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Funkcialaj Ekvacioj, 45 (2002) 291-318 

Blowup Rate of Solutions to the Brezis-Nirenberg Equations 
with the Robin Condition 

1. Introduction 

By 

Y oshitsugu KABEYA * 

(Miyazaki University, Japan) 

The aim of this paper is to investigate the blowup behavior of solutions to 
the Brezis-Nirenberg equation with the Robin condition. In our previous paper 
Kabeya, Yanagida and Yotsutani [10], we proved the range of ,1, for which a 
unique positive radial solution to 

Au+Ju+u5 = 0 in B= {xER3 : lxl < l}, 

(1.1) u>0 in B, 

on oB, 

exists, where v is the outward unit normal vector to oB, ,1, < Ao (Jo is the first 
eigenvalue of -A with the homogeneous Robin condition on B, Ao= n2 if n = 3 
and K = 0) for each K ~ 0. 

When K = 0, in the three dimensional case, a solution to (1.1) exists for 
n2 /4 < ,1, < n2 while in the higher dimension, a solution does for 0 < ,1, < ,1,0 (see 
e.g., Brezis and Nirenberg [4], Brezis and Peletier [ 5], or [10]). In this sense, the 
three dimensional case is an exceptional case and interesting phenomena occur 
in this case. So we concentrate on the three dimensional case. 

Since our concern is on radial solutions, we consider the initial value 
problem of the ordinary differential equation 

(1.2) { 
2 5 

Urr +-;: Ur + AU + U+ = 0, 

u(0) = a, Ur(0) = 0, 

0 < r < 1, 

and seek a suitable number a > 0 satisfying u(r) > 0 on (0, 1) and 

* Supported in part by the Grant-in-Aid for the Encouragement of Young Scientists (No. 
13740116), Japan Society for the Promotion of Science 



292 y oshitsugu KABEY A 

(1.3) KUr(I) + u(I) = 0, 

where u+ = max{ u, 0}. Note that (1.2) has a solution for any rx > 0 and X 
We introduce three numbers. Let µ0 = µ0 (K) E (0, n] be defined by 

if K = 0, 

if K > 0. 

Note that µ5 is the first radial eigenvalue of -A subject to the boundary 
condition K8u/av+u=0. For 0::=;;K::=;;I, define µ1 =µ1(K)E[0,n/2] and 
'= ((K) E [O, CX)) by 

and 

'= oo, 

1 
( coth ( = -, 

1( 

if K = 0, 

if0<K::=;;1, 

if K = 0, 

if0<K<l, 

if K = I, 

respectively. As we will see in Theorem B, A= µf is a blowup point. Also 
note that 

{ Au+ µru = 0 in B, 
Ku'(I) + u(I) = 0 

has a positive singular solution. 
Let us recall our previous results (see also [4] for K = 0). 

Theorem A (Theorem 1.1 of [10]). Let n = 3 and 0 ::=;; K ::=;; 1. If µf < 
/4 < µ5, then (l.l) has a unique radial solution. If -(2 ::=;; /4 ::=;; µ?, then (l.l) has 
no radial solution. 

By Theorem A, a mapping from /4 to the initial value rx is defined, that is, rx 
is a function of A E (µ?, µ5]. Let us denote the unique solution by u2 . We can 
draw the graph of rx = rx(A; K). Concerning the graph of rx = rx(A; K), we have 
the following global behavior. 

Theorem B ((i) of Theorem 1.3 of [10]). Let 0 s Ks 1. Then the graph of 
rx(A; K) is a continuous curve satisfying rx(A) ---+ 0 as A---+ µ5 - 0 and rx(A; K) ---+ oo 

2 ' as A ---+ µ1 + 0. 
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We can see that A= µf is the blowup point. 
The purpose of this paper is to show the blowup order of a= a(,1,; K) and 

an asymptb1ic behavior of a rescaled solution mainly following the method by 

Brezis and Peletier (5]. We utilize the Green function as in (5] and Rey [13] 
used for the Dirichlet problem. 

First we consider the case O s K < 1. 

Theorem 1.1. Let O s K < 1. Then the asymptotic behavior of a(l; K) is 

lim (l _ µi)(a(l; K))2 = 2v'3nµf{ (1 - K) 2 sin µ1 + K\1 - K)µ 1 cos µi} 
A->µf+O (1 - K + K2µ?) sm µI 

The blowup rate of a(A;K) as A----+ µf + 0 is known by [5] for K = 0. Not to 

mention, our results covers that by [5]. In fact, if K = 0, then µ 1 = n/2 and 
the right-hand side is v'3n3 /2, which is v'3 times of that in [5]. Since Brezis 

and Peletier treated the equation Au+ Au+ 3u5 = 0, the scaling u = 0u brings 

this difference. The difference of the coefficient also appears in the limiting 
behavior of a scaled function (see Theorem 1.3). 

In Theorem 1.1, we exclude the case K = 1. In this case, we see a different 
blowup order. Note that µ 1 = 0 when K = 1. The difference is affected by 

whether µ 1 = 0 or not. 

Theorem 1.2. When K = 1, then 

Similar to [5], the limiting behavior of a scaled function is obtained. Let us 

denote the Green function of (-A - A) subject to K8u/av + u = 0 by G; jx, y) 
and the "reduced" Green function GK,J.(x) := G;,,.(x,O) for x =I= 0. ' 

Theorem 1.3. Let u,. be the unique raidial solution to (1.1). Then the 

asymptotic behavior of u,. is as follows. 

( i ) If 0 s K < 1, then 

(1.4) 

for x =I= 0. 
(ii) If K = 1, then 

(1.5) 1• u,.(x) 4 4;;:,3 G (I I) Im 411 = V .)Jr I O X 
-<->+0 y A ' 

for x =I= 0. 
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Besides µ1 = 0 or not, the difference between (i) and (ii) can be explained as 
the finite part of the reduced Green function GK,µp(lxl) - 1/(4nlxl)lx=O is non­
zero or not. See Theorem 2 of [5] for a similar result on the nearly critical 
growth. 

In [10], the differential form of the Pohozaev identity plays a crucial role. 
However, to investigate the blowup nature, we need to use the integral form of 
the identity because it enables us to treat the Dirac c5 function-like behavior. 

As related topics, for the Neumann problem (K = oo ), such a blowup 
behavior of solutions to the scalar-field equation with the critical Sobolev 
exponent is discussed in Budd, Knaap and Peletier [6] and there are many works 
on the nearly critical growth (see, e.g., Atkinson and Peletier [2], Han [8) or Pan 
and Wang [12]). 

What will happen in the case where 1 < K < oo? For K > 1, the unique 
existence of a solution was also discussed in [10). Moroever, similar results to 
Theorems 1.1 and 1.3 are obtained (the blowup rate is as in Theorem 1.1). The 
blowup point is a continuous function of K E [O, oo]. These will be discussed in 
a forthcoming paper [9). 

This paper is organized as follows. The Pohozaev identity for an auxiliary 
inhomogeneous linear problem is discussed in Sections 2 and 3. In Section 4, 
several properties of the accurately approximate solution, which are useful for 
proofs of Theorems 1.1, 1.2 and 1.3, are proved. Proofs of Theorem 1.1, 1.2 
and 1.3 are given in Section 5. 

2. Pohozaev identity of the integral form 

In this section, we give the Pohozaev identity of the integral form to the 
problem 

(2.1) {
Llu+Jcu+f(lxl) =0 

au 
K av + u = 0 on aB, 

in B, 

with radial u, where Bis the unit ball in R 3 and jEL 00 (B). 

Proposition 2.1. If there exists a radial solution u E H 2(B) to (2.1), then 
there holds 

Remark. By the trace operator, we have au/av E L 2(B) for u E H 2(B). 
Moreover, since u is radial, au/av= u'(l) is finite. 
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Proof It suffices to prove the identity in the case where u E C2 ( B) n C 1 ( B). 

Multiplying the both side of (2.1) by u and integrating it over B, we have 

(2.2) I (1Vul 2 - Ju2 )dx - J u ~u dS = J Ju dx. 
B aB uV B 

On the other hand, multiplying the both side of (2.1) by x • Vu and integrating 
it over B, we have 

L (Au+ Ju)(x • Vu)dx + L f(lxl)(x • Vu)dx = 0. 

Since 

L Au(x • Vu)dx 

= I { div(Vu)}(x • Vu)dx = I ~u (x • Vu)dS - I Vu• V(x • Vu)dx, 
B 8B uV B 

we have 

(2.3) LB!: (x • Vu)dS - L vu• V(x. Vu)dx + ~ L (x. V(u 2))dx 

+ L f(lxl)(x • Vu)dx = 0. 

Moreover, since 

L Vu• V(x • Vu)dx 

= L !Vul 2dx + ~ L (x • V(IVul 2))dx 

= Livul 2dx+~Ltx{a~;!Vu1 2)dx 

I 2 lJ • 2 3J 2 = B !Vu! dx + 2 B d1v(x!Vul )dx - 2 B !Vu! dx 

and since 
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L (x • V(u2 ))dx 

= J div(xu2)dx - 3 J u2 dx = J (x • v)u2 dS - 3 J u2 dx, 
s s as s 

the equality (2.3) yields 

(2.4) Ls:: (x • Vu)dS + 1 L 1Vul 2dx - 1 Ls (x • v)IVul 2dS 

+~J (x-v)u2 dS--23..1.J u2 dx+J f(lxl)(x-Vu)dx=O. 
2 as s s 

Substracting one half of (2.2) from (2.4), we get 

(2.5) Ls:: (x • Vu)dS + 1 (AL u2 dx + Ls u :: dS + L f(lxl)u dx) 

lJ 2 AI 2 3 J 2 -- (x-v)IVul dS+- (x·v)u dS--A u dx 
2 as 2 as 2 s 

+ L /(lxl)(x • Vu)dx = 0. 

Since u is radial and B is the unit ball, we have 

OU 
x-Vu=­

ov 
on oB. 

Taking the boundary condition into account, we get 

Remark. The identity (2.5) holds also for a bounded smooth domain 
Q c R3 with u E H 2(Q). 

In order to apply Proposition 2.1 to (1.2), regarding f = u5, we have 

4n(l - K + AK 2)(u'(l)) 2 - 2,1, L u2 dx = - L (u 6 + 2(x • Vu)u 5 )dx, 

since u is radially symmetric. By the Gauss Theorem, we have 

4n(u(l)) 6 = J u6 dS = J div(xu6)dx 
as s 

= 3 L u6 dx + 6 L (x • Vu)u 5 dx, 
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and thus we obtain 

L (x • Vu)u 5 dx = ~n(u(1)) 6 - ~ L u6 dx. 

Thus we see that 

2 , 2 I 2 1 J 6 4n 6 (2.6) 4n(l-K+AK )(u (1)) -2Jc Bu dx= - 3 as u dS= - 3 (u(l)). 

From now on, we define 

(2.7) h(u) := (1 - K + AK2 ) Ls G:Y dS - 2Jc L u2 dx. 

As in [ 5], we efficiently use h ( u). 
In order to calculate the blowup order, we need the reduced Green 

function GK,A(x) (=G;,"(x, 0)) of -Ll - Jc subject to the boundary condition 
KOUjOV + U = 0. 

Lemma 2.1. For O <Jc< µJ, the reduced Green function of -Ll - Jc subject 
to the boundary condition Kou/ av+ u = 0 on oB is given by 

(2.8) 

where r = lxl and 

(2.9) 
A= (1 - K) sin( JI - µ1) + KJI cos( JI - µ 1). 

(1 - K) cos(JI- µ 1) - KJI sin(JI- µ 1) 

Proof As we see in [ 5], a function of the form 

(2.10) E(r) = -D sin( Jir) + cos( Jir) 
4nr 

with a constant D is an elementary solution (i.e., E satisfies -L1E - JcE = J, but 
is not necessarily satisfies the boundary condition). We have only to find a 
suitable coefficient A in (2.8) so that GK,A satisfies the boundary condition. The 
phase shift in the desired form can be "absorbed" by taking suitable coefficient 
D in (2.10), we consider the desired function as in (2.8). 

In fact, let G(r) = 4n(sin µ 1 + A cos µ 1)GK,A(r). Since 

G,(r) = - 1
2 { -sin( Jir - µ 1) + A cos( JI - µ 1)} 

r 
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we have 

r2 G,(r) = sin(hr- µi) -A cos(hr- µ1) 

- hr{cos(hr- µi) +A sin(hr- µi)}. 

Thus we obtain 

(r2G,), = h{cos(hr - µi) + A sin(hr - µ1)} 

- h{cos(hr - µ1) + A sin(hr - µ 1)} 

- ,1.r{ -sin( hr - µi) + A cos( hr - µ1)} 

for r #- 0. So we have only to check the boundary condition and the intensity 
of GK,;, at the origin. 

On the boundary, we get 

KG,(I) + G(l) 

= K sin(h- µ1) - Kh cos(h- µ1) -AK cos(h- µ1) 

-AKh sin(h- µi) - sin(h- µ1) + A cos(h- µ1) 

= (K-1) sin(h-µ1)-Khcos(h-µi) 

+ A{(l - K) cos(h - µ 1) - Kh sin(h- µ1)} = 0 

by the definition of A. As for the intensity at the origin, we have 

lim rGK,;,(r) = 4
1 . ,_,o n 

According to Theorem 8.2 of Mizohata [11], the Green function G;,;,(x, y) 
must be expressed as 

G;,;,(x, y) = GK,;,(lx - YI)+ SK,;,(x, y), 

where SK,;,(x, y) satisfies 
(i) ASK,;,+ ,1.SK,;, = 0 in B for any fixed y EB, 
(ii) (1 - a8 (x - y))G;,;,(lx - YI)+ SK,;,(x, y) satisfies the boundary condition on 

8B for any fixed y E B1~2e with a8 (r) E C0 (B2e) such that O :s:; ae::;; 1 and 
a8 = I on Be for sufficiently small e > 0. 

Since GK,;,(x) satisfies the boundary condition on 8B, taking especially y = 0 in 
(ii), we see that SK,;,(x, 0) = 0. Thus GK,;, must be the reduced Green function 
of (-LI - ;!_) with the boundary condition K8u/ av+ u = 0. □ 
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Blowup Rate of Solutions 

Now we define the regular part of the reduced Green function by 

1 
gK,;.(r) = GK,;.(r) - -4 , 

nr 

(2.11) ( ) _ -sin( v1Xr - µ 1) + A cos( v1Xr - µ 1) - ( sin µ 1 + A cos µ 1) 
gK}. r - ( . ) . 

' 4n sm µ 1 + A cos µ 1 r 

299 

The regular part gK,;.(r) as well as GK,2 will play important roles to show the 

blowup rate. 

Remark. Note that G1,o(r) = 1/(4nr) and g1,o(O) = 0. Indeed, G{, 0 (1) = 
-1/(4n) and G1,o(l) = 1/(4n). G1,o(r) is the reduced Green function of -A 

on R 3 . 

3. Pohozaev identity for the reduced Green function 

Here we give a regularity lemma. The inequality which appears here gives 

us fundamental information on the estimate of J2(u). We use the LP-theoretic 

treatment of (pseudo) differential operators as in Taylor [14, Chapter XI]. For 

the Dirichlet problem, see Gilbarg and Trudinger [7, Chapter 8]. 

Lemma 3.1. Let uEL1(Q) with L1uEL1(Q) be a solution to 

(3.1) 

in Q, 

{
-Au-Au= f 

au 
,c av + u = b on aQ, 

where Q is a bounded smooth domain in R 3, f E L 1(Q) nL00 (Q\Bp) with Bp 

being a ball with radius p > 0 centered at the origin, b E C2(aQ), and A E (0,µ5). 
Then u satisfies 

(3.2) [[ullw1,q(Q) + IIVul[co,,(aQ)::; C([lfllL1(Q) + llfllv"(w) + [[bl[c1,,raQ)) 

for any q < 3/2, r; E (0, 1) and any neighborhood w of aQ in Q, with constant 

C>O. 

Proof In view of the classical Schauder estimates, [lbllc1,,(aQ) in the right 
hand side follows if we see the C1,Cregularity of the solution near aQ. To see 

the regularity at aQ and the upper estimate by llf[IL1(Q) + llfl[L'"'(w)' we may 
assume b = 0. In this proof, C represents various constants. 

First we claim that 

for q < 3/2. 
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In case of n = 3 and p > 3, by the Sobolev embedding theorem W 1,P(Q) c._, 

L'x)(Q), we obtain 

Thus the duality inclusion implies 

L I (Q) c (L 00 (.Q))* c (w',P(Q))* c (wl,P(Q))* = w- I,p/(p-I\Q). 

Let ( - L1 - A )-1 be the inverse operator of ( - L1 - A) subject to the boundary 
condition K(ou/ov) + u = 0. Since A< Ao (the first eigenvalue of -L1 with 
Kou/ov+u=O on 8.Q), (-L1-Af1 exists. Then we have u=(-L1-Af IJ. 
Regarding f E w-I,p/(p-ll(Q), we can express f = (1 - L1) I12g with g E 
y/(p-Il(Q) (see e.g., Ziemer [15] p. 185-187). We rewrite u as 

u = (-L1-A)- I (1-L1) I12g 

= (-L1-A)-'(1-L1)1/2{(1-L1)'/2(1-L1)-1/2g} 

= {(-L1 - A)-1 (1 - L1)}(1 - L1)-!f2g. 

Since (-L1-A)-1(1-L1)EOPS~,o, (-L1-A)-1(1-L1) is a bounded operator 
from U(Q) to U(Q) for any p > 1 ([14] Chapter XI, Theorem 2.2, p. 267). 
Thus we see that 

(-L1 - A)-1L'(Q) c (-L1 - A)-1 w-1,p/(p-1\Q) c w1,p/(p-1l(Q) 

in view of (1 - L1)- I12g E W I,P/(p-l)(Q). Hence (-L1 - A)-1 is a bounded op­
erator from L 1(Q) to w 1,q(Q) with q := p/(p - 1) < 3/2. That is, for (3.1) 
with b = 0, we have 

(3.3) 

Next we claim that 

IIVullco,,(iJQ)::;; C(llfllv(a) + IIJIIL"'(w)). 

Let x be the characteristic function of w and define Ji = xf and h = (1 - x)f. 
Let u; be the solution of 

{
-Llu; - AU;= Ji 

OU; 
K-+u; = 0 

ov 

in Q, 

on 8.Q, 

for i = 1,2. Note that the solution u to (3.1) satisfies u = u, + u2. Since 
Ji EL 00 (Q), we have 

llu, II w2,P(Q) ::;; Cllfi llv(D) ::;; Cllf1 IIL"'(D) = CIIJ, IIL"'(w) 
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by 

U] = (-A - AT1fi 

= {(-A - Ar 1(1 - A)}(l - L1)-1fi E (1 - A)-1 £P(Q) = W 2,P(Q) 

for any p > 1, as before. If we choose p sufficiently large, we conclude 
u1 E C1,~(Q) by the Sobolev embedding. Thus we have 

(3.4) 

As for u2, we have 

llu2II w',q(.Q) ~ Cllf2IIL I(.a) ~ Cllfllv(.aJ, 

by (3.3). We note that W 1,q(Q) '-------+ V(Q) (t = 3q/(3 - q)). If we choose q 

sufficiently close to 3/2, then we have W 1,q(Q) '-------+ L 2(Q), that is, 

Since u2 satisfies -L1u2 - .A.u2 = 0 in w, we get 

llu2llc1,<1(w') ~ Cllu2IIL2(w)' 

where w' (cw) is a neighborhood of 8Q by the standard elliptic estimate with 

0 < ( < 1. Thus we have 

(3.5) 

Combining (3.4) and (3.5), we obtain the desired conclusion together with the 

Schauder estimate on 8Q. □ 

Using Lemma 3.1, we have a kind of the Pohozaev identity concerning GK,A 

and 9K,A· 

Proposition 3.1. Let GK,A(x) be defined by (2.2) and 9K,A(x) be done by 
(2.11 ). Then there holds 

h(GK,A) = 4n(l - K + d 2)(G~,A(1)) 2 - 2). L G~,A dx = -gK,A(O). 

Proof Define 

for p > 0 with Bp being a ball centered at the origin and its radius p, and XB (x) 
p 

is the characteristic function of Bp. Then bp(x) converges weakly in measure to 
the Dirac delta function £5. Let us define vp(x) by 
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0 < r = Jxl < p, 

That is, vp E C1(R3) n C2 (R 3 \i3Bp) is a solution to 

-Llvp = JP 

in R 3 such that vp(x)------> 0 as Jxl------> oo. Note that Vp------> 1/(4nlxl) in L 2(B) as 
p------, +o. Let up E C1(B) n C2(B\i3Bp) be a radial solution of 

{
-LIU-AU= <)p 

au 
1C av+ u = 0 

Then by Proposition 2.1, we have 

in B, 

on 8B. 

By the a priori estimate (3.2) in Lemma 3.1, we have 

II up JI w1,•(B) + IIVupllco,,(aB) :S; C. 

Since JP ~ <5 in measure as p------> 0, choosing a subsequence if necessary (still 
denoted by {up}), we conclude that up------> GK,A in L 2(B) and that oujov to 
aGK,A/av asp------> +o in view of the compactness of the embeddings w1,q(B) '------> 

L 2 (B) and c0,,(iJB) '------> c0(oB). Thus we have (along a subsequence) 

lim {4n(l-,c+).,c2)(u;(1)) 2 -2).J u;dx} 
~~ B 

= 4n(l - ,c + ),,c2)(G:,A(1)) 2 - 2). L GJ,A dx. 

On the other hand, there holds 

L <5p{up + 2(x • Vup)}dx 

= L <5p{(up - vp) + 2x • V(up - vp)}dx + L <5p{vp + 2x • Vvp}dx. 

As is shown in [5, p. 167, (4.12)] (direct computation), we have 

L Jp{ vp + 2x • Vvp}dx = 0. 
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By the definition of up and vp, we have 

(3.7) in B. 

The boundary condition yields 

Since 

a I K 1 I K-0 (up - Vp) + Up - Vp = -4 2 - -4 · 
v as nr nr r=I 

1 
V -.­

p 4nr 

303 

asp-. +0, and since (-A - AT1 is a bounded operator from L 2(B) to H 2(B), 
we have 

(3.8) 

as p-. +0 in view of (3.7), where gK,A is a unique solution of 

{ 

1 A . 
-Ag-Ag=- m B, 

4nr 

K og + g = _!___ (~ - !) I 
ov 4n r r r=I 

(3.9) 
on oB. 

Here, gK,A is the finite part of the reduced Green function GK,A• Since B c R 3, 
we have H 2(B) '-----+ C(B) by the Sobolev embedding theorem. Thus up - vp con­
verges to gK,A uniformly. Hence we get 

asp-. +o. 
Finally, concerning the remaining integral, we have 

By (3.8), V(up - vp) is bounded in H 1(B), i.e., in L 6(B). Hence we get 

Thus we see 
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as p-+ +o. Letting p-+ +o in (3.6), we obtain the conclusion 

4. Approximating the solution 

To prove Theorems 1.1-1.3, we need to approximate the solution very 
accurately. For A= µr + f., we denote the solution uµf+e to (1.2) by Ue for 
simplicity and set 

according to [5]. 
We define 

U (x) ·= J1J 
P • (P2 + lxl2 /3) i;2. 

Up(x) is a positive solution to 

AU+ U 5 = 0 in R3, 

with Up(O) = P- 112 (=ue(O)). We set 

gK,e := gK,µf+e> </Jp(x) := Up+ 4V3n,/pgK,e, 

Note that 1J is a radially symmetric function. Then the "error" term 1J satisfies 

(4.1) -A11-(µf+c)1J 

and 

= -A(ue - Up - 4V3n,/7JgK,e) - (µf + c)(ue - Up - 4V3n,/pgK,e) 

= -Aue - (µf + c)Ue + A Up+ (µf + c) Up 

+ 4V3n,/p(AgK,e + (µf + c)gK,e) 

= u; - uj + (µf + c) ( Up - v'3f) =: F(x) 

a up r;:; 1o ( K 1) I . = -K-- Up-v3vP 2 -- =: b, 
8v r r r=I 
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by (3.9). Note that b is constant. Using these relations, we get the error term 
estimate. 

Proposition 4.1. The error function 'ff satisfies 

as /J --+ +0 for 0 ~ K < I and 

as fJ--+ +0 for K = I, with constant C1,K > 0 independent of c and /J. 

To prove Proposition 4.1, we need to apply Lemma 3.1. Hence the estimates 
of lbl (llbllc1,,(oB)), IIFIIL"'(cv) and IIFIIL1(B) are necessary. 

Lemma 4.1. The constant b satisfies the estimate 

for any 0 ~ K ~ I with C2 > 0. 

Proof Since Up is radial, we have 

- K,/lJ {1 - 3v'3(/J2 +!)3/2} 
- 3(/32 + 1/3) 312 3 

+ ,/7J { v'3(/32 + I /3) 1/2 - I} 
(/32 + 1/3)1/2 

- 3J3 (I - 3K)/35/2 + 0(/39/2) - 2 • 

Thus lbl is of order /3 512 . Note that if K = I/3, then lbl = 0(/3912). □ 

Since b is constant on 8B, Lemma 4.1 is enough for (3.2). 

Lemma 4.2. Let w be a neighorhood of 8B in B, which does not contain the 
origin. Then the estimate 

as /3 --+ +0 holds for any 0 ~ K ~ I with constant C3 > 0. 

Proof supcvlFI is obviously estimated as 
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sup F s sup ju; - Ujl + (µf + c:) suplUp - ../3j7JI 
w w w r 

with r = !xi by ( 4.1 ). Since 

J7J - _../3j7J_p 3ps/2 + O(p9/2) 

l(P2 + ,2 ; 3) 1;2,2, (P2 + ,2 / 3) 1;2 r 

we see that 

As for the first term, we have 

sup iu; - Ujl s sup iu,15 + sup jUpj 5. 
(JJ (JJ (JJ 

As is easily seen, we have 

in w. Now we set 

(4.2) 

Note that Wp is a solution to 

(4.3) 

Then by Lemma 1 (iii) of Atkinson and Peletier [1], we have 

(4.4) U8 S Wp S Cyft 

in w. By the proof of Lemma 1 in [1] (done by comparison of (4.3) with (1.1) 
via the change of variables), one sees that this estimate is not affected by the 
boundary condition. Thus we get the desired estimate. □ 

Remark. As we see from [ 1], u8 s Wp holds for any x E B. See also 
Remark 1 of [1] and (2.11) of [1]. 

Now we divide F into three parts: Let 

2 ( ../3v7J) JilJ = (µ1 + t:) Up - -,- , 
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fi2i = u; - wJ, 

fi3i = w/- uj. 
Lemma 4.3. For i(l), the estimate 

Iii(!) liv(B) s C4,K/3512 llog /31 

holds for O s K < I and 

Iii(!) llo (Bl s C4, 1 e/3512 llog /31 

as /3----+ +o 

as /3----+ +o 

for K = I, with constant C4,K independent of e and /3. 

Proof Since i(l) is radial, we have 

f lf(1)ldx = 4n(µf + e)-/Pf 1 
(v3 - 1 ) r2 dr • 

B o r J /32 + r2 /3 

= 12v'3n(µf + e)/3512 - - ~~~ p2 dp f l/(v'3/3) (1 1 ) 
0 p v'f+p2 

= I2v'3n(µf + e)/3512 Jl/(v'3/3) (v'f+pi - p)p dp 
0 v'f+p2 

f 1/(v'3/3) 
s 12v'3n(µf + e)/3512 -1 p 2 dp 

0 +p 

s c( e )/3512 llog /31, 
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with r = v3/3p as /3----+ 0. When 0 s K < I, then µ 1 > 0 and c(e) is not depen­
dent on e although it is of order e when K = 1 as seen from the above 
inequality since µ 1 = 0 in this case. □ 

By (4.4), we have fi2i s 0. We need a lower estimate for u,. This 
originates from Lemma 2 of [I], Lemma 2.2 of Atkinson and Peletier [3]. 

Lemma 4.4. u, satisfies the inequality 

( 1 µf + e 2) u,(x) ;;:: 1 + /3 2 - - 2-jxj Wp(x) 

on B. 

Proof The original proof is for the equation of the form v" + 
r 4 (v + v5 ) = 0 in t > T with T > 0 such that v(t) > 0 on (T, oo). As in the 
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proof of Lemma 4.2, we use the integral form of (4.3) and (4.4) to obtain the 
desired inequality. Since we consider the radial solution, this result can be 
translated into our problem by u(r) = v(t) with r = I/t. Moreover, the proof 
by [I] is not affected by the boundary condition. Though the original estimate 
is for the solution of the Dirichlet problem, the estimate is still valid for that of 
the third boundary value problem. So we omit the detail. □ 

This implies that u, blows up only at the origin and that f/ does not have 
any blowup points except the origin. Using Lemma 4.4, we have an estimate 
for fi2). 

Lemma 4.5. Ji2) is estimated as 

llfi2) IIL'(B) :::;; Cs,KfJ512 llog Pl 

as /J---+ +o if O :::;; K < I, and 

llfi2)llv(B):::;; Cs,1(s/J512 llog/JI +/J512 ) 

as /J---+ +0 if K = I, where Cs,K is a constant independent of s and /J. 

Proof By the definition of Wp and Up, we see u,:::;; Wp:::;; Up from 
(4.4). Moreover, by Lemma 4.4, we have 

w/ - u; = ( Wp4 + w/u, + Wp2u; + Wpu; + u;)( Wp - u,) 

Thus we get 

and 

4 5 2 2 s 5/J2 5 :::;; 5Wp (Wp-u,):::;; -2 (µ1 +s)r Wp +--2 Wp. 

5 5/J2 
< -(µ2 + s)r2Us +-- us 
- 2 I p l + /J2 p 

1 + /J 

fJ 2 us dx < 4nfJ912 ----~ dr < cps/2 J JI r2 

B P - o(/J2+r2/3)s;2 -
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with r = ,JJfJp as /J __, +0 and C > 0 independent of /J. As in the proof of 
Lemma 4.4, C(i:) is independent of i: when O::::; K < 1 and is of order i; when 
K = 1. Thus we have the desired estimate. D 

Finally, we prove the estimate for fi 3). 

Lemma 4.6. fi3) is estimated as follows: 

llfi3l 11£I (Bl ::::: c6,K/J512 

as fJ __, +o if O ::::; K < 1 and 

as fJ __, +0 if K = 1, where C6,K is a constant independent of i; and /J. 

Proof We directly calculate I Wj - Ujl. We have 

1w,5_U51_/J5/21 1 - 1 I 
p P - [/J2+{l+(µr+i:)/J2}r2/3]5/2 (/J2+r2/3)5/2 

< ~ /35/2 (µr + e )/J2r2 
- 6 (/32 +r2/3)1/2 

by the mean value theorem. The 1:-dependence comes from this estimate. 
Moreover, since 

J
l r4 35/2 Jl/(./'Sp) s4 C 
----~ dr < - ----=--,-,-- ds < -

o(/J2+r2/3)1;2 - /32 0 (l+s2)7/2 - /32' 

with r = ,JJf]s, where c is independent of /J, we obtain 

J lw,5 - U51dx < { C6,K/J5/2, 
P e - C cfJ5/2 

B 6,l'-" , 

with C6,K independent of i: and /J. □ 

Proof of Proposition 4.1. A proof is done by combining Lemmas 3.1, 4.1, 
4.2, 4.3, 4.5 and 4.6. □ 

5. Proofs of theorems 

In this section, first, we calculate Jµ~+e(ue) by using the results in Section 
4. Now recall that 

Ue = 1/ + <Pp 
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with 

</>p = Up+ 4v'3nv'fJgK,, 

and recall (2.6) and (2. 7), i.e., 

( 5.1) Jµ2H(u,) = 4n{l - K + (µf + e)K2}(u;(I))2 - 2(µf + e) J u; dx 
I B 

First we give a rough upper estimate for </Jp-

Lemma 5.1. For </Jp, there exists C7 > 0 independent of KE [O, 1] such that 

and 

Proof From the definition of </Jp, we have 

L </J] dx ~ 2 L (Uj + (4:v3n) 2fJ(gK,,)2)dx 

and 

Since gK,, is the finite part of the reduced Green function, the second term of the 
right-hand side of each inequality is estimated from above by /J. As for the 
first term of the right-hand side, we have I u;1 2 ~ C/J on oB by the definition of 
Up. Finally, concerning JB Uj dx, it is sufficient to show 

(5.2) J uj dx ~ CfJ 
Ba 

with small a> 0. We have readily seen that 

J uj dx ~ C/J. 
B\Ba 

We prove (5.2). Indeed, we have 

J Ia r2 Ja/(,/ip) p2 
uj dx = 4n{J 2 dr = 12v'3n{J2 (I 2) dp ~ 12na{J, 

Ba O (/J + r2 /3) 0 + p 

with r = v?,/Jp. Thus we get the desired estimates. 

We have a useful approximation of Jµf+,(u,). 

□ 
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Lemma 5.2. Jµf+,(u,) is approximated by Jµf+,(r/Jp) as 

Jµf+,(u,) = Jµf+,(r/Jp) + R,,p 

with IR,,pl ~ C/33 llog /JI if 0 ~ K < 1 and IR,,pl ~ Ce/33 llog /JI if K = 1. 

Proof Using Proposition 4.1 and Lemma 5.1, we have 

IR,,pl = IJµf+e( r/Jp +fl) - Jµf+e( r/Jp) I 

~ 4n{l - K + (µf + e)K2}{2lr/Jp(l)l 1'7'(1)1 + (17'(1)) 2} 

+ 2(µf + e) L (2lr/Jp'71 + f/ 2 )dx 

~ 4n{l - K + (µf + e)K2}{2lr/Jp(l)I 111'(1)1 + (17 1(1)) 2} 

+ 2(µf + 8 )(2llr/JpllL2(B) ll'lllu(B) + ll11IIZ 2(B)) 

~ C(e)f331log /JI, 
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where the constant C( e) is independent of e if 0 ~ K < I and is of order e if 
K = I since µ 1 = 0 if K = I. Thus we get the conclusion. □ 

Our aim is to get the behavior of Jµf+,(u,) as /J-----+ +0. To this end, 
we investigate Jµf+,(r/Jp)- We need to estimate llr/Jpll 2 more accurately than in 
Lemma 5.1. 

Lemma 5.3. Jµf+,(r/Jp) is expanded as 

lµf+s(r/Jp) = -48n2/JgK,e(0) + 12v'3n2(µf + e)/32 + O(/J3 llog /JI) 

as /3-----+ +o. 

Proof Since 

we have 

by 

i( 1 _J3)_ 0 2 

av (/32 + lxl2 /3)1;2 lxl - (/J ) 
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on 8B. Thus we get 

4n(¢p(l)) 2 = l92n3f3(G~,µf+,(I)) 2 + O(f33). 

Next as for fs ¢i dx, we have 

L ¢} dx = L (Up+ 4v3nv7]gK,e)2 dx 

= L uj dx + 8v3nvP L UpgK,e dx 

+ 48n2/3 L ( GK,µf+e - 4n~xlY dx 

= J uj dx + 8v3vPn J UpgK,e dx + 48n2/3 J G; 2+e dx 
B B B ,µ 1 

J (gK e 1 ) J 1 - 24nf3 -1 -·1 + --2 dx + 3/3 - 2 dx 
B x 4nlxl B lxl 

= 48n2/3J G2 
2+ dx + 8v3n/3J { 2 

1 2 112 - \13I 3
1 }aK e dx 

B K,µ1 e B (/3 + lxl /3) x ' 

- 3/3 J ~ dx + J uj dx 
B lxl B 

= 48n2/3J G2 z+ dx B K,µ1 e 

As for the second term, since gK,e E L 00 (B), we have 

< J dx = 4n I 1 1 dr 
- B lxl\/32 + lxl2 /3) 1/2 o (/32 + r2 /3) 1/2 

JI/( ./3p) 1 
= 4v3n 112 ds:::; cl log /31, 

o (1 + s2) 
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with r = Jxl and r = ',/'3/Js. Similarly, as for the third term, we get 

J ( 1 - .2_) dx - - l 2nfJ2 JI dr 
B p2 + JxJ2 /3 JxJ2 - o p2 + r2/3 

Jl/(v'3P) ds ( 1 ) 
= -12v'3nf] 0 1 + s2 = -12v'3nf] tan- 1 ',/'3/J 

= -12v'3nf]G + 0(/J)) = -6v'3n2fJ + O(fJ2). 

Thus we obtain 

Hence we have 

+ O(/J3Jlog /JI) 

= 48n2fJJµ2+e( G2 2+ ) + 12v'3n2(µf + e)/J2 + O(/J3 llog /JI) 1 K,µ1 S 

by Proposition 3.1. 

Using Lemmas 5.2 and 5.3, we prove. Thereom 1.1. 

Proof of Theorem 1.1. First we note that 

4n(ue(l)) 6 = J ui dS = O(p3) 
8B 

by (4.4). Thus we have 

Jµf+e(ue) = O(/J3) 

by (5.1). From Lemmas 5.2 and 5.3, we obtain 

(5.3) 48n2f]gK,e(O) = 12v'3n2(µf + e)/J2 + O(/J3llog /JI) 
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□ 

as fl----. +0. Note that we here treat the case O ::; K < 1. Recalling the def­
inition of gJc (see (2.11)), and using !'Hospital's rule, we get 
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(5.4) 

where A is defined as 

(5.5) 

If O ::;; K < 1, smce 

we have 

If O ::;; K < 1, we get 

Thus we have 

(5.6) 

by noting Kµ1 sin µ 1/(1 - K) = cos µ 1. 
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Substituting (5.6) for (5.3), we have 

for(; - K + K2µ?)(sin µ 1)/Je + O(/Je2 ) 

(1 - K) sin µI + K(l - K)µ1 cos µI 

= l2v13n2(µf + e)/32 + O(/J3 llog /31)­

Dividing the both sides by /32, we get 

e 2v'3n(µ? + e){(l - K)2 sin µ1 + K(l - K)µ1 cos µi} 
/3 (l-K+K2µ?)sinµ 1 

+ O(/Jllog /JI) + e • 0 (i )-
Letting e-----+ 0, we obtain 

(5.7) lim ~ = 2v'3nµ?{(l - K) 2 sin µ 1 + K(l - K)µ1 cos µi} 
B----,0 /3 (1 - K + K2µt) sinµ, 

Since /3 = (u8 (0))-2, 

Thus we get the desired value. 

(5.8) 

Proof of Theorem 1.2. When K = l, then (2.6) yields 

4ne(u~(1)) 2 - 2e Lu; dx = -;nu~(l). 
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□ 

Unlike the proof of Theorem 1.1, e appears directly m this relation when 
K = l. By (4.4) and Lemma 4.4, we see that 

(u"(l)) 6 = 27/33 + O(e/33 + f3 5). 

Directly substituting µ1 = 0 for (5.5) and (2.11), we have 

A= -cot -Ji, ( ) tan ye sin( yer) cos( yer) - 1 ( ) 
gK " r = 4 + 4 + 0 e . ' nr nr 

Since U8 = Up+ 4v'3nJl]gK,B + 17 =<ftp+ 17, we get 

Lu; dx = L uj dx + O(e/3 + e/33llog /JI+ /33) 
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by Proposition 4.1 and Lemma 5.1. The relation 

I Ujdx=4rcf 1 
2 /Jr2 dr=l2v13f32 J1/(v'3Pl(1--1 l 2)dp 

B O /J + r2 /3 0 + p 

1 = l2nf3 - l2rcf32 tan-1 r,, 
V 3/J 

with r = '1/3/Jp yields 

(5.9) Lu; dx = l2nf3 + O(e/3 + /32). 

Similarly, we have 

in view of 

(gK ,)' (1) = 4
1 { (tan Je)( Je cos Je - sin Je) - Je sin Je + (1 - cos }e)} 

' TC 

f, 2 = --+ O(e) 
Sn 

and Proposition 4.1. Thus we get 

(5.10) 

Substituting (5.9) and (5.10) for (5.8), we obtain 

-12ne/J + O(e2/J + e/32) = -36rcf33 + O(e/33 + /35). 

Dividing the both sides by f3 3, we see that 

lim--; = 3 
e--+0 fJ 

i.e. lim lui(O) 4 = 3. 
A--+0 

Proof of Theorem 1.3. As stated in the top of this section, we have 

-1/2 _ -1/2 -1/2 r,, ( 1 ) /3 u, - /3 Y/ + /3 Up+ 4v 3rc GK,µf+e(x) - 4nlxl 

□ 

for x =I= 0. Since p- 1!2Y/ -----+ 0 as /J-----+ 0 by Proposition 4.1 (rt can be estimated 
as m Proposition 4.1 pointwise if x =I= 0), and since P- 112 Up-----+ v3/lxl, we 
have 

lim p- 112u, = 4v13rcGK µ2 
e-+0 ' 1 
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for x =I= 0. Thus by (5.7), we obtain 

lim u;, =~ 
E-+0 ✓J.. - µf µ1 

for O s K < 1 and 

for K = 1 by Theorem 1.2. 

v13n(l - K + K 2µ?) sin µ1 G 
2 

2{(1 - K) 2 sin µ 1 + K(l - K)µ1 cos µ1} K,µ1 

lim ~411;, = 4v'3nG1 o 
A-->0 VA , 
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□ 
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