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Molecules of the Hardy Space and the Navier-Stokes Equations

By

Giulia FurioL! and Elide TERRANEO

(Université¢ d’Evry-Val-d’Essonne, France and Universitd degli studi di Milano, Italy)

In this paper we analyze the action of the Navier-Stokes equations on a
subspace of C([0, T, (L3(R%))*) which is specially adapted to study the location
and oscillation of the diffusion term 4#. Let us recall the Navier-Stokes system
describing the motion of an incompressible, homogeneous, viscous fluid filling
out the whole space R3, without the action of external forces:

{a,a=A -V @@ -Vp

where #(z,x): Rt x R* — R® is the velocity vector field and p(¢,x): R x
R?® — R is the pressure.

Dealing with the Cauchy problem with initial data #(0,x) = #p(x), it is
possible to rewrite the system in the following integral expression:

t
(1) (1) = 45 — J M PY . (1 ® fi)(s)ds
0

where e’ is the heat semigroup defined by the convolution with the Gauss
kernel:

1
(4rr)*2

ef(x) = ( eI/ *f) (x)

and P is the projection operator on the divergence-free vector fields, defined by
the matrix:

Id + R R, RIR; RiR;3
R>Ry Id + R3R; RyR;
R3R R3R2 Id + R3R3

where Iéj\f(f) = ifj/lf|f(é) are the Riesz transforms for j=1,2,3.

In fact the integral and the differential systems are equivalent in this
framework, as it is shown in [FLT] under slight assumptions verified by a large
class of spaces.

Given a Banach space X, the problem of the existence and the uniqueness



142 Giulia Furiorr and Elide TERRANEO

of a function #(t) € C([0, T[, X3) solution of (1) in .’ (a so-called mild solution)
is normally approached by a fixed point argument. It is now well known
(FLT], [MA], [LE2]) that for a given # e (L*(R%))’ the only solution in
C([o, T[, (L3(R*))*) belongs to every (L?(R*))® space with p >3 for all its
existence time. We are now interested in investigating the following problem: if
the data #, have some extra properties, does the solution keep verifying them at
least on a small interval of time?

In [FLT] it was already established that if A#iy € (#')°, the Hardy space,
then the solution #(r) satisfies 4ii(f) e (#1)® for 0 <1< T’ <T. We will
consider here a particular case of the previous one where the Laplacian of the
data is a “molecule” for the Hardy space, and so well-localized in the space
variables; we will prove then that the solution verifies the same property, namely
its diffusion term keeps on being well-localized at the beginning of the motion.

In the following the reference space will always be R*>. More precisely, let
0€]3/2,9/2[,  #5/2,7/2 and let us introduce the following functional space:

u vanishes at infinity,

Au e L2((1 + |x|®)dx),

Au(x)dx =0 for 3/2 <5 <9/2
Xs=<ue¥ :

xidu(x)dx =0 for 5/2 <6 <9/2, i=1,2,3

xixjdu(x)dx =0 for 7/2<6<9/2, i,j=1,2,3

The space Xs normed by ||ully, = [|4ull; 2, y»)4y s @ Banach space.
The theorem we are going to prove is the following one.

Theorem. Let ﬁoeX; and ﬁﬂon. Then the mild solution of the
Navier-Stokes equations ii(t) e C([0, T[,(L®)?) is also in C([0, T',X3) for
0<T' <T.

We would like to stress that the solution we obtain decays pointwise in
space like 1/(1 + |x|‘5_1/ %) for every fe [0,T’] (see also proposition 2). In the
particular case 3/2 <J < 7/2, this decay property may also be recovered by
the results of Miyakawa in [MIl], who establishes a pointwise space-time
asymptotic behavior with respect to space-time variables x and ¢ for a particular
class of data.

For other results close to these topics see also [AGSS], [B2], [C], [HX],
[M12], [SS], [T].
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I. General properties of X;
In the following we will write
L2 = L2+ x?)dx), Il = DOl s ppaey
=+ D)l

We remark that the definition of Xj is well posed; indeed if Adue L§ then
duell, for 6 >3/2, x;dueLl' for i=1,2,3 and 6 >5/2, xixjdueL' for
i,j=1,2,3 and 6 > 7/2. Moreover, Xs = A#' and more precisely if u € X;s

" then Au is a non-normalized molecule for the Hardy space #!, which is defined
as follows (see [ST] [CW]).

el

Definition 1. Let ¢ >0. M(x) is an e-molecule for #'(R*) centered at
x =0 if and only if:

@ (] meoras) (] meopiea) <1,
(b) LS M{(x)dx =0,

In our case, the product (@) is bounded by a constant depending on u. It can
be proved that any e-molecule is in fact in #! — L! ([CW]).

We prove now some decay properties of X; functions.

Proposition 2. If ue X5 then (1 +|x|°""/?)u(x) e L®.

Proof. We will only consider the case 3/2 < § < 5/2, the other ones being
analogous. It is easy to see that u € L*; in fact, because of vanishing at infinity

we can write:
4
u(x) = J uy) 4
r Xl

and, by Holder inequality,

1 1 12
()| < (j P A dy> Jdulyz < Cluz

Now let |x| > K. We have:

ul(x :L Au(y) dy:J Au(y)

3 [x =yl 12 /2, Ix—yi < Jxl/2 1X = Y

+J Auy) 4 +J Auy) ,

|31 x1/2,lx—pl>1x/2 1X = ¥ Iyl<ix/2 X = Yl




144 Giulia Furiorl and Elide TERRANEO

For the first term we can write:

| wmu+mwﬂﬂ
|1z /2, o</ 1% = Y1 (14 [y 2)12

1 1 172
< C|l J dy
S\ ey=i2 [x =y (1+ (%)

1/2
Au
SC” ||L§ (J 1 dy)
o 2
|x| byl <lx/2 |x — ¥

1/2-6
< Cllduly 5.

For the second one we have:

J Au(y) (1+y[*)"?

1/2
_ Ml O a '
|yl /2, x>tz 1X = V(14 | p|2)12 bl \ iz 2 [ y]?

1/2-5

< Cl|dullyz x|

In order to estimate the last integral we will use the oscillation property
Jgz Au(x)dx =0. We get:

Au 1 1 Au
J ) dy| = J Au(y) (— - —*) dy — J 4uy) dy
[yl<lx/2 1% = ¥ | yl<|x/2 x—=y| x| Iyl=fx/2 1]

|yl 1
SCJ |[du(y)|— dy +—
|yl<[l/2 |x|? |x|

¢ o\
y
S—WMMO @)
x> P\ i<z 1+ 9%

C 1 1/2
sl |
|x| =21+ |y

C sp-s , C
< — ||4ully 2 |x] +=
X2 ||

j \du()\dy
[yl=|x]/2

1 4ull 2|

1/2-¢
< Cldul x>,

Remarks. 1) We can also prove that if 4u € L} and u vanishes at infinity,
then u € Cyp. In fact, starting from the equality
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u(x):J Au(y) dy

B X =Yl

and defining

R} |x — ¥

with ¢ € 2 and supp ¢ = B(0,1), we get u, g(x) € C*(R*) and u, g — u uni-
- formely over R
2) If we only assume uel,, and Auell, it follows that
Jps Au(x)dx =0 for every & >3/2. Indeed, let ¥ € 2 with supp y < B(0,1)
and Y =1 on B(0,1/2). Being dueL!, we can write:

JR3 Au(x)y (%) dx

(%)

|e(x)|dx

= lim
R—+w0

JR3 Au(x)dx

IA

lim J ()

R—+0o0 R

IA

R—+» R? JR/ZslxlsR

11,
< Jim z iR =0

II. Localization of elements in Xj

The previous proposition 2 states that X; < L; thus the Cauchy problem
with data iy € X; has a unique mild solution in C([0, T, (L)*) ([FLT]). Our
problem is now to prove, via a fixed point algorithm, that actually it is in
C([0,T'),X5) for 0<T'<T. In order to get it, we need three kinds of
results: first, we will show some more properties of decay for u and Vu if u € Xj;
second, we will analyze deeper the weight w(x) =1 + |x|2‘S in relation with the
Muckenhoupt class and third, we will study the continuity on X; of the
operators appearing in the bilinear term of the integral equation (1).

Lemma 3. Let ue X;. Then:
i) Vue (LY +|x®)dx))?> 6> 3/2;
i) wVue (LA(1+|x®)dx)® 6> 11/6;

i) u?eL}((1+|x®)dx) &> 5/2.
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Proof. 1) We have to estimate:

|| o1 + )
R

Jglx| g2

< J Vu(x)|*(1 + |x|2")dx+zj Vae(x)|* (1 + [x]%)dx.
x| <1 j=0 2
Using an interpolation result, we bound the first term by:
@ c jl _ Ve < Cllaulf - < Ol , < Clul,
x| <
For the second ome, let we 2, w(x)=1 on 1<|x] <2 and suppw <

{1/2 < |x| < 5/2}.
o6)

Then we can write:

WVau(x)|*(1 + |x|?)dx = J

2/ <|x| <27+

L/’gmgziﬂ

< 2% LJ_SMSW 1% (u(x)w (%)) dx
i GO RE )Y

(always by interpolation),

2 2

< cowr e, (

(3] o)
oo (o(5))

. ) . 1
2 - 2 (25— 2
< ol (2 ¥ aull + 2l

12

_|_

5—1/2 E

2
= X
(o(z))] )
< C20 "W lul §, +2||ul .

1/2
< | Vi)
2\ i< <(5/2)2
</
2//2<|x < (5/2)2/

o(ofz))[ )

V(o)

g
2//2< x| <(5/2)27




Molecules of the Hardy Space 147

: 2J .
< 2024+ =P E'J Vu(o)*(1 + |x|%)dx
il e, o | B )

5 (X
7o)
—25)j11,,114 2 —23)j
< w)j”u“X@ +8j”u”L§31/22(1 > sz/2<| |<(5/2)2/
=X =

. 1 1 4
+ 2l dx

-1 4
128 )aipp<ix < (572020 2Y

[Via(20) (1 + |x]*)dx

L. 2
+8—j||“||L;3m-

Taking & :a/(2<1*26)f||u||f$1/2) we have:
_ 1 .
3) J WVu(x)[*(1 + |x|?)dx < C(l +~>2(1‘2‘5)]||u||§(5
27 <|x| <2741 £

+Co J () [*(1 + [x|®)dx.
2//2<x|<(5/2)27

Summing up all the terms and combining the two estimations (2) and (3) we
obtain:

LS Vu(x)|*(1 + |x]?)dx < C(e)l|ully, + C'e Jm Vu(x)]*(1 + |x|*)dx.
Choosing 0 < C’e < 1 we get:
||ﬁ“”L4((1+‘x|2‘5)dx) < Cllull,-
ii) As in i) we have:

[, HCOPITU) P+ ) = | 0P PP (1 + )

x|<1

2 8 I I7C0 o R )
720427 <]x| <2

The first term is bounded by:

12
cj{l o) IPu) P 5 Cll (j Wu(x)ﬁdx) < Clull% lull
x| <

jx]<1

Let us come to the second one. For all j >0 we have, by the Hdlder in-
equality:
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j (o) 2IPu() (1 + x| dx
2/ < x| <2741

2 sy s
< ||u||L;I/221(1 6)23/2 <L

then, using the estimation (2) in i), we bound it by

1/2
Pu()|*(1 + |x|25>dx>

J<|x <204

_ ' N2
Clul[$, 276729210729 (1 N E)

1/2
+ Ca2u 27602 (J PuCol (1 + le")dx>
2

ij2<|x <(5/2)24

' 1 . _ . 1/2
< Cllul|3,2/¢~» (1 +§> + Cg|ul 3, 27¢/20) (JR Vu(x)|*(1 + |x|25)dx)

Now, letting & =2"%/* and using the estimation in point i) we get
< Cllul| 3,270 + Cllu| 3, 2701720 4 Cllul| 3, 2706 ug] .
Hence, summing up j = 0 we obtain

12

(] Pt s eax) < el
R

iii) The decay at infinity implies for § > 5/2

1+ |x|%
[, ottt e < i, | | — B v < el

R? (1 + |x|5—1/2)4

III. Almost Muckenhoupt weights

The following two sections are strongly connected. In order to apply a
fixed point scheme, we are led to investigate the bicontinuity of the bilinear
term on the space C([0,T],X}) x C([0,T],X;)) and in particular to esti-
mate [} |[e91PV - 4G ® 9)(s)ll 2ds, where ¢=)4PV is a matricial Calderon-
Zygmund operator with L!'-norm of the same order as (t—s)fl/ 2,

We have already seen via proposition 2 and lemma 3 that if
i(f) e L*(]0, T[, X3'), then every component of

Al ® B)(s) = Aii(s) ® B(s) + ii(s) ® AT(s) + 2V ® i(s) -V ® (s)

is in L} for s€ [0, T[ a.e. It is well known that Calderon-Zygmund operators
are continuous on weighted L? spaces if and only if the weight belongs to the
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Muckenhoupt class 4,. Unfortunately, this is not the case for our weights
w(x) =1+ Ix|, &> 3/2, which are nevertheless in a “local” Muckenhoupt
class. Using this and the decay property of the convolution kernel we will able
to go over the obstruction and to conclude.

Let us recall the definition of a Muckenhoupt weight (see also [M], [ST],
[LE]).

Definition 4. A weight w(x) on R* (a local integrable, positive function)
belongs to the Muckenhoupt class 4,, 1 < p < 400, if there exists a constant
K =1 such that for every ball B (of volume |B|) we have:

1 1/p (p=1)/p
B (J w(x)dx> (J w(x)_l/(p_l)dx> <K, p>1,
B B

1

——J w(x)dx < K essinf . g w(x), p=1
1B g

It is also possible to give a weaker definition, involving only small balls.

Definition 5. Let R >0. A weight w(x) on R® belongs to a local
Muckenhoupt class 4,(R), 1 <p < +o0, if there exists a constant K = K(R)
such that if B is a ball centered at xp and of radius r(B) we have:

1 1/p - {(p=1)/p
sup <J w(x)dx) <J w(x) e~ )dX> <K({R), p>1,
wB<r Bl \Jg B

1 1
sup —wadx sup sup —— < K(R), p=1
nB<r |BlJs ) WB)<R xeB W(X) (B)
Remark. The Muckenhoupt class 4, can also be characterized by the
continuity of the Calderon-Zygmund operators, as stated in [ST]:

Theorem (Muckenhoupt). Let T a Calderon-Zygmund operator and w € A,,
with 1 <p < +oo. There exists C > 0 such that, for every f € L?(w(x)dx), we
have:

J TGP < CJ 1 Pw(x)dx.
R R

Conversely, let du a positive Borel measure. If [ |Tf|Pdu < C [pa | f1Pdu, for
every f € L?(dy), then du is absolutely continuous and du = w(x)dx with w € A,.

The function w(x) = 1+ |x|* for 6 >3/2 is not in A4, but it is in 4>(R)
and we can also control the growth of the constant K(R) appearing in the
definition.

Proposition 6. If 6>3/2 then w(x)=1+|x|” € Ay(R) and K(R)=
C(1+ R%3/?), with C a positive constant.
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Proof. Let us consider for the moment the supremum over the balls of
fixed radius equal to r. If |xp| > 3r then |x — xp| < r implies 2|xp|/3 < |x| <
4|xp|/3 and so

%J‘ (1 + |x|®)dx —3J ! 55 dx SC% <C
P Jx—xg|<r P2 Jx—xpl<r 1 + |X] 1+ (2|XB|/3)

If |xp| <3r then |x —xp| <r implies |x| <4r and we obtain the following
estimation:

! J 2 1 1
1 (14 |x?)dx —J LIS
(1’3 |x—xp|<r r |x—xg|<r 1 + |x|2’5

< C1+4r®)min(1,1/7) < C(14+7%73), 6> 3/2.

Being f(r) =1+ r°~*2 an increasing function, we get K(R) = C(1 + R%%/2).

It will be also essential to remark that our weights can be suitably modified
to become “globally” Muckenhoupt keeping their original definition for ex-
ample on a cube. The next technical proposition will show this construction,
already used in [LE].

Proposition 7.  Given any cube Q c R® there exists a Muckenhoupt weight
wo(x) € Ay which coincides with w(x) =1+ |x|®, 6 >3/2 on Q.

Proof. We are going to prove this proposition for the particular cubes O,
centered, for 1= (n,m,k) e Z>, at x; = (Xn,ym,z) = (2n+1)/2,(2m +1)/2,
(2k+1)/2) and of side 3, because this is the case we will use later. Let then
0, be the following cube:

0, - (5, 9,2)eR 1%, —3/2<x<x,+3/2; Y —3/2<y <ym+3/2
AT Zk—3/2<z<z +3/2 ’

We are looking for a function w, € 4, such that w; = w on Q;. The definition

is easy: we begin our construction defining the function w; on the cube Ql

centered at (x, + 3/2,ym + 3/2,zx + 3/2) of side 6 by symmetrizing successively

the function w with respect to yz, xz, xy planes and then we extend the definition

of w; all over the space by periodicity, using the tiling v generated by Q,.
We will show that w;(x) e 4. We prove in fact that

sgp sgp l—;l <JB m(x)a’x>l/2 <JB w; (x)—labc)l/2

<C sup ﬁ <L w,l(x)dx>1/2 (L w,l(x)ldx>l/2: CK(3/2)

rp<3/2
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where we remark in particular the uniform estimation with respect to the chosen
family Q;.

At first, we suppose 3|B| >|Q;|. Then, there exists a ¢ >0 such that
(23)710,] < 3|B| < 2%)4""]Q;]. Let O be the cube circumscribed to the ball B

(IB| < |Qc| < 3|B|). As the cube Q. can be covered by (23)4"! cubes of the
tiling 7, we get:

wy(x)dx = 8§ - 230+ J w(x)dx

J wi(x)dx < J w(x)dx < 23<q+1>J
B Oc Q;

o

“and also:

J wi ! (x)dx < J wy ! (x)dx < 23(q+1)J
B Oc

~wi (x)dx = 8- 23D J w (x)dx.
(]

[}

We are therefore able to conclude:

% (L w,l(x)dx>l/2 (JB wy ! (x)dx>l/2
< —~37—23(‘1“)8 (J w(x)dx)l/2 (J wl (x)abc)l/2
2%|Q,| ) 0;
: 1/2 1/2
=3. 8@ <JQ2 w(x)dx) (JQA w‘l(x)dx>

< C'K(3/2).

In the case 3|B| < |Q;| we have to deal with three different situations.
If B is contained in a traslated cube of one of the eight cubes filling Q, then

by hypothesis
o) (k) s

If otherwise B contains itself one of the preceding cube, then

(JB Wz(x)dx>l/2 < (jéﬂ w/1()c)cz')c)l/2 < (j@l Wx(x)éx)l/z
1/2 1/2
(JB wll(x) dx>1/2 = (J o, wzl(x) dx) = (J 0, wzl(x) dx) '

and
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Therefore

(L2 (o) = ([, o) ([, )
.

K(3/2).

IA

<8

Finally, if B does not verify anyone of the previous conditions, then there exists
at last eight cubes Q; translated of the @, filling Q,; and intersecting B. Let
S; = BN Q; and let us suppose that S; is such that | S| = max;_;__ 3|S;|. Then
for the symetries of the function w;(x):

(L w,l(x)dx> <3 L[ W (x)dx.

Let B;,, B. be the inscribed and circumscribed balls of S;. Being w(x)dx a
doubling mesure (see [ST]) there exists an 4 > 0 such that

—jz <JBC w(x)dx> < JBM w(x)dx < Jsl wi(x)dx
< Ll w{(x)dx < JB[ w(x)dx < A (JB,-,, w(x)dx).

The same argument is true even for w(x)_l. We can then deduce

(L) () =, o) ([ )

< 84K(3/2).
which concludes the proof. o

Remark. The function w(x) =1+ |x|> is in turn a local Muckenhoupt
weight but not a global one. In the same way as in propositions 6 and 7 we
can prove for w(x) that the growth of the constant appearing in the definition 5
is K(R) = C(1 + log(1 + R)) and that it is possible to define an extention to a
Muckenhoupt weight. In spite of that, we are not interested in this case
because neither the Laplacian of f € X3/, is a molecule, nor X3/, is a subspace
of L3.

IV. Convolution operators on L}

We have seen that w(x) is not a Muckenhoupt weight. Nevertheless it is
possible to prove the bicontinuity of the bilinear term of the integral equation
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on C([0, T],X;) x C([0,T), X3) by decomposing the kernel of the operator into
two parts, one localized around the origin and the other vanishing there. Both
of these operators are actually proved to be continuous.

These are the results we have established.

Proposition 8. Let Tof = [p:s Ko(x, y)f(y)dy be a Calderén-Zygmund
operator such that Ky(x,y)=0 if |x—y|>1 Then Ty: L} - L} and
17of Yz < Cllf -

Proposition 9. Ler Tif = [Ki(x—y)f(y)dy be a convolution operator
whose kernel vanishes in a neighbourhood of the origin (K\(x) =0 for |x| <1)
and verifies:

) Kx)| < /Xt 3/2<d<5/2,
i) |Ki(x)| < C/)x°,  5/2<d<7/2,
i) |Ki(x)| <C/lxl®,  7/2<6<9)2.
Then Ti:Lj — L and | Tifll.z < C|lf|lg;z-
Proof of Proposition 8. We have to estimate

2

@ 17l = | w(x)dx

Z JQ(X/MI)

lez?

Z JQ()%U

reZ?

j Ko(x, )f (y)dy
Ix—y|<1

2
w(x)dx

IA

j Ko(x, y)f (y)dy
(x2,3)

2

wy(x)dx

IA

| Katx )ty
R

where Q(x;, R) is the cube centered at x; = ((2n+1)/2,(2m+1)/2,(2k +1)/2)

and of side R, fi(y) = f(¥)Xo(x,3 and wi(x) is the Muckenhoupt extension of

w(x), constructed in the proposition 7, which equals w(x) on Q(x;,3). Because

of the continuity of a Calderén-Zygmund operator on the Muckenhoupt
weighted spaces, (4) can be controled by

cy J A@Pwxdx = Y J o P < Ul

iez? VA

Proof of Proposition 9. Let us consider
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2 172
1710z = (L | mbroa w(x)dx)
+o0 2 1/2
= Jgo (JR3 (L’<|x—y!<2/‘+1 |Ki (x —_V)f(y)ldy) W(x)dx)

We are going to estimate each term of the series, in the general case o« = 4,5, 6.
We get:

2
| (J kG —y)f(y)ldy> w(x)d
R 2/ <|x—y| <27+

<C> 1A<

5 dowizi2,2) 2%

2
I/ (y)ldy> w(x)dx

2/<|x—y| <27+

2
1 —_—
=¢2 ‘ (J 0(x,212,52) S (D)Iw(p) Pw(y) l/zdy) w(x)dx

. 02
o2y 2%

SCZ[ )Ei—a]<

S domai

If(y)|2W(y)dy)

0(x,21/2,52J)

x J w(y) 'dy | w(x)dx
0(x;27/2,52/)

1 2 1
<Crmo J Sw(y)dy %‘J G
o= > ( Q(m[/z’swl I w(y) )(23] o2 2.5) (y)dy

lez?

) 1J L
2% Jo(x,21 /2,527y w( )

1 ] —
= CZT(ZE—T)“J(”]%(I +2/29-3)y

the last inequality coming from the result in Proposition 6:
1 1/2 1 1/2 532
sup — wadx) <J—dx) < C(1+R°"
o g1 (J, o) ([, ( )

(the role of the family of balls and cubes can be interchanged, because of the
doubling property of the mesure w(x)dx). By hypotheses on « and J, we are
able to sum up j >0 and to conclude. o
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V. Tendency and fluctuation in Xj;

We dispose now of all the tools we need to make the fixed point argument
work in C([0,T],X;). For sake of clarity we will deal separately the linear
and bilinear terms.

Lemma 10. If @i € X}, then for all T €[0,+o] ey e C([0, T], X3).
Proof. We prove at first that for ¢ €0, 7| ety e L2. The only thing

we have to show is that Ae’AuO—e’AAuoeLOO([O T[,(L*(|x|*?))%). Being
X < C(lx =y + |¥]”) we get

I

|x|®dx

1 —x—pl®/(4 —
J, S AT ()dy

g
oV e X =y
= CJR3 (JR3I (47[[)3/26 t5/2 IAMO(y)ldy

1 2 2
+ eI 310 iy () |d ) dx
LS )" |1 |40 () ldy

< C(2|\, * |Aiio| 172 + e () |*| 47 I 2)

where the uniform boundedness of §,(x) = |x|°r=9/2e~*/4 (47) ™3/ in L' gives
the following control:

||e Au()“Lz (xPax) = C( +t )||Au0||Lz

and then
e dioll, 2 < C(1 -+ 1))\ il 2.

To see that e*/iiy vanishes at infinity for every fixed ¢ it is enough to remark that
the convolution kernel is a test function and # can be approximated in the L>-
norm by test functions. Finally, the vanishing properties of the moments come
from the following two remarks: AdugeL' if § > 3/2, x;Adug el if 6> 5/2
and x;x;Aug € L'ifo>7 /2 as we stressed in part [; also, if f and g belong to
L' and [p:f(x)dx =0 then [p:(f * g)(x)dx = 0. o

Lemma 11. The bilinear operator

4

B(#,5)(1) = J -94PP . i @ §(s)ds
0

is bicontinuous from C([0,T),X}) into C([0,T),X}) for T €)0,+o0[.
Proof. We begin to show that 4B(#,7)(1) € C(0, T], (L2)*). Let g€ 2,

supp ¢ = B(0,1), ¢ # 0 and consider the splitting of the kernel K(x) of P into
two parts:
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K(x) = p(0)K(x) + (1 — p(x)K(x) = Ko(x) + Ki(x)  x#0

where Kj(x) is supported near the origin and K;(x) away from it. We deal first
with [} Ko % e"=94V . 4(i ® 7)(s)ds. Using the bicontinuity on L} of the con-
volution operator e("94,/f —sV. and the control of

145 ® 8)(s)ll,.2 = || iH(s) ® B(s) + ii(s) ® AT(s) + 2V @ ii(s) - V ® (s) |l

ensured by proposition 2 and lemma 3, it is straightforward to show that for all
s<t

=94V . A7 ® 1_)')(s)ds||L52 < \/tl__s e /T—sV - AE® 5)(S)dSHL;
< Co= 1+ (=) )@@ D))
1 " o
< O (U (0= ) )5 214505 .

t—

Y

If we are able to prove that Ky(x) is a Calderon-Zygmund kernel, proposition 8
will furnish us the control for all ¢t < T, T €]0,+00]:

t
(5) medHW%A@®m@¢

0

2
L&

|
< C(J —(l—l—\/t—s(s)ds) sup || 44(s)||; 2 sup ||4V(s)||;2
° 0<s<T 4

ovIi—S 0<s<T

< CTY2(1+T°7) sup |4i(s) 2 sup [[45(s)]|.-
0<s<T ¢ 0<s<t g

Let us remind that P is a Calderon-Zygmund operator, whose kernel verifies the
following properties:

0 K(€)eL™;
i) K< O/, x#0;
i) [VK(x)| < C/|x|*, x#0.
The same is also true for the cut function Ky(x) = K(x)p(x), namely
D) [Kollie =116 * Kllpe < 1@l 1Kl =3
) Ko@) <C/Ix,  x#0;
iii)  [VKo(x)] < [VK(x)| lo(x)] + [K(x)] V()| < C/|x]*,  x#0

(because ¢ is supported on B(0,1)).
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Coming to jot K %94V . A( ® T)(s)ds, we cannot apply Proposition 9
directly because Kj(x) decreases too slowly at infinity. In spite of that, the
kernel of the operator e"94V . 4 appearing in the integral has at least three
vanishing moments and this will be crucial.

In fact there are different equivalent espressions for the aforementioned
convolution, namely

VK, «e™94 . A(ii @ T)(s)
K+ e A @ T)(s) = { 4K, * =947 . i @ §(s)
VAK; x =94 . (G @ T)(s)

We will exploit the first formulation for 3/2 < < 5/2, the second one for
5/2 <6< 7/2 and the third for 7/2 <J < 9/2. We are actually faced with
VK., 4K, VAK;, which are supported outside the origin and deacrease re-
spectively as 1/|x]*, 1/]x|°, 1/|x|® (we remind that the components of K (&) are
like 6;; — &ig;/ |£]*) and then we are allowed to apply Proposition 9 to obtain
after integration:

t
J K eV . A @ T)(s)ds
0

(6)

L

t
< J 1Ky * <090 . (6 © 8)(9)] s
0
t
scj<1+<r—s>5/2>ds sup [|4ii(s)|lp2 sup ||48(s)||2
0 0<s<T g 0<s<T s

< C(1L+T°)T sup |4ii(s)|.> sup [|45(s)l|...
O<s<T ? 0<s<T o

From the two estimations (5) and (6) we finally get:

|4BG@,5) (0,2 < CU+ TP T+ T2 sup [[4a(s)]y; sup [145(s)l
? 0<s<T ° 0<s<T g
and hence the continuity at =0 of AB(#i,7)(z) in L2. The continuity away
from the origin is classical.

Let us see the vanishing at infinity of B(#,¥)(7) Vte[0,T]. We remark
that the integral converges in L*? ([ ||e* )PV . & ® 5(s)|| snds < +c0) and the
subspace of L*/? of functions vanishing at infinity is closed in L2, Because of
this we just have to point out that 4PV . @ #(s) € C, for all s e [0, T] (for
example because i ® #(s) € L* and the convolution kernel is in L¥? [PL]). A
similar argument allows to establish the vanishing of the moments. Let us
see that in details. Calling a(x,s) = 4e"94PV .7 ® B(x,s), we know that
AB(il,0)(t) = fota(s)ds converges in L. If we prove that:
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a(x,)dx=0 §>3/2, 0<s<T,
R3

(7) xrpa(x,8)dx =0 6>5/2, 0<s<T, k=1,2,3,
JR?

xixpa(x,8)dx=0 6>7/2, 0<s< T, i,k=1,2,3,

\ JR3

then we are done. In fact the subspace of L2 of functions verifying (7) is closed
in L7. We are so left to prove the properties in (7) for a(x,s), calling @ the
convolution kernel of the operator e4PV. Ford >3 /2, it is enough to see that
a(x,s) = (t — 5) 2O(- /vt —s) * A(@ @ T)(x,s) and, for every component 6 of @,
we have @ eL!, [0(x)dx =0 and also 4(i®7)(s) e LZ = L' for all s€]0, T[.
For 6>5/2, we will write better a(x,s)=(t—s) V. -0(/Vi—s)*V-
(i ® ¥)(x,s) where, denoting now y the components of V - ©, we have that
and x belong to L', for k=1,2,3, [Y(x)dx=0, [xuf(x)dx=0 and,
moreover, V-(#®7)(s), xV-(#®7F)(s) belong to L' for all se]0,T].
Finally, for 6>7/2, we write a(x,s)= (t—s)40(-/\/i—s) i ® B(x,s)
and now, the components ¢ of 4O verify that ¢, xip, x;x;p belong to L!
for i,k=1,2,3, [o(x)dx =0, [xip(x)dx=0, [xxrp(x)dx=0 and #® (s),
Xt ® U(s), xixxpii ® V(s ) belong to L! for all se]0,TT. o

The proof of the theorem is then straightforward.

Proof of the theorem. Let ii(s), #(s) € C([0,T'],(X5)") where T’ will be
chosen in a moment. We are looking for a ball B(0,R) < C([0,T"],(X;)°)
where the operator F(ii)(f) = ety — [, e/~94PV - ii ® ii(s)ds is a contraction.

The two conditions that have to be satisfied are the following ones:

sup ||F(#@)(1)lly, < R

0<t<T"’
sup [|[F(@) (1) = F()(1)|ly, < C sup |li(2) — 5(1)]ly,
O<t<T’ 0<t<T'

for all #,¥e B(O,R) and for a C < 1. Hence we have

sup ||F(@)(1)]lx,

O<t<T’
2
&
< sup ey, + CVT(1+ VI)1 + VT )( sup ||u<>||xé)
0<t<T’ 0<t<
%)
< sup [le“d|ly, + CVT'(1+VT)(1+ VTR

0<t<T

and
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sup [|F(@)(t) ~ F@)(0)]ly, < CVT(1+VIN+VT") sup [r) ~ 50,

O<t<T’ 0<t<T’

‘ ( sup [(0)lly, + sup nvmnxa)
’ 0<t<T’

0<<T

< 2RCVT (1 + VT (1 +VT7) sup |[ii(t) — 5(1)]) -

0<t<T’

Hence we are looking for an R and T’ such that

sup ||y, +n(T")R* < R

0<t<T’

2m(T")R < 1,

where #(T’) stands for Cv/T’(1+VT')(1 + \/775). Choosing

P e )
- 2(T") ’

with 7’ small enough to have supy,.r|edolly, <1/(4n(T’)) (which is

possible because supq_,g|le" |y, < C(\/Faﬁ— L)l#ol| y,), the two conditions
are verified and F is a contraction of B(0,R) = C([0,T"], X;}). Because of the
uniqueness of the solutions in the L3-framework we are done with the theo-
rem; we point out that [0,7'[ was not proved to be equal to [0,7], the
maximal interval of existence of the solution in L3, but it is in general smaller
than it. o

Remark. L. Brandolese [B] let us know he found a new proof of theorem
1 in a joint work with Y. Meyer, which doesn’t involve local Muckenhoupt
weights.
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