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Convergence of Formal Solutions of Singular First Order
Nonlinear Partial Differential Equations of Totally
Characteristic Type

By

Akira SHIRAI
(Nagoya University, Japan)

1. Introduction and main results

In [CT], H. Chen and H. Tahara studied the following equation:

{ tou = f(¢t,x,u,0xu),

(L1 u(0,x) =0,

where (1,x) € C%, and f(t,x,u,¢) is a holomorphic function in a neighbourhood
of the origin of C, x Cy; x Cy, x C¢ satisfying

(1.2) f(0,x,0,0) =0, near x = 0.

By the condition (1.2), f(¢,x,u,&) is written as follows:

Flt,x%,u,8) = a(x)i+ BERu+ 7+ Y fra)FutE,

ptqt+r=2

where a(x), B(x) and y(x) are holomorphic functions, and p,q,7r€ Z,o =
{0,1,2,...}.

If y(x) =0, equation is called of nonlinear Fuchsian type (or of Briot-
Bouquet type). In this case, many mathematicians studied the various theories.
For example, convergence of formal solutions ((GT (Chapters 3,5)]), the Maillet
type theorem ({GT (Chapter 6)], [S]), asymptotic expansions ([O]), singular solu-
tions ((GT (Chapters 4,5)]).

If y(x) # 0 and y(0) # 0, we can see that the equation is solvable in du/dx.
Therefore, we have a unique holomorphic solution with arbitrary holomorphic
initial data u(z,0) = ¢(¢) satisfying ¢(0) =0 by Cauchy-Kowalevski’s theorem,
where u(0,x) = 0 is automatically satisfied.

In the other case, that is, y(x) # 0 and y(0) = 0, the equation is called of
totally characteristic type. If p(x) = xc¢(x), ¢(0) # 0, Chen-Tahara obtained the
conditions for the formal solution to converge ([CT]). This result was gener-
alized to several space variables by Chen-Luo (JCL]) in the case where bi(x) =
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X + higher order (see (1.4) below), but ¢ variable is still restricted to be one
dimensiomal.

If y(x) = x/c(x), ¢(0) # 0, j > 2, Chen-Luo-Tahara proved the Maillet type
theorem, that is, they gave the formal Gevrey class in which the formal solution
belongs ((CLT]).

In [CT], Chen-Tahara obtained the following result:

Theorem (Chen-Tahara). Assume (1.2) and that y(x) = xc(x) with ¢(0) # 0.
Then, if

(1.3) |l = B(0) — c¢(0O)m| = o(m+ 1)
SJor any (I,m)e N x Zsy, (N ={1,2,...})
holds for some o > 0, then the equation (1.1) has a unique holomorphic solution.

In this paper, we consider a generalization of this Chen-Tahara’s theorem
to the case of several time-space variables.

Let (¢,X)=(t1,...,t4,X1,...,%,) € C?x C" be (d+n)-dimensional complex
variables (d > 1,n > 1). The following equation seems to be a natural exten-
sion of (1.1) to several time-space variables:

d n
Z a;(x)t;0,u + Zbk(x)axku + ce(x)u
i\j k=1

i,j=1

(14) = 3" di(t + St x,u, {0,u}, {0qu}),

i=k

u(t,x) = 0(|1),

where |f| = t; +--- + 15, K is a fixed positive integer satisfying K > 2 and a;(x),
bi(x), c(x) and dj(x) are holomorphic in a neighbourhood of the origin, and
frr1(t,x,u,7,8) (r=(17) € C, & = (&) € C") is also holomorphic in a neigh-
bourhood of the origin with the following Taylor expansion:

fK+1 (Z, X, U, T, é) = Z qurs(x)tpuqfrésa
| p|+Kg+(K—1}|r|+K|s| = K+1

where g > 0, p:(pl,...,pd)e(Zzo)d, r:(rl,...,rd)e(ZZo)d, §=1(S1,...,8,) €
(ZZO)n7

lpl=p1+ - +pa, rl=r+- - +ra Is| =81+ + S,

and
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Here we remark that the assumption K > 2 implies 0,4(0,0) =0 (j=1,2,...,d)
which assures that (0,0,u(0,0),{0,u(0,0)}, {0,,u(0,0)}) belongs to the domain
of definition of fxi(t,x,u,1,&).

Now our first theorem is stated as follows:

Theorem 1. Let {/Ij}f:l be the eigenvalues of the matrix (a;(0)). We
assume that by(x) # 0 and bi(0) =0 for k =1,2,...,n, and let {w};_, be the
eigenvalues of Jacobi matrix of (bi(x),...,by(x)) at x=0. Then the formal
power series solution of (1.4) exists uniquely and converges if the following con-
ditions are satisfied: There exists a positive constant oo > 0, such that

d n
Dol
=1 k=1

(1.5) = ao(|l] + |m]) (Poincaré condition),

and

d n
(1.6) Z Al + Zﬂkmk +c(0)#0 (Non-resonance condition)
=1 k=1

hold for all (I,m) € (Zs0)* x (Zs0)" with || > K and |m| > 0.

Remark 1. 1t is easy to show the following proposition. The conditions
(1.5) and (1.6) imply that

(1.7) > (|1 + Im])

d n
S+ > s+ (0)
j=1 k=1

holds by some positive constant ¢ > 0 for all (I,m) e (Zs0)? x (Z50)" with
|/l > K and |m| > 0. In the proof of Theorem 1, this condition will be used
instead of (1.5) and (1.6).

Remark 2. The condition (1.7) seems to be stronger than the condition that

n

d
DAL+ ey + ¢(0)
=

k=1

(1.8) >o'(jm]+1)

holds by some positive constant ¢’ >0 for all (/,m) e (Z0)? x (Zs0)" with
|/l > K and |m| > 0, which is a direct generalization of Chen-Tahara’s condi-
tion (1.3). However it is actually proved that (1.7) and (1.8) are equivalent.
The proof can be seen in [CL)].

Next, we consider the following general equation:

f(t7 X, u(ta x)» {at,-u(tv x)}’ {6)‘1{“([? X)}) = 07
(19) { u(0,x) = 0.



190 Akira SHIRAT

Assumption 1. f(t,x,u,7,¢) (v = (1;) € C?, ¢ = (&) € C") is holomorphic
in a neighbourhood of the origin, and is an entire function in 7 variables for any
fixed ¢, x, u and £. Moreover we assume that

(1.10) £(0,x,0,7,0) =0

or x € C" near the origin and 7 € C?, which is a generalization of the definition
of singular equations defined in [MS].

- For the equation (1.9), we do not know whether or not the equation has a
formal solution in general. Therefore, we assume the following:

Assumption 2. The equation (1.9) has a formal solution of the form

-

(1.11) u(t,x) =y o;(x)t; + Z umt'x™ e Cl[t, x]).

j=1 [1|=2,|m|=0

By the existence of a formal solution, {¢;(x)} satisfy the following system
formally:

(1.12) f(0,x,0,{p;(x)},0) =0 (trivial relation),
and

(113) 2 £t x,u(t, ), 10,06, ), {0 (6, )))

i t=0

=L 0.50.5,(010) + 2 0,%,0, (5,9}, O, ()

~ 09; ,
+ kz:;a—ék(o,x,oa {9;(x)},0) e (x) =0, fori=1,2,...,d.
The formal solution of this system is not convergent in general. Therefore, we
assume

Assumption 3. The coefficients {¢;(x)} are all holomorphic in a neigh-
bourhood of the origin of C”.

Remark 3. 1In the case d =1 (d is the dimension of 7 variables), a suf-
ficient condition for the formal solution of (1.13) to converge has been already
obtained by Miyake-Shirai {{MS]). In the case d > 2, we give a sufficient con-
dition for the formal solution of system (1.13) to be convergent, which will be
given by Theorem 3 in Section 6, but for a while we consider the problem under
Assumption 3 for simplicity of our arguments.
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Now we put a(x) = (0,x,0, {(pj(x)},O) for simplicity, and define

(114 4500 = 27 () + 2L () +i )22 ()
' 1= G 6u61 oilx ar,aék D 7 &)

for i,j=1,2,...,d. Moreover we define

(1.15) Be) =L a(x), fork=1,2,....n

&y

Remark 4. The functions 4;(x) and By (x) correspond to a;;(x) and by (x)
in Theorem 1, respectively (see (1.17) below).

Here we assume that the equation is of totally characteristic type, that is,
Assumption 4. Bi(x) #0 and Bi(0) =0, for k=1,2,...,n
Now our second theorem which is our main result is stated as follows:

Theorem 2. Suppose Assumptions 1, 2, 3 and 4. Let {/1} _, be the
eigenvalues of (A;(0)), and let {w};_, be the eigenvalues of Jacobz matrix of
the vector (By(x)) at x =0. Then the formal solution (1.11) is convergent if the
Jollowing condition is satisfied: There exists a positive constant oy > 0, such that,

d n
S+ mm
k=1

=1

holds for all (I,m) € (Zx0)? x (Z=o)" with |l| > 2, |m| = 0.

(1.16) > ao(|!] + |m|), (Poincaré condition)

Remark 5. Under the assumptions of Theorem 2, if the following non-
resonance condition

n

d of
Z Z+Zﬂkmk+a (a(0)) #0

holds for all (/,m) € (Z50)? x (Zs0)" with || > 2, |m| > 0 as an additional con-
dition, then the formal power series solution exists uniquely, after a determina-
tion of ¢;(x) (j=1,2,...,d).

Remark 6. By the Poincaré condition, there exists a positive integer K such
that the non-resonance condition

d n 0f
;z,zj + ;ﬂkmk +-(a(0)) #0

holds for all (I,m) € (Z0)? x (Zso)" with |I| > K, |m| > 0.
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We put u(t,x) = u(t,x) — Zjd:l 9;()G — 3 <jj<k-1 w(x)t! as a new un-
known function. By Assumptions 1, 2, 3 and 4, we can see that the coeffi-
cients {u/(x)},,y<x-1 are determined as holomorphic functions which will be
proved in Appendix B. Moreover, v(z, x) satisfies the equation of the follow-
ing form:

( d

Z t@,jv+ZBk 6xkv+af (a(x))v

i j=

(1.17) = > di()t + frar (£, x,0,{0,}, {06, 0}),

=K

\ U(ta X) = O(MK)

This is an equation considered in Theorem 1. Therefore, it is sufficient to
prove Theorem 1 in order to prove Theorem 2.

2. Example

In this section, we give an example.
Let us consider the following equation:

_ 2
2.1) { uu, + Ixuy, — (1 + x)t — xt2 = 0,
u(0,x) =0

where (7,x) e C?, u= u(t, x) is the unknown function, u, = du/ot and u, = du/dx.
We put u = ¢(x)t + v(t,x) (v(t,x) = O(¢?)) as a formal solution. We see
that ¢(x) satisfies the following equation:

(22) 99(x)* + 9xp'(x) =1 — x =0,

where ¢’(x) = (dp/dx)(x).

We put ¢(x) =p+y(x) (p is a constant and Y(x) = O(x) with ¥(x) e
C[[x]]). By substituting this into (2.2) and by calculating the constant terms of
(2.2), we have p = +1/3.

By an easy calculation, we see that y(x) satisfies the following equation,

{%w%m+ﬁw@>=x—9wuf, it p—1/3,

¥(0) =0,
{%wuwﬁwm=x—wuﬂ it p=_1/3.
¥(0) =0,

We can easily prove that the formal power series solution ¥(x) exists uniquely
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and converges in a neighbourhood of the origin in each case, because they are
nonlinear equations of regular singular type studied by Gérard-Tahara ((GT]).

We put f(t,x,u,7,&) =9ur +9xE — (1 +x)t—xt>. In order to apply
Theorem 2, we introduce functions A4(x) and B(x) as follows:

2
ﬂﬂzgém%Qﬂﬁm
: 2
+ % (0,x,0,0(x),)e(x) + ;T—Z?ff (0, x,0, 9(x), 0)¢' (x)
= 9p(x),

and

309 = L(0,%,0,6(,0) = 9x.

In the case p =1/3, 4(0) and B’(0), which correspond to the eigenvalues

{4} and {4} of the matrices (4;(0)) and %((iif)) . respectively, are given
by ' T

A(0)=3,  B'(0)=09.

This implies that the Poincaré condition is satisfied. Moreover, since
(of /6u)(0,0,0,9(0),0) = 3, the non-resonance condition is also satisfied. There-
fore, by applying Theorem 2 we can see that the formal solution u(z, x) is
holomorphic in a neighbourhood of the origin.

In the case p=—1/3, 4(0) and B’(0) are given by

A(0)=-3,  B'(0)=09.

Moreover, (9f /0u)(0,0,0,¢(0),0) = —3 holds. In this case, the resonance does
occur, and therefore, the formal power series solution does not exist.

3. Reduction of the equation

As is mentioned in Remark 6, it is sufficient to study the equation (1.4).
By the assumption of Theorem 1,

A1 61 J R

. ab,... b, Uy .
@on~| = e ] ,
S Ly Xn) |x=0 v

iLl' A lun

where 6;,ve=00r1 (I1<j<d-1,1<k<n-—1).
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Then by transforming the variables, (1.4) is reduced to the following form:

d
(3.1) (A+ Dot x) = Y (@)t + > By(x)tidyo + y(x)o
[l|=K i,j=1
+ Z wk(x)axkv +fK+l(tv X, 0y {atjv}’ {axkv})a
k=1
with v(z, x) = O(|f]¥), where
d
A=

n
A‘jtjalj + Zlukxkaxk + C(O),
=t =

d—1 n—1
A= Zéjtjath -+ ZVkaaxk+l,
j=1 k=1

and a(x), f;(x), y(x) and @ (x) are holomorphic in a neighbourhood of
the origin, and satisfy f;(x) = O(|x), y(x) = O(|x|) and ¢ (x) = O(|x)*), and
Sx1(t,x,u,7,&) is a holomorphic function which has a similar Taylor expansion

with fK+1 (ta XU, T, f)
In the following sections, we shall prove the existence and convergence of
the unique formal solution of (3.1).

4. Preparation to prove Theorem 1

Let C[t,x]; 5, be the set of hombgeneous polynomials of degree L in ¢
variables and of degree M in x variables, that is,

Clt, Xl m = {fLM(ta x) = Z fimt'x™ | fim € C
{l|=L,|m|=M
For the operator A4+ A, the following lemma holds:
Lemma 1. For all L> K and M >0, the operator
A+4:Clt,x]; y — Clt, X

is  invertible. Moreover, if the majorant relation  fry(t,x) < F x
(- +t) o+ +x)™ (fru(x) e Clt, x| a» F > 0) holds, then we obtain
the following majorant relation:

(4.1) (A+ )7 frar(t,x) < Fx(ti+ 4+t i+ +x)™,

L+ M

where C > 0 is a positive constant independent of L and M.
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Proof. We define a norm of uruy(t,x) € C[t,x]; 5 by
lur| :=inf{C > 0 ura(t,x) < C(ty + -+ + ta) " (x1 + - - + x,) M}

We remark that C[t,x]; ,, becomes a Banach space by this norm.
First, by (1.7) it is casily checked that 4 is invertible on Clt,x]; ,, and

1

42) 147 < s

holds for the operator norm of 4! on C[t,x] LM

Next, since upp(t, x) <« |lupy)|(6s + - + td)L(xl + ot xn)M, we have

d-1
Auppr(t,x) < 3L urall(t+ -+ ta) (x4 -+ x) ™
=1
n—1 B .
+ ) Mvie| Nueall(tn 4+ t2) " (1 + -+ 4 x)
k=1

« {L(d — Dj:f?.%q ;| + M(n — l)k:rlnaii"l [vkl}

X lupall (0 + -+ ta) "1 + -+ x0) ™.
Here we make a change of variables by #; = ¢&/~!1;, xx = e¥~1y;, then J; and
vk (the components of nilpotent part of Jordan canonical form) turns to &§; and
vk, respectively. Therefore, by choosing ¢ sufficiently small, we may assume
that the components of nilpotent part are small enough. Hence we may as-
sume that

o g

(43) max bl <sgTry e M <3p Ty

Then

a(L+ M)

lurarll(ti 4+ + Id)L(xl R _|_xn)M
2

Aupy(t, x) <

holds, and we obtain

Jaj < ZEFA).

Therefore, the operator norm of 447! is estimated by

_ 1 oL+M) 1
4471 < =-—<1.
440 = T3~ 2 2
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By using the Neumann’s series, we can see that 4 + 4 is invertible and the norm
of the inverse operator is estimated by

2 1
A+ 47" <=
I+ a7 < 2 =,
which we want to prove since C =2/¢ is independent of L and M. |

Now, we define some notations which are used in the proof of Theorem 1.

Definition. (1) Let (¢,x) € C? x C" (d 2 0,n>0) be complex variables.
For formal power series f(,X) = 350 pmiz0 fimt' X", we define

Aex = 3 Uil

1|20, |m| >0

(2) Let (t,X) e C? x C (d = 0) be complex variables. For formal power
series g(t, X) = Y550 mz0 91, mt' XM, we define the shift operator S by

S0 = Y gy = LX) =00
|0, M=0

Remark 7. The following facts are easily shown:

VACE R VAICESF
« If f(¢,x) and ¢g(t, X') are convergent power series, then |f|(z, x) and S(g)(¢, X)
are also convergent.

5. Proof of Theorem 1
5.1. Existence of the formal solution

Let

u(t,x) = > wt'x" = ug(t,x) = urp (8, x)
|z K, |m|=0 LK L=K,M=>0

be a formal solution of (3.1), where

urp (LX) = > wpt'x™ € Clt,x];
[11=L, =M
ur(t,x) = Z w(x)t' = Z urm(t, x).
=L M>0

We put P = A+ 4 for simplicity. We substitute u(z,x) = >, . pur(t,x)
into (3.1), then we have the following recursion formula:



Convergence of Formal Solutions 197

(PuK(t,x) =Y w(x)r + Zﬂu x)t;0,uk (t, X)

/=K

A 3) + > 0 () (1,0,
k=1

d

Pur(t,x) = Y By(x)ti8,ur(t,x) + p(x)ur (t,x +Z¢k x) O ur (1, X)

i, j=1 k=1

for L > K,

+ GL(ta X, {uP}KSp<L’ {atjup}KSp<L’ {axkuP}KSp<L)a

where Gp(t,x,(,7,¢) is a polynomial of (1,{,z,¢&).
First, we consider the case L =K. We substitute wug(t,x)=

> msoUkm(t,x) into the above recursion formula, we have

Pugo(t,x) = Y (0),
1=K
d M
PMKM t, x Z OCl E Zﬂf.j’.(x)t,-atjuK,M,p(t, )C)
ll|=K i, j=1 p=1
M n M
+ >y (x)uk,ap(tX) + 98 ()0, g M—p1 (£, X),
p=1 k=1 p=2

where we put

o(x) = Z alM(x)’ OCZM(X) = Z WX,

M=0 \m=M
ﬁlj Z ﬁ 7 ﬂzju(x) = Z ﬂijmxma
M>1 |m|=M
=3 M M =D e,
M=1 Im=21
=3 0, @)= g
M=2 Imi=M

By Lemma 1, we know that the solution sequence {ugu(t,X)},5, exists
uniquely. Moreover, by the same argument, we see that {urp(z,x)} (L > K)
exist uniquely. These show that the formal solution exists uniquely.

5.2. Convergence of the formal solution

We put U(t, x) = Pu(t,x) as a new unknown function. By Lemma 1, the
equation (3.1) is reduced to the following equation:
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d
(5.1) Ult,x)= Z a(x)t! + Z ﬁ,-j(x)tiat].P_l U(t, x)
i,j=1

n

()P U(Lx) + ) ()0 P U1, )
k=1

+fK+1 (t,x, P! Uz, x), {6,/.P_l U(t, x)}, {6ka‘1 U(t,x)}).

We know that (5.1) has a unique formal solution of the form

U(t,x) = Z Upnt'x™ = Z UL(t,x) = Z Urm(t, x).

[[|=K,|m|>0 L>K L>K, M=0

In order to get a majorant series of U(¢, x), we prepare some majorant series for
the coefficients of (5.1). Weput T=#+---+15, X =x + - +x,, and choose

Y wx) <« AT, By(x) < IBI(X, ..., X) =: XBy(X),
=K

() < [(X,.. LX) = XG(X)a (pk(x) « |¢k|(X7 c X)) = Xzék(X)’

fKJrl(taxau,Taé) < |f~K+1|(T7'"’T’Xw"aXvuvTvé)
= FK+1(T7X7u7T)é)

= Z Fpgrs(X) T1Plut77 &5,
[P+ Kg+(K-1)Ir|+K|s| = K+1

where A(X), B;(X), G(X) and @4(X) are holomorphic in a neighbourhood
of X=0, and Fx1(T,X,u,7,&) is also holomorphic near (T,X,u,t,&) =
(0,0,0,0,0).

Now, we consider the following equation:

(52) w(T,X)=A(X)T* + C zd: XBy;(X)w(T, X)
ij=1
+ CXG(X)W(T, X) + ci)ﬁqsk(x)(z, x)S(w)(T, X)
k=1

+Fea (1,0 {F}teson),

where C is a positive constant appeared in Lemma 1.

Let w(T,X) =) 1>k m>0Wrm(T, X) be the formal solution of (5.2). By
the construction of (5.2), we can easily check that U(z,x) « w(T,X) by the next
lemma.
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Lemma 2. For two formal power series U(t,x) and w(T,X) satisfying

U(t,x) = Z Uy (8, x) <« w(T, X) = Z winTEXM
L>K, M0 L>K,M>0

the following majorant relations hold:
(1) P'U(t,x) <« Cw(T,X),

@) 43,PU(1,x) < Cw(T, X),
3) 0,P7'U(t,x) « C—W(;’ﬁ,
@) 0, PlU(t,x) « CSW)(T, X).

Proof. By using Lemma 1, we can easily prove this lemma. First, (1) is
proved as follows:

C
-1 -1 Ly M
P U(t,x) = N E >0P Urm(t, xX) < . E 3 L———MWLMT XM« Cw(T, X).

Secondly, (2) and (3) are proved as follows:

L0, PU(LX) = Y 60, P ULu(t,%)
L>K,M>0

CL
< Z winTEXM « Cw(T, X);

Lekmso LT M
0, P 1U(t,x) = 8, P Urae(t,x)
L=K,M>0
« L wip TEF XM « (T, X) X).
Lok LM r

Finally, (4) is proved as follows:

P U(tx)= Y 0,P ' ULm(t,x)
L>K,M>0

CM
« win TFX M1 « CS(w)(T, X).

This completes the proof. ]
Since w(T,X) > 0, we have

(5.3) XSWWT,X)=w(T,X) —w(T,0) < w(T,X).



200 Akira SHIRAI

Let us consider the following equation:

(5.4) o(T,X) = A(X)T* + CXh(X)v(T, X)

+ b (T3, Co (T (estan).

with o(T,X) = O(TX), where h(X)=Y{ _ By(X)+G(X)+ L., Bu(X).
Then the following majorant relation is obvious:

w(T,X) «o(T, X).

We put y(T,X) =o(T,X)/T as a new unknown function. By substituting
this into (5.4), we see that y(7,X) satisfies

(5.5) w(T,X)=AX)TX* + CXh(X)y(T, X)

N %FM (T, X, CTy, {Cy}, {CTS(»)}),

with y(T,X) = O(T%71).
We decompose the formal solution y(T,X) as follows:
WT,X) = p(X)T* + (X)) T + T5(T, X).
We remark that y;(X) and y,(X) are holomorphic functions in a neighbour-
hood of X =0. Indeed, y(X) and y»(X) are given by
A(X)

1

20 == Fogrs(X){Cn (0} HES ) (01

| p|+Kg+(K-1)|r|+K|s|=K+1

These are holomorphic functions in a neighbourhood of X = 0.
In this case, z(T, X) satisfies the following equation:

56 2(T,X) = CXh(X)z(T,X)+ H(T, X, Tz(T, X), TS(2)(T, X)),
(5-6) {Z(O,X)EO,
where

1
H(Ta Xa 771a’72) = W[FK+1(Ta X) Cyl(X)TK + Cy2(X)TK+1 + CTK]/ID
{Cn(X)TE 4+ (X)) TX + CTX 'y},
{CS()(X)TE + CS(p2)(X)TXH + CT ¥y, )]

- 2 By X)(Cri (X)) (€S () ().
|pl+Kg+(K—=D)lr|+K]s|=K+1
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Remark 8. The order of zeros in T variable of H(T,X,CTz(T,X),
CTS(z)(T,X)) is greater than or equal to I.

In order to prove the convergence of z(T, X), it is sufficient to show the
following:

Lemma 3. There exists a small positive constant ¢ > 0 such that z,(p) =
z(ep, p) is convergent in a neighbourhood of p = 0.

Proof. We substitute T =¢p and X = p into (5.6) and by using the rela-
tion (5.3), we have

pS(z)(ep, p) < z:(p).

By this relation, the following majorant relation also holds,

TS(Z)(Tv X)lT:sp,X:p = 8pS(Z)(8p,p) « SZE(/))'

Here we consider

(5.7) Y(p) = Cph(p)(p) + H(ep, p,eptb(p), ed(p))-

In the right hand side of (5.7), we decompose H(ep,p,epr(p),er(p)) into the
term of y(p) and otherwise as follows:

H(ep,p, ep(p), el (p)) = aﬁ—fZ(o, 0,0,00(p) + H(ep, prspb(0), ().

We remark that the following fact holds:

oF
ai; (ep, p,epiy, &) oo 0.
We put (0H/0n,)(0,0,0,0) = Ko > 0, then (5.7) is rewritten by
(5.8) (1 - eKo)y(p) = Cph(p)¥(p) + H(ep, p, ep¥(p), et (p)).

We choose ¢ > 0 with 1 —¢Ky > 0. Then by using the implicit function theo-
rem, we can see that (5.8) has a unique holomorphic solution (p) with (0) =0
in a neighbourhood of p =0. Moreover we can see z,(p) < ¥(p).

Thus we complete the proof of Lemma 3. |

6. Solvability of the system (1.13)

In this section, we give a sufficient condition for the formal solution of the
system (1.13) to be convergent. Recall that (1.13) is
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Y (0,50, {50}, 0)pi(x)

Op;(x)

Oxy -

(1.13) S—J;(O,x,O, {9;(0)},0) +=-

n af -
+;6_fk(0,x,0,{¢](X)},0) 03 1—172;-~~,d.

(1.13) is a system version of the equation which is considered in [MS].
By Assumption 4 of Theorem 2, the condition

d
(?g (0,0,0,{¢;(0)},0) =0, k=12,...,n
was assumed.

Let o(x) = (p;(x),...,94(x)) be the unknown functions. We put p(0) =
(¢?,...,9%) € C? as the constant term of p(x). We substitute 9;(x) = (p] +;(x)
into the system (1.13), and by restricting at x = 0, we see that {¢ } satisfies the
following system:

9 . of .
(6.1) a—f;(o, 0,0,{p}},0) +5&(0’0’0’ {0},000 =0, i=12,....d

This system has some roots by the assumption of the existence of a formal
solution, and we fix such {(p }.

For such fixed {¢)}, we see that {/;(x)} satisfies the system of the follow-
ing form:

i)
Xk

n 2
(6.2) }:Za of 000{¢,}0)x,

k=1 I=

=

M&

o*f
Gfkﬁrp

oY,

¥ (0,0,0,{0f'},0)v, () 3" (x

=~
il
—_

=1 p

+ o (07 07 0’ {¢]Q}7 O)IPI(X)

|
S

d 2 2
+;{aia{p(o,0,o,{¢,@},o> aaaf (0,0,0,{4"}, 0)¢,}¢ )

0*f

0

+Z{at, (0,0,0,{},0) +5.-(0.0,0. {gf},0)¢| }

= (degree in x is greater than or equal to 2), i=1,2,...,d.

This system is written as follows for simplicity,
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n n

(6.3) Z Z aklxl x) + Z Z bigip () 7= (%)

k=1 I=1

+ c;(x) + Z dip,(x) + Z eirx

= (degree in x is greater than or equal to 2), i=1,2,....,d,
where
o 0 Pf
ay = 38, ——>—1(0,0,0,{g;},0), bip = 656 (000{%}0)
of

-9 0
- au (070707{¢] }70)a

0 62f
0t;07)
azf . 2f 0y 0!

Here we decompose ¥;(x) into ‘/’i(x) = lﬁi(x) +71;(x) (‘/;z(x) = 2 k-1 YaXr,
7,(x) = O(|x|*)). We substitute this into the system (6.3) and obtain

dp =52—(0,0,0,{¢}},0) +5 >— (0 0,0,{p}},0)p,

€il ‘= A A

64) 33 aum (2—2@( )+ 28 <x>)

k=1 I=1

+§jzbkp 23+ 7,(2) ((?fk () + 2 (x >)

d
+ e(Yi(x) + mi(x)) + Zdip(W x) + 1,(x)) + Z eirx;
pr=1
= (degree in x is greater than or equal to 2), i=12,...,d.

By picking up the degree 1 part on the both sides, we see that {yJ,(x)} satisfy
the following system:

(6.5) Z Z aklxl )+ Z Z bkpl//p

(x)

d n
+ay(x) + Z dipth (%) + Z eix; =0,
p=1 =1

for i=1,2,...,d.
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By the existence of a formal solution, (6.5) has some solutions {y;(x)} of
linear functions, and we fix such {y,(x)}.
For fixed {¢?} and {,(x)}, we see that {y;(x)} satisfy the following system:

Z Z (akl + Z bkplﬁpz) X1 5= (%) + eny(x) + Z (dtp + Z bkplpzk> Mp(x

= (degree in x is greater than or equal to 2), i=12,...,d.

We remark that the degree 2 part in the right hand side of this system does not
include {#;(x)}.
The following theorem holds:

Theorem 3. Let (Aw)y 1., be a matrix defined by

d
Ak 1=1,2,.0 = (akl + Z bkp%;)
=1

Let {xi}iy be the eigenvalues of (Au)y -1 .., If there exists a positive con-
stant oy such that the condition

k,1=1,2,...,n

n
Zickmk = aglm, (Poincaré condition)
k=1
holds for all m = (my,...,my,) € (Z>9)" with |m| = 2, then the formal solution of

the system (1.13) is convergent in a neighbourhood of the origin.
Remark 9. Let (Bp); ,_1, 4 be a matrix defined by
n
(Bip)i p=t,2,..a = (dip + Zbkp%k>
k=1 ip=1,2,...d
and let {wj}jil be the eigenvalues of (Bj); ,_1, 4 By the same argument in

Remarks 1 and 6, we have

n
Zkak+c+wj > o|lm|, by some ¢ >0, and j=1,2,...,d,

k=1

(6.7)

for large m, which will be used in the proof.

By a linear transformation of independent variables, (6.6) is reduced to
the equation (A.1) in the case K =2 which will be considered in Appendix A.
Therefore, by using Proposition 1 in Appendix A, we can prove the convergence
of formal solution of the system (6.6).
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A. Convergence of formal solutions of systems

We consider the following system of first order singular equations with the
same principal part for each equation:

A+ 4 ain - ad uy (x)
(A1) 1 :
A+ A4 dgy -+ Qgd Uuq (x)
S ol e + £ 06 10} {w1(0)})
|m|=K

3 @+ 180 (e {0}, {2q () )

Im|=K
with u;(x) = o(x*) (j=1,2,...,d), where K >2 and
n n—1
A= by, A= Xkl
k=1 k=1

apq,oc,((j) € C, and f,(gll(x, {w;},{&x}) (j=1,2,...,d) are holomorphic functions
in a neighbourhood of the origin with the following Taylor expansions:

SEL e (g} {8} = 3 ST e T w? T & € Clxu, &}
k j J.k

| +K1B1+(K—-1)ly| = K+1
The following proposition holds:

Proposition 1. We assume that (A.1) has a formal power series solution. If
the Poincaré condition

(A.2) > o|m|

1
E Hy Mk
k=1

holds by some positive constant o > 0 for all m € (Z-0)" with |m| > K, then the
formal solution of (A.1) converges in a neighbourhood of the origin.

Proof. Proposition 1 is a vector version of Theorem 1 when ¢ is empty
and the proof is essentially same except some differences as pointed below.

Step 1. By taking a linear transformation of the unknown functions, (6.6)
is reduced to the following form:
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wi (x)
(A3) (A+A4+B)
wa(x)
A 4 wi(x)
= + +B :
Aq 4 wa(x)

S BYX™ + g 1 (3, w(x), Dw(x))

S ik B x4 g0 (3, w(x), Bw(x))

where w;(x) (j=1,2,...,d) denote new unknown functions after linear trans-
formations and

0 €1
A;=A+w;, B= R 7
T84
0
where w; (j=1,2,...,d) denote the eigenvalues of the matrix (a;) and ¢
(j=1,2,...,d — 1) denote the nilpotent components of the Jordan canonical
form of (a;), and
90 (x,1,0) = > g x 0P,

la|+K|B|+H(K—1)|y| = K+1

Step 2. Let C[x],, = {32}, ps 4mX™; th € C}, and define a norm of u(x) =
(ur(x), ..., ua(x)) € (Clx],)¢ by

[ul| == inf{C > 0;u;i(x) « Clox; + -+ x,)™,i=1,2,...,d}.

By the same arguments as the proof of Lemma 1 and by Remark 9, we
can prove the same results as Lemma 1 for the matrix differential operator
A+ 4+ B, that is, there exists a positive integer K, such that A + 4+ B is
invertible on (C[x] M)d (M > K,) and the operater norm of (4+4+B)™' on
(Clx] M)d has the same estimate as (4.1). From this observation we can con-
struct a majorant equation whose solution is a majorant power series of the all
formal solutions of the system by the same method as Section 5.2. Thus the
convergence of formal solutions of the system (A.1) will be proved.
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B. Analyticity of {u;(x)} which appeared in Remark 6

We put u(t, x) = Z}il 9;(X)t; + > p s ur(t,x) (ur(t,x) denotes the homo-
geneous polynomial of degree L in ¢ variables.)
By an easy calculation, uy(f,x) satisfies the equation of the following form:

(B.1) (Z Ay(x)t;0, + ZBk(x Ox, + = (a(x))) ur(t, x)

i, j=1

= (given holomorphic function whose degree in 7 is L).

By the same method as Section 3, (B.1) is reduced to the following form by
transforming the independent variables:

(B.2) (A4 A)ur(t, x)

d n
= (Z ai ()il + Y r(x)0y, + C(x)) ur(t, x)

i j=1 k=1

+ (given holomorphic function whose degree in ¢ is L),

where a;(x) = O(|x]), Bi(x) = O(x[*), C(x) = O(|x|).
Here we put ur(t,x) = 3y, w (x)t!. Then {w(x)} -, satisfies the follow-
ing equation:

d d n—1
of
(B.3) (; Al + ;ﬂkxkaxk + ; ViXk Oy + 5 (0(0))) uy(x)

d-1
+ > 0l + Dtgge(jty—e(j) (%)
=

d
= Z OCtj ]+1 +1 ul+e(]+l) —e(i X) + Zﬂk axk“l( ) + C(X)UI(X)
i,j=

1 k=1

+ (given holomorphic function), for |/ =L

where e(j) =(0,...,0,1,0,...,0) (j-th component is 1).

We put (%) = Yo pcgt U™ +0(x) (0r(x) = O(x|¥)). By the as-
sumption of the existence of formal solution, the coefficients {um}o<pm<x_1 are
determined. Moreover, we can see that v;(x) satisfies the equation which is the
same form as (B.3).

The system (B.3) is a special one of (A.1). Therefore, by Proposition 1 in
Appendix A, we obtain the analyticity of {v;(x)}.
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