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1. Introduction and main results 

(1.1) 

In [CT], H. Chen and H. Tahara studied the following equation: 

{ to,u = ~(t, x, u, oxu), 
u(0,x) = 0, 

where ( t, x) E C 2 , and f ( t, x, u, () is a holomorphic function in a neighbourhood 
of the origin of C 1 x Cx x Cu x Ci; satisfying 

(1.2) f (0, x, 0, 0) = 0, near x = 0. 

By the condition (1.2), f(t, x, u, () is written as follows: 

f(t, x, u, () = a(x)t + P(x)u + y(x)( + L /pqr(x)tPuq(r, 
p+q+r"?.2 

where a(x), P(x) and y(x) are holomorphic functions, and p, q, r E Z:?.o = 
{0,1,2, ... }. 

If y(x) = 0, equation is called of nonlinear Fuchsian type (or of Briot­
Bouquet type). In this case, many mathematicians studied the various theories. 
For example, convergence of formal solutions ([GT (Chapters 3,5)]), the Maillet 
type theorem ([GT (Chapter 6)], [S]), asymptotic expansions ([O]), singular solu­
tions ([GT (Chapters 4,5)]). 

If y(x) ¢= 0 and y(0) #- 0, we can see that the equation is solvable in ou/ox. 
Therefore, we have a unique holomorphic solution with arbitrary holomorphic 
initial data u(t, 0) = (f}(t) satisfying (fJ(0) = 0 by Cauchy-Kowalevski's theorem, 
where u(0, x) = 0 is automatically satisfied. 

In the other case, that is, y(x) ¢= 0 and y(0) = 0, the equation is called of 
totally characteristic type. If y(x) = xc(x), c(0) =I- 0, Chen-Tahara obtained the 
conditions for the formal solution to converge ([CT]). This result was gener­
alized to several space variables by Chen-Luo ([CL]) in the case where bk(x) = 
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µkxk + higher order (see (1.4) below), but t variable is still restricted to be one 
dimensiomal. 

If y(x) = xic(x), c(0) -=J 0, j ~ 2, Chen-Luo-Tahara proved the Maillet type 
theorem, that is, they gave the formal Gevrey class in which the formal solution 
belongs ([CLT]). 

In [CT], Chen-Tahara obtained the following result: 

Theorem (Chen-Tahara). Assume (1.2) and that y(x) = xc(x) with c(0) -=J 0. 
Then, if 

(1.3) ll - /3(0) - c(0)ml ~ a(m + 1) 

for any (l,m)ENxZ2 0, (N={I,2, ... }) 

holds for some a> 0, then the equation (1.1) has a unique holomorphic solution. 

In this paper, we consider a generalization of this Chen-Tahara's theorem 
to the case of several time-space variables. 

Let (t,x)=(t1, .. ,,td,x1, ... ,xn)ECdxCn be (d+n)-dimensional complex 
variables (d ~ 1, n ~ I). The following equation seems to be a natural exten­
sion of (I.I) to several time-space variables: 

(1.4) 

d n 

L aij(x)t/\u + Lbk(x)oxkU + c(x)u 
i,J=I k=I 

= L d1(x)t1 + fK+I (t, x, u, { D11U }, { DxkU} ), 
lll=K 

where itl = t1 + • • • + td, K is a fixed positive integer satisfying K ~ 2 and aij(x), 
bk(x), c(x) and d1(x) are holomorphic in a neighbourhood of the origin, and 
fK+1(t,x,u,r,,) (r=(r1)ECd,,=(,k)ECn) is also holomorphic in a neigh­
bourhood of the origin with the following Taylor expansion: 

fK+1(t,x,u,r,¢) = L /pqrs(x)tPuqr'¢S, 
IPl+Kq+(K-l)lrl+Klsl 2.K+I 

where q~0, p=(p,, ... ,Pd)E(Z2 0/, r=(r1, .. -,rd)E(Z2 0/, s=(s,, ... ,sn)E 
(Z2.or, 

and 
d 

tP = II t/i, 
J=I 

d 

r' = II r/1, 
}=I 

isl = Sj + ... + Sn' 
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Here we remark that the assumption K ~ 2 implies a11 u(0, 0) = 0 (j = 1, 2, ... , d) 
which assures that (0, 0, u(0, 0), { a11 u(0, 0)}, { axku(0, 0)}) belongs to the domain 
of definition of fK+1 (t, x, u, r, ~). 

Now our first theorem is stated as follows: 

Theorem 1. Let P-1h:1 be the eigenvalues of the matrix (au(0)). We 
assume that bk(x) ¢; 0 and bk(0) = 0 for k = l, 2, ... , n, and let {µdZ=I be the 
eigenvalues of Jacobi matrix of (b1(x), ... ,bn(x)) at x=0. Then the formal 
power series solution of (1.4) exists uniquely and converges if the following con­
ditions are satisfied: There exists a positive constant a0 > 0, such that 

(1.5) (Poincare condition), 

and 

d n 

(1.6) LAJ9 + Lµkmk + c(0) # 0 (Non-resonance condition) 
}=I k=I 

hold for all (l,m) E (Z;,,o)d X (Z2or with Ill~ K and 1ml ~ 0. 

Remark l. It is easy to show the following proposition. The conditions 
(1.5) and (1.6) imply that 

(1.7) ltAJ9 + trµkmk + c(O)I ~ a(lll + 1ml) 

holds by some positive constant a> 0 for all (/,m) E (Z2 ot x (Z2 of with 
Ill ~ K and 1ml ~ 0. In the proof of Theorem 1, this condition will be used 
instead of (1.5) and (1.6). 

Remark 2. The condition (1.7) seems to be stronger than the condition that 

(1.8) It AJ9 + tr µkmk + c(O) I ~ a' (1ml + 1) 

holds by some positive constant a'> 0 for all (/,m) E (Z2 ot x (Z2 of with 
Ill ~ K and 1ml ~ 0, which is a direct generalization of Chen-Tahara's condi­
tion (1.3). However it is actually proved that (1.7) and (1.8) are equivalent. 
The proof can be seen in [CL]. 

(1.9) 

Next, we consider the following general equation: 

{ f(t, X, U~t, X), { a11u(t, X)}, { axkU(t, X)}) = 0, 
u(0, x) = 0. 
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Assumption 1. f(t,x,u,r,{,) (r = (r1) E Cd,{,= (f,k) E en) is holomorphic 
in a neighbourhood of the origin, and is an entire function in r variables for any 
fixed t, x, u and {,. Moreover we assume that 

(1.10) f(0,x,0,r,0) = 0 

or x E en near the origin and r E Cd, which is a generalization of the definition 
of singular equations defined in [MS]. 

For the equation (1.9), we do not know whether or not the equation has a 
formal solution in general. Therefore, we assume the following: 

Assumption 2. The equation (1.9) has a formal solution of the form 

d 

(1.11) u(t,x) = L <pj(x)t1 + L Utmt1xm E C[[t,x]]. 
J=I l/12:2,lml~O 

By the existence of a formal solution, {<p1(x)} satisfy the following system 
formally: 

(1.12) f(0, x, 0, { <p/x)}, 0) = 0 ( trivial relation), 

and 

(1.13) 

for i = 1,2, ... ,d. 

The formal solution of this system is not convergent in general. Therefore, we 
assume 

Assumption 3. The coefficients { <p/x)} are all holomorphic in a neigh­
bourhood of the origin of en. 

Remark 3. In the case d = I (d is the dimension of t variables), a suf­
ficient condition for the formal solution of (1.13) to converge has been already 
obtained by Miyake-Shirai ([MS]). In the case d :2: 2, we give a sufficient con­
dition for the formal solution of system (1. 13) to be convergent, which will be 
given by Theorem 3 in Section 6, but for a while we consider the problem under 
Assumption 3 for simplicity of our arguments. 
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Now we put a(x) = (0,x,0,{q>/x)},0) for simplicity, and define 

(1.14) 
cPf iif n cPf oq>; 

Au(x) :=~(a(x))+~(a(x))q>;(x)+ L~ _~;: (a(x)h;-(x), 
ut,ur1 uuur1 k=I ur1u..,k uXk 

for i, j = 1, 2, ... , d. Moreover we define 

(1.15) for k = 1, 2, ... , n. 

Remark 4. The functions Au(x) and Bk(x) correspond to au(x) and bk(x) 
in Theorem 1, respectively (see (1.17) below). 

Here we assume that the equation is of totally characteristic type, that is, 

Assumption 4. Bk(x) ¢= 0 and Bk(0) = 0, for k = 1, 2, ... , n. 

Now our second theorem which is our main result is stated as follows: 

Theorem 2. Suppose Assumptions I, 2, 3 and 4. Let {AJ}f=1 be the 
eigenvalues of (Au(0)), and let {µdZ=I be the eigenvalues of Jacobi matrix of 
the vector (Bk(x)) at x = 0. Then the formal solution (1.11) is convergent if the 
following condition is satisfied: There exists a positive constant uo > 0, such that, 

( 1.16) ltAjlJ + tµkmkl z uo(lll + 1ml), (Poincare condition) 

holds for all (l,m) E (Z2o)d X (Z2or with Ill z 2, 1ml z 0. 

Remark 5. Under the assumptions of Theorem 2, if the following non­
resonance condition 

holds for all (/, m) E (Z20/ X (Z2or with Ill z 2, 1ml z 0 as an additional con­
dition, then the formal power series solution exists uniquely, after a determina­
tion of q>/x) (J= 1,2, ... ,d). 

Remark 6. By the Poincare condition, there exists a positive integer K such 
that the non-resonance condition 

holds for all (l,m) E (Z2o)d X (Z2or with Ill z K, 1ml z 0. 
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We put v(t,x) = u(t,x) - "E,f= 1 ((J1(x)t1 - LlslllsK-I u1(x)t1 as a new un­
known function. By Assumptions 1, 2, 3 and 4, we can see that the coeffi­
cients {u1(x)hslllsK-I are determined as holomorphic functions which will be 
proved in Appendix B. Moreover, v(t, x) satisfies the equation of the follow­
ing form: 

(1.17) 
= L d1(x)t1 + fK+I (t, x, v, { 811v }, { i\kv} ), 

lll=K 

This is an equation considered in Theorem 1. Therefore, it 1s sufficient to 
prove Theorem 1 in order to prove Theorem 2. 

2. Example 

(2.1) 

In this section, we give an example. 
Let us consider the following equation: 

{ 9uu1 + ~Ux - (I + x)t - xt2 = 0, 
u(0,x) = 0, 

where (t,x) E C2, u = u(t,x) is the unknown function, u1 = 8u/8t and ux = 8u/8x. 
We put u = ((J(x)t + v(t,x) (v(t, x) = O(t2)) as a formal solution. We see 

that ((J(x) satisfies the following equation: 

(2.2) 9((J(x) 2 + 9x((J'(x) - I - x = 0, 

where ((J'(x) = (d((J/dx)(x). 
We put ((J(x) = p + tjf(x) (p is a constant and tjf(x) = O(x) with t/J(x) E 

C[[x]]). By substituting this into (2.2) and by calculating the constant terms of 
(2.2), we have p = ±l/3. 

By an easy calculation, we see that tjf(x) satisfies the following equation, 

{ 9xtjf'(x) + 6tjf(x) = x - 9tjf(x) 2 , 

t/1(0) = 0, 

{ 
9xt/J'(x) - 6tjf(x) = x - 9tjf(x)2, 
t/1(0) = 0, 

if p = I/3, 

if p = -I/3. 

We can easily prove that the formal power series solution tjf(x) exists uniquely 
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and converges in a neighbourhood of the origin in each case, because they are 
nonlinear equations of regular singular type studied by Gerard-Tahara ([GT]). 

We put f(t, x, u, r, () = 9ur + 9x( - (1 + x)t - xt2 . In order to apply 
Theorem 2, we introduce functions A(x) and B(x) as follows: 

a2f 
A(x) = atar (0, x, 0, tp(x), 0) 

a21 a2J , + auar(0,x,0,tp(x),0)tp(x) + ara((0,x,0,q,,(x),0)tp (x) 

= 9tp(x), 

and 

af 
B(x) = a, (0, x, 0, tp(x), 0) = 9x. 

In the case p = l/3, A(0) and B'(0), which correspond to the eigenvalues 

~~} and {µk} of the matrices (Aii(0)) and ~\!::::::!:] lx=O respectively, are given 

A(0) = 3, B'(0) = 9. 

This implies that the Poincare condition is satisfied. Moreover, since 
(8f /8u)(0, 0, 0, tp(0), 0) = 3, the non-resonance condition is also satisfied. There­
fore, by applying Theorem 2 we can see that the formal solution u(t, x) is 
holomorphic in a neighbourhood of the origin. 

In the case p = -l/3, A(0) and B'(0) are given by 

A(0) = -3, B'(0) = 9. 

Moreover, (8f/8u)(0,0,0,tp(0),0) = -3 holds. In this case, the resonance does 
occur, and therefore, the formal power series solution does not exist. 

3. Reduction of the equation 

As is mentioned in Remark 6, it is sufficient to study the equation (1.4). 
By the assumption of Theorem 1, 

8(b1, ... , bn) I 
8(x1, ... , Xn) x=O ~ 

Vn-1 

where J1, Vk = 0 or 1 ( 1 :s; j :s; d - l, 1 :s; k :s; n - l). 
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Then by transforming the variables, (1.4) is reduced to the following form: 

d 

(3.1) (A+ Ll)v(t,x) = L 1X1(x)t1 + L f3u(x)t;o 11 v + y(x)v 
lll=K i,J=I 

n 

+ L <Pk(x)oxkV + lK+I (t, x, v, { OtJV }, { OxkV} ), 
k=I 

with v(t,x) = O(ltlK), where 

d n 

A= LAJtjOt1 + LµkXkOxk + c(O), 
J=\ k=l 

d-1 n-1 

LI = L 6Jf}Ot1+1 + L VkXkOxk+I, 
j=l k=l 

and 1X1(x), /Ju(x), y(x) and rpk(x) are holomorphic in a neighbourhood of 
the origin, and satisfy /Ju(x) = O(lxl), y(x) = O(lxl) and rpk(x) = O(lxl 2), and 
fK+I (t, x, u, r, () is a holomorphic function which has a similar Taylor expansion 
with fK+I (t, x, u, r, (). 

In the following sections, we shall prove the existence and convergence of 
the unique formal solution of (3.1). 

4. Preparation to prove Theorem 1 

Let C[t, x]L,M be the set of homogeneous polynomials of degree L in t 

variables and of degree M in x variables, that is, 

C[t,x]L,M = {!LM(t,x) = L ftmt 1xm lftm E c}. 
lil=L, lml=M 

For the operator A+ LI, the following lemma holds: 

Lemma 1. For all L ~ K and M ;;;,:: 0, the operator 

A+ LI : C[t, x]L,M-+ C[t, x]L,M 

is invertible. Moreover, if the majorant relation fLM(t, x) « F x 

(t1 + · · · + td)L(x, + · · · +xn)M ULM(x) E C[t,x]L,M,F > 0) holds, then we obtain 

the following majorant relation: 

-1 C L M 
(4.1) (A+LI) fLM(t,x)« L+MFx(t1+···+td) (x1+···+xn) , 

where C > 0 is a positive constant independent of L and M. 
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Proof We define a norm of uLM(t, x) E C[t, x]L,M by 

lluLMII := inf { C > 0 I ULM(t, x) « C(t1 + · · · + td)L(x1 + .. · + Xn)M}. 

We remark that C[t, x]L,M becomes a Banach space by this norm. 
First, by (1.7) it is easily checked that A is invertible on C[t, x]L,M and 

(4.2) 

holds for the operator norm of A-1 on C[t,x]L,M· 

Next, since ULM(t, x) « lluLMll(t1 + · · · + td)L(x1 + · · · + Xn)M, we have 

d-1 

iluLM(t, x) « L Lli51I • lluLMll(t1 + · · · + td)L(x1 + · · · + Xn)M 
}=I 

n-1 

+ L Mlvkl • lluLMll(t1 + · · · + td)L(x1 + · · · + Xn)M 
k=I 

« { L(d - 1) i=F~}_, li51I + M(n - 1) k=Y,1~~-I lvkl} 

X lluLMll(t1 + · · · + td/(x1 + · · · + Xn)M. 

Here we make a change of variables by t1 = ei-Lr:1, xk = ek-!Yk, then i51 and 
Vk (the components of nilpotent part of Jordan canonical form) turns to ei51 and 
evk, respectively. Therefore, by choosing e sufficiently small, we may assume 
that the components of nilpotent part are small enough. Hence we may as­
sume that 

(4.3) 
(J 

·= max_ li51I < 2(d - 1)' J 1, ... ,d 1 

(J 

max lvkl < ---. 
k=l, ... ,n-I 2(n - 1) 

Then 

holds, and we obtain 

Therefore, the operator norm of iJA- 1 is estimated by 
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By using the Neumann's series, we can see that A+ L1 is invertible and the norm 
of the inverse operator is estimated by 

which we want to prove since C = 2/a is independent of L and M. ■ 

Now, we define some notations which are used in the proof of Theorem 1. 

Definition. (1) Let (t,x) E Cd x en (d ~ O,n ~ 0) be complex variables. 
For formal power series f(t,x) = LltlzO,lml:::O.ft,mt1xm, we define 

lfl(t,x) = L lft,mlt1xm. 
11120,lmlzO 

(2) Let (t, X) E Cd x C (d ~ 0) be complex variables. For formal power 
series g(t,X) = Liti:::o,M:::og1,Mt1XM, we define the shift operator S by 

'°' txM g(t, x) - g(t, o) 
S(g)(t, X) = ~ g1,M+1t = X · 

lll20,M20 

Remark 7. The following facts are easily shown: 
• f(t,x)«lfl(t,x); 

• If f(t, x) and g(t, X) are convergent power series, then lfl(t, x) and S(g)(t, X) 
are also convergent. 

5. Proof of Theorem 1 

5.1. Existence of the formal solution 

Let 

u(t,x) = L Utml1xm = L uL(t,x) = L ULM(t,x) 
lll2K,lml20 L2K L2K,M20 

be a formal solution of (3.1), where 

ULM(t, x) = L Utml1 xm E C[t, x]L,M' 
lll=L, lml=M 

uL(t, x) = L u1(x)t1 = L ULM(t, x). 
lll=L M20 

We put P =A+ L1 for simplicity. We substitute u(t, x) = LL:::K uL(t, x) 
into (3.1 ), then we have the following recursion formula: 
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d 

PuK(t, x) = L a1(x)t1 + L Pu(x)t;i31juK(t, x) 
lll=K i,j=l 

n 

+ y(x)uK(t, x) + L rpk(x)i3xkuK(t, x), 
k=l 

d n 

PuL(t, x) = L Pu(x)t;01juL(t, x) + y(x)uL(t, x) + L rpk(x)i3xkuL(t, x) 
~~I k=l 

197 

+ GL(t,x, {up}Ksp<L> {i3 1;uP}Ksp<L> {i3xkuP}Ksp<L), for L > K, 

where GL(t, x, (, r, !;) is a polynomial of (t, (, r, !;). 
First, we consider the case L = K. We substitute uK(t,x) = 

LM2o UKM(t, x) into the above recursion formula, we have 

PuKo(t,x) = L a1(0)t1, 
lll=K 

d M 

PuKM(t, x) = L af (x)t1 + L LPf (x)t;i31juK,M-p(t, x) 

where we put 

lll=K i,j=l p=l 

M n M 

+ LYP(x)uK,M-p(t,x) +LL rpf (x)i3xkUK,M-p+l (t,x), 
p=l k=l p=2 

a1(x) = L af (x), 
M20 

Pu(x) = L P1(x), 
M2l 

y(x) = L yM (x), 
M2l 

rpk(x) = L rpf: (x), 
M22 

af (x) = L cl./mXm, 
lml=M 

P1 (x) = L Pumxm, 
lml=M 

YM(x) = L YmXm, 
lml=M 

rpf (x) = L (()kmxm. 
lml=M 

By Lemma 1, we know that the solution sequence {uKM(t,x)}M 2 o exists 
uniquely. Moreover, by the same argument, we see that {uLM(t,x)} (L > K) 
exist uniquely. These show that the formal solution exists uniquely. 

5.2. Convergence of the formal solution 

We put U(t, x) = Pu(t, x) as a new unknown function. By Lemma 1, the 
equation (3.1) is reduced to the following equation: 
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d 

(5.1) U(t,x) = L rL1(x)t1 + L /3ii(x)t;o 11P-1 U(t,x) 
lll=K i,j=l 

n 

+ y(x)P- 1 U(t, x) + L <fJk(x)oxkp-l U(t, x) 
k=l 

+ JK+l (t, x, p-l U(t, x), { 011P- 1 U(t, x)}, { Oxkp-l U(t, x)} ). 

We know that (5.1) has a unique formal solution of the form 

U(t,x) = L U1mt1xm = L UL(t,x) = L ULM(t,x). 
Ill c:K, 1ml c:O Lc:K Lc:K,Mc:O 

In order to get a majorant series of U(t, x), we prepare some majorant series for 
the coefficients of (5.1). We put T = t, + · · · + tJ, X = x 1 + • • • +xn, and choose 

L rL1(x)t 1 « A(X)TK, /Jii(x) « 1/Jiil(X, ... , X) =: XBii(X), 
lll=K 

y(x) « lrl(X, ... , X) =: XG(X), <fJk(x) « l<fJkl(X, ... , X) =: X 2 ct>k(X), 

lK+I (t, x, u, T, () « llK+I l(T, ... ' T, X, ... 'X, u, T, () 

=: FK+I (T, X, u, T, () 

L Fpqrs(X)TIPluqTr(S, 
IPl+Kq+(K-l)lrl+Klsl c:K+I 

where A(X), Bij(X), G(X) and ct>k(X) are holomorphic in a neighbourhood 
of X=O, and FK+1(T,X,u,r,() is also holomorphic near (T,X,u,r,()= 
(0, 0, 0, 0, 0). 

Now, we consider the following equation: 

d 

(5.2) w(T,X) = A(X)TK +CL XBii(X)w(T,X) 
i.J=I 

n 

+ CXG(X)w(T,X) + CLX2ct>k(x)(t,x)S(w)(T,X) 
k=I 

+ FK+I ( T, X, Cw, { c;}, { CS(w)})' 

where C is a positive constant appeared in Lemma 1. 
Let w(T, X) = LLc:K,Mc:O WLM(T, X) be the formal solution of (5.2). By 

the construction of (5.2), we can easily check that U(t,x) « w(T,X) by the next 
lemma. 
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Lemma 2. For two formal power series U(t, x) and w(T, X) satisfying 

the following majorant relations hold: 

(1) p-'u(t,x) « Cw(T,X), 

(2) t;i\P-1 U(t, x) « Cw(T, X), 

1 Cw(T,X) 
(3) 01jp- U(t, x) « T , 

(4) Oxkp-'u(t,x) « CS(w)(T,X). 

L?.K,M?.0 

Proof By using Lemma 1, we can easily prove this lemma. First, (1) is 
proved as follows: 

p-'u(t,x) = I ~ C L M p- ULM(t,x) « ~ --WLMT X « Cw(T,X). 
L>K M>O L+M 

Secondly, (2) and (3) are proved as follows: 

t;o1jp-l U(t, x) = L t;o1jp-l ULM(t, x) 
L?.K,M?.0 

01jp-I U(t, x) = L Otjp-l ULM(t, x) 
L?.K,M?.0 

« ~ CL yL-lxM Cw(T,X) 
~ --WLM « ---. 

L?.K,M?.0 L + M T 

Finally, (4) is proved as follows: 

OxJ-1 U(t, x) = L Oxkp-l ULM(t, x) 
L?.K,M?.0 

« 

This completes the proof. 

Since w(T,X) » 0, we have 

(5.3) XS(w)(T,X) = w(T,X) -w(T,O) « w(T,X). 

■ 
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Let us consider the following equation: 

(5.4) v(T, X) = A(X)TK + CXh(X)v(T, X) 

+ FK+1 ( T, X, Cv, { C:}, {CS(v)} ), 

with v(T,X) = O(TK), where h(X) = EfJ=l Bij(X) + G(X) + EZ=l cJ>k(X). 

Then the following majorant relation is obvious: 

w(T, X) « v(T, X). 

We put y(T, X) = v(T, X)/T as a new unknown function. By substituting 

this into (5.4), we see that y(T, X) satisfies 

(5.5) y(T, X) = A(X)TK-I + CXh(X)y(T, X) 

1 
+ TFK+I (T, X, CTy, {Cy}, { CTS(y)} ), 

with y(T, X) = O(TK-I ). 

We decompose the formal solution y(T, X) as follows: 

y(T, X) = YI (X)TK-l + Y2(X)TK + TKz(T, X). 

We remark that YI (X) and y2(X) are holomorphic functions in a neighbour­

hood of X = 0. Indeed, YI ( X) and Y2 ( X) are given by 

A(X) 
YI (X) = 1 - CXh(X) ' 

Y2(X) = 1- C~h(X) L Fpqrs(X){Cy,(X)}q+lrl{CS(y,)(x)}lsl_ 
lrl+Kq+(K-l)lrl+Klsl=K+l 

These are holomorphic functions in a neighbourhood of X = 0. 
In this case, z(T, X) satisfies the following equation: 

(5.6) 

where 

{ z(T, X) ~ CXh(X)z(T, X) + H(T, X, Tz(T, X), TS(z)(T, X)), 

z(0,X) = 0, 

H(T,X,rt1,Y/2) = TI+! [FK+1(T,X, Cy1(X)TK + Cy2(X)TK+1 + CTKrt,, 

{ cy, (x)rK-1 + Cy2(X)TK + crK-1rt,}, 

{ CS(y1)(X)TK + CS(y2)(X)TK+I + CTKrt2} )] 

L Fpqrs(X)( Cy, (X))q+lrl ( CS(y1)(X))lsl _ 

lrl+Kq+(K-l)lrl+Klsl=K+l 
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Remark 8. The order of zeros in T variable of H(T,X,CTz(T,X), 
CTS(z)(T, X)) is greater than or equal to 1. 

In order to prove the convergence of z(T, X), it is sufficient to show the 
following: 

Lemma 3. There exists a small positive constant e > 0 such that z,(p) = 
z(ep,p) is convergent in a neighbourhood of p=O. 

Proof We substitute T = ep and X = p into (5.6) and by using the rela­
tion (5.3), we have 

pS(z)(ep,p) « z,(p). 

By this relation, the following majorant relation also holds, 

TS(z)(T, X)lr=ep,X=p = epS(z)(ep,p) « ez,(p). 

Here we consider 

(5.7) i/J(p) = Cph(p )i/J(p) + H(ep, p, epi/J(p), ei/l(p)). 

In the right hand side of (5.7), we decompose H(ep,p,epi/J(p),ei/J(p)) into the 
term of i/J(p) and otherwise as follows: 

8H -
H(ep,p, epi/J(p), ei/J(p)) = e-8 (0, 0, 0, O)i/J(p) + H(ep,p, epi/J(p), ei/J(p)). 

r/2 

We remark that the following fact holds: 

ail I a.,, (ep,p,epi/l,ei/1) = 0. 
'I' p=0,ljl=0 

We put (8H/8r,2)(0,0,0,0) =Ko~ 0, then (5.7) is rewritten by 

(5.8) (1 - eKo)i/J(p) = Cph(p)i/J(p) + H(ep, p, epi/J(p), ei/J(p)). 

We choose e > 0 with 1 - eKo > 0. Then by using the implicit function theo­
rem, we can see that (5.8) has a unique holomorphic solution i/J(p) with i/1(0) = 0 
in a neighbourhood of p = 0. Moreover we can see z,(p) « i/J(p). 

Thus we complete the proof of Lemma 3. ■ 

6. Solvability of the system ( 1. 13) 

In this section, we give a sufficient condition for the formal solution of the 
system (1.13) to be convergent. Recall that (1.13) is 
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(1.13) of of 
~ (0, x, 0, { rpj(x)}, 0) +-;- (0, x, 0, {rpj(x)}, O)rp;(x) 
u4 uu 

t"' of orp;(x) + 6 ~(O,x,O, {rpj(x)},0)-0- = 0, i = 1,2, ... ,d. 
k=I ~k Xk 

(1.13) is a system version of the equation which is considered in [MS]. 
By Assumption 4 of Theorem 2, the condition 

of 
o¢k (0, 0, 0, { <pj(O) }, 0) = 0, k = l,2, ... ,n 

was assumed. 
Let rp(x) = 1(rp1 (x), ... , rpAx)) be the unknown functions. We put rp(0) = 

1(rpr) ... ) <p~) E Cd as the constant term of rp(x). We substitute <fJj(x) = rpJ + i/Jj(x) 
into the system (1. 13), and by restricting at x = 0, we see that { <pn satisfies the 
following system: 

(6.1) i=l,2, ... ,d. 

This system has some roots by the assumption of the existence of a formal 
solution, and we fix such {rpJ}. 

For such fixed frJ}, we see that {i/lj(x)} satisfies the system of the follow­
ing form: 

(6.2) 

= (degree in x is greater than or equal to 2), 

This system is written as follows for simplicity, 

i = 1,2, ... , d. 
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(6.3) 

d n 

+ ct/J;(x) + L d;p1/lp(x) + L e;1x1 
p=l l=l 

= ( degree in x is greater than or equal to 2), i= 1,2, ... ,d, 

where 

rJ2J o a2J o o 
eil := ~ (0, 0, 0, { rp1 }, 0) + ~ (0, 0, 0, { rp1 }, 0)rp; . 

ul;uX1 UUUX/ 

Here we decompose t/l;(x) into 1/f;(x) = ifr;(x) + lJ;(x) (ifr;(x) = I:Z=i 1/l;kXk, 
lJ;(x) = O(lxl 2)). We substitute this into the system (6.3) and obtain 

~ ~ (at[!. a11- ) (6.4) L.., L.., Gk/X/ ~ (x) + ~ (x) 
k=l l=l uXk uXk 

~ '°' ~ 8t/J- 817 d ( ~ ) + t=r_;=t_bkp(1/lp(x) +11p(x)) ax~ (x) + ax~ (x) 

d n 

+c(ifr;(x) +11;(x)) + Ld;p(tfrp(x) +11p(x)) + Lei!X/ 
p=l l=l 

= (degree in x is greater than or equal to 2), i= 1,2, ... ,d. 

By picking up the degree 1 part on the both sides, we see that {!fr;( x)} satisfy 
the following system: 

n n at[!_ n d ~ 8ifr. 
LLaktX/ ax' (x) + LLbkp1/lp(x) ax' (x) 
k=l l=I k k=l p=I k 

(6.5) 

d n 

+ cifr;(x) + L d;pifrp(x) + L eax1 = 0, 
p=l l=l 

for i = 1,2, ... ,d. 
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By the existence of a formal solution, (6.5) has some solutions { iJ;;(x)} of 
linear functions, and we fix such { iJ;;(x)}. 

For fixed {ip?} and {ij;;(x)}, we see that {17;(x)} satisfy the following system: 

(6.6) t t ( akl + t bkp1/fp) X/ ::: (x) + CIJ;(x) + t ( d;p + tbkp1/l;k) IJp(x) 

= (degree in x is greater than or equal to 2), i= 1,2, ... ,d. 

We remark that the degree 2 part in the right hand side of this system does not 
include {IJ;(x)}. 

The following theorem holds: 

Theorem 3. Let (Ak1)k,/=l, 2, ... ,n be a matrix defined by 

(Akth,1=1,2, .,n = ( akl + t bkp1/fp) _ 
k,l-l,2, ... ,n 

Let {Kk};=l be the eigenvalues of (Ak1)k,l=l, 2, ... ,n· If there exists a positive con­
stant llo such that the condition 

(Poincare condition) 

holds for all m = (m1, ... , mn) E (Z;,,of with 1ml ~ 2, then the formal solution of 
the system (1.13) is convergent in a neighbourhood of the origin. 

Remark 9. Let (B;p);,p=l, 2, ... ,d be a matrix defined by 

(B;p)i,p=l,2, ... ,d = (dip+ tbkp1/lik) _ _ 
l)p-1,2, ... ,d 

and let {w1}f=1 be the eigenvalues of (B;p);,p=l, 2, .. ,d· By the same argument in 
Remarks 1 and 6, we have 

(6.7) by some IT> 0, and j = I, 2, ... , d, 

for large m, which will be used in the proof. 

By a linear transformation of independent variables, (6.6) is reduced to 
the equation (A. I) in the case K = 2 which will be considered in Appendix A. 
Therefore, by using Proposition 1 in Appendix A, we can prove the convergence 
of formal solution of the system (6.6). 
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A. Convergence of formal solutions of systems 

We consider the following system of first order singular equations with the 
same principal part for each equation: 

(A.l) { (A+LI •. ) + (a;1 ::: at)} (u1t)) 

A+ LI Gd] • • • add ud(x) 

L c{1lxk + fi~ 1 (x, {u1(x)}, {8xku1(x)}) 
lml=K 

with u1(x)=O(lxlK) (i=l,2, ... ,d), where K?c.2 and 

n 

A = L µkXkDxk, 

k=I 

n-1 

LI = L VkXkDxk+l, 

k=I 

apq, r:Jfl EC, and fJ/1 1 (x, { u1 }, { ¢1d) (j = 1, 2, ... , d) are holomorphic functions 
in a neighbourhood of the origin with the following Taylor expansions: 

fJ/11(x, {u1}, { ¢1k}) = L f"~; IT Xk "k IT u/1 IT (JkYJk E C{x, u, ¢}. 
lrtl+KIPl+(K-l)lyl2:K+l k j j,k 

The following proposition holds: 

Proposition 1. We assume that (A.1) has a formal power series solution. If 

the Poincare condition 

(A.2) 

holds by some positive constant (J > 0 for all m E (Z2:or with 1ml ?c. K, then the 

formal solution of (A.1) converges in a neighbourhood of the origin. 

Proof Proposition 1 is a vector version of Theorem 1 when t is empty 

and the proof is essentially same except some differences as pointed below. 

Step 1. By taking a linear transformation of the unknown functions, (6.6) 

is reduced to the following form: 
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= ( E1ml~K p(~l xm + ai\ 1 (x, w(x), D,w(x))) ' 

Llml=Kp~lxm + g~li (x, w(x), Dxw(x)) 

where w1(x) (j = 1, 2, ... , d) denote new unknown functions after linear trans­
formations and 

where w1 (j = 1, 2, ... , d) denote the eigenvalues of the matrix ( aij) and e1 
(j = 1, 2, ... , d - l) denote the nilpotent components of the Jordan canonical 
form of (aij), and 

(i) ( 7 ) _ '°' (i) a. /Jn gK+l x, 11, <, - ~ ga./JyX 11 <, • 

la.l+KI/Jl+(K-l)IYI 2':K +I 

Step 2. Let C[x]M = {Llml=M umxm; Um EC}, and define a norm of u(x) = 

1(u1(x), ... ,ud(x)) E (C[x]M)d by 

llull := inf { C > O; ui(x) « C(x1 + · · · + Xn)M, i = l, 2, ... , d}. 

By the same arguments as the proof of Lemma 1 and by Remark 9, we 
can prove the same results as Lemma 1 for the matrix differential operator 
A + L1 + B, that is, there exists a positive integer Ko such that A + L1 + B is 
invertible on (C[x]M)d (M '?. Ko) and the operater norm of (A+ L1 + B)-1 on 
(C[x]Mt has the same estimate as (4.1). From this observation we can con­
struct a majorant equation whose solution is a majorant power series of the all 
formal solutions of the system by the same method as Section 5.2. Thus the 
convergence of formal solutions of the system (A. I) will be proved. 
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B. Analyticity of { u1 ( x)} which appeared in Remark 6 

We put u(t, x) = "£/;=1 rpix)t1 + LL22 uL(t, x) (uL(t, x) denotes the homo­
geneous polynomial of degree L in t variables.) 

By an easy calculation, uL(t, x) satisfies the equation of the following form: 

= (given holomorphic function whose degree in t is L). 

By the same method as Section 3, (B. l) is reduced to the following form by 
transforming the independent variables: 

(B.2) (A+ A)uL(t,x) 

= (t riij(X)t;81i + t/]k(x)8xk + C(x)) UL(f, X) 

+ (given holomorphic function whose degree in t is L), 

where 1Xij(x) = O(lxl), Pk(x) = O(lxl 2), C(x) = O(lxl)-
Here we put uL(t, x) = Llll=L u1(x)t1. Then { u1(x)}lll=L satisfies the follow­

ing equation: 

d-1 

+ L)1(9+1 + l)ui+e(J+l)-e(J)(x) 
J=I 

d n 

= L 1Xij(x)(9+1 + l)u1+e(J+l)-e(i)(x) + LPk(x)8xku1(x) + C(x)u1(x) 
i,J=I k=I 

+ (given holomorphic function), for Ill= L. 

where e(j) = (0, ... , 0, 1, 0, ... , 0) (j-th component is 1). 
We put u1(x) = Lo:s;lm[:s;K-l U/mXm + v1(x) (v1(x) = O(lxlK)). By the as­

sumption of the existence of formal solution, the coefficients {u1m}o:s;lml:s;K-l are 
determined. Moreover, we can see that v1(x) satisfies the equation which is the 
same form as (B.3). 

The system (B.3) is a special one of (A.I). Therefore, by Proposition 1 in 
Appendix A, we obtain the analyticity of { v1(x)}. 
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