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Molecules of the Hardy Space and the Navier-Stokes Equations 

By 

Giulia FuRIOLI and Elide TERRANEO 

(Universite d'Evry-Val-d'Essonne, France and Universita degli studi di Milano, Italy) 

In this paper we analyze the action of the Navier-Stokes equations on a 
subspace of C([0, T[, (L3(R3)) 3) which is specially adapted to study the location 
and oscillation of the diffusion term L1u. Let us recall the Navier-Stokes system 
describing the motion of an incompressible, homogeneous, viscous fluid filling 
out the whole space R3, without the action of external forces: 

{ ~ii::= LJu - v . (u ® u) - Vp 
V-u= 0 

where u(t,x): R+ x R 3 --, R3 is the velocity vector field and p(t,x): R+x 

R3 --, R is the pressure. 
Dealing with the Cauchy problem with initial data u(O, x) = u0(x), it is 

possible to rewrite the system in the following integral expression: 

(1) u(t) = e 1d uo - t e(t-s)J PV. (u ® u)(s)ds 

where e1d is the heat semigroup defined by the convolution with the Gauss 
kernel: 

and P is the projection operator on the divergence-free vector fields, defined by 
the matrix: 

R1R2 R1R3 l 
Id + R2R2 R2R3 

R3R2 Id+ R3R3 

where if;J(co) = i,1;1,1J(,) are the Riesz transforms for j = 1,2,3. 
In fact the integral and the differential systems are equivalent in this 

framework, as it is shown in [FLT] under slight assumptions verified by a large 
class of spaces. 

Given a Banach space X, the problem of the existence and the uniqueness 
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of a function u(t) E C([O, T[, X 3 ) solution of (1) in Y'' (a so-called mild solution) 
is normally approached by a fixed point argument. It is now well known 
([FLT], [MA], [LE2]) that for a given u0 E (L3(R3)) 3 the only solution in 
C([O, T[, (L3(R3)) 3) belongs to every (U(R3)) 3 space with p > 3 for all its 
existence time. We are now interested in investigating the following problem: if 
the data u0 have some extra properties, does the solution keep verifying them at 
least on a small interval of time? 

In [FLT] it was already established that if L1u0 E (£ 1) 3, the Hardy space, 
then the solution u(t) satisfies L1u(t) E (£1 ) 3 for O < t < T' ~ T. We will 
consider here a particular case of the previous one where the Laplacian of the 
data is a "molecule" for the Hardy space, and so well-localized in the space 
variables; we will prove then that the solution verifies the same property, namely 
its diffusion term keeps on being well-localized at the beginning of the motion. 

In the following the reference space will always be R 3. More precisely, let 
J E ]3/2, 9/2[, i5 =I- 5/2, 7 /2 and let us introduce the following functional space: 

u vanishes at infinity, 

Au E L2 ((1 + lxl2o)dx), 

J L1u(x)dx=0 for 3/2<'5<9/2 
U E 9"1 : 

Jx;Au(x)dx=O for 5/2<'5<9/2, i= 1,2,3 

Jx;x1L1u(x)dx=0 for 7/2<'5<9/2, i,j=l,2,3 

The space X., normed by llullx0 = IIAullL2((I+lxi"')dx) is a Banach space. 
The theorem we are going to prove is the following one. 

Theorem. Let uo E X] and V · uo = 0. Then the mild solution of the 
Navier-Stokes equations u(t) E C([O, T[, (L3) 3) is also in C([O, T'], X]) for 
0 < T' ~ T. 

We would like to stress that the solution we obtain decays pointwise in 
space like 1/(1 + lxl"-112 ) for every t E [O, T'] (see also proposition 2). In the 
particular case 3 /2 < J < 7 /2, this decay property may also be recovered by 
the results of Miyakawa in [Mil], who establishes a pointwise space-time 
asymptotic behavior with respect to space-time variables x and t for a particular 
class of data. 

For other results close to these topics see also [AGSS], [B2], [C], [HX], 
[MI2], [SS], [T]. 
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I. General properties· of X0 

In the following we will write 

L] = L2 ((1 + lxlu)dx), llullLJ = llu(x)IIL'((l+lxl2,j)dx)' 

llullL"' = 11(1 + lxlJ-l/Z)u(x)IIL"'· 
0-112 

We remark that the definition of X0 is well posed; indeed if L1u E LJ then 
L1u E L 1, for i5 > 3/2, x;L1u EL 1 for i = 1, 2, 3 and i5 > 5/2, x;x1L1u EL 1 for 
i, j = 1, 2, 3 and i5 > 7 /2. Moreover, X0 c L1Yl' 1 and more precisely if u E X0 

• then L1u is a non-normalized molecule for the Hardy space Yl' 1, which is defined 
as follows (see [ST] [CW]). 

Definition 1. Let e > 0. M(x) is an e-molecule for Yl' 1(R 3) centered at 
x = 0 if and only if: 

(a) (L3 IM(x)l 2dx) (L3 IM(x)l 2lxl 3+'dx )
11

' ~ 1, 

(b) I M(x)dx = 0. 
R3 

In our case, the product (a) is bounded by a constant depending on u. It can 
be proved that any e-molecule is in fact in Ye' 1 '---+ L 1 ([CW]). 

We prove now some decay properties of X0 functions. 

Proposition 2. If u E XJ then (1 + lxl"-112)u(x) EL 00 • 

Proof We will only consider the case 3/2 < i5 < 5/2, the other ones being 
analogous. It is easy to see that u E L 00 ; in fact, because of vanishing at infinity 
we can write: 

and, by Holder inequality, 

u(x) = f L1u(y) dy 
R 3 Ix - YI 

lu(x)I ~ (I 1 u 1 2 dy)
112

IIL1ullL2 ~ CIIL1ullL2 • 

R 3 1 + IYI Ix - YI O 0 

Now let lxl ::2: K. We have: 

u(x) = I L1u(y) dy = I L1u(y) dy 
R 3 Ix - YI IYl?clxl/2,lx-yJ.e;Jxl/2 Ix - YI 

I L1u(y) d I L1u(y) d + -- y+ -- y. 
I YI ?c lxl/2, lx-yl>lxl/2 Ix - YI I Yl<lxl/2 Ix - YI 
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For the first term we can write: 

IILlullLJ (J 1 )112 
< C--J- 2 dy 
- lxl lx-yl:s:Jxl/2 Ix - YI 

:5: C11LlullL2lxl1;2-J_ 
J 

For the second one we have: 

IJ Llu(y) (1 + IYl2J)1/21 < C IILlullLJ (J dy ) 112 

IYlzlxl/2,lx-yl>lxl/2 Ix- YI (1 + IYl2J)l/2 - lxl IYlzlxl/2 IYl2J 

:5: CIIL1ullL2lxl 112-J. 
0 

In order to estimate the last integral we will use the oscillation property 
JR3 Llu(x)dx = 0. We get: 

IJ Llu(y) dyl = II Llu(y) (-1- - J_) dy -I Llu(y) dyl 
IYl<lxl/2 Ix - YI IYl<lxl/2 Ix - YI lxl IYlzlxl/2 lxl 

::;;cf IL1u(y)IJ4dy+-
1

1
1
J ILlu(y)ldy 

IYl<lxl/2 lxl X IYlzlxl/2 

+ _£ IILlullL2 (J 1 dy)
112 

lxl O IYlzlxl/21 + IYl2J 

:5: ~ IIL1ullu lxls;z-J + ICI IIL1ullL2 lxl 312-J 
lxl " x " 

:5: CIILlullL 2 lxl 112-J. 
J 

Remarks. 1) We can also prove that if Liu E LJ and u vanishes at infinity, 
then u E C0 . In fact, starting from the equality 
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u(x) = I Llu(y) dy 
R 3 Ix - YI 

I Llu(y)Xs(O,R) * e-3<t,(f) 
Ue,R(x) = I I dy 

R3 x-y 
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with efJ E !?lJ and supp efJ c B(O, 1), we get ue,R(x) E C1J(R 3 ) and Ue,R-+ u uni­
. formely over R 3. 

2) If we only assume u E Lt:'- 1; 2 and Liu E LJ, it follows that 
JR3 Llu(x)dx = 0 for every J > 3/2. Indeed, let t/1 E !?lJ with supp t/1 c B(O, 1) 
and t/J = 1 on B(O, 1/2). Being Liu EL 1, we can write: 

II Llu(x)dxl = lim IJ Llu(x)tjJ(~)dxl R3 R-->+oo R3 R 

~ R~1!1oo L3 lu(x)I ILi ( t/1 (i)) ldx 

~ lim ~J lu(x)ldx 
R-->+oo R R/2-S:lxl-S:R 

II. Localization of elements in X6 

The previous proposition 2 states that X6 c L3; thus the Cauchy problem 
with data u0 E XJ has a unique mild solution in C([0, T[, (L3)3) ([FLT]). Our 
problem is now to prove, via a fixed point algorithm, that actually it is in 
C([0, T'], XJ) for 0 < T' ~ T. In order to get it, we need three kinds of 
results: first, we will show some more properties of decay for u and Vu if u E X6 ; 

second, we will analyze deeper the weight w(x) = 1 + lxlM in relation with the 
Muckenhoupt class and third, we will study the continuity on X6 of the 
operators appearing in the bilinear term of the integral equation (1). 

Lemma 3. Let u E X6 . Then: 

i) Vu E (L 4 ((1 + lxl2J)dx)) 3 J > 3/2; 

ii) uVu E (L2 ((1 + lxl2J)dx)) 3 J > 11/6; 

iii) u2 E L2 ((1 + lxlM)dx) J > 5/2. 
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Proof i) We have to estimate: 

Using an interpolation result, we bound the first term by: 

(2) 

For the second one, let w E E0, w(x) = 1 on 1 :s; lxl :s; 2 and supp w s; 

{1/2 :s; lxl :s; 5/2}. 
Then we can write: 

(always by interpolation), 

:s; C22i62-(M-I)Jlluiil;: 112 (IIAu(x)w(;) I[ +llu(x)A ( w(;)) ll:2 

+ llvu(x) -v(w(;) )I[) 

- 2 - X I ( ( ))1 2 ) + IVu(x)I V w -, dx 
LJ/2::;jxj::;(5/2)21 21 
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• lJ 1 1- (x)l 4 + 21Jluf,, - -. Vw ----, dx 
J-t/2 BJ 21 /h lxl s (5/2)21 24J 21 

Taking BJ= c/(2(1-2J)iJJullloo ) we have: 
o-l/2 

(3) J _ _ 1Vu(x)l 4 (1 + lxl2o)dx:::;; c(1 + ~)2(1-2o)111ulli0 
21 s lxl s21+1 B 

Summing up all the terms and combining the two estimations (2) and (3) we 
obtain: 

J - 4 2J 4 'J - 4 2J JVu(x)I (1 + lxl )dx:::;; C(c)llullx0 +CB JVu(x)I (1 + lxl )dx. 
R3 R3 

Choosing O < C' B < I we get: 

IJVuJIL4 ((l+lxlw)dx) :::;; CJlullxs· 

ii) As in i) we have: 

The first term is bounded by: 

2- 2 2 - 4 2 2 ( )
Ip 

cJ Ju(x)I JVu(x)I dx:::;; CJlullLoo J JVu(x)I dx :::;; CJlullxJullx,,· 
lxlsl jxjsl 

Let us come to the second one. For all j ;:c: 0 we have, by the Holder in­
equality: 
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then, using the estimation (2) in i), we bound it by 

~ Cllulli/1(3-M) ( 1 + D + Cellulli-s21(5!2-o) (L1 1Vu(x)l4 (1 + lxl2o)dx ) 112
. 

Now, letting e = 2-2113 and using the estimation in point i) we get 

~ Cllull1,2J(3-2o) + Cllull1J2J(ll/3-2o) + Cllull}/J(ll/6-o) llullt 

Hence, summing up j ~ 0 we obtain 

iii) The decay at infinity implies for J > 5 /2 

I 1
2o 

4 2o 4 l+x 4 I lu(x)I (1 + lxl )dx ~ llullx J O 112 4 dx ~ Cllullx. 
Ri a R3 (1 + lxl - ) " 

III. Almost Muckenhoupt weights 

The following two sections are strongly connected. In order to apply a 
fixed point scheme, we are led to investigate the bicontinuity of the bilinear 
term on the space C([O, Tl, Xj) x C([O, Tl, Xj)) and in particular to esti­
mate Idlle(t-s)Llpv.LJ(ii®v)(s)IILzds, where e(t-s)Llpv is a matricial Calder6n­
Zygmund operator with L 1-norn:{ of the same order as (t-s)-1/ 2_ 

We have already seen via proposition 2 and lemma 3 that if 
ii(t) E L00 (]0, T[,X]), then every component of 

A(ii (8) v)(s) = Aii(s) (8) v(s) + ii(s) ® Av(s) + 2V ® ii(s) · V (8) v(s) 

is in L} for s E [O, T[ a.e. It is well known that Calder6n-Zygmund operators 
are continuous on weighted LP spaces if and only if the weight belongs to the 
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Muckenhoupt class Ap, Unfortunately, this is not the case for our weights 
w(x) = 1 + lxlM, J > 3/2, which are nevertheless in a "local" Muckenhoupt 
class. Using this and the decay property of the convolution kernel we will able 
to go over the obstruction and to conclude. 

Let us recall the definition of a Muckenhoupt weight (see also [M], (ST], 
[LE]). 

Definition 4. A weight w(x) on R 3 (a local integrable, positive function) 
belongs to the Muckenhoupt class Ap, l s p < +oo, if there exists a constant 
K ~ 1 such that for every ball B (of volume IBI) we have: 

1 (J )1/p (J )(p-1)/p TBf B w(x)dx B w(x)-l/(p-l)dx s K, p > 1, 

1
!

1 
L w(x)dx s K essinfXEB w(x), p = I. 

It is also possible to give a weaker definition, involving only small balls. 

Definition 5. Let R > 0. A weight w(x) on R 3 belongs to a local 
Muckenhoupt class Ap(R), 1 s p < +oo, if there exists a constant K = K(R) 
such that if B is a ball centered at XB and of radius r(B) we have: 

1 (J )1/p (J )(p-1)/p sup -1 I w(x)dx w(x)-l/(p-l)dx s K(R), 
r(B)5R B B B 

p > l, 

1 J 1 sup -
1 

I w(x)dx sup sup-(-) s K(R), 
r(B)5R B B r(B)5R xEB W X 

p = I. 

Remark. The Muckenhoupt class Ap can also be characterized by the 
continuity of the Calder6n-Zygmund operators, as stated in [ST]: 

Theorem (Muckenhoupt). Let T a Calder6n-Zygmund operator and w E Ap, 

with l < p < +oo. There exists C > 0 such that, for every f E U(w(x)dx), we 

have: 

J ITf(x)II'w(x)dx s cJ lf(x)II'w(x)dx. 
R3 R3 

Conversely, let dµ a positive Borel measure. If JR3 I TflP dµ s C JR3 If IP dµ, for 

every f E U(dµ), then dµ is absolutely continuous and dµ = w(x)dx with w E Ap. 

The function w(x) = 1 + lxl2J for J > 3/2 is not in A2 but it is in A2(R) 

and we can also control the growth of the constant K(R) appearing in the 
definition. 

Proposition 6. If b > 3/2 then w(x) = 1 + lxlu E A2(R) and K(R) = 

C(l + R 6- 312), with C a positive constant. 
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Proof Let us consider for the moment the supremum over the balls of 
fixed radius equal to r. If lxBI > 3r then Ix - xBI s r implies 2lxBl/3 s lxl s 
4lxBl/3 and so 

(~ r (1 + lxl2,j)dx) (~I I 2,, dx) <CI+ (4lxBl/3): < C. 
r Jlx-xs\9 r lx-xsl:s:r 1 + lxl - 1 + (21xBl/3) -

If Ix Bl s 3r then Ix - xBI s r implies lxl s 4r and we obtain the following 
estimation: 

(IJ 2,, )(IJ 1 ) 3 ( I + lxl )dx 3 2,, dx 
r \x-xsl :s:r r lx-xsl :9 1 + lxl 

J > 3/2. 

Being f(r) = I+ r'H/2 an increasing function, we get K(R) = C(I + R 0- 312). 

It will be also essential to remark that our weights can be suitably modified 
to become "globally" Muckenhoupt keeping their original definition for ex­
ample on a cube. The next technical proposition will show this construction, 
already used in [LE]. 

Proposition 7. Given any cube Q c R 3 there exists a Muckenhoupt weight 
wQ(x) E A 2 which coincides with w(x) =I+ lxlM, J > 3/2 on Q. 

Proof We are going to prove this proposition for the particular cubes QJc 
centered, for A= (n,m,k) E Z 3, at XJc = (xn,Ym,zk) = ((2n + 1)/2, (2m + 1)/2, 
(2k + I) /2) and of side 3, because this is the case we will use later. Let then 
QJc be the following cube: 

QJc = { (x, y,z) E R3 : Xn - 3/2 S XS Xn + 3/2; Ym - 3/2 SYS Ym + 3/2 }· 
Zk - 3 /2 S Z S Zk + 3 /2 

We are looking for a function WJc E A2 such that WJc = w on QJc. The definition 
is easy: we begin our construction defining the function WJc on the cube QJc 
centered at (xn + 3/2,Ym + 3/2,zk + 3/2) of side 6 by symmetrizing successively 
the function w with respect to yz, xz, xy planes and then we extend the definition 
of WJc all over the space by periodicity, using the tiling r generated by QJc, 

We will show that WJc(x) E A2. We prove in fact that 

1 ( )1/2 ( )1/2 s C sup -
1 

I J WJc(x)dx J WJc(xf 1dx = CK(3/2) 
rs~3/2 B B B 
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where we remark in particular the uniform estimation with respect to the chosen 
family Q,i. 

At first, we suppose 3IBI ~ IQ,il- Then, there exists a q ~ 0 such that 
(2 3)qlQ,il s 3IBI < (2 3)q+1 IQ,il- Let Qc be the cube circumscribed to the ball B 
(IBI < IQcl < 3IBI). As the cube Qc can be covered by (2 3)q+l cubes of the 
tiling T, we get: 

I w,i(x)dx s I- w,i(x)dx s 23(q+l) I- w,i(x)dx = 8 • 23(q+l) I w(x)dx 
B ~ ili ili 

• and also: 

We are therefore able to conclude: 

1 ( )1/2 ( )1/2 !Bl L w,i(x)dx L w;:- 1(x)dx 

= 3. s-2-(I w(x)dx)
112 (I w- 1(x)dx)

112 

IQ,il Q, Q1. 

s C'K(3/2). 

In the case 3IBI < IQ,il we have to deal with three different situations. 
If B is contained in a traslated cube of one of the eight cubes filling Q,. then 

by hypothesis 

1 (I )1/2 (I 1 )1/2 !Bl B w,i(x)dx B w,i(x) dx s K(3/2). 

If otherwise B contains itself one of the preceding cube, then 

1/2 ( )1/2 ( )1/2 (L w,i(x)dx) s IQ, w,i(x)dx s IQ;_ w,.(x)dx 

and 

1 1 1 1/2 ( )1/2 ( )1/2 
--dx < --dx < --dx (L w,.(x) ) - IQ, w,.(x) - IQ, w;c(x) 
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Therefore 

1 (J )1/2 (J 1 )1/2 8 (J )1/2 (J 1 )1/2 1Bf B w,.(x)dx B w,.(x) dx s IQ,.I Q, w(x)dx Q, w(x) dx 

s 8C'K(3/2). 

Finally, if B does not verify anyone of the previous conditions, then there exists 
at last eight cubes Q1 translated of the Q,., filling Q,. and intersecting B. Let 
s1 = Bn Q1 and let us suppose that S1 is such that IS11 = maxJ=l, ... ,slSJI. Then 
for the symetries of the function w,.(x): 

(L w,.(x)dx) s 8 L, w,.(x)dx. 

Let B;n, Be be the inscribed and circumscribed balls of S1. Being w(x)dx a 
doubling mesure (see [ST]) there exists an A > 0 such that 

~ (J w(x)dx) s J . w(x)dx s J w,.(x)dx 
~ ~ ~ 

s J w(x)dx s J w(x)dx s A (I . w(x)dx). 
S1 B, Bm 

The same argument is true even for w(x)- 1. We can then deduce 

1 (J )1/2 (J 1 )1/2 8A (J )1;2 (J 1 )1;2 1Bf B w,.(x)dx B w,.(x) dx S IB;nl B;n w(x)dx B;n w(x) dx 

s 8AK(3/2). 

which concludes the proof. ◊ 

Remark. The function w(x) = 1 + lxl 3 is in turn a local Muckenhoupt 
weight but not a global one. In the same way as in propositions 6 and 7 we 
can prove for w(x) that the growth of the constant appearing in the definition 5 
is K(R) = C(l + log(l + R)) and that it is possible to define an extention to a 
Muckenhoupt weight. In spite of that, we are not interested in this case 
because neither the Laplacian of f E X3; 2 is a molecule, nor X3; 2 is a subspace 
of L3. 

IV. Convolution operators on LJ 
We have seen that w(x) is not a Muckenhoupt weight. Nevertheless it is 

possible to prove the bicontinuity of the bilinear term of the integral equation 
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on C([O, Tl, Xl) x C([O, Tl, Xj) by decomposing the kernel of the operator into 

two parts, one localized around the origin and the other vanishing there. Both 
of these operators are actually proved to be continuous. 

These are the results we have established. 

Proposition 8. Let Tof = JR3 Ko(x, y)f(y)dy be a Calder6n-Zygmund 

operator such that Ko(x, y) = 0 if Ix - YI > 1. Then To : L} ---+ L} and 

II TofllLJ ~ CllfllL}-

Proposition 9. Let Tif = J K1 (x - y)f(y)dy be a convolution operator 

whose kernel vanishes in a neighbourhood of the origin ( K1 (x) = 0 for lxl ~ I) 
and verifies: 

i) IK1(x)I ~ C/lxl4, 

ii) IK1(x)I ~ C/lxl 5, 

iii) IK1(x)I ~ C/lx16, 

3/2 < J < 5/2, 

5/2 < J < 7 /2, 

7 /2 < J < 9/2. 

Then T1 : L}---+ L} and 11 TifllL2 ~ Cllf11L2. 
J J 

Proof of Proposition 8. We have to estimate 

(4) II Tofllf 2 = J IJ Ko(x, y)f(y)dyl
2 
w(x)dx 

J R 3 lx-yl<l 

~ L J IJ Ko(x, y)f(y)dyl
2 
w(x)dx 

AEZ3 Q(x!,1) Q(x,,3) 

~ L J IJ Ko(x, y)J,i(y)dyl
2 
w,i(x)dx 

AEZ3 Q(x,, I) R3 

where Q(x,i, R) is the cube centered at x,i = ((2n + 1)/2, (2m + 1)/2, (2k + 1)/2) 
and of side R, j,i(y) = f(Y)XQ(x,, 3) and w,i(x) is the Muckenhoupt extension of 
w(x), constructed in the proposition 7, which equals w(x) on Q(x,i, 3). Because 

of the continuity of a Calder6n-Zygmund operator on the Muckenhoupt 

weighted spaces, (4) can be controled by 

Proof of Proposition 9. Let us consider 
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( 
2 )1/2 

IITifhJ = J IJ K1 (x - y)f(y)dyl w(x)dx 
R3 lx-yl::>l 

We are going to estimate each term of the series, in the general case a= 4, 5, 6. 
We get: 

L (I,,<l•-,1 <'~' IK1 (x - ylf (y) ldy )' w(x)dx 

"J 1 (J 2 ) ::;; C ~ _ ~ 1/(y)I w(y)dy 
AEZ3 Q(xi.21/2,21) 2 CXJ Q(x12i/2,52i) 

x (J w(y)-1dy) w(x)dx 
Q(x1_2i /2, 521) 

::;; C 2j(l~-6) L (J _ _ lf(y)l 2w(y)dy) ( 2~j J _ _ w(y)dy) 
AEZ3 Q(x121 /2, 521) Q(x12J /2, 521) 

the last inequality coming from the result in Proposition 6: 

1 (J )1/2 (J 1 )1/2 ,!~ IBf B w(x)dx B w(x) dx ::;; C(l + Ro-3/2) 

(the role of the family of balls and cubes can be interchanged, because of the 
doubling property of the mesure w(x)dx). By hypotheses on a and J, we are 
able to sum up j 2: 0 and to conclude. ◊ 
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V. Tendency and fluctuation in X0 

We dispose now of all the tools we need to make the fixed point argument 
work in C([O, Tl, X]). For sake of clarity we will deal separately the linear 
and bilinear terms. 

Lemma 10. If uo EX], then for all TE [O, +oo[ e 1Llu0 E C([O, Tl, X]). 

Proof We prove at first that for tE]O,T[ Lle 1L1u0 EL2 . The only thing 
we have to show is that Lle 1Llzio=e 1LliJu0 EL 00 ([0,T[,(L2 (lxl2o)) 3). Being 

lxl2o s C(lx - Yl2o + IYl2o) we get 

J IJ 1 e-lx-yl2/(4t)L1zio(y)dyl2lxl2odx 
R3 R3 ( 4nt) 3/Z 

s cJ ( J r<>/2 1 e-lx-yl2/(4t) Ix - YI<) liluo(Y)ldy 
R 3 R 3 (4nt) 3/ 2 t<>/Z 

+ J 1 e-lx-yl2/(4t)IYl"IL1uo(Y)ldy)2 dx 
R3 (4nt) 312 

S C(t"llef>1 * liluol lli2 + lle1L1(l • l"liluol)llf2) 

where the uniform boundedness of ip1(x) = lxl"t-0!2e-lxl 2/(41l(4nt)-3/ 2 in L 1 gives 

the following control: 

lle 1L1Lluollf2(lxl2,jdx) S C(l + t6)IIL1uolli1 

and then 

lie/LI LluollLJ s C(l + tbf2)11LluollLJ-

To see that e 1Llu0 vanishes at infinity for every fixed tit is enough to remark that 
the convolution kernel is a test function and u0 can be approximated in the L 3 -

norm by test functions. Finally, the vanishing properties of the moments come 
from the following two remarks: Llu0 EL 1 if J > 3 /2, x;Llu0 E L 1 if J > 5 /2 
and x;x1L1u0 EL 1 if J > 7 /2 as we stressed in part I; also, if f and g belong to 

L 1 and fRd(x)dx = 0 then fR3 (f * g)(x)dx = 0. ◊ 

Lemma 11. The bilinear operator 

B(u, v)(t) = t e(t-s)LI PV. u ® v(s)ds 

is bicontinuous from C([O, Tl, X]) into C([O, Tl, X]) for TE JO, +oo[. 

Proof We begin to show that LIB(u, v)(t) E C([O, Tl, (Lj) 3). Let rp E f2J, 

supp rp c B(O, 1), rp "!- 0 and consider the splitting of the kernel K(x) of Pinto 
two parts: 
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K(x) = rp(x)K(x) + (1 - rp(x))K(x) = K0(x) + K1 (x) x =I 0 

where K 0(x) is supported near the origin and K 1 (x) away from it. We deal first 
with J; Ko* e(t-s)Lli7 • L1(u ® v)(s)ds. Using the bicontinuity on LJ of the con­
volution operator e(t-s)LI ,v't="sv- and the control of 

IIA(u ® v)(s)IIL2 = IIL1u(s) (8) v(s) + u(s) ® L1v(s) + 2V ® u(s). V ® v(s)IIL2 
J 

ensured by proposition 2 and lemma 3, it is straightforward to show that for all 

s < t 

lle(t-s)Lli7 ° L1(u (8) v)(s)dsilL2 S ~ lle(t-s)Ll,v't="sv. L1(u ® v)(s)dsllL2 
• yt-s ' 

1 
s C r,---;; (1 + (t - s)°12 )IIL1(u ® v)(s)IIL2 

y t - S ' 

s C ~ (1 + (t - s)°12 ) IIL1u(s) IIL2 IIL1v(s) IIL2. 
vt-s ii ii 

If we are able to prove that K0 (x) is a Calder6n-Zygmund kernel, proposition 8 
will furnish us the control for all t< T, TE]O,+oo[: 

(5) lit Ko* e(t-s)Llv. L1(u ® v)(s)dsL2 
ii 

s c(Jo
1 

~
1 s (1 + -v't="s6)ds) sup IIL1u(s)IIL2 sup IIL1v(s)IIL2 

V' - -> O<s<T ' O<s<T ' 

s cr'l2 (1 + y<>l2 ) sup IIL1u(s)IIL2 sup IIL1v(s)IIL2. 
O<s<T 6 O<s<t 6 

Let us remind that P is a Calder6n-Zygmund operator, whose kernel verifies the 
following properties: 

i) K(~) EL 00 ; 

ii) IK(x)JsC/lxl 3, x=/0; 

iii) IVK(x)I s C/lxJ4, x =I 0. 

The same is also true for the cut function KO(x) = K(x)rp(x), namely 

i) IIKollLro = llefh KIILro s 11q311L' IIKllvn; 

ii) IKo(x)I s C/lxl 3 , x =IO; 

iii) JVKo(x)I s JVK(x)I Jrp(x)I + IK(x)I JVrp(x)I s C/Jxi4, x =I 0 

(because rp is supported on B(O, 1)). 
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Coming to J; K 1 * e(t-s)L1i7 • L1(i1 ® v)(s)ds, we cannot apply Proposition 9 
directly because K 1 (x) decreases too slowly at infinity. In spite of that, the 
kernel of the operator e(t-s)L1i7 • L1 appearing in the integral has at least three 
vanishing moments and this will be crucial. 

In fact there are different equivalent espressions for the aforementioned 
convolution, namely 

{ 
VK1 * e(t-s)L1 · L1(i1@ v)(s) 

K1 * e(t-s)L1i7 · L1(i1 ® v)(s) = ~K1 * eU-s)L1i7 · i1 ® v(s) 
VL1K1 H(t-s)L1 · (u ® v)(s) 

We will exploit the first formulation for 3/2 < t5 < 5/2, the second one for 
5 /2 < t5 < 7 /2 and the third for 7 /2 < t5 < 9 /2. We are actually faced with 
V K1, L1K1, V L1K1, which are supported outside the origin and deacrease re­
spectively as 1/lxi4, 1/lxl 5, 1/lxl 6 (we remind that the components of K(c,) are 
like t5;J - C,;c,1/lc,1 2) and then we are allowed to apply Proposition 9 to obtain 
after integration: 

(6) III: K1 * e(t-s)L1i7. L1(i1 ® v)(s)dsL2 
0 

:::;; cf 1 (1 + (t - s)J12 )ds sup IIL1i1(s)IIL2 sup IIL1v(s)IIL2 
0 O<s<T O O<s<T 0 

S C(l + TJ12 )T sup IIL1i1(s)IIL2 sup IIL1v(s)IIL2-
0<s<T O O<s<T 0 

From the two estimations (5) and (6) we finally get: 

IIL1B(i1, v)(t)IIL2 s C(l + rJ12 )T 112 (1 + T 112 ) sup IIL1i1(s)IIL2 sup IIL1v(s)IIL2 
0 O<s<T ,; O<s<T 0 

and hence the continuity at t = 0 of L1B(i1, v)(t) in LJ. The continuity away 
from the origin is classical. 

Let us see the vanishing at infinity of B(i1, v)(t) Vt E [O, T]. We remark 
that the integral converges in L312 u; lle(t-s)L1 PV · U Q9 v(s) IIL3/2ds < +oo) and the 
subspace of L 3/ 2 of functions vanishing at infinity is closed in L 3/ 2 . Because of 
this we just have to point out that e(t-s)L1 PV • i1 ® v(s) E Co for all s E [O, T] (for 
example because i1 ® v(s) E L3 and the convolution kernel is in L312 [PL]). A 
similar argument allows to establish the vanishing of the moments. Let us 
see that in details. Calling a(x, s) = L1e(t-s)L1 PV • i1 ® v(x, s), we know that 
L1B(i1, v)(t) = J; a(s)ds converges in LJ. If we prove that: 
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J a(x,s)dx=O '5>3/2, O<s<T, 
R3 

(7) J Xka(x,s)dx=O '5>5/2, O<s<T, k=l,2,3, 
R3 

J x;xka(x,s)dx=O '5>7/2, O<s<T, i,k=l,2,3, 
R3 

then we are done. In fact the subspace of L] of functions verifying (7) is closed 
in Lj. We are so left to prove the properties in (7) for a(x, s), calling e the 
convolution kernel of the operator eJ PV. For J > 3/2, it is enough to see that 
a(x,s) = (t-s)-20(·/v'i=s) * A(ii ® v)(x,s) and, for every component 0 of e, 
we have 0 EL 1, J 0(x)dx = 0 and also A(ii ® v)(s) EL] c L 1 for all s E JO, T[. 
For J > 5/2, we will write better a(x,s) = (t- s)-5!2v · e(-!y't=s) * V · 
(ii® v)(x, s) where, denoting now t/1 the components of V • e, we have that t/J 
and xkt/J belong to L1, fork= 1,2,3, Jt/J(x)dx=O, Jxkt/J(x)dx=O and, 
moreover, V • (ii® v)(s), xkV • (ii® v)(s) belong to L 1 for all s E ]O, T[. 
Finally, for '5>7/2, we write a(x,s)=(t-s)-3Ae(-!y't=s)*ii®v(x,s) 
and now, the components rp of Ae verify that rp, Xk(f), X;Xk(f) belong to L 1 

for i,k= 1,2,3, Jrp(x)dx=O, Jx;rp(x)dx=O, Jx;xkrp(x)dx=O and ii®v(s), 
X;ii Q9 v(s), X;Xkii Q9 v(s) belong to L l for all SE ]O, T[. ◊ 

The proof of the theorem is then straightforward. 

Proof of the theorem. Let ii(s), v(s) E C([O, T'], (X6 ) 3 ) where T' will be 
chosen in a moment. We are looking for a ball B(O, R) c C([O, T'], (X0 ) 3 ) 

where the operator F(ii)(t) = e1Aii0 - Jd e(t-s)A PV •ii® ii(s)ds is a contraction. 
The two conditions that have to be satisfied are the following ones: 

{ 
sup IIF(ii)(t)llx,,::; R 

O<t<T' 

sup IIF(ii)(t) - F(v)(t)llx0 ::; C sup llii(t) - v(t)llx,, 
O<t<T' O<t<T' 

for all ii, v E B(O, R) and for a C < 1. Hence we have 

sup IIF(ii)(t)llx,, 
O<t<T' 

::; sup lle 1Jiiollx,, + Cfl'(l + fl')(l + fl'0) ( sup llii(s)llx,,)
2 

O<t<T' O<t<T' 

::; sup lle 1Jiiollx0 + Cfl'(l + fl')(l + fl' 6 )R2 

O<t<T' 

and 
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sup IIF(u)(t)-F(v)(t)llxs s CVT'(l+VT')(l+VT'0) sup llu(t)-v(t)llxJ 
O<t<T' O<t<T' 

X ( sup llu(t)llxs + sup llv(t)llxs) 
O<t<T' O<t<T' 

s 2RCVT'(l + VT')(l + fl'0) sup lli1(t)-v(t)llxs· 
O<t<T' 

Hence we are looking for an R and T' such that 

{ 
sup 11e 111 uollxJ + 11(T')R2 SR 

O<t<T' 

211(T')R < 1, 

where 11(T') stands for CJT'(l + Jr')(l + Jr°). Choosing 

1 - J1 - 411(T') SUPO<t<T'lle 111 i1ollxJ 

R = 211(T') ' 

with T' small enough to have sup0<t<T'lle 111 i1ollx0 s 1/(411(T')) (which is 

possible because sup0<t<T'lle 111 i1ollx0 s C(JT'" + l)lli1ollx.), the two conditions 
are verified and Fis a contraction of B(O, R) c C([O, T'], Xj). Because of the 
uniqueness of the solutions in the L 3 -framework we are done with the theo­
rem; we point out that [O, T'[ was not proved to be equal to [O, T[, the 
maximal interval of existence of the solution in L3, but it is in general smaller 
than it. ◊ 

Remark. L. Brandolese [B] let us know he found a new proof of theorem 
1 in a joint work with Y. Meyer, which doesn't involve local Muckenhoupt 
weights. 
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