<RNE,

;f Kobe University Repository : Kernel

R
4ope

PDF issue: 2026-10-06

Collapsible Backward Continuation and
Oscillations in Retarded Differential Equations

Carvalho, L. A. V.
Cooke, K. L.
Ladeira, L. A. C.

(Citation)
Funkcialaj Ekvacioj,45(1):123-140

(Issue Date)
2002-04

(Resource Type)
journal article

(Version)
Version of Record

(JaLCDOI)
https://doi.org/10.24546/0100501201

(URL)
https://hdl. handle. net/20.500. 14094/0100501201

KOBE

\j].\]\'l:lihl'[ Y
J

%)



Funkcialaj Ekvacioj, 45 (2002) 123-140

Collapsible Backward Continuation and Oscillations in
Retarded Differential Equations

By

L. A. V. CarvaLHO!, K. L. Cooke? and L. A. C. LADEIRA
(Universidade Estadual de Maringa, Brazil, Pomona College, USA and ICMSC-USP, Brazil)

1. Introduction

We are concerned here with the oscillatory character of certain solutions of
scalar differential equations of the form

(1) xX(2) = f (&, x(2), x(t = r(1))),

where ¢ —r(r) is a given strictly increasing map defined for ¢ > #y for some
to € R. We also assume that r(z) =0 and 0 < r(¢) <t — 1ty for t > to. Eq. (1)
is a particular form of a “retarded differential equation”, the delay in time being
provided by the argument ¢—r(¢) and it is a special kind of a functional
differential equation of the type

(2) ‘ x(t) = g(t,x,),

where x; is the “tail” map (as it is given, for instance, in [6]), x,(8) = x(t + 0),
0 e [-r(¢),0]. A particular instance of the more general situation to be in-
vestigated in this paper, was studied in [2], namely, the “scaled differential
equation”

3) X(t) = —ax(t) + ax(p1),

where a > 0 and 0 < p < | are given real numbers. Here, we have f, =0 and
r(t) = t — pt. The nomenclature for Eq. (3) is due to the change of scale in
time of the argument pt. Variations of this equation have been used in some
mathematical models for pantograph equipment ([3, 4, 5, 9, 10, 13, 14, 15]).
Eq. (1) has an interesting feature: two different kinds of initial value problem
(IVP) can be attached to it, namely, the punctual IVP “x(fp) = xp,” or the
functional IVP “x(r) = y(¢)”, where x; is arbitrarily chosen in R or y is
arbitrarily chosen in %, := €([t’,7],R), and 7 > #; is an arbitrary real constant,
with 7/ =7 —r(z). Here, as usual, ¥(|a,b], R) stands for the space of the con-
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tinuous maps from [a,b] into R, equipped with the supremum norm ||¢| =
sup{|@(?)| : 1 € [a,b]}. One often refers to either (2, xp) or (r,) as an “initial
condition”. This duality of IVPs directly leads to the phenomenon of collapse
of backward continuation ([2]), responsible for a wild kind of oscillatory be-
havior of solutions of Eq. (1), as we shall see. In order to make notations
simpler, we extend the above nomenclature of 7’ by putting 7" = (/) =
7/ —r(z') and so on.

By a “solution” of the punctual IVP we mean a differentiable map x(¢),
defined in an interval [#, 5] which, of course, satisfies Eq. (1) for ¢ € [fy,b] and
x(t9) = xo. The derivative at £y means, of course, the right-hand derivative
while the derivative at b is the left-hand one. As usual, the notations Xx(¢+)
and x(¢—) denote the right-hand and the left-hand derivative of x at z, re-
spectively. Similarly, a “solution” of the functional IVP is a continuous map
x: [t/,b] — R, such that b > 7, x is differentiable in [r,b] and, of course, satisfies
x(t) = (1), te [t 1], x(t) = f(t,x(2), x(t — (1)), t € [r,b] with the derivative at
7 being the right-hand one, etc.. To emphasize the dependence on t and
of this solution we shall denote it by “x(.,7,¢).” The solution of the punctual
IVP will be denoted simply by “x(.,x0).”” We assume from now the following
conditions:

Hypothesis (H): (i) f(¢, x,y) is continuous in ¢ and C* with respect to x, y
for ¢ >ty (this condition implies that f(z, ., .) is locally Lipschitz, i.e., for each
compact rectangle Q = [a,b] x [¢,d] and 1 € R there is a constant M,2 > 0 such
that

|f(tvxvy) _f(l7u’ U)| < MtQ max{|x— u|7 |'y_ UI : (x,y), (ua U) € Q}7

where |.| denotes the modulus or absolute value map); (ii) D, f(z, x,y) # 0 for all
(t,x,y), t =ty ((ii) implies that f{¢,x, .) is strictly monotone); (iii) f(¢,x, .) is
surjective; (iv) f(£,0,0) =0, t > 1 and (v) r is C*. Assumption (iv) implies
that x(¢) =0 is a solution of Eq. (1), which is called “the trivial (or null)
solution” and it is the unique solution for both the punctual IVP “x(z) = 0”
and the functional IVP “x, = 0" as it will become clear in the sequel. This
equilibrium is denoted by x(.,0).

Note that (ii), (ili) and (iv), together, imply that the sets &' =
{y: f(£,0,y) >0} and & ={y: f(£,0,y) <0} are nonempty, disjoint and
AU U{0} =R, t>1. To fix the ideas, we may think, without loss of
generality, that:

Hypothesis (G): /" =R"={y:y>0} and o7 =R ={y:y<0}.

Note that since f is continuous, it follows that {y: f(¢,0,y) = 0} = {0} for
each 7> 1.
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If we compare the above conditions with the simpler ones in [2], where the
authors made use of the stronger semigroup property which holds for linear
delay equations, we see that the present conditions are not yet sufficient to
guarantee backward continuation of a large set of initial conditions, as it is in
the linear case. In this paper we use a special property called piling property to
be defined, as well as applications of implicit function theorems, to extend the
results to a much more general class of problems.

2. Existence and uniqueness of solutions

Let us now prove that, under assumption (i) above, the initial value prob-
lem x(fy) = xo has a unique solution in a sufficiently small interval [fo, fo 4 €x),
€x, > 0. Indeed, let « > 0 and J > 0 be given, a < oo, and consider the operator
T : (g([t(), to + O(],R) — %([lo, to + OC],R)

t

() T(¢)(f)=xo+J £, 0(5), 65 — r())ds, 1€ [to 0+ ).

fy
Note that 0 <r(t) <t—1t implies that T is well defined. Let L, :=
max{|f(t,x,y)| : (t,x,y) € O3}, where

Q° = [to, o + o] X [xo —J,x0 + 8] X [x9 — &, x0 + ]

and restrict ¢ in Eq. (4) to vary in [, o + €x,] Where €,, = min{«,d/L,}. Take
do(t) = xo, and form the sequence {¢,};  given by

G () = T($,)(1), 1€ [to,l0+ €x)].
Then,
|6,() — x0| <9,

a1 (D) — du(D)] < LegM™(t — 1) /(n + 1),

where M is an upper bound for the Lipschitz constants ME of f for
(t,x,y) € Qio' The existence of M is guaranteed by the continuity of f with
respect to ¢ (hypothesis (H)(i)). Hence, the series

oo
X0 + Z[¢n+l(t) - ¢n(t)]
n=0
converges uniformly in [, % + €] to a map x(f), due to Weierstrass’ com-

parison M-test with the series

on 0 (Mexo)n+1
ol + M ; (n+41)!
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which clearly converges to |xo| + (Ly,/M)(eM% —1). The partial sum of this
series is ¢,(¢), so that the sequence {¢,} converges itself as n — oo to x(z).
Clearly, x satisfies

1
(5) x(t) = xo + J S (s, x(s5), x(s — r(s)))ds, L€ [to, o+ €x)),

fo
ie, x is a solution of the punctual initial value problem x(#) = xo with
|x(f) — x0| <8, tety, o+ €x)- Suppose now that y(¢) is another solution of
the same initial value problem in the same interval [f,#) + €y,]. Then,

t

y(t) =X + J f(s,y(s),y(s - r(s)))ds, te [107 to + €x0]~

o

Hence,

and, in general,

Ly, (juemyn+1
Iy(®) = g (Dl < ECEE 1€ [to, Io + €x,].

Thus, ¢,,(t) — »(t), t€[ty,to + €] which shows that x is unique. As men-
tioned earlier, we denote this solution by x(.,x¢). Hence, we have:

(A) The solution x(.,xo) exists and is locally unique for each given initial
condition xy.

Clearly, from the formula (5) of x(., xp), one sees that this solution continuously
depends on xg. Also, it is clear that the following corollary of proposition (A)
holds:

(B) No other solutions of Eq. (1) than the ones that satisfy
X(to+) = [ (to, x(0), x(%0))
may hit (or cross), from the right hand side, the plane t = ty in the (¢, x, y)-space.

Let us take advantage of our exposition to introduce at this stage a new
concept (the piling property) that will be useful in the sequel, since it will
establish a powerful criterion to guarantee that certain functional initial con-
ditions do not belong to a solution of a punctual IVP. For that matter, note
that Picard-Lindelsf’s scheme for proving proposition (A) yields the following
general result: given a Lipschitzian g(z, x) and real numbers xy and (positive)
Oxyy Oxy let ex, :=min{oy,0x, /Ly, (65,)}, where
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on(éxo) = max{|g(t,x)| Tl ST B Uy, |x_ X()| Séxo}a

then the solution x(f) of X = g(t,x), x(t) = xo satisfies |x(¢) — xo| < J,, for
t € [to, to + €x,)-

We want this kind of property to be globally valid for a map g(z, x,y), as
stated in the definition:

Property (P). A map g(t,x,y) eR, t,x,y € R is said to have the piling
property at {y (or, more simply, “the property (P)”), if, for each x € R we can
find two positive numbers, dy, and o, such that d, < oo, and 0<J, -6, <
"|z| — |x| if z is another real number with |z| > |x|, and such that for

L, = max{|g(t,z,w)| : to < 1 < 1o+ oy, |x — W], |x — 2| <6y},
we have e =inf{o,,d0;/Ly: xe R} > 0.

Let us make a paragraph to show that the class of maps that satisfy (P)
is “large”. In fact, if g(z,x,y) is a continuous map which is strictly monotone
with respect to x for each fixed y, and in y for each fixed x, and such that
lg(t,x,y)| < K(£)(|x| + |y]) + C, where K :[t,0) — [0,00) is continuous on
[to, 00), then g has the piling property at any f,. Here, C >0 is a constant.
We first assume that g(.,x,») is positive and increasing in x for each y and
increasing in y for each x and arbitrarily choose « >0 and 0 <5< 1. We
have L,(6) =max{|g(t,z,w)|: (t,z,w) € [to, 10+ o] X [x =, x+ 5] X [x -6, x+ 5]}
=g(tx,x+8,x+0) for some t € [ty,t +«. Hence, L,(5) <2K|x+d|+ C,
where K : >max{K() : 1€ [to, 7o+ o]}, K < co. Next, we take a, = « and

[, if |x+4] <1
Fl0Ix+4], if x+dl=1.
It is clear that if |x+J| <1 then 6,/L.(d,) =0/(2K + C) =/[2K(1 + C})),
where C; = C/(2K). If x+J > 1, then we have

Ox - d|x + 4} _ 0 x+6 _d xX+0
Li(0x) ~ 2K|x+0,| +C 2Kx+0(x+0)+C1 2K (1 +0)x+8>+C;

Now, we just observe that the function h(x) = (x+0)/[x+d(x +J)+ Cy] is
decreasing provided C; <& (as we may freely increase K as needed, we may
assume that C, = C/K <) and h(x) — 1/(140) as x — co; hence h(x) >
1/(140). The case x +J < —1 is similar. So, € = inf{oy,d,/Ls(6,) : x € R} >
3/[2K(1 +6) + C] > 0 and, of course, all the requirements of property (P) are
also satisfied by g, as we wished to prove. Let us now make no assumption on
the sign of g but assume that g is increasing in x for each y and decreasing in y
for each x (of course, the opposite assumption works in the same way). Let

o, 6, K and L,(J) be as in the previous case. Clearly, also in this case, the
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maximum absolute value |g(¢,z,w)] must occur at one of the corners of the
rectangle [x —J,x 4+ 9] x [x — d,x + ], i.e., L (6) = |g(tx,x + 9, x — J)|, for some
tx. Then, L,(8) < K(t)(|x — 3| +|x +3|) + C < K(|x — 8| + |x +9|) + C, where
K > max{K(t) : te[to,to +a]}. There are two possibilities:

Case 1: x=0. Here, we have that |x+4J| > |x —J| for any § > 0. We
take

{9, if [x+d| <1
FTlOIx+4], if x—d] = 1.

Then, we have L,(dy) < 2K|x+6,]+ C. If |x+J| < 1, then

5 ) . 6 5 1
Li(0x) ~ 2K|x+6,]+C ~ 2K+C 2K 1+C/(2K)

As before, we may assume that Cy := C/(2K) <. Then, in the case |x +d| < 1
we have:
Ox o 1

> — > =
L.6y) " 2k1+C; T2

|

1
1+

VX

Now, suppose that |x+d| > 1. Then, since x > 0, it follows that

O Ox+9) d(x +9) _J x+9
L) © 2K(x+8,) +C 2K[x+0(x+0)]+C 2K (1+8)x+8*+C;’

Cy as above. Let h(x) = (x +0)/[(14+8)x + 0>+ C1]. Then, h'(x) = (C; —6)/
[(14+0)x+82+C1)> <0 with h(0) =8/(6% + C1), limy h(x) = 1/(1 +0).
So, h(x) = 1/(1+6) for x >0, and 8,/L,(0,) > [6/(2K)][1/(1 +6)], as wished.

Case 2: x < 0. This case works in a similar way, but we shall write the
proof for completeness. Here, we have |x —d| > |x+d| for any x <0 and
0>0. We take o, = o and

5. — J, if [x—d] <1
Y d|x -4, if |x+d] > 1.

We have L,(6,) <2K|x —J,]+ C. If |x—0| <1, then

Ox 0 0 é 1 o 1
= = —= > — > — —,
Ly(0x) Li(6) T 2K|x—0|+C ~ 2K1+C; T 2K 1+
where C; is as above. If |[x—J| >1 then since |x —d| = —(x —d) =3 — x,
Ox dlx — 4] ) d—x
>

Li0y) =~ 2Rx—0x—0][+C 288 —(1+40)x+C1
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We now let h(x):= (6 —x)/[6* — (1 +d)x+ C)] for x <0. Then, h'(x)=
@—C)/P* =1 +0)x+C)*>0 and h(0-) =6/ + C1), limy,_o h(x) =
1/(1406). Hence, h(x)>1/(1+6) for x<0 and Jx/L(d,) = [0/(2K)]-
[1/(1+9)]. Therefore, in both cases we have inf{d,/L,(dx) : x € R} = [0/(2K)] -

[1/(1+6)], and so, € = inf{oy,dx/Ly(dx) : x € R} = inf{e,d/Ls(dx) : x € R} > 0.

Observe that if g is locally Lipschitzian and has the property (P) then the
solution of every IVP x(7) = g(¢, x(t)), x(f) = xo € R exists, is defined in an
interval fy <t <t +e¢ where ¢ >0 is independent of xg, and this solution
- satisfies |x(f) — x| < Jy,, t € [to, fp + €] as it is shown by a proof using Picard-
Lindeldf’s scheme. Of course, a similar result holds for the punctual IVP
x(f) = g(t, x(2), x(t — r(2))), x(t0) = xo € R. Moreover, we have:

Lemma 2.1. If a locally Lipschitzian g(t,x,y) has the property (P) and y(t)
is a map such that y(t)) < xo — 0y, and y(t2) > xo + 9y, for some xo € R and
some ty, 1) € [ty, to + €], then y(t) cannot be a solution of a punctual IVP x(f) =
g(t,x(8), x(t — (1)), x(t0) =z, ze R.

Proof. First, suppose that y is a solution of the IVP with y(#) = xo. Let
Oxy,0xp» and e be as in property (P). Suppose that p(¢) is such that y(f) <
xo — Ox, and y(t2) > xo + Oy, for some 1,1, € [ty, o +¢]. Then there will exist a
first moment * € [f, o + €) such that

| ¥(2) — x0| < Iy, for ¢ € [1, 1]
and either y(#*) = xp +Jy, or xg —Jy,. Then
lg(t, y(8), ¥(t — r(2)))| < Ly, for o <t<t”.

Therefore

"
[y(£) = xo| < J 19(s,¥(8), (s — r(s)))lds < Ly |t" — to] < Lyye.
fo
Since Ly e <Jy,, this contradicts |y(#*) — x¢| =&y, This establishes the result
in the lemma when z = xj.
Using a similar argument, we see that y(z) also cannot be a solution of the
IVP when we pick z < xp or when z > xo. Hence the lemma is proved.

Now, regarding existence and uniqueness of the solution of a functional
IVP x. =, we can use an argument that is a simple adaptation of the one used
in the above proof of proposition (A). This solution x(z,7,¥), t€[t/, 7+ a,
for all o chosen sufficiently small is the unique fixed point of the operator
Ty :4(t',7+a,R) — €([t', 7+ «,R) given by



130 L. A. V. CarvarHo, K. L. Cooke and L. A. C. LADEIRA

N T30 =p(0) + jf<s,y<s>,¢<s—r(s>>>ds, )

Assumption (i) of Section I above and the computations carried out in the
proof of proposition (A) clearly show that T, becomes a contraction when « is
chosen sufficiently small. Hence, there is a unique fixed point T} (x) = x which
furnishes a solution x(#,7,y¥), t€[t', 7+, given by

(8) x(ta T, ‘p) = l//(t)7 te [7,7 ‘E]
9) x(t,7,¢¥) = x(1), telr, T+ qf.

Of course, this reasoning can be repeated infinitely many times, if necessary, in
order to forwardly continue the solution x(., 7, V), which is, finally, found to be
defined in a maximal interval [t’,by), T < by < oo (see [6]). One such solution
is said to be ‘forward noncontinuable”. It is clear from the expression of Ty
and the uniqueness of the solution x(.,7,y), that this solution, as in the case of
the punctual IVP, continuously depends on the initial condition (z,1). Thus,
we can state:

(C) The forward noncontinuable solution of the functional initial value
Xr = attached to Eq. (1) exists, is unique for each given y € €, and continuously
depends on (t,yr).

One can now use the above proof of (C) in order to forwardly continue the
solution x(.,xp) of the punctual initial value problem from its original interval
of definition [t9, ) + €] (proposition (A)): Using 7 =1y + €y, and ¥(1) =
x(t,x0), te€[t',7], the operator T, given by expressions (6)—(7), will yield the
unique continuation of x(.,xp) to an interval [to,f) + €5, + @]. As before, this
process admits infinitely many iterations, so that the solution x(.,xo) is finally
found to be forward noncontinuable and defined in a forward maximal
interval of the form [fy, by,), fo + €x, < by, < 0. The concept of “uniqueness” in
functional differential equations is of a different nature than the one in o.d.e.’s
(ordinary differential equations): two distinct solutions may intersect each other at
intervals of appropriate lengths; in the o.d.e. case, uniqueness means that two
distinct solutions cannot intersect each other. The uniqueness referred to in
proposition (A) is of the o.d.e. type at fy, which precisely means that there
exists one, and only one, solution through (#,xo) for each given xo € R. The
solutions of punctual initial value problems with different xy’s may even coincide
at intervals of the type [c,d] as long as #) <d’ < c¢. So, given any #; > fo, it is
possible to have two different solutions of Eq. (1) intersecting at 7. This is
impossible at 7.
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3. Backward continuation of solutions

It is clear that if a functional initial condition (z,y) is appropriately chosen
(for instance, if 7/ <y <7 and Y(¢) = x(¢,7,¢) for ¢ € [t',7]), then the solution
x(.,7,¥) can be “backwardly continued” in the interval [y’ 7], i.e., there exists
¢ € 6, such that x(¢,y,¢) = x(¢,7,¢) for t > 7. In other words, for an appro-
priately chosen initial condition (z,y), the solution of a “previous” functional
initial value problem (namely, (y,4)), coincides with the solution x(.,z,y) for
t > 7. In particular, we shall have x(¢,7,4) = Y(), t€[z',7]. As in the case
of a forwardly noncontinuable solution, we may think of a “backwardly non-
continuable” solution of Eq. (1), x(.,7,¥), which satisfies either one of the
following: = to; 7 > # and y(z—) is not defined; 7 > 1o, (1) is defined but
¥(t—) # f(t,¥(2),¥(z)). We also have the notion of the “maximal backward
interval of definition of a solution” of Eq. (1), which must be either of the form
(7,7], or of the form [y,7], y > #5. And, the “maximal interval of definition” of
a solution is the interval where the solution is both backwardly and forwardly
noncontinuable.

We intend to show now that

(D) For each given © > ty there correspond infinitely many functional initial
conditions \y which yield backwardly continuable solutions x(.,t,V).

For that matter, assume, without loss of generality, that 7/ <y < 7 and
observe that for the backward continuation of x(.,z,y¥) to exist in [y, 1], it is
necessary that ¥ is differentiable in [y, 7], W(r—) = f(z,¥(7),¥(z")) and e
€([y',y], R) exists such that

(10) W) = f, (), ¢(t = (D)),  telyl.
Given a pair (7,¥), Y € C®, let h(t,p(¢)) be formally given by

[Htm) - fx ), p(0), i e [6by)
b Aley@) = {w) I, (0), if 1 [yl

Since A(z,y(z')) = 0, Dyh(z,y(z")) # 0, the implicit function theorem (see [1, 7])
ensures the existence of y(f), ¢ in a neighborhood of 7, such that A(z, y(¢)) = 0,
with y as smooth as y is in this neighborhood (with, of course, y(1) = x(z,7,¥)
for t > 7). This version of the IFT does not require differetiability of f with
respect to ¢, since they use the equivalent integral equation form of the differ-
ential equation. Hence, if we let ¢(¢ — r(2)) := p(2), t <7, then x(.,y,4) is a
backward continuation of x(.,7,y) to the interval [y,7]. The condition y/(¢) =
S, ¥(1),y(t)) together with a condition of the type y € 6", n> 1, allows a
number of successive applications of the implicit function theorem, and thus
yields a backward noncontinuable solution x(., 7,y ) defined in a maximal back-

ward interval of the type [y,by) or of the type (y,by), y <.
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4. Oscillatory solutions

Before we proceed on the question of backward oscillation of solutions, let
us clarify our understanding of oscillation in the present case of Eq. (1). Recall
that the classical theory of o.d.e.’s (see [8, 11]) defines a nonconstant solution as
“oscillatory in an interval I”” when it has at least two zeros in this interval.
But, in the case of Eq. (1), where an initial condition map i can already be
chosen satisfying this condition, it is advisable to adopt a more stringent def-
inition: a nonequilibrium solution y(z) is said to be “backwardly oscillatory”, if
a sequence {#,};” with y(s,) = 0 can be found such that #, — #y+.

From now on, we assume that f(¢,x,x) has the property (P) at #,. Then,
we will prove:

(E) To the equilibrium solution x(t,0) of Eq. (1), there correspond infinitely
many solutions of functional IVP’s which have (ty,t| as their maximal backward
interval of definition and are backwardly oscillatory.

The proof of proposition (D), specialized to the null solution of Eq. (1)
(ie., xo =0 or ¥ =0), shows that for any C® map ¢, the map

n(1) = [exp(—(t = ') = (z — ) )|h(2)

is C* and satisfies (') = ™ (7) =0 for n = 0,1,2,.... This implies that all
boundary conditions that arise from successive differentiation of Eq. (1) at ¢ = ¢’
and at =71 are promptly satisfied by #. The solution x(.,7,#) is therefore
backwardly (see [10]) continuable in the whole interval (1o, 7] (we are using item
(iif) of hypothesis (H) about the surjectiveness of f in order to guarantee the
existence of the solution y(f) of Eq. (10) for arbitrary values of ). In order to
prove our claim about the existence of infinitely many backwardly oscillatory
solutions of Eq. (1), it is enough to prove that there are infinitely many #’s of
the category above constructed, which lead to solutions x(.,7,#) of the desired
oscillatory category. But, this is a nice consequence of the piling property of
f at to (property (P)) via Lemma 2.1 as well as the above scheme for pro-
ducing the perturbations # of the null equilibrium. In fact, if we choose 7 < ¢,
(this is the e referred to in Lemma 2.1) and ¢(z) as above such that #(¢) =
Klexp(—(t — ') — (1 — 1) %)]¢(¢), where x is any convenient constant, satisfies
n(t1) > dp and n(t2) < —dy for some ¢, € (¢/,7) (recall that we are taking
xo = 0), then x(.,7,#) is backwardly continuable in (¢, 7], as we have just seen.
It cannot be a solution of any punctual IVP, by Lemma 2.1. Indeed, if we
denote by x(f) this solution, then it cannot satisfy lim,.,. x(¢) = x; for any
x1 € R, since otherwise it would also satisfy x(to+) = f(t0,x1,x1), x(t0) = x1
and would coincide with the ordinary solution x(.,x;), a contradiction. Of
course, we can choose infinitely many such ¢’s. Figure 1 below depicts one of
these ¢’s and its corresponding #.
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Fig. 1. #—a C* perturbation of x(r) =0

Next, we observe that for any choice of a map ¢ as above, with the further
requirement that ¢(;) = 0 and ¢() # 0 for some isolated 1, € (¢/,7), we shall
also have x(#1) = 0 with x(#;) # 0. If, say, x(z;) > 0, then f(#;,0,x(¢])) > 0, so
that x(¢{) > 0 by hypothesis (G) (we recall that the symbol ¢’ stands for ¢ — r(¢)).
On the other hand, x(#;) > 0 means that x(z) <0 for ¢ slightly less than #;.
Combining these facts, we obtain a point #,, #{ < f < #; such that x(#;) = 0 and
x(t) < 0. So, by (G), we have x(#5) < 0. But, x(#;) < 0 implies that x() > 0
for ¢ slightly less that #,, which, as before, implies the existence of 13, 15 < 13 < 1,
such that x(z) = 0, and so on. We thus obtain a decreasing sequence {z,}°,
t, € (to,€) such that x(¢,) =0. Let us prove that lim,_, 1, = f = f5. Suppose
the contrary, i.e., f > #; and there are no other zeros of x(¢), t < 7. Then, say,
x(#) >0 for t < 7. In particular, we then have x(7) = f(70,x(¢")) > 0, a con-
tradiction. Similarly, one obtains a contradiction if x(¢) < 0 for r < 7. Hence,
we must have 7= ¢y and this finishes the proof of (E). The choice ¢() # 0 in
the above proof is in fact immaterial. If one assumes ¢(#;) = 0, then we have
x(t1) = f(#1,0,x(¢;)) = 0, which implies (from hypothesis (H)) x(¢{) =0. If
either X(#]) < 0 or x(z7) > 0, the above argument applies; if, else x(¢]) =0, we
repeat this procedure: at #{ < ] we must have x(7/) =0. Continuing in this

way, we get a convergent sequence f := tgk) such that x(#) =0 and x(#) — 0.

As above, we must have 1, — 1.
Before we proceed in the oscillations subject, let us make a paragraph to

introduce some ideas that will be useful in the sequel. Since the null equi-
librium is the solution of the punctual IVP x(#)) = 0, we can extend the result of
(E) to any other solution x(.,xo) as follows. Given one such solution, consider

the auxiliary equation
(12) y(6) = F(t, (1), y(t = (1)),

where F(t,z,w) := x(t,x0) — f(t,x(t, x0) + z,x(t — ¥(t),x0) +w). We claim that
F(t,z,w) also satisfies hypothesis (H) and the piling property and that y(z,0) = 0
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is a solution of Eq. (12). It is evident that F(¢,z,w) is C* in z,w for t > ¢,
since f(¢,u,v) is C* in u,v for t > 5. Consequently, it is locally Lipschitz con-
tinuous (probably with different Lipschitz constants). Regarding the bounded-
ness of the Lipschitz constant of F, note that:

|F(t,z,w) — F(t,u,v)]|
= |f(t,x(t, x0) + z, x(t — r(1), x0) +w) — f(¢,x(t, x0) + u, x(t — r(£), x0) +v)|.

If (z,w) and (u,v) lie in the rectangle Q = [a,b] x [c,d], then it follows that
(x(t, x0) + z, x(t — (1), x0) + w), (x(2,x0) + u, x(t — r(£),x0) + v) lie in the rect-
angle

Q(Z) = [X([, xO) + a’x(ta X()) + b] X [X([, XQ) =+ C,X(l, xO) + d]
If we now apply (H)(i) for f/, we obtain
|F(t,z,w) = F(tu,0)) < M2 max{lu— 2|, [v - w] : (z,w), (u,v) € Q).

So F satisfies a Lipschitz condition. Now suppose ¢ lies in a compact interval;
then x(z,x0) and x(z — r(), xo) lie in a compact set, and all the rectangles Q(r)
are contained in a compact rectangle Q. Then, a bound M,Qm < M, for ¢t in
the mentioned compact interval, follows. Consequently,

|[F(t,2,w) = F(t,u,0)] < M max{Ju — 2|, |[v = w| : (z,w), (,v) € O},

as wished. The other parts of (H) are clearly satisfied by F. The required
boundedness of | (¢, x(t,x0) + z,x(t — r(¢),x0) + w)| in the piling property is es-
tablished with the help of the Lipschitz property, as follows:

|f (2, x(t,x0) + z,x(¢t — r(t), x0) + w)]|
< |f(t7x(t7x0) +Z’x(t - 7’(!),)60) + W) —f(l,Z, W)| + lf(t,Z, W)'
< M2 max{[x(2, xo)|, [x(t = r(£), X0)|} + Ly ()-

Since x(z,xp) is a given solution, it is bounded in the interval [ty, % + €].
Hence, (E) is valid for Eq. (12) as well. But, to any perturbation of y(.,0)
there corresponds a similar perturbation of x(.,xp). Thus, there are infinitely
many solutions x(.,xp) which have maximal backward interval of definition of
the form (f,7]. Moreover, we shall now prove the following stronger result
about existence of a dense class of backwardly noncontinuable solutions:

(F) To each solution x(t) = x(t,xy) of the punctual IVP x(t)) = X9 and each
T > 1o, there corresponds a dense subset V; of the set {¢ € C* N U,, §(1') = x(1'),
#(1) = xX(1)} where U, = {¢p €€, : §(z") = x(¢') and ¢(z) = x(v)}, V; consisting
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of initial conditions that yield backwardly noncontinuable solutions of functional
IVP’s which have (ty,7] as their maximal backward interval of definition.

The argument used to prove (D) can also be applied when the vector field
f is replaced by F, given by

F(t,w(t), w(t = r(1))) = f(&,x(2) + w(0), x(t = r(£)) + w(z — (1))
— f(t,x(1), x(t = r(1))),

where x(¢) = x(t,x0). We observe that F also satisfies property (P). Based on
" the ideas of the proof of (E) all we need to show now is that any continuous
initial condition can be approximated by a C* one with boundary conditions
specified by x(z,x9). The technique to be used in this approximation scheme
uses the well-known partition of unity constructions. We give details of the
technique in order to leave it clear that the above boundary conditions are
maintained if we restrict the perturbations of the initial condition to the ap-
propriate class. Let ¢ € U, and ¢ >0 be given. Weierstrass’ approximation
theorem (see, [7]) implies the existence of a polynomial p(f) such that
|p(t) —p(t)| <& Vte[r’,7]. Let a: R — R be the C* map defined by a(t) = 0,
if 1<0 and a(f) =e™ ', if t>0. For any J, 0 <6 < (t —7')/2, define the
maps fy(t) = a(t —t"a(t' +6 — 1), p1(t) =a(t —t+d)a(r—1). Clearly fy,5;
are C*, 0<By(1),p(t) <1, for all teR, Py(1)=0, if ¢¢[c',7'+6] and
Bi(t) =0, if t¢[t—0,7] (see [12]). Denote ¢ = [x(z') —p(r’)]/[jf,/wﬁo(u)du],
c1 = [x(z) = p(0)]/[J s B1()du] and define the C* maps Iy, 1] by
/48 t

ro<r>:coj o(wdu,  Ti(t) =, j B (u)du.

t T—0

It is easy to see that I'y(7') = x(7’) — p(¢'), Io(f) =0, for o/ +6 <t <7, I1(1) =
x(t) —p(z), In(1) =0, for 7/ <t < 7—J; also, since I is monotone, we have,
Io()| < Ix(7) —p(')| <&, Vielr',7" +6]; similarly, |I7(f)| <&, Vie[t—5,1].
Then the C* map q(1) = p(t) + Io(t) + I (1) satisfies g(z') = x(z’), q(7) = x(z),
g(t) = p(1), Ve[t +6,7—d], and lg(t) — §(1)| < |p(0) — O] + [ To(0)| + |13 (0]
<3e, Vtelr,7]. However, ¢(v') =p(z’), 4(¢r) =p(r). We now adjust our
map ¢ in order to get the conditions on the derivatives satisfied at the end-
points 7’ and 7. For any > 0, 47 < 7 — 7/, consider the map f,(¢) = a(t — ') -
a(t'+n—1t). Clearly f, is C®, 0<f,(t) <1, V1, Bo(£) =0, if t¢ [t/ 7 +7].
Denote ¢, = [%(r') — p(')]/[[5; ™ B,(s)ds], and define the function I3 by

'+
Lty = J By (u)du.
I3
It is easy to see that I5(z') = [X(t) — p(z")], I2(1) =0, if '+ <t<z. Now
take ky = [} " I3(s)ds]/ ([ 7" By(s)ds], and define the map

T
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jalt) = [ 11305) ~ katinls ~ s

Clearly, Ay(t) = Iy(t) — kapy (1), 50 da(7') = Ly(t') = [x(z') — p(z)], A2(¢) = 0, if
T+ 2n <t<71. Also, 1»(r) =0, and by the choice of k,, we have () =0,
for '+ 2y <t <t If we choose # >0 such that |c;|y? < &, then, since 0 <
Ba(t) <1, we also have |1(f)| <e. Similarly, define f5(f) = a(t — 7 +n)a(t — 1),
& = [i(D) — pOVL, B, L) = s [, B, ks = [7, By(s)ds]/
-, T3(s)ds], 23(2) = J5 [3(s) — kafs(s + n)]ds and restrict 5 (if necessary) such
that |c3ln? <e. We have A3(t) =0, A3(¢) =0, if ¢/ <t<7—7#, and i3(x) =
x(t) —p(r) and |13(t)] <e. Therefore, the map ¥(¢) = q(z) + a(t) + A3(2) is
C* and satisfies ¥(7) = x(z), ¥(z') = x(z'), ¥(r') = %(z'), ¥(r) = x(r) and
(1) — @(t)| < 3¢, Yte[t',7], that is y € V;. Therefore, ¥, is dense in U.,.

Note that solutions of the functional IVP associated to F that are back-
wardly oscillatory correspond, in a natural way, to solutions of the functional
IVP belonging to the vector field f that oscillate around x(.,xp) (in the sense
that there exists a sequence #, — fo+ at which these solutions intersect).

5. Two examples

In this section we give two computable, continuous examples of the back-
ward continuation and oscillation property established in the previous sections.
Due to the involved computations that are necessary, it is easier (but, by no
means, less illustrative) to work with a linear equation {the same one in the two
examples). So, consider the equation:

(13) x(t) = —x(£) + x(¢/2)

subjected to the IVP x,(¢) = ¢(¢). We first take ¢(t) = ayt + ayt* + - - - + a,t",
te[2,4]. We worked out a situation where the solution x(.,4,¢) can be back-
wardly continuable in the interval [0.125, 4] (but not any. further), and we pro-
vide the appropriate initial condition x : [0.125,0.25] — R, as well as the inter-
mediate steps:  x;(.,0.25,x) = & (defined on [0.25, 0, 5]), x/(.,0.5,&) =  (defined
on [0.5, 1]), x,(., 1,#) = ¢ (defined on [1, 2]), x,(.,2,¢/) = ¢. The expressions of
these consecutive initial conditions are:

_ 9604784 __ 28826624 , _ 487337984 .2 | 3501375488 .3 |, 7512522752 4 | 709885952 ;5
1) = t err Ut Pt ey

by

( 677 677
f(l) — _ 806577712 + 10461707496 [ — 12461717904 2 10924(-)2321592 3 + 1362707331632 4 + 22168737936 ZS,
w(t) — 536774756 _ 206176764 t— 186475744 2 + 9;(7)2?8 13— 4382(1)8 4 + 62%% tS,
¢(l) — 5367;4756 f— 316971744 2 + 2;(_’;(3)(1)8 - %14 + £,
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Fig. 2. A four-step backward continuable solution x(.,4,d).

It is worth realizing that, although this solution is not backwardly con-
tinuable on the interval (0, 4], it already depicts a tendency to the wild oscillatory
behavior anticipated by the above theory.

In the next example we start with the initial condition ¢(¢) =
2exp(—(t — /)7 — (r — £)™%)] which, as we know from Section 4, provides a
backwardly continuable solution in the interval (0,7]. If we take 7=20, a
simple program in the Mathematica software, e.g.,

Clear[£fl]
fl[t_]=2*Exp[-(t-10)"(=-2)=-(20-t)"(-2)]
ml[t_]=£f1'[t]
m2[t_]=ml’[2t]+ml[2t]
m3[t_]=m2'[2t]+m2[2t]
m4[t_]=m3’'[2t]+m3[2t]
m5[t_]=m4’[2t]+m4[2t]
mrl=Plot[ml[t],{t,10,20}]
mr2=Plot[m2[t],{t,5,10}]
mr3=Plot[m3[t],{t,2.5,5}]
mr4=Plot[m4[t],{t,1.25,2.5}]
mr5=Plot[m5[t],{t,.625,1.25}]
Show[mrl,mr2,mr3,mr4,mr5]

furnishes the following graphs:
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Fig. 3. Initial condition on [10, 20]
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Fig. 4. Backward continuation on [5, 10]
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Fig. 5. Backward continuation on [2.5, 5]
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Fig. 6. Backward continuation on [1.25, 2.5]
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Fig. 7. Backward continuation on [.625, 1.25]
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Fig. 8. The whole backward continuation on [.625, 20]

The wild oscillatory behavior of the solution as ¢ — 07, is clearly depicted

by the graphs. Due to the condensation of the graphs, it is useless to increase
the number of steps depicted to show the phenomenon.

The above examples nicely illustrate the oscillatory properties described

in [2], for the case of the linear scaled equation X(f) = —ax(¢) + ax(pt). Note
that the solution in the first example oscillates around the (constant) solution
x(.,500) = 500, and that one in the second example oscillates around the trivial
solution.
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