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Forced Vibrations of Abstract Wave Equations

By

Michal FeCkan

(Comenius University, Slovakia)

1. Introduction

In this paper, we investigate the existence of periodic solutions for cer-
tain abstract wave equations. We are motivated by the papers of K. Ben-
Naoum and J. Mawhin [1], and P. J. McKenna [8], where existence results of
periodic solutions are proved for one-dimensional wave equations when the ratio
between the space length and the period was irrational. Related equations are
also studied by M. Yamaguchi in [10]. We proceeded in this direction in the
paper [4]. We studied the equation

(1.1) Uy + Au = ef (u, 1),

where A4 is a self-adjoint, unbounded linear operator with eigenvalues 1; <
Ay <---— 0, ¢ is a small parameter and f is T-periodic in te R. By a
T-periodic solution of (1.1) we mean a weak solution specified below. The
following results are proved in [4] under additional assumptions on A4, f.

Theorem 1.1 ([4]). Assume there exists a constant ¢ >0 such that

2
m
e

i

| &

(12) > Vme N,Vi; > 0,

1

s

where oo =T /2n. Then (1.1) has a weak T-periodic solution for any ¢ small.

Theorem 1.2 ([4]). Assume

1
< 00.
LR

Then the Lebesque measure of the set of all positive a not satisfying (1.2) is zero.

We also studied the case when 0 < dim ker 4 < co. Finally we considered
the example

This work supported by Grant GA-MS 1/9177/02.



210 Michal FrCKAN

Uy — Upy — R2U = ef (u,1)
(1.3) ult+T,") =u(t,) VeeST

u(t,0) =u(t,n) =0 vie ST,

where f: R x ST — R is Cl-smooth and globally Lipschitz in u,n € N. Here
ST =R/[0,T] is the circle. The following result is proved in [4].

Theorem 1.3 ([4]). The equation (1.3) has a weak T-periodic solution, pro-
vided that it holds

(1.4) inf |2 —n? — w’m? >0,
imeN,i>n

where @ = 1/a, and there is a z € R such that

T o7
J J S (z. sin nx, £) sin nx dxdt = 0
0 Jo

T 7
J J = (z. sin nx, t) sin® nx dxdt # 0.
o Jo ou

The purpose of this paper is two-fold. We firstly release the parameter ¢ in
(1.1), so we consider the equation

(1.5) Uy + Au = f(u,1).

We have used in [4] the Banach fixed point theorem. To get our results in this
paper, we apply the Leray-Schauder fixed point theorem. For this reason, we
need more precision condition than (1.2), see (2.2) below. We also study the
resonant case when 0 < dim ker 4 < «0. We derive a Landesman-Lazer type
result [7). Finally, we present a forced beam equation as an example.

We secondly investigate more correctly and thoroughly the condition (1.4)
than in [4]. By using some results of the number theory [2, 3, 6], we derive
several conditions for w when (1.4) is either satisfied or not.

2. Nonresonant cases

Let X be a Banach space continuously embedded into a Hilbert space Y
with an inner product <-,-) and with the corresponding norm |-|. We assume
that 4: X — Y is bounded and the eigenvectors {u;};” of A corresponding to
{4}{° form an orthonormal basis of Y. Moreover we suppose that the linear



Forced Vibrations 211

hull of {u;}; is dense in X. Furthermore, f: ¥ x ST — Y is continuous sat-
isfying

2.1) ol <alyl”+1)  VyeY,viesT

for constants 1 > ¢ >0, ¢; > 0.
In this section we study the case when

(n) L#0 Vi

A weak T-periodic solution of (1.5) is some u e L*(ST,Y) satisfying

(W) JOT u(t), vu(t) + Ao(t) ydt = J: S (u(e), 0), v(e)Hdt, Yo e C2(ST, X).

We mean the integrability in the sense of Bochner [5]. We note that (2.1)
implies the continuity of the Nemytskii operator u — f(u(t),?) from L?(S7)Y)
to L2(ST,Y).

Lemma 2.1. Assume the following condition

2
m
o ——

Ai

(2.2) > fﬁ Vme N,V > 0,

where p, ¢ are positive constants such that 0 < p < 1. Then the equation
T T

(2.3) J Cut), va(t) + Av(t)ddt = J (D), v(0)>dt, Vo CHST, X)
0 0

has a unique solution u= Lhe L*>(ST,Y) for any he L*(ST,Y). Moreover,
L:L*ST,Y)— L*(ST,Y) is compact.

Proof. By our assumptions, the Hilbert space L?(S”,Y) has the ortho-
gonal basis

.2 2nt
(2.4) {sm m%t~uj,cos m%uj} c C2(ST,X)
m:0’1727--- ]:1,2,

We expand u (formally) and 4 really in the basis (2.4) to get

. 2mt 2nt
u(t) = Z (u}nj sin m% + u,znj cos m%) U

m,j

. 2rt 2nt
h(t) = Z (hrlnj sin m% + h,znj cos m%) u;.
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Of course, we take uy, =0 and hy =0. We have

SOTUR )+ S (T2 () + (1)) < 0.
J

m#0,j

If u is a solution of (2.3), then we take v(f) = sin m2% - u; and v(z) = cos mZ% - u;

to get
2
R o R .
oy = 7 e =12
Hence if (2.3) has a solution u e L2(ST, Y), then it is unique and it should be
given by

2 . 2t 2nt
(2.5) u(t) = Z—i—— <h,1nj sin m% + hfnj cos m—;—) uj.

‘ 062/1]‘ —m?
m,j

The assumption (2.2) gives a constant ¢; > 0 such that |u;, | < c2lh)l, i=1,2.
Hence

ST )7+ D (T/2) () + (ty))

m#0,j

< (Z T(hy)* + Y (T/2)((hyy)* + (hfn,-)2)~

m#£0,j

This gives ue L?(ST,Y) given by (2.5) and |u| < c3|h|. So L is continuous.
Moreover the assumption (2.2) implies that |a?4; —m?| — oo as |4;]| +m — oo.
This gives the compactness of L.

Now we show that this u satisfies (2.3). Our assumptions give that the
linear hull Ly of (2.4) is dense in C*(ST,X): one can prove this by using the
A -approximation method like in [9], see also Fejér’s theorem [9]. So for any
ve C*ST, X) there is a sequence v;€ Ly such that vy —v in C*(S7,X). This
gives vy — vy and v; — v in C(ST,X). Hence Av; — Av in C(S7,Y). The
equality (2.3) holds for any v; € Ly, and since X < Y continuously, we take
the limit j — oo in (2.3) for v =v; to get the validity of (2.3) for any v. The
proof is finished. O

Theorem 2.2. If the conditions (2.1), (2.2) and (n) are satisfied, then (1.5)
has a weak T-periodic solution.

Proof. For a ue L*(ST,Y), we put F(u) = f(u(t),t) e L>(ST,Y). Then
(W) is equivalent to u = LF(u). Lemma 2.1 gives the compactness of the
operator LF : L?(ST,Y) — L*(ST,Y). Moreover, Lemma 2.1 and the con-
dition (2.1) give
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T

ILF@) < ¢ JO (01" +1)%s <263 | ()] + 1)t
0

T
= 2c}c3T + 2c3c? J |u(7)| % dt.
0
Since 0 < ¢ < 1, the Jensen inequality gives

T

\LF(u)|* < 2e2e3T + 2c33Th (Jo |u(t)|2dt>

= 2¢2c3T U™ + 2¢3e3T < 263 3T 02 |u|” + VT)2.
Consequently we get
|LF(u)] < V2e1¢(T"92u|” + VT).

By taking Ko > 0 such that v2¢jcy(T'=9/2K¢ 4+ \/T) = K, we see that the ball
Bk, ={ue L*(ST,Y)||u| < Ko} is mapped to itself by LF. Hence the Leray-
Schauder fixed point theorem [7] finishes the proof. ]

By the same way as for Theorem 1.2 of [4], we get the following result.

Theorem 2.3. Assume

1
Z PYUE) < 0.

ﬂ.,'>0 i
Then the Lebesque measure of the set of all positive o not satisfying (2.2) is zero.

Proof. We present the proof for the reader convenience. If (2.2) is false
for some « € (K,K + 1), K > 0, then for any d > 0 small there exist m, 4; > 0
such that

2om 4
AT
This implies
L
Vil T KA

Since o € (K,K + 1), we have m?/4; < (K+1)*+1 for d small. Thus

m<\/((K+1)2+1)4.
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Denote by .# the set of all « € (K, K + 1) for which (2.2) does not hold. Then
the Lebesque measure u(.#) of .# satisfies

p)y <> 2d (K +1)* + 1)

;>0 if K
_2d 2 I
=2V (E+D + DZW‘ O(d).
l,‘>0 i
Since d is arbitrarily small, u(.#)=0. The proof is finished. O

This theorem again says nothing for the case
Au = —uyy, ue C*([0,7],R)
#(0) = uyx(0) = u(n) = uyx(n) = 0.
But taking
AU = Uyyxx, ue C4([O) 77.'],R)
1(0) = 45 (0) = thyxx(0) = u(7) = tx(7) = () =0

we have A4; =i* Vi, and Theorem 2.3 holds for p= 4/5. The operator ty + tyyxx
appears in the equation of a beam.

Finally we note that equations of the following form are studied by
M. Yamaguchi in the paper [10]

(2.6) Uy + Au=efi(u, t) + f2(¢)

for a small eeR, fi: Y xST - Y, f,: ST — Y continuous. Like above, we
get the following result.

Theorem 2.4. If the conditions (2.2), (n) are satisfied and the following
condition

foalsalyl+1)  Yre¥, |y <maxlp@)+1, viesT

holds as well for a positive constant ci, then (2.6) has a weak T-periodic solution
for any ¢ sufficiently small.

3. Resonant cases

Now we consider (1.5) under the condition 0 < dim ker 4 < co0. The set-
ting of the problem (1.5) is the same as in Section 2. So we suppose (2.2), but
(2.1) is assumed with ¢ =0, i.e

(3.1) lf(r,t)| <1 VyeY,VteST
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for a positive constant ¢;. By (W) any weak T-periodic solution of (1.5) satisfies

T
I f(u(t),0),upydt =0,  Vu, € ker A.
0

Then Lemma 2.1 holds as well for this case but only for 4 such that
T
J Ch(t), upydt = 0, Vu, € ker A.
0

Let P:Y — ker A be the orthogonal projection. Then (1.5) has the form

(3.2) wy + Aw = Of (W + up, )

0=Pf(w+u,-),

where

T
Q=1-P, f’h:%J Ph(t)dt, weim Q,u, € ker A.
o .

Note, these projections are defined for the following reason
B T
thO(:)J <h(t), upydt = 0, Vu, € ker A4.
0

Clearly the operator L of Lemma 2.1 is defined as L:im Q — L*(S7,Y).
Let [;: L*(ST,Y) =R, i=1,2,...,ip=dim ker 4, be continuous linear func-
tionals such that Ph =0 if and only if Lih)=0YVYi=1,2,...,i5. We identify
ker A ~ R™.

Theorem 3.1. Let (2.2) and (3.1) be satisfied. Suppose that

(3.3) lim inff:|1,.(f(Lw+up,-))| >0

|uP!_)°o i=1

uniformly for weim Q from bounded sets, i.e. VK, >0, 3K3 >0, 36 > 0 such
that SR |L(fF(Lw +up, )| > 8 Yweim Q, |w| < Ko, Yu, e ker A, |u,| > K.
Then (1.5) has a weak T-periodic solution provided that the Brouwer degree
deg(F(u,), Bk,,0) # 0, where F: R" ~ker A — R™ and B, are defined by

F(up) = (h(f (), b(f (). . liy (f (1))
Bk, = {up eker A ~ R"||u,| < K1} < R

Jor a sufficiently large constant K; > 0. According to (3.3), this degree is well-
defined.
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Proof. This is a Landesman-Lazer type result [7], so we follow the stan-
dard way by using the homotopy

(3.4) Wy + Aw = 20f (W + up, -), 0<2<1,
Ozli(f(/lLQf(W_‘_upa')+upa'))7 i=12,...,0

For A =1 we get (3.2). The assumptions (2.2) and (3.1) imply the existence of
a constant Ky > 0 such that there is no solution of (3.4) such that |w| > K.
(3.1) and (3.3) give a constant Kj > 0 such that

(3.5) Zu (ALOS(w +tp,) + 14y, )] > O

for any weim Q, |w| < Ko, 0 <A <1 and u, eker 4, |u,| > K;. Let us put
Q = {(w,u,) eim Q x ker 4 ||w| < Ko, |up| < K1}

According to the choice of the constants Ko, K;, we can easily verify that (3.4)
has no solution on 982 for any 0 < A < 1. Consequently to compute the Leray-
Schauder degree of (3.4), we take A =10 and we are lead to the mapping
u, — F(u,) and to the Brouwer degree deg(F(u,), Bx,,0) # 0. This gives the
solvability of (3.4) for A=1 in Q. The proof is finished. O

Example. Consider
Uyt + Uyxrx — nYu = f(u) + g(t)h(x)
(3.6) ut+T,)=u(t,-) VieST
u(t,0) = 1ue(£,0) = u(t, 1) = u(t,7) =0 Vee ST,

where f:R — R, g: ST — R, h:[0,7n] — R are continuous and ne N.
Now, we have for this case

Au = Uy — n'u, ker A = {sin nx}, Ji=i* —n*, u; = sin ix
X = {ue C*[0,7],R) | u(0) = ux(0)
= Uperx(0) = U(1) = U (7) = tsrnx(m) = 0}, Y= LZ(O, 7).

Now we take p=4/5. Then Theorem 2.3 holds and the condition (2.2)
gives |o2A; —m?| > 6/11 P =¢(j* —n*)"/° ~ j*5 for any j>n. Consequently,
if weim Q then Lu is given by (2.5) and Lu e L*(ST,Z), where Z is defined by

{ Za]s1n]x|2]8/5 a’ < }
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1

] 0
Z is a Hilbert space with the norm [u|, = /37, /%%a?. Hence {,4? sinjx}

is an orthonormal basis of Z. Moreover, for any u € Z we have

x)| < Z|aJ| < 42]8/561 \JZ]—S/5

0
< Julpy[1+ L X85 dx = lul /573,

217

Jj=1

Hence Z < C[0,7] and maX,cjo »|u(x)| < \/5/3|u|, Yue Z. (2.5) implies the
continuity of L :im Q — L*(ST,Z) = L*(S7, C[0,7]) and so there is a constant

¢ > 0 such that

T
J max |(Lu)(, x)%dt < P> Vue LX(ST, Y).

o x€l0,7]
We take /;(u fo Jo u(t,x) sin nx dxdr. To get (3.1), we suppose
(3.7) sup |f(u)| =90 < 0.
ueR

The assumption (3.3) has the form

(3.8) lim inf

le|—o0

T pm
J J S(Lw)(t, x) + ¢ sin nx, t) sin nx dxdt] > 0
0 Jo

uniformly for

T pn
(3.9) w? = J J w(t, x)2dxdi < K2,
0 Jo

where K3 >0 is any fixed constant. Here f(u, )= f(u)+ g()h(x).

|IL| <¢ as L:im @ — L*(ST, C[0,n]), we see that (3.9) implies

T
(3.10) J m[%x] |(Lw)(z, x)|*dt < K}&
o0 xel0,x

Let £ > 0 be small and put I; = [%i—i—a,g(i—kl)—a], i=0,1,...,n—1.

T ¢m _
J J S{Lw)(¢t,x) + ¢ sin nx, t) sin nx dxdt
0 Jo

n—1
= J J w)(t,x) + ¢ sin nx, t) sin nx dxdt + O(e).

j= I

Since

Then
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(3.10) gives a set N, ,, = [0, T] ~ ST such that the Lebesque measure u(N; ) <&,
and Vt ¢ N, it holds that max,cy »|(Lw)(t,x)| < K3¢/+/e. Hence

T

(3.11) J L F((Lw)(t,x) + ¢ sin nx, t) sin nx dxdt

0

= J J S((Lw)(t,x) + ¢ sin nx, t) sin nx dxdt + O(e).
ST\NE, w Il

The function sin nx does not change the sign on [;, hence |(Lw)(t, x) + ¢ sin nx| —
oo as |¢] » oo for xel, t¢ N,,. More precisely, for any K4 > 0, there is a
K5 > 0 such that [(Lw)(¢,x) + csinnx| > Ky for |c| > K5, xeI;, t ¢ Ny ,,. We
note that Ks is independent of w.
Let us suppose
(3.12) lim f(u)=f*eR.
u—+oo

Now we take Ky > 0 sufficiently large such that for any |c| > K5 we get from
(3.11) and (3.12)

J J F((Lw)(t, x) + ¢ sin nx, ) sin nx dxdt
ST\NE,V/ IY
= J J (I D ¢ g(H)h(x)) sin nx dxdt + O(e)
ST\N,w J1;

T f(i+l)n/n ;
= J J (5= 4 g(Hh(x)) sin nx dxdt + O(e)
0 Jin/n

(i+1)n/n
g(f)le f(x) sin nx dx + O(e).

in/n

;2 . i r
— (_I)I_Tfmgn(fl)c_i_‘l
n 0

Summarizing we see that (3.8) holds if

T n

g(t)dtj h(x)sin nx dx # 0,

T
—NL +J
n 0

0

where

Ai_{(n—l)(fir—fJ_r)—i-2fJ—r for an odd n
" n(ft—f7F) for an even n.

The mapping F(u,) of Theorem 3.1 has now the form

(3.13) F(c)= JOT JZ(f(c sin nx) + g(t)h(x)) sin nx dxdt.
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By using (3.12) like above for (3.11), we see from (3.13) that the Brouwer degree
of Theorem 3.1 given now by deg(F(c), (—Kj, K;),0) is nonzero if it holds

(3.14)
(%N;’ . JT g(t)dtrh(x) sin nx dx) <%A; + JOT g(t)dtJ

0 0

h(x) sin nx dx) <0.
0

On the other hand, the equality below (3.1) implies that (3.6) has no solution if

T n
J g(t)dtJ h(x) sin nx dx
0 0

(3.15) Trd <

Summarizing, we get the following result.

Theorem 3.2. There is a subset S < (0,00) with a zero Lebesque measure
such that for any 0 < T ¢S, if (3.12) and (3.14) are satisfied then the problem
(3.6) has a weak T-periodic solution. On the other hand, if (3.7) and (3.15) hold
for a T >0 then (3.6) has no weak T-periodic solution.

4. Some remarks on the condition (1.4)

This section is devoted to results concerning the condition (1.4). There is a
nice characterization of such w for n =0 in terms of continued fractions [1, 6].
We intend to derive similar results for n € V. This situation is different from
n=0.

Theorem 4.1. Let w =p/q, p,qe N, (p,q) = 1. The condition (1.4) holds

if and only if any ny e N, ny|n/(p,n) satisfies

(i) If ny is odd then p/(p,n) does not divide (a* — b*)/2 for any a > b, a,be N
such that ny = ab.

(ii) If ny is even then p/(p,n) does not divide a*> —b* for any a >b, a,be N
such that ny = 2ab.

Here as usually (p,n) is the largest common divisor of p and n.

Proof. The condition (1.4) does not hold if and only if there are i,me N,
i > n such that

(4.1) i2 = w’m?® + n?
Pt = pPm? + g,
Hence ¢|pm implies g|m, i.e. m=rqg, r€ N and (4.1) gives

(4.2) i2 :p2r2 +n?
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After dividing (4.2) by (p,n)>, we get i? = pr2 +n2, p1 = p/(p,n), n; = n/(p,n),
it =i/(p,n). If (r,m)>1 then we have iZ = p¥r? +n3 and (my,pir1) = 1.
We have two possibilities:
If ny is odd, then p;r; is even and we get

h+mi—n (]il_r_l)2
2 2 \2/"

Since (p1r1,m) =1, we get
iy +ny =242, iy —my =2B%,  pir=2AB
h=A4>+B%, m=4>—B>=(4— B)(4+ B).

So A=(a+b)/2, B=(a—b)/2, m=ab, a>beN and pyr; = (a*> - b?)/2.
This proves (i).
If ny is even, then pir; is odd and we get

h+pin 2 —pin _ (@)2

2 2 2
Similarly like above we get i, = 4> + B?, piry = A* — B%, ny =2A4B, 4> Be
N. This proves (ii). The proof is finished. O

Corollary 4.2. Let w =p/q, p,qe N, (p,q) =1 and let n > 1 be a prime
number. The condition (1.4) holds for n = 2, and for n > 2 if and only if p does
not divide (n> —1)/2.

Theorem 4.3. If w = \/p/q is irrational for p,qe N, (p,q) =1, then (1.4)
does not hold for any ne N.

Proof. Since /pq is irrational, the Pelle equation i3 = pgm3 +1 has a
natural number solution (infinitely many). Then i = ion, m = mggn satisfy i

gmz +n?, ie. i’ = w?m? +n?. The proof is finished. 0

It is well-known (see [6]) that if w has the continued fraction w = [aq, ay, - . .]
such that g < M for some M >0 and all k£ > 1, then it holds

1 1
M +2 42

lo—p/q| =

for any p,qe N. Hence

(&)<

for any i,me N. Consequently, we get the following result.

| wi+w> w 1
T m m “ M+2m?
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Theorem 4.4. The condition (1.4) holds if w = |ag,a1,...] is such that
ax < M for some M >0 and all k> 1, and w > (M + 2)n’.

Proof. For i>n,me N, according to the above result, we have

2.2

|i? — w?m? — n?| = |i* — 0’m?| — n?

The proof is finished. O

For instance, if @ = (2M —1++/5)/2, M e N then w=[M,1,1,...] and
we get the condition (2M — 1+ +/5)/2 > 3n?.

Moreover, we can get further characterizations of w to satisfy (1.4). We
follow [2, 3]. Let

B T _
p(e)” = lim inf |q(qa — p)l,

where p and ¢ are arbitrary integers. The set of values taken by u(x) as «

varies is called the Lagrange spectrum. If o= [ag,a;,a2,...] then
(o) = lim sup([@xi1, di+2, - - ) + [0, dic, dic—1, - - ., a1).
k—+o0

We know [6] that u(«) < +oo if and only if o is irrational and all @; are uni-
formly bounded.

According to [2], two real numbers 6 and ¢’ are equivalent if there are in-
teger numbers r,s,¢,u such that

_r0'—|—s
0 +u

ru—ts = +1.

We know from [2] that u(6) = u(0').
Let w > 0 be irrational such that g(w) # +co. Then for any ¢ > 0 and for
any n < i,me N, expect of a finite number, we have like above

1
i — @’m?* — n?| = |i — om| |i + wm| —n* > (——e)w——nz.

H(w)
On the other hand, if i3 — w?m2 — n? = 0 for some n < ig,my € N, then the proof
of Theorem 4.3 gives infinitely many such iy, my.
Summarizing, we get the following result.

Theorem 4.5. Let o’ > 0 be irrational such that u(w') # +oo. Then (1.4)
holds for any @ > 0 equivalent to o' satisfying o > u(w')n?.
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For instance, if we take u=t=1, r=s5+1, seZ, then o =s+w'/(0w'+1)
is equivalent to @', and Theorem 4.5 holds for any s N such that

w/

2 n__*
s> n (o) T

Finally, we note [2, 3] that u(a) > v/5 for any a. Moreover, the Lagrange
spectrum on the interval [v/5,3) is the set {v/9 — 4m—2}, where m is a positive
integer such that

m? + ml2 + m% = 3mmmy, myy <m

holds for some positive integers m; and m,. Then @’ is a root of the Markoff
form F, such that u(w’) = v9 — 4m=2. We also note that according to the Hall
theorem [3], the Lagrange spectrum contains every number greater or equal to
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