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Forced Vibrations of Abstract Wave Equations 

By 

Michal FECKAN 

(Comenius University, Slovakia) 

1. Introduction 

In this paper, we investigate the existence of periodic solutions for cer­
tain abstract wave equations. We are motivated by the papers of K. Ben­
Naoum and J. Mawhin [l], and P. J. McKenna [8], where existence results of 
periodic solutions are proved for one-dimensional wave equations when the ratio 
between the space length and the period was irrational. Related equations are 
also studied by M. Yamaguchi in [10]. We proceeded in this direction in the 
paper [4]. We studied the equation 

(1.1) uu +Au= ef(u, t), 

where A is a self-adjoint, unbounded linear operator with eigenvalues ).1 ::::; 

A2 ::::; • • • ----+ oo, e is a small parameter and f is T-periodic in t ER. By a 
T-periodic solution of (1.1) we mean a weak solution specified below. The 
following results are proved in [4] under additional assumptions on A, f. 

Theorem 1.1 ([4]). Assume there exists a constant c > 0 such that 

(1.2) (Y,2 __ > -
I 

m 2
1 c 

A; - A; VmEN,\::f).;>0, 

where a = T /2n. Then ( 1. 1) has a weak T-periodic solution for any e small. 

Theorem 1.2 ([ 4]). Assume 

1 I:-< 00. 
2,>0 JI;" 

Then the Lebesque measure of the set of all positive rx_ not satisfying (1.2) is zero. 

We also studied the case when O < dim ker A < oo. Finally we considered 
the example 

This work supported by Grant GA-MS 1/9177 /02. 
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(1.3) 
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u(t + T, •) = u(t, •) 

u(t, 0) = u(t, n) = 0 

where f: R x ST ---+ R is C 1-smooth and globally Lipschitz in u, n EN. Here 
sT = R/[O, T] is the circle. The following result is proved in [4]. 

Theorem 1.3 ([4]). The equation (1.3) has a weak T-periodic solution, pro­
vided that it holds 

(1.4) . inf_ [i2 - n2 -w2m2 [ > 0, 
z,mEN,z>n 

where w = 1 / rx, and there is a z E R such that 

r r f (z. sin nx, t) sin nx dxdt = 0 

1: r iu (z. sin nx, t) sin2 nx dxdt #- 0. 

The purpose of this paper is two-fold. We firstly release the parameter e in 
(1.1), so we consider the equation 

(1.5) Utt+ Au= f(u, t). 

We have used in [4] the Banach fixed point theorem. To get our results in this 
paper, we apply the Leray-Schauder fixed point theorem. For this reason, we 
need more precision condition than (1.2), see (2.2) below. We also study the 
resonant case when 0 < dim ker A < oo. We derive a Landesman-Lazer type 
result [7]. Finally, we present a forced beam equation as an example. 

We secondly investigate more correctly and thoroughly the condition (1.4) 
than in [4]. By using some results of the number theory [2, 3, 6], we derive 
several conditions for w when (1.4) is either satisfied or not. 

2. Nonresonant cases 

Let X be a Banach space continuously embedded into a Hilbert space Y 
with an inner product < · , ·) and with the corresponding norm I · I. We assume 
that A : X ---+ Y is bounded and the eigenvectors { u1 }f' of A corresponding to 
{ 21} '(' form an orthonormal basis of Y. Moreover we suppose that the linear 
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hull of { u1 };° is dense in X. Furthermore, f : Y x ST --> Y is continuous sat­
isfying 

(2.1) lf(y, t)I::::: c1(lyl" + 1) 

for constants 1 > a ~ 0, c, > 0. 
In this section we study the case when 

(n) 1:/i. 

A weak T-periodic solution of (1.5) is some u E L 2(ST, Y) satisfying 

(W) 1: (u(t), vu(t) + Av(t))dt = r (f(u(t), t), v(t))dt, 

We mean the integrability in the sense of Bochner [5]. We note that (2.1) 
implies the continuity of the Nemytskii operator u--> f(u(t), t) from L 2(ST, Y) 
to L 2(ST, Y). 

Lemma 2.1. Assume the following condition 

(2.2) (X2 __ > -
I 

m 2
1 c 

A; - lf' 
1:/m EN, 1:/l; > 0, 

where p, c are positive constants such that O < p < I. Then the equation 

(2.3) r (u(t), vu(t) + Av(t))dt = r (h(t), v(t))dt, 

has a unique solution u = Lh E L 2(ST, Y) for any h E L 2(ST, Y). Moreover, 
L: L 2(ST, Y) --> L 2(ST, Y) is compact. 

Proof By our assumptions, the Hilbert space L 2(ST, Y) has the ortho­
gonal basis 

(2.4) Slllm-·u· cosm-•u· c C (S X) { . 2nt 2nt } 2 T 

T 1 ' T 1 ' 

m = 0, I, 2,... j = I, 2, .... 

We expand u (formally) and h really in the basis (2.4) to get 

~ ( 1 • 2nt 2 2nt) u(t) = ~ um} Sill m-+ um} cos m- UJ 
. T T m,; 

~ ( I • 2nt 2 2nt) h(t) = ~ hmj Sill mT + hm} cos mT Uj, 
m,; 
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Of course, we take uJJ = 0 and hJJ = 0. We have 

L T(hL) 2 + L (T /2)((h~) 2 + (h;,,J)2) < 00. 

J m#O,J 

If u is a solution of (2.3), then we take v(t) = sin m 2] 1 • UJ and v( t) = cos m 2] 1 • uJ 
to get 

i = 1, 2. 

Hence if (2.3) has a solution u E L 2 (Sr, Y), then it is unique and it should be 
given by 

(2.5) L rx2 ( 1 • 2nt 2 2nt) 
u(t) = 2A 2 hm; sm m-+ hmJ cos m- UJ· 

.a ·-m " T T 
m,J 1 

The assumption (2.2) gives a constant c2 > 0 such that lu~):::; c2lh~), i = 1,2. 
Hence 

L T(u5) 2 + L (T /2)((u~) 2 + (u;,,) 2) 
J m#O,J 

::,; c} ( ~ T(hl) 2 + m~J (T /2)((h~) 2 + (h;,,) 2). 

This gives u E L 2(Sr, Y) given by (2.5) and lul :::; c2lhl. So L is continuous. 
Moreover the assumption (2.2) implies that lrx2AJ - m21---+ oo as IA:il + m---+ oo. 
This gives the compactness of L. 

Now we show that this u satisfies (2.3). Our assumptions give that the 
linear hull LH of (2.4) is dense in C2(Sr, X): one can prove this by using the 
,1\,-approximation method like in [9], see also Fejer's theorem [9]. So for any 
VEC2(sr,x) there is a sequence VJELH such that VJ---->V in C 2(Sr,x). This 
gives VJtt---+ Vu and VJ---+ v in qsr, X). Hence AvJ---+ Av in qsr, Y). The 
equality (2.3) holds for any VJ E LH, and since X c Y continuously, we take 
the limit j ---+ oo in (2.3) for v = VJ to get the validity of (2.3) for any v. The 
proof is finished. D 

Theorem 2.2. If the conditions (2.1), (2.2) and (n) are satisfied, then (1.5) 
has a weak T-periodic solution. 

Proof For au E L 2(Sr, Y), we put F(u) = f(u(t), t) E L 2(Sr, Y). Then 
(W) is equivalent to u = LF(u). Lemma 2.1 gives the compactness of the 
operator LF: L 2(Sr, Y) ---+ L 2(Sr, Y). Moreover, Lemma 2.1 and the con­
dition (2.1) give 
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ILF(u)l 2 ~ c1 J: c?(lu(t)I" + l) 2dt ~ 2c?c? r(lu(t)l 2" + l)dt 

= 2c?dr+2c?c? r lu(t)l 2"dt. 

Since O ~ u < 1, the Jensen inequality gives 

ILF(u)l 2 ~ 2cfc1T + 2c?c1T 1-" o: lu(t)l 2dt)" 

= 2cf c1r1-"1u1 2" + 2cfdT ~ 2c?c1(r(l-u)/21u1" + ,/1')2. 

Consequently we get 
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By taking Ko> 0 such that v1,c1c2(T( 1-")l2Kg +fl)= Ko, we see that the ball 
BK0 = {u E L 2 (Sr, Y) I lul ~ Ko} is mapped to itself by LF. Hence the Leray­
Schauder fixed point theorem [7] finishes the proof. D 

By the same way as for Theorem 1.2 of [4], we get the following result. 

Theorem 2.3. Assume 

1 L p-(1/2) < 00 • 
A;>O A; 

Then the Lebesque measure of the set of all positive ry_ not satisfying (2.2) is zero. 

Proof We present the proof for the reader convenience. If (2.2) is false 
for some ry_ E (K,K + 1), K > 0, then for any d > 0 small there exist m,l; > 0 
such that 

This implies 

l(Y.- :;1 ~ K~;' 

Since ry_ E (K,K + 1), we have m 2/l; < (K + 1) 2 + 1 ford small. Thus 
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Denote by J/l the set of all rx E (K, K + I) for which (2.2) does not hold. Then 
the Lebesgue measure µ(J/l) of J/l satisfies 

Since d is arbitrarily small, µ(J/l) = 0. The proof is finished. □ 

This theorem again says nothing for the case 

Au= -Uxx, u E C2([0, n], R) 

u(0) = Uxx(0) = u(n) = Uxx(n) = 0. 

But taking 

Au= Uxxxx, u E C4([0, n], R) 

u(0) = Uxx(0) = Uxxxx(0) = u(n) = Uxx(n) = Uxxxx(n) = 0 

we have A;=i4 Vi, and Theorem 2.3 holds for p=4/5. The operator uu+Uxxxx 
appears in the equation of a beam. 

Finally we note that equations of the following form are studied by 
M. Yamaguchi in the paper [10] 

(2.6) Utt+ Au= efi (u, t) + h(t) 

for a small e ER, Ji : Y x ST --+ Y, h : ST --+ Y continuous. Like above, we 
get the following result. 

Theorem 2.4. If the conditions (2.2), (n) are satisfied and the following 
condition 

lf(y, t)I:::: c,(lyl + 1) VyE Y, 

holds as well for a positive constant c1, then (2.6) has a weak T-periodic solution 
for any e sufficiently small. 

3. Resonant cases 

Now we consider (1.5) under the condition 0 < dim ker A < oo. The set­
ting of the problem (1.5) is the same as in Section 2. So we suppose (2.2), but 
(2.1) is assumed with a = 0, i.e 

(3.1) lf(y,t)I::; Cj Vy E Y, Vt E sT 
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for a positive constant c1. By (W) any weak T-periodic solution of (1.5) satisfies r <f(u(t), t), Up)dt = 0, \:/up E ker A. 

Then Lemma 2.1 holds as well for this case but only for h such that r (h(t), Up)dt = o, \:/up E ker A. 

Let P: Y-----+ ker A be the orthogonal projection. Then (1.5) has the form 

(3.2) 

where 

Q=l-P, 

Wu+ Aw= Qf(w +up,·) 

0 = Pf(w +up,·), 

1 IT Ph= - Ph(t)dt, 
T o 

w E im Q, up E ker A. 

Note, these projections are defined for the following reason 

Ph= o {cc} r (h(t), Up)dt = o, \:/up E ker A. 

Clearly the operator L of Lemma 2.1 is defined as L: im Q-----+ L2(ST, Y). 
Let l;: L2(ST, Y)-----+ R, i = 1, 2, ... , io = dim ker A, be continuous linear func­
tionals such that Ph= 0 if and only if l;(h) = 0 Vi= 1, 2, ... , i0 . We identify 
ker A'.::::'. R;0 . 

Theorem 3.1. Let (2.2) and (3.1) be satisfied. Suppose that 

io 
(3.3) liminf~)l;(f(Lw+up,·))I > 0 

[up[--HXJ i=l 

uniformly for w E im Q from bounded sets, i.e. VK2 > 0, :lK3 > 0, :lJ > 0 such 
that I:ic()Jli(f(Lw + Up, ·))I > J Vw E im Q, lwl-::;, K2, \:/up E ker A, lupl ~ K3. 
Then (1.5) has a weak T-periodic solution provided that the Brouwer degree 
deg(F(up), BK,, 0) #- 0, where F: Rio '.::::'. ker A -----+ Rio and BK, are defined by 

F(up) = (/1 (f(up)), l2(f(up)), ... , li0 (f(up))) 

BK, = {up E ker A'.::::'. Rio I lupl-::;, KI} c Rio 

for a sufficiently large constant K1 > 0. According to (3.3), this degree is well­
defined. 
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Proof This is a Landesman-Lazer type result [7], so we follow the stan­

dard way by using the homotopy 

(3.4) Wu+ Aw= ).Qf(w +up,·), 

0 = l;(j().LQf(w +up,·)+ up,·)), i = I, 2, ... , io. 

For ). = 1 we get (3.2). The assumptions (2.2) and (3.1) imply the existence of 

a constant Ko > 0 such that there is no solution of (3.4) such that lwl :;:c: Ko. 

(3.1) and (3.3) give a constant K1 > 0 such that 

io 

(3.5) L ll;(j().LQJ(w +up,·)+ up, ·))I > 0 
i=l 

for any w E im Q, lwl :::;; Ko, 0:::;;).:::;; 1 and up E ker A, iuPI ::C: K1. Let us put 

Q = {(w, up) E im Q x ker A I lwl:::;; Ko, iuPI:::;; K1}. 

According to the choice of the constants Ko, K1, we can easily verify that (3.4) 
has no solution on oQ for any O :::;; ). :::;; 1. Consequently to compute the Leray­

Schauder degree of (3.4), we take ). = 0 and we are lead to the mapping 

up --+ F (up) and to the Brouwer degree deg( F (up), B Ki , 0) #- 0. This gives the 
solvability of (3.4) for ). = 1 in Q. The proof is finished. D 

Example. Consider 

Utt+ Uxxxx - n4u = f(u) + g(t)h(x) 

(3.6) u(t + T, •) = u(t, •) 

u(t, 0) = Uxx(t, 0) = u(t, n) = Uxx(t, n) = 0 

where f : R--+ R, g : ST --+ R, h : [O, n] --+ R are continuous and n EN. 
Now, we have for this case 

ker A= {sin nx}, 

X = { u E C4 ([0, n], R) I u(O) = Uxx(0) 

= Uxxxx(0) = u(n) = Uxx(n) = Uxxxx(n) = O}, 

u; = sin ix 

Now we take p = 4/5. Then Theorem 2.3 holds and the condition (2.2) 

gives ia½1 - m2 1 ::C: dJ-P = c(j4 - n4) 115 ~ J4!5 for any j > n. Consequently, 
if u E im Q then Lu is given by (2.5) and Lu E L 2(ST,z), where Z is defined by 

Z = { u(x) = ta1 sinJxl tj815aJ < oo }· 
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Z is a Hilbert space with the norm lulz = J;:,J~ 1j 815aJ. Hence { }15 sinjx}00 

J J=l is an orthonormal basis of Z. Moreover, for any u E Z we have 

00 

lu(x) I ~ L la1I ~ 
J=l 

~ lulz 1 + r x-8/5 dx = lulzv'5/3-

Hence Z c C[O, n] and maxxE[0,n] lu(x)I ~ y15/3lulz Vu E Z. (2.5) implies the 
continuity of L: im Q---+ L 2(ST,z) c L 2(ST, C[O,n]) and so there is a constant 
c > 0 such that 

We take li(u) =J{ J;u(t,x)sinnxdxdt. To get (3.1), we suppose 

(3.7) sup IJ(u)I = r5 < oo. 
UER 

The assumption (3.3) has the form 

(3.8) lim inf I IT I"]( (Lw)(t, x) + c sin nx, t) sin nx dxdtl > 0 
icl- 00 o o 

uniformly for 

(3.9) lwl 2 = r ( w(t, x) 2dxdt ~ K}, 

where K3 > 0 is any fixed constant. Here ](u, t) = f(u) + g(t)h(x). Since 
ILi ~ c as L: im Q---+ L 2(ST, C[O, n]), we see that (3.9) implies 

(3.10) IT max l(Lw)(t, x)l 2dt ~ K}c2 . 
o xE[0,n] 

Let e > 0 be small and put I; = rn i + t:, ~ (i + 1) - e], i = 0, l, ... , n - l. Then 

r ( l((Lw)(t, x) + C sin nx, t) sin nx dxdt 

n-1 IT I = ~ 
0 1

/((Lw)(t, x) + c sin nx, t) sin nx dxdt + O(t:). 
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(3.10) gives a set Ne,w c [O, T] c::::: sT such that the Lebesque measure µ(Ne,w) ~ B, 

and Vt¢ Ne,w it holds that maxxE[O,nJl(Lw)(t,x)I ~ K3c/,je. Hence 

(3.11) ITI f((Lw)(t,x)+esinnx,t)sinnxdxdt 
0 l; 

= I I f ((Lw)(t, x) + e sin nx, t) sin nx dxdt + O(B). 
ST\N,,w l; 

The function sin nx does not change the sign on l;, hence l(Lw)(t,x) + e sin nxl-+ 

oo as lei -+ oo for x EI;, t ¢ Ne, w· More precisely, for any K4 > 0, there is a 

Ks> 0 such that l(Lw)(t,x) + e sin nxl?: K4 for lcl?: Ks, x EI;, t ¢ Ne,w• We 
note that Ks is independent of w. 

Let us suppose 

(3.12) lim f(u) = j± ER. 
u-+±oo 

Now we take K4 > 0 sufficiently large such that for any lei ?: Ks we get from 
(3.11) and (3.12) 

Lr\N,,w LJ((Lw)(t, x) + e sin nx, t) sin nx dxdt 

= I I usign(-l)'c + g(t)h(x)) sin nx dxdt + O(e) 
ST\N,, w I; 

I
T I(i+l)n/n . 

= usign(-l)'c + g(t)h(x)) sin nx dxdt + O(B) 
0 in/n 

, 2T , ' IT I(i+l)n/n 
= (-1) 1 -f 81gn(-l) c + g(t)dt f(x) sin nx dx + O(B). 

n O in/n 

Summarizing we see that (3.8) 'holds if 

T IT J" -l':,! + g(t)dt h(x) sin nx dx =I= 0, 
n o o 

where 

L:,± = { (n - l)(f= - j+) + 2J± for an odd n 
n n(J± - j+) for an even n. 

The mapping F(up) of Theorem 3.1 has now the form 

(3.13) F( e) = r [ (f ( e sin nx) + g(t)h(x)) sin nx dxdt. 
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By using (3.12) like above for (3.11), we see from (3.13) that the Brouwer degree 

of Theorem 3.1 given now by deg(F(c),(-K1,K1),0) is nonzero if it holds 

(3.14) 

(~ 6~ + r g(t)dt J: h(x) sin nx dx) (f 6; + r g(t)dt J: h(x) sin nx dx) < 0. 

On the other hand, the equality below (3.1) implies that (3.6) has no solution if 

(3.15) TnJ < I( g(t)dt J: h(x) sin nx dxl. 

Summarizing, we get the following result. 

Theorem 3.2. There is a subset Sc (0, oo) with a zero Lebesgue measure 

such that for any 0 < T ¢ S, if (3.12) and (3.14) are satisfied then the problem 

(3.6) has a weak T-periodic solution. On the other hand, if (3.7) and (3.15) hold 

for a T > 0 then (3.6) has no weak T-periodic solution. 

4. Some remarks on the condition ( 1 .4) 

This section is devoted to results concerning the condition (1.4). There is a 

nice characterization of such w for n = 0 in terms of continued fractions (1, 6]. 

We intend to derive similar results for n EN. This situation is different from 

n = 0. 

Theorem 4.1. Let w = p/q, p,q EN, (p,q) = 1. The condition (1.4) holds 

if and only if any n2 EN, n2 I n/(p, n) satisfies 
(i) lfn2 is odd then p/(p,n) does not divide (a2 - b2)/2for any a> b, a,b EN 

such that n2 = ab. 
(ii) If n2 is even then p / (p, n) does not divide a2 - b2 for any a > b, a, b EN 

such that n2 = 2ab. 
Here as usually (p, n) is the largest common divisor of p and n. 

Proof The condition (1.4) does not hold if and only if there are i, m EN, 

i > n such that 

(4.1) 

Hence q I pm implies qlm, i.e. m = rq, r EN and (4.1) gives 

(4.2) 
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After dividing (4.2) by (p, n)2, we get i[ = pfr2 + n?, Pt = p/(p, n), n1 = n/(p, n), 
ii = i/(p, n). If (r, n1) > 1 then we have i~ =Pf'[+ n~ and (n2,p1r1) = 1. 

We have two possibilities: 
If n2 is odd, then p1r1 is even and we get 

i2 + n2 = 2A 2, 

i2 = A 2 + B 2, 

p1r1 = 2AB 

n2 = A 2 - B 2 = (A - B)(A + B). 

So A= (a+ b)/2, B = (a - b)/2, n2 = ab, a> b EN and p 1r1 = (a2 - b2)/2. 
This proves (i). 

If n2 is even, then p,r1 is odd and we get 

Similarly like above we get i2 = A 2 + B2, p 1r1 = A 2 - B 2, n2 = 2AB, A >BE 
N. This proves (ii). The proof is finished. □ 

Corollary 4.2. Let w = p/q, p, q EN, (p, q) = 1 and let n > 1 be a prime 
number. The condition ( 1.4) holds for n = 2, and for n > 2 if and only if p does 
not divide (n 2 - 1)/2. 

Theorem 4.3. If w = Jp/q is irrational for p, q E N, (p, q) = 1, then ( 1 .4) 
does not hold for any n E N. 

Proof Since ,/M_ is irrational, the Pelle equation i5 = pqm5 + 1 has a 
natural number solution (infinitely many). Then i = ion, m = m0qn satisfy i2 = 

f m 2 + n2, i.e. i2 = w 2m 2 + n2. The proof is finished. □ 

It is well-known (see [ 6]) that if w has the continued fraction w = [ao, a1, ... ] 
such that ak :s;; M for some M > 0 and all k 2:: 1, then it holds 

for any p, q EN. Hence 

1 1 
lw-p/ql 2:: --­

M+ 2 q2 

l( i)2 21 Ii Iii I w I m - w = m - w m + w 2:: M + 2 m 2 

for any i, m EN. Consequently, we get the following result. 



Forced Vibrations 221 

Theorem 4.4. The condition (1.4) holds if w = [ao, a1, .. . ] is such that 

ak::; M for some M > 0 and all k ~ 1, and w > (M +2)n2. 

Proof For i > n, m EN, according to the above result, we have 

2 l 2 2 W 2 I ( .)2 I = m m - w - n ~ M + 2 - n > 0. 

The proof is finished. □ 

For instance, if w = (2M - 1 + v'S)/2, MEN then w = [M, 1, 1, .. . ] and 

we get the condition (2M - 1 + v'S) /2 > 3n2 . 

Moreover, we can get further characterizations of w to satisfy (1.4). We 

follow [2, 3]. Let 

µ(1Xr 1 = lim inf lq(q1X - P)I, q--,+oo 

where p and q are arbitrary integers. The set of values taken by µ(1X) as IX 

varies is called the Lagrange spectrum. If IX= [ao, a1, a2, .. . ] then 

µ(1X) = lim sup([ak+l, ak+2, .. . ] + [O, ak, ak-I, ... , a1]). 
k--,+oo 

We know [6] that µ(1X) < +oo if and only if IX is irrational and all a; are uni­
formly bounded. 

According to [2], two real numbers 0 and 0' are equivalent if there are in­

teger numbers r, s, t, u such that 

0 = r0' + s 
t0' + u' 

We know from [2] that µ(0) = µ(0'). 

ru - ts= ±1. 

Let w > 0 be irrational such that µ(w) =I= +oo. Then for any E > 0 and for 

any n < i, m EN, expect of a finite number, we have like above 

·2 2 2 2 • • 2 ( 1 ) 2 lz - w m - n I~ lz - wml lz + wml - n ~ µ(w) - E w - n . 

On the other hand, if i6 - w2m5 - n2 = 0 for some n < i0 , m0 EN, then the proof 

of Theorem 4.3 gives infinitely many such io, mo. 
Summarizing, we get the following result. 

Theorem 4.5. Let w' > 0 be irrational such that µ(w') =I= +oo. Then (1.4) 

holds for any w > 0 equivalent to w' satisfying w > µ( w')n2. 
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For instance, ifwe take u=t=l, r=s+l, sEZ, then w=s+w'/(w'+l) 
1s equivalent to w', and Theorem 4.5 holds for any s EN such that 

w' 
s > n2µ(w')---. 

w'+ 1 

Finally, we note [2, 3] that µ(rx) :2:: v'5 for any rx. Moreover, the Lagrange 
spectrum on the interval [v'5, 3) is the set { J9 - 4m-2}, where m is a positive 
integer such that 

holds for some positive integers m1 and m2. Then w' is a root of the Markoff 
form Fm such that µ(w') = J9 - 4m-2 . We also note that according to the Hall 
theorem [3], the Lagrange spectrum contains every number greater or equal to 
✓21. 
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