as follows: 

lf(t, x(t, xo) + z, x(t - r(t), xo) + w)I 

:,;; If (t, x(t, xo) + z, x(t - r(t), xo) + w) - f(t, z, w) I + lf(t, z, w)I 

:,;; MP max{lx(t, xo)I, lx(t - r(t), xo)I} + Lx0 (f). 

Since x(t, x0 ) is a given solution, it is bounded in the interval [to, to+ E]. 
Hence, (E) is valid for Eq. (12) as well. But, to any perturbation of y(., 0) 

there corresponds a similar perturbation of x(.,xo). Thus, there are infinitely 
many solutions x(., xo) which have maximal backward interval of definition of 
the form (to, r]. Moreover, we shall now prove the following stronger result 
about existence of a dense class of backwardly noncontinuable solutions: 

(F) To each solution x(t) = x(t, x0) of the punctual /VP x(t0 ) = x0 and each 
r > t0 , there corresponds a dense subset JI,; of the set { ¢ E C00 n Ur, J( r') = x( r'), 
¢(r) = .x(r)} where Ur={¢ E ~r: ¢(r') = x(r') and ¢(,) = x(r)}, JI,; consisting 
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of initial conditions that yield backwardly noncontinuable solutions of functional 
IVP's which have (to, r] as their maximal backward interval of definition. 

The argument used to prove (D) can also be applied when the vector field 
f is replaced by F, given by 

F(t, w(t), w(t - r(t))) = f(t, x(t) + w(t), x(t - r(t)) + w(t - r(t))) 

- f(t, x(t), x(t - r(t))), 

where x(t) = x(t,x0 ). We observe that Falso satisfies property (P). Based on 
• the ideas of the proof of (E) all we need to show now is that any continuous 
initial condition can be approximated by a C00 one with boundary conditions 
specified by x(t, x0 ). The technique to be used in this approximation scheme 
uses the well-known partition of unity constructions. We give details of the 
technique in order to leave it clear that the above boundary conditions are 
maintained if we restrict the perturbations of the initial condition to the ap­
propriate class. Let rp E U, and s > 0 be given. Weierstrass' approximation 
theorem (see, [7]) implies the existence of a polynomial p(t) such that 
lr/J(t) - p(t)I < s, Vt E [r', r]. Let a: R-+ R be the C00 map defined by a(t) = 0, 
if t ::=:; 0 and a(t) = e-1!1, if t > 0. For any J, 0 < ,5 s (r - r')/2, define the 
maps fJ0 (t)=a(t-r')a(r'+b-t), fJ 1(t)=a(t-r+J)a(r-t). Clearly fJ0 ,fJ1 

are C00 , 0s/J0(t),/J1(t)sl, for all tER, fJ0(t)=0, if t¢[r',r'+J] and 
r'+J fJ 1 (t) = 0, if t ¢ [r - J, r] (see [12]). Denote co= [x(r') - p(r')l/[J,, fJ0 (u)du], 

c1 = [x(r)-p(r)]/[f_0 /31(u)du] and define the C00 maps I'o,I'1 by 

r'+J 

I'o(t) = co 1 fJ0 (u)du, 

It is easy to see that I'o(r') = x(r')-p(r'), I'o(t) = 0, for r' +J st s r; I'1(r) = 

x( r) - p( r), Ti (t) = 0, for r' s ts r - J; also, since I'o is monotone, we have, 
II'o(t)I s lx(r')-p(r')I < B, VtE [r',r' +J]; similarly, IT1(t)I < B, VtE [r-J,r]. 
Then the C00 map q(t) = p(t) + T0 (t) + I'1 (t) satisfies q(r') = x(r'), q(r) = x(r), 
q(t) = p(t), Vt E [r' +J, r -J], and lq(t) - rp(t)I s lp(t) - rp(t)I + II'o(t)I + IT1 (t)I 
< 3s, Vt E [r', r]. However, q(r') = jJ(r'), q(r) = jJ(r). We now adjust our 
map q in order to get the conditions on the derivatives satisfied at the end­
points r' and r. For any 1J > 0, 417 < r - r', consider the map fJ2(t) = a(t - r') · 
a(r' +11- t). Clearly /32 is C00 , 0 s/J2(t) s 1, Vt, /J2(t) = 0, if t¢ [r',r' +17]. 
Denote c2 = [.x(r') - jJ(r')l/[J,~'+1/ fJ2(s)ds], and define the function I'2 by 

r'+'I 

I'2(t) = c21 fJ2(u)du. 

It is easy to see that I'2(r') = [.x(r') - jJ(r')], I'2(t) = 0, if r' + 1J st s r. Now 
take k2 = [J/+" I'2(s)ds]/[f/+" fJ2(s)ds], and define the map 
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A2(t) = L[I'2(s) - k2/32(s - 11)]ds. 

Clearly, A2(t) = I'2(t) - k2f32(t), so A2(r1) = I'2(r1) = [x(r') - p(r')], A2(t) = 0, if 
r' + 217 st s r. Also, A2(r1) = 0, and by the choice of k2, we have A2(t) = 0, 
for r' + 217 s ts r. If we choose 17 > 0 such that lc2l112 < e, then, since 0 s 
f32(t) s 1, we also have IA2(t)I < e. Similarly, define /J3 (t) = rx(t-r+17)rx(r- t), 
C3 = [i(r) - p(r)]/[J,'_l//33(s)ds], I'J(t) = c3 J,1_1//33(u)du, k3 = [J,'_l//33(s)ds]/ 
[J,'_1/ I'J(s)ds], A3(t) = J:, [I'J(s) - k3/33(s + 17)]ds and restrict 17 (if necessar~) such 
that lc3l1J2 < e. We have A3(r) = 0, A3(t) = 0, if r's ts r -17, and A3(r) = 
x(r)-p(r) and IA3(t)l<e. Therefore, the map t/J(t)=q(t)+A2(t)+A3(t) is 
C00 and satisfies t/J(r) = x(r), t/J(r') = x(r'), ifr(r') = x(r'), ifr(r) = x(r) and 
lt/l(t) - ¢( t) I < 3e, Vt E [r', r], that is t/1 E V,. Therefore, Yr is dense in U,. 

Note that solutions of the functional IVP associated to F that are back­
wardly oscillatory correspond, in a natural way, to solutions of the functional 
IVP belonging to the vector field f that oscillate around x(., xo) (in the sense 
that there exists a sequence tn ----+ to+ at which these solutions intersect). 

5. Two examples 

In this section we give two computable, continuous examples of the back­
ward continuation and oscillation property established in the previous sections. 
Due to the involved computations that are necessary, it is easier (but, by no 
means, less illustrative) to work with a linear equation (the same one in the two 
examples). So, consider the equation: 

(13) x(t) = -x(t) + x(t/2) 

subjected to the IVP x2(t) = ip(t). We first take ip(t) = a1t + a2t2 + • • • + antn, 
tE [2,4]. We worked out a situation where the solution x(.,4,¢) can be back­
wardly continuable in the interval [0.125, 4] (but not any further), and we pro­
vide the appropriate initial condition K : [0.125, 0.25] ----+ R, as well as the inter­
mediate steps: x1(.,0.25,K) = l (defined on [0.25, 0, 5]), x1(.,0.5,l) = 17 (defined 
on [0.5, 1]), x1(., l,17) = t/J (defined on [1, 2]), x1(.,2, t/1) = ¢. The expressions of 
these consecutive initial conditions are: 

K(t) _ 9604784 _ 28826624 t _ 487337984 t2 + 3501375488 t3 + 7512522752 t4 + 709885952 t5 - 677 677 677 203 I 203 I 677 ' 

l(t) = - 80NF + 104r,%496 t - 124r,vr4 t2 - 1092ifN92 t3 + 136;;1t2 t4 + 22Il!J36 ts' 

11(t) = 33;;;2 _ "!~~04 t + 31~w6 t2 _ 62;0w2 t3 _ I8JgJ168 t4 + 69lJ748 ts, 

t/J(t) = s3z74l6 _ 206%64 t _ 1861t t2 + 9m~8 t3 _ 4i~~~8 t4 + \'\ill ts, 
¢( t) = 53JN6 t _ 3117\44 t2 + 2;6~~8 t3 _ 3JoW t4 + ts. 
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Fig. 2. A four-step backward continuable solution x(., 4, ¢). 

It is worth realizing that, although this solution is not backwardly con­
tinuable on the interval (0, 4], it already depicts a tendency to the wild oscillatory 
behavior anticipated by the above theory. 

In the next example we start with the initial condition </J(t) = 
2[exp(-(t- ,')-2 - (, - t)-2)] which, as we know from Section 4, provides a 
backwardly continuable solution in the interval (0, ,]. If we take , = 20, a 
simple program in the Mathematica software, e.g., 

Clear[ fl] 
fl[t_]=2*Exp[-(t-10)A(-2)-(20-t)A(-2)] 
ml[t_]=fl' [t] 
m2[t_]=ml'[2t]+ml[2t] 
m3[t_]=m2'[2t]+m2[2t] 
m4[t_]=m3'[2t]+m3[2t] 
m5[t_]=m4'[2t]+m4[2t] 
mrl=Plot[ml[t],{t,10,20}] 
mr2=Plot[m2[t],{t,5,10}] 
mr3=Plot[m3[t],{t,2.5,5}] 
mr4=Plot[m4[t],{t,1.25,2.5}] 
mr5=Plot[m5[t],{t,.625,1.25}] 
Show[mrl,mr2,mr3,mr4,mr5] 

furnishes the following graphs: 
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Fig. 3. Initial condition on [IO, 20] 
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Fig. 4. Backward continuation on [5, 10] 
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Fig. 5. Backward continuation on [2.5, 5] 
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Fig. 6. Backward continuation on [1.25, 2.5] 
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20000 
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Fig. 7. Backward continuation on [.625, 1.25] 
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Fig. 8. The whole backward continuation on [.625, 20] 

The wild oscillatory behavior of the solution as t -+ o+, is clearly depicted 
by the graphs. Due to the condensation of the graphs, it is useless to increase 
the number of steps depicted to show the phenomenon. 

The above examples nicely illustrate the oscillatory properties described 
in [2], for the case of the linear scaled equation .x(t) = -ax(t) + ax(pt). Note 
that the solution in the first example oscillates around the (constant) solution 
x(., 500) = 500, and that one in the second example oscillates around the trivial 
solution. 
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