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Existence of Positive Solutions to Semipositone Fredholm
Integral Equations

By

Ravi P. AgarwaL!, Said R. Grace? and Donal O’REGAN®

(Florida Institute of Technology, USA!, Cairo University, Egypt* and
National University of Ireland, Ireland?)

1. Introduction

This paper presents three new existence results for semipositone Fredholm
integral equations of the form

(L.1) y() = ,uJ k(t,8)f (s, y(s))ds for z€[0,1],
0
where x> 0 is a constant. Existence in both C[0,1] and L?{0,1] will be dis-
cussed. Throughout this paper k is nonnegative but our nonlinearity f may
take negative values. Problems of this type are referred to as semipositone
problems in the literature and they arise naturally in chemical reactor theory
[4]. The constant u is called the Thiele modulus and of physical interest is the
existence of positive solutions to (1.1) when g > 0 is small. The literature on
positive solutions to Fredholm integral equations (see [3-8) and the references
therein) is almost totally devoted to (1.1) when f takes nonnegative values (i.e.
positone problems). Only a few results (see [ Chapter 4]) are available for the
semipositone problem.

Existence in this paper will be established using Krasnoselskii’s fixed point
theorem in a cone, which we state here for the convenience of the reader.

Theorem 1.1. Let E = (E, || .||) be a Banach space and let K < E be a cone
in E. Assume ©, and Q, are open subsets of E with 0 e Q; and Q{ < Q, and
let A:KN(Q2;\21) — K be continuous and completely continuous. In addition
suppose either

| Au|| < |lull for ue KN o and || Au|| = ||u|| for ue KN o2,
or

|Au|| = |lu|| for ue KN oy and |Aul| < |lu|| for ue KN,
hold. Then A has a fixed point in KN (Q,\2;).



224 Ravi P. Agarwar, Said R. Gracg and Donal O’REGAN

2. Semipositone problems

In this section we present three new results for the semipositone Fredholm
integral equation

1

2.1) (1) = 1 L K(t,5) £ (s, y(s))ds  for 1€[0,1];

here u > 0 is a constant. Of physical interest is the existence of nonnegative
solutions which are positive a.e. on [0, 1].

Theorem 2.1. Suppose the following conditions are satisfied:

there exists ae€ C[0,1] and t* €(0,1] with a(t) >0
for ae. te(0,1] and a(t*) > 0, there exists x € L'[0,1]

2.2
(22) with k(f) >0 a.e. t€(0,1] and fol k(s)ds > 0 such
that a(t)x(s) < k(t,s) for all t€]0,1], ae. se[0,1]
(2.3) ki(s) = k(t,s) <k(s) for all te[0,1], ae. sel0,1]
(2.4) the map t— k; is continuous from [0,1] to L'[0,1]
f:[0,1] x [0,00) — R is continuous and there
(2.5) exists a constant M >0 with f(t,u)+ M >0
Jor (t,u) € [0,1] x [0, o0)
ftu)+ M < y(u) on [0,1] x [0,00) with
(2.6) ¥ :[0,00) — [0, 00) continuous and nondecreasing
and Yy(u) >0 for u>0
1
(2.7) IC >0 with J k(t,s)ds < Ca(t) for te[0,1]
0
, 1
(2.8) Ir>uMC with —— > u sup J k(t,s)ds
W(r) refo,11Jo
f(t,u)+ M = g(u) for (t,u) €[0,1] x (0, 00) with
(2.9) g:[0,00) — [0, 00) continuous and nondecreasing
and g(u) >0 for u>0
and
1
(2.10) R>r with R< ,uJ k(t*,s)g(eRa(s))ds;
0

here &€ > 0 is any constant (choose and fix it) so that 1 — (uMC/R) > ¢ (note
¢ exists since R >r > uMC). Then (2.1} has a nonnegative solution y € C[0, 1]
with y(t) >0 for a.e. te(0,1] (in fact y(t) >0 at those t’s where a(t) > 0).
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Proof.  To show (2.1) has a nonnegative solution we will look at

1

(2.11) (1) = 1 j K(2,5)1* (5, 3(5) — $(s))ds

0
where ¢(t) = uM [, k(t,s)ds and

fo)+M,  v=0

fH(ev) = {f(t,O)+M, v <0.

We will show, using Theorem 1.1, that there exists a solution y; to (2.11) with
y1(t) = ¢(¢) for t € [0,1] (note ¢(z) > 0 for those ¢’s where a(r) > 0). If this is
true then u(t) = y1(f) — ¢(¢) is a nonnegative solution (positive a.e. on [0, 1]) of
(2.1) since for te[0,1] we have

1 1
u(t) = | k(t,5)17 (5, 91(5) — $(s))ds — qu k(t,5)ds

J0 0

1 1

= | K90, 3106) = 96) + M) -t L k(t,5)ds

1 1
— | k(0,015 31(5) — B(5))ds = j k(t,5) £ (5, u(s)) ds.

Jo 0

As a result we will concentrate our study on (2.11). Let E = (C[0,1],].],) (here
|uly = sup;cpp,ylu(1)]) and

K = {ueC[0,1] : u(t) > a(t)|ul, for te[0,1]}.
Clearly K is a cone of E. Let
Q1 ={ueCl0,1]: |u, <r} and @ ={ueCl0,1]: |u, < R}.
Now let 4: KN (2;\21) — C[0,1] be defined by

1
Ay() = uJO K(t,5)1* (5, 3(5) — 6(5))ds.

First we show 4:KN(2\Q21) — K. If ye KN(2,\2;) and t€0,1] then
(2.2) implies
1

(2.12) Ap(1) = pa(1) j K(5) (5, 7(5) — 4(5))d.

0
On the other hand (2.3) implies

1

Ayl < i jo K(5) £ (5, 9(5) — 9(5))ds,
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and this together with (2.12) yields
Ay(t) = a(t)|4y), for te10,1].

Consequently Aye K so 4:KN(2;\Q2;) — K. Tt is well known [7] that
A:KN(2;\21) — K is continuous and compact.
We now show

(2.13) l4ylo < |¥lo for y e KNoKy.

To see this let y e KNdQ,. Then |y|, =r and y(1) > a(?)r for te[0,1]. Also
for 1€ [0,1] we have

1 1
AﬂOéuLkmﬁwﬂmﬁSuwwkauﬂﬂ

1

< mp(r)J k(t, 5)ds

0
since for s€(0,1) (note y(s) = 0),
{ S (s, ¥(s) = 4(s)) + M <Y (y(s) — ¢(s)) < ¥(¥(s))
if y(s) - ¢(s) 2 0
J(5,0)+ M <y(0) <y(y(s)) i y(s)—¢(s) <0;
in fact one can show y(s) —¢(s) >0 for se[0,1] (see the argument below).
This together with (2.8) yields

1
L@hSuwﬂsthk@@&sr=b%,
telo,

S5, ¥(5) — 9(s)) =

so (2.13) holds.
Next we show
(2.14) [4ylo = 2]y for y e KNoQR,.

To see this let y e KN, so |yl =R and y(t) > a()R for te[0,1]. Let ¢
~ be as in the statement of Theorem 2.1. For 7€ [0,1] we have from (2.7) that

1

y(t) — 4(t) = p(t) — uM L k(t,8)ds = y(t) — uMCa(r)

uMC

> y(1) [1 - _R_] > ey(t) = ea(t)R.

Now with ¢* as in (2.2), we have
1

mww:ujkWJV%xﬂo—M@Ms

0

ZuEMfmawwmw,
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since for s € [0,1] we have

S(s,y(s) = () = [ (s, ¥(s) = (s)) + M = g(y(s) — 4(s)) = g(ea(s)R).
This together with (2.10) yields

1
V() 2 | (" 9)a(eals)Ryds = R= vl

Thus [Ap|, = | ]y, so (2.14) holds.

Now Theorem 1.1 implies 4 has a fixed point y; € KN (Q,\2) ie. r<
|¥1lo < R and y,(f) = a(f)r for t€[0,1]. To finish the proof we need to show
y1(t) = ¢(z) for te[0,1]. Now for 7€ [0,1] we have from (2.7) and (2.8) that

1
y1(t) = a(t)r = a(HuMC > ,uMJ k(t,s)ds=¢(r). O
0
To illustrate the applicability of Theorem 2.1 we consider the boundary
value problem

(2.15) 0) 0)=

(1) +6y'(1) =0

here o, f8,7,6 > 0 with p=yf+ay+ad > 0. Of course (2.15) is equivalent to
the integral equation

{y”+uf(t y)=0, 0<t<1
(

1
(2.16) ﬂ0=ﬂjk@®ﬂ&ﬂﬂﬂs

0
where the Green’s function [1] is given by

(+5—yt)(B+as) 0
— P ’

K6 =9 pranpmo
P 3

IA
@
IA
IA

IA
I
Y
IA

Let

(y +0 —yt)(B +at) .
1)+ and r=1/4.

It is easy to check that (2.2), (2.3) and (2.4) hold. Next we claim (2.7) holds
with

(2.17)  k(s) = k(s,s), a(t) =

(G+)B+a)

(2.18) C= p
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To see this notice for 7z e [0, 1] that

1

1
L k(t,s)ds = /—1) (y+6—y1) Jo(ﬁ + os)ds

1
</f+oct>j (7 +6 — ys)ds

t

_|_

=

< —(y+o—p)(fF+an[t+ (1 — 1)

(y+0 —yt)(B + ar)

SN B SN

= Ca(r);
here C is as in (2.18) and a is as in (2.17).

Corollary 2.2. Suppose (2.5), (2.6) and (2.9) hold. In addition assume the
following conditions are satisfied:

1
(2.19) 3 x MMOEINBED L TS up J k(t, s)ds
P Y(r) ref0,1]J0
and
1
(2.20) AR>r with R< ,uJ k<§,s>g(aRa(s))ds;
0

here a is as in (2.17) and ¢ > 0 is any constant (choose and fix it) so that

MG +8)(B+a)

1 .
PR =°

Then (2.15) has a nonnegative solution y € C[0,1] with y(t) >0 for te(0,1).
Example. Consider (2.15) with f(t,u) =u™ —1, m > 1, and

B+ ay + oo
#E (O’ (y+5)(ﬂ+fx)]'

Then (2.15) has a solution y with y(¢f) >0 for te(0,1).
To see this we will apply Corollary 2.2 with (here R > 1 will be chosen
later)
1 y+0)(f+ oc))

M=1, V() =glu) =u™, 8:§<1—'u( R
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Clearly (2.5), (2.6) and (2.9) hold. In addition we know from above that

b

1
sup J k(t,s)ds < C sup a(t) < C= o) +a)
te[0,1]J0 tel0,1] P

so (2.19) is true with r =1 since

HM(y +0)(f+o) _ P +9)(B+o) _, _
p T (Bt p
and
it s po+0)(B+a) _ . 1
“,SEE]L Kool < === =<1=415-

Finally notice (2.20) is satisfied for R large since

R<yu Jol k<% , s)g(sa(s)R)ds

means

1 YU o am
R 1 S,uJOk<Z,s>s [a(s)]"ds,

and notice 1/R™! — 0 as R — co. Thus all the conditions of Corollary 2.2
are satisfied so existence is guaranteed.

It is possible to obtain another existence result for (2.1) if we relax some
of the conditions on the kernel & and we strengthen some of the conditions on
the nonlinearity f. To indicate what is possible we consider for convenience
the integral equation

1
(221) 90 = ] K@) /((6)ds for e o,1]

here 1> 0 is a constant; the obvious adjustments for (2.1) will be left to the
reader.

Theorem 2.3. Suppose the following conditions are satisfied.
(2.22) 0 < ki(s) = k(t,s) e L'[0,1]  for each t<0,1]
(2.23) the map t— k, is continuous from [0,1] to L'[0,1]

(2.24) {Kl # K, where K| = SUD; o, 1] jol k(t,s)ds

and Kj =inf, o fol k(t,s)ds
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(2.25) f:0,00) — R is continuous and there exists a
’ constant M > 0 with f(u) + M =0 for u e [0, )

026 @)+ M = () on [0,00) with y : [0,0) — [0, c0)

' nondecreasing and Yy(u) >0 for u >0
(227) there exists a continuous 6 : (0,00) — (0,00) such that for

' any constant K >0 we have y(Ku) = 0(K)(u) for u>0
(228) there exists 0 < Mo <1 and v >0 with r > ”AA/Z(] ,
2.28 , " X MK,

el > uK, and O(T«)OAK) < @ here Ay = (1 —"Morl)

and
(2.29) AR >r with _R_ < ukKy;

l//(SM()R)

here € > 0 is any constant (choose and fix it) so that 1 — %{)KR‘ >e¢e  Then (2.21)
has a solution y e C[0,1] with y(f) >0 for te[0,1].

Proof. Tt is enough to show

1

(2.30) o) = ﬂJ K(1,5)1* (1(5) — 4(5))ds

0
with ¢(r) = uM j()l k(t,s)ds and
ro={fotn vz

has a solution y; with y1(z) > é(¢) for ¢t € [0, 1] (note ¢() > 0 for £ € [0,1]). Let
E =(Cl0,1],].],) and '

K ={ueC[0,1] : u(t) = Molu|, for t€]0,1]}.
Let Q;,€, be as in Theorem 2.1 and let 4 : KN (2,\Q;) — C[0, 1] be defined
by

1
A1) = j K(1,) 1 (3(5) — $(s))ds.

First we show 4 : KN (2,\Q)) — K. If y e KN (2,\2;) then y(r) = Mo|yl, >
Mor for t€0,1]. In addition notice for 7€ [0,1] that

1

y(t) = ¢(t) = y(1) —uM L k(t,s)ds = y(t) — uMK;
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so y(t) — #(t) =0 for re[0,1]. As a result for 7€ [0,1] we have

1 1
Ay() = ujo k(1 )W (H(s) — (s))ds < jo (e, ) (|10 ds < K (15l),
and so
(2.31) 14yl < uKib(3]o)-

On the other hand for te[0,1] we have
1

1
Ap(t) = L k(e W (3(s) — $(s))ds = uj k(t, 50 (Aoy(s))ds

0

1

1
> [ 0,5 AoMolylo)ds = (Ao Mo () |, ke

> pub(AoMo)y(|ylo) K2 = MoK (|ly)
using (2.27) and (2.28). This together with (2.31) yields
Ay(t) = uMoKy(1yly) = Moldyl,  for £e0,1],

so Aye K. Thus 4: KN (2,\Q1) — K and also we know 4: KN (2,\Q2;) —» K
is continuous and compact. Essentially the same reasoning as in Theorem 2.1
guarantees that

(2.32) |4y]o < 1300 for ye KN0Qy.
Next we show
(2.33) |Ayly = |yl  for ye KNoQs.
To see this let ye KN, so |y|, =R and y(r) = MyR for t€0,1]. Let ¢

be as in the statement of Theorem 2.3 and notice for e [0,1] that
UMK,
MyR

y(8) = ¢(t) = y(t) — uMK, = y(1) [1 - ] > ey(f) > eMyR.

Also for te[0,1] we have

1 1

k(e W ((s) — $(s))ds = uj k(t, ) (sMoR)ds

0

Ay(r) = uj

0

> up(eMoR)Ky > R = |yl

from (2.29). Thus (2.33) holds.
Now Theorem 1.1 implies 4 has a fixed point y; € KN(2:\2;) ie.
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r<|yily < R and y(t) = Myr for t€[0,1]. To finish the proof we need to
show y(f) > ¢(¢) for t€[0,1]. Now for te[0,1] we have

1
»i(t) = Mor = uMK; > uMJ k(t,s)ds = ¢(z). O
0
Next we look for solutions to Fredholm integral equations in LZ[0,1],
1 <p<oo.

Theorem 2.4. Assume that p, p; and p» are such that 1 < p; <p < o0 and
1/p1+1/p2 = 1. Suppose the following conditions are satisfied:

exists aj € LP*[0,1] and ay > 0 with |f(1, )| < a1(t) + az| y|P/??

f:[0,1] x [0,00) — R is a Carathéodory function and there
(2.34)
Jor ae. te]0,1]

(2.35) IM >0 with f(t,u)+ M >0  for ae. te[0,1] and all ue|0,0)

f(t,u) + M <y(u) for ae tel0,1] and all uel0,)
(2.36) with W : [0, 00) — [0, ) continuous and nondecreasing
and Y(u) >0 for u>0
537 there exists 6 e C[0, c0) with |y()ll,, < 0(»l,) for
237 all e L2(0,1]5 here llul, =l = (J) lu(c) o)’
(2.38) k:[0,1] x [0,1] — R is such that
' (t,5) — k(t,8) is measurable
30 < Mo < 1,ky € L?[0,1] and k, € LP'[0,1]
(2.39) such that 0 < ki(t),kx(t) a.e. te|0,1] and
' Mokl(l‘)kz(s) < k(l, S) < kl(l)kz(s), for a.e.
tef0,1], ae sel0,1]
f(t,u)+ M > g(u) for ae. te[0,1] and all ue|0, )
(2.40) with ¢ : [0, 00) — [0, 00) continuous and nondecreasing
and g(u) >0 for u>0
) 3r > uMClkl,/ Mo with r/0) = il kel
' here C = f()l ky(s)ds
and

1
(2.42) IR>r with R< ﬂM0||k1||pJ s (5)g(e Ra(s))ds;
0
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here ¢ > 0 is any constant (choose and fix it) so that
MCl|k
| mMClkl,
MR
and
ki ()
a(t) = My—~.
0=,
Then (2.1) has a solution y e L?[0,1] with y(t) > 0 for a.e. tel0,1].

Proof. Tt is enough to show (2.11) has a solution y; € L?[0,1] with y;(¢) >
#(¢) for ae. t€[0,1] (note ¢(r) >0 for ae. te(0,1]). Let

K ={ueL”0,1]:u(t) = a(t)|lul|, for ae. te[0,1]}.
Let
1 ={ueL?[0,1]: [jul|, <r} and Q2 ={ueL?[0,1]: |lu, < R},

and let 4 : KN (Q;\2,) — L?[0,1] be defined by

1
Ay(0) = i | k(13105 5(5) = 9ls))s

First we show 4: KN (2,\Q;) — K. Let ye KN (2,\2;). Then
1
(1) < (8| Ta(s)7(5,3(6) = Hs))ds ae. on 01

and so

1
(2.43) 14y, < allkal, jo ka(8) 1 (5, (5) — $(5))ds.

On the other hand

1

A¥(0) > Moy (1 L ka()f (s, 7(5) = $())ds ae. on [0, 1],

and this together with (2.43) yields

ki (2
Ay(t) > Moﬁ l4yll, = a()]l 4y, for a.e. 1e0,1].
p
Thus AyeK so A:KN(2,\2;)— K. It is well known [7] that A :
KN(2,\Q)) — K is continuous and compact.
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We now show
(2.44) lyll, < Iyl for yeKNo@:.

To see this let ye KNdQy, so ||yll,=r and y(¢) 2 a(t)r for ae. tel0,1].

Notice also for a.e. t€[0,1] that
1

(0 = 40 = 3(0) = M | (1,55 2 5(0) = uMClo (1)

Thus for a.e. 1€[0,1] we have

0

1 1
Ay(1) < ﬂJO k(t, s (y(s) — d(s))ds < pka (1) J ka(s)¥ (y(s))ds
and this together with (2.37) and (2.41) yields
AN, < wllkillplFally, W), < alliea ezl OCH V1)

= pllki k2l 0Cr) < =1I¥ll,,
so (2.44) holds.
Next we show
(2.45) |4yll, = li¥ll, for ye KNos.

To see this let ye KNaQ2, so ||yll, =R and y(¢) = a(t)R for ae. r€0,1].
Also for a.e. te(0,1] that

k
¥(0) — $(0) = (1) [1 _ ’_‘chl‘l;l] > e(1) = ea(OR

Thus for a.e. e [0,1] we have

1

Ap(n) = #JO K(t,5)g(3(s) — $(s))ds

>u J; k(t,8)g(ea(s)R)ds

1

> uMok; (1) L ka(s)g(ea(s)R)ds.

This together with (2.42) yields

1
lyl, = aMolikal, j a(s)g(ea(s)R)ds = R = [,
so (2.45) holds.
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Now Theorem 1.1 implies 4 has a fixed point y; € KN (2;\2;), so in
particular y;(t) > a(t)r for a.e. t€[0,1]. Thus for a.e. € [0,1] we have
S HMClal, _

1
i = OuMC = [ k(s)ds= g0 O

y1(8) = a(t)r = a(

References

[1] Agarwal, R. P., O’'Regan, D. and Wong, P. J. Y., Positive solutions of Differential, Difference
and Integral equations, Kluwer Acad. Publishers, Dordrecht, 1999.

[2] Aris, R, Introduction to the analysis of chemical reactors, Prentice Hall, New Jersey, 1965.

[3] Gupta, C. P., Existence and uniqueness theorems for a bending of an elastic beam equations,
Applicable Analysis, 26 (1988), 289-304.

[4] Eloe, P. W. and Henderson, J., Singular nonlinear (k,n—k) conjugate boundary value
problems, J. Differential Equations, 133 (1997), 136-151.

[5] Erbe, L., Eigenvalue criteria for the existence of positive solutions to nonlinear boundary
value problems, Mathl. Computer Modelling, 32 (2000), 529-539.

[6] Erbe, L. and Peterson, A., Eigenvalue conditions and positive solutions, J. Difference Equa-
tions and Applications, 6 (2000), 165-191.

[7] O’Regan, D. and Mechan, M., Existence theory for nonlinear integral and integrodifferential
equations, Kluwer Acad. Publishers, Dordrecht, 1998.

[8] Mengseng, L., On a fourth order eigenvalue problem, Advances in Math., 29 (2000), 91-93.

nuna adreso:

Ravi P. Agarwal

Department of Mathematical Sciences
Florida Institute of Technology

150 West University Boulevard
Melbourne, FL 32901-6975

USA

E-mail: MATRAVIP@nus.edu.sg

Said R. Grace

Department of Engineering Mathematics
Cairo University

Orman, Giza 12221

Egypt

Donal O’Regan

Department of Mathematics
National University of Ireland
Galway

Ireland

(Ricevita la 7-an de majo, 2001)



