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Decomposition of Variation of Constants Formula for Abstract
Functional Differential Equations

By

Yoshiyuki HiNo*, Satoru Murakami! and NGUYEN Van Minh

(Chiba University, Okayama University of Science, Japan and Hanoi University of Science,
Vietnam)

1. Introduction

In this paper we are concerned with the linear functional differential
equation

(1) u(t)y = Au(t) + F(O)u, + f (1)

on a phase space # = #({—0,0]; X) satisfying some fundamental axioms listed
in Section 2.1, where A4 is the infinitesimal generator of a strongly continuous
semigroup T'(f) on a Banach space X, u, is an element of 4 defined by u,(0) =
u(t+0) for 0 e (—00,0], F(z) is a bounded linear operator mapping # into
X which depends strongly continuously and periodically on ¢, and f is an X -valued
bounded and continuous function.

In a recent paper [24], Murakami, Naito and Nguyen have established a
variation of constants formula (VCF) in the phase space for Eq. (1). The
formula has been then applied to extend a classical theorem of Massera [22] on
the existence of periodic solutions of linear ordinary differential equations to
almost periodic solutions for Eq. (1).

A key point in [24] is to analyze difference equations associated with Eq. (1),
which are derived naturally from the formula.

In this paper we will continue to study the subject, and establish several
sharper results on the existence of almost periodic and quasiperiodic solutions
for Eq. (1). Our approach employed in this paper is different from the one in
[24]. Indeed, we will decompose the variation of constants formula into two
parts referred to as the stable part of VCF and the unstable part of VCF
(Theorem 3.1), and study each part of VCF to ensure the existence of almost
periodic solutions and quasiperiodic solutions for Eq. (1). There are several
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advantages in our approach. Among them, we point out the following two
facts: Roughly speaking, some spectral properties of the function f is inherited
to the stable part of VCF (Theorem 3.3). Meanwhile, the unstable part of
VCEF is reduced to an ordinary differential equations (Theorem 3.5), and via this
fact some spectral properties of f is inherited also to the unstable part of VCF
(Theorem 3.6).

As an appendix, we refer to the Riesz representation for each element
belonging to the dual space of #((—oo]; X) and Favard’s type argument to
ensure the existence of almost periodic solutions of ordinary differential equa-
tions with a discontinuous forcing term. They seem to be unknown in the
general situation and will be indispensable in our approach.

2. Abstract functional differential equations

Throughout this paper, we will use the following notation. N, Z, R and C
denote the set of natural numbers, integers, real numbers and complex numbers,
respectively. Also, C(J, X) denotes the space of all X-valued continuous func-
tions on J, and BC(J,X) denotes the subspace of C(J,X) consisting of all
bounded and continuous functions on J.

We now consider the abstract functional differential equation

du(t)

(1) 5 = (o) + F(Ou + £ (),

where A4 is the generator of a semigroup of linear operators on a Banach space
X, F(r) is a bounded linear operator from % into X which is periodic in ¢ with
period 1, where £ is a fading memory phase space of Eq. (1) with infinite delay
satisfying the axioms listed below and f € BC(R,X). We emphasize that the
assumption that the period of F is 1 does not constitute any restrictions on the
obtained results.

2.1. Fading memory phase spaces. We will give a precise definition of the
notion of fading memory space for Eq. (1) in this subsection. Let us denote the
norm of X by |- ||y. For any function x: (—o0,a) — X and ¢ < a, we define
a function x;: R™ :=(—00,0] — X by x,(s) =x(t+s) for se R~. A Banach
space (4, || - ||) which consists of functions ¥ : (—00,0] — X is called a fading
memory space if it satisfies the following axioms:

(A1) There exist a positive constant N and locally bounded functions K(-)
and M(-) on R* with the property that if x:(—00,a) — X is continuous on
[0,a) with x, € # for some o < a, then for all ¢ [o,a),

(i) x €A,

(ii) x, is continuous in ¢ (W.r.t. |- ||,),

(i) Nl < [l < K(t — 0) sup,<yc Ix(5) Ly + Mt = )%l
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(A2) If {¢*}, ¢* € B, converges to ¢ uniformly on any compact set in R~
and if {¢*} is a Cauchy sequence in 4, then ¢ # and ¢* — ¢ in .

A fading memory space # is called a uniform fading memory space, if it
satisfies (A1) and (A2) with K(-) = K (a constant) and M(f) —» 0 as f — oo
in (Al). A typical example of uniform fading memory spaces is the following
one:

C,=CJ(X)= {¢e C(R;X): 01_i)13100 'W(e%: 0}
which is equipped with norm |||, = supg<oll¢(6)ll/ e’ where y is a negative
constant.

It is known [9, Lemma 3.2] that if & is a uniform fading memory space,
then BC:=BC(R™;X) = # and the inclusion map from BC into # is con-
tinuous. For other properties of fading memory spaces and uniform fading
memory spaces, we refer the reader to the book [14].

2.2. A variation of constants formula for FDE. We consider now the abstract
functional differential equation (1) with the fading memory phase space 4.
Throughout the paper we shall assume that F(f)¢ is continuous in (z,¢) e
R x # and that the operator F(r) is of the form:

0
©) FO@ = | din(.0060),  deCn,

where #(t,6) is an L(X)-valued function of locally bounded variation in 6 on
R™; here Cy denotes the subspace of C{R™,X) consisting of functions with
compact support, and L(X) is the space of all bounded linear operators on X.
Without loss of generality, one may assume by Lemma 5.2 in Appendix that the
function # in (2) is normalized; that is, #(¢,0) is left continuous in 6 < 0 with
7(t,0) = 0.

Furthermore, we always assume that for any R > 0 the total variation
Var(n(t,-) : [-R,0]) of #(t,-) on [—R,0] as a function of ¢ is dominated by a
locally integrable function mp:

Var(n(t,-) : [—-R,0]) < mg(2), teR.
For any (o,¢) € R x &, there exists a (unique) function u: R — X such that
us = ¢, u is continuous on [o,o0) and the following relation holds:
t

u(t) = T(t — o)$(0) + J T(t — s){F(s)us + f(s)}ds, t>a.-

g

The function u is called a (mild) solution of (1) through (a,¢) on [s, c0), and
denoted by u(-,a,¢; f). Also, a function v € C(R, X) is called a (mild) solution
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of Eq. (1) on R, if v,e % for all te R and it satisfies u(t,o,vs; f) = v(t) for all
t and ¢ with ¢t > 6. For any ¢ > s, we define an operator V(¢,s) on # by

V([,S)¢ = ut(sa #; O)a peB.

We can easily see that under the assumption on the strong continuity and
periodicity of F(t), the two-parameter family (¥(z,s)),., is a strongly con-
tinuous evolutionary process on %, which is called the solution process of (1).
By a strongly continuous evolutionary process in a Banach space Y we mean
a two-parameter family of bounded linear operators (V(z,5)),5,, (-0 <s<
t <o) from Y to Y such that the following conditions are satisfied:

i) V(,t)=1I, VteR,

i) V(,)V(s,r)=V(t,r), Vt=s>r,

iii) For every fixed y € Y the following map is continuous:

{(n,&) e R* :n = &} 5 (t,5) = V(1,5)y,
iv) There exist positive constants N, such that
| [V(z,5)]) < Ne®t=9, Vt >s,t,5€R.
By the principle of superposition, we get the relation

(3) ut(aa ¢,f) = ut(o-’ ¢; 0) + u,(a,O;f)
= V(t,0)¢ +u(a,0; f).

In what follows, we shall give a representation of u,(s,0; ) in terms of f
and the solution process (V(t,s)),5,- To this end, we introduce a function I'"
defined by

wgy _ [ @O+DI —1/n<0<0
ro={¢""

where n is any positive integer and 7 is the identity operator on X. It follows
from (Al) that if x € X, then I'"x e # with ||[I""x|; < K(1)||x||y. Moreover,
since the process (¥ (t,5)),,, is strongly continuous, the #-valued function
V(t,s)I""f(s) is continuous in s e (—oo,f] whenever f e BC(R,X).

The following theorem yields a representation formula for solutions of (1)
in the phase space:

Theorem 2.1. The segment u,(c,¢; f) of solution u(-,0,, f) of (1) satisfies
the following relation in %:

t

(4) ulodif) = Vitoyp+ lim | Voo, >

a

Moreover, the above limit exists uniformly for bounded |t — al.
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In fact, this theorem can be established without the integral representation
(2) on F(¢) (24, Theorem 4.2]). In what follows, however, we assume the
representation (2) on F(¢), and give an outline of the proof of Theorem 2.1
which is different from the one in [24], because several facts established in the
proof will be essentially used in subsequent sections.

Outline of the proof of Theorem 2.1. For any («,x) € R x X we consider

the integral equation
!
5) o0 =Pl + [ Ta-9F@yds, 123
o
with the condition y, =0, where
t
P(tya;x) = T{t — o)x — x — J T(t —s)n(s, o0 — 8)x ds.
o

By Picard’s iteration method, we see that the above equation for y possesses

a unique solution which we denote by y(f,a,x). In fact, there exists a unique

L(X)-valued function Y(¢,«) such that:

i) Y(t,) is strongly continuous in ¢ with 7 > « and is strongly left continuous
in o« with o <¢,

i) Y(z,a)x =: y(t) satisfies (5) with the condition y, =0,

iii) on each separable subspace of X, Y (¢,a) is a strong limit of some sequence
of operators in L(X) which is strongly continuous in (z,«) with ¢ > « and
uniformly bounded for bounded (¢, «) with ¢ > a.

Now we consider a function v(t,a;x) defined by

o(t,o;x) = x+ Y{(t,a)x (xe X)

for t = a. The function v(z, «; x) is continuous in ¢ with ¢ > o and is left con-
tinuous in « with a <, and the following relation holds:

(6) v(tyu;x)=T(t—a)x+ Jt T(t—s) (JO [don(s, 0)]v(s+9,a;x)>ds, t>o.

o a—=s
We extend o(f,o;x) by putting v(f,0;x) =0 for t<a The function
v(t,; x) intimately concerns the solution of the equation (1) as follows:
i) [lo(t,s;h(s))ds = u(t,0,0;h) (Vh e BC(R, X)),
i) lim u(t, o I""x;0) = o(t, o; x) uniformly for each bounded (z, x) € [, 0) x X.
Tn order to prove the theorem, it suffices to establish the following relation:

Jt V(t,$)I"f(s)ds — u,(a,0; f)

[

(7) lim [ sup

=% |g<t<o+L

J =0 (VL >0).

The integration jat V(t,s)I'"f(s)ds is written as the limit of a Riemann sum of
the form ¢ == S°, V(t,5)I"f (sk)4s in . Observe that ¢4(6) = >, u(r + 6,
Sk, I'"f (sx); 0) sy is a Riemann sum of the integration
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t
|| ute+ 05,7715 005 = ¢700)
and it converges to the above integral uniformly on any compact set in R~
because of the uniform continuity of u(z + 6,s,I"f(s);0) as a function of (0, s)
on R x|[o,f]. Since £"(f) is continuous in § <0 with &"(0) =0 for 6 <
o—t—1/n, it follows from (Al)-(i) that " € . Moreover, we get
I€" — Mg <Ki-  sup  [[€"(0) — 4" (O)llx
g—t—1/n<0<0

by (Al)-(iii), where Ky = K(t—o+1). Thus ¢ converges to ¢” in %, and
hence

Jz V(t,s)I"f(s)ds — & =0.

o %

Using (Al)-(iii) again, we get

®) wlo 03 )~ | Voo = lufe.0i) - &

<K - sup |u(t+6,0,0;f)—E"(0)|y-

o—t-1/n<6<0
Observe that
sup  |lu(t+6,0,0; 1) — E"(0)| x

o—1—-1/n<f<o—t

= sup
g—t—-1/n<h<o—t

Jt u(t+ 0,5, I'"f(s);0)ds

g

X

JIF”(H— 0 —5)f(s)ds

a

= sup
g—t—1/n<0<o-t

< (1/2n) sup ||/ (s)lly — 0

X

as n — oo. Also, we get

sup |lu(t+0,0,0; f) — E"(0)| x

o—1<0<0
= sup lu(e,0,0:) — [ utros 1715 00ds - j( 7 (s); 0)ds
o<t<t o T X
= sup [ltr.0,0:0) = [t 71500 - j I — ) f(s)ds
o<t<t o T X

< s [ 10(e.57(9) = utes, P70 O)llds + (1/20) sup 179y

o<1t Jg
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We can easily show that

im [sup{ [ lo(e576) - ateos, 7950y

n—0oo o

—L<o<t<L,sup|f(t)ly gL}] =0.
teR

It follows from this observation and Relation (8) that

lim [sup{

Jl V(t,)I"f(s)ds — u,(5,0; f)

g

B

—L<o<t<Lsup|f(7)lly < LH =0
7eR

for each L>0. Let p be the integer such that p <o <p+ 1. Since F(¢)
is 1-periodic, one can easily see that u(c,0; f) =u,_,(6 — p,0; f7), where
fP()=f(p+-). Then we get Relation (7), because of the relations
Supc z,cerIL/7 (D)l x = superll (1)l y < 0o and

jt V(t,5)"f (s)ds — u (o, 0; f)

g

= qup V(t—p,s)I""fP(s)ds — u_p(c — p,0; f7).
o—p

This completes the proof of the theorem.

3. Decomposition of variation of constants formula

Throughout the rest of this paper we will make as a standing assumption
that # is a uniform fading memory space, 4 is the generator of a compact
semigroup (7°(t)),, and F is a l-periodic function satisfying the assumptions
stated in Section 2.

3.1. Stable part and unstable part of VCF. In this subsection, correponding to
the spectrum of the solution process of (1), we shall decompose the phase space
4% as a direct sum of two closed subspaces, and moreover decompose the formula
obtained in Theorem 2.1 into two formulas.

First, by virtue of [36, Theorem 4.8, we see that the essential spectrum
radius r.(V(1,0)) of the operator ¥(1,0) is less than one. Choose a negative
number y so that y > log(r.(¥(1,0)), and set C, ={ue C: |yl >e’}. From
the well known results on the periodic evolutionary process (see e.g. [7, 12, 14])
it follows that the set 4 :=o(V(s+1,5))NC, is independent of se R and it
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consists of points of normal eigenvalues of V(s+1,s), where o(V(s+1,s))
denotes the spectrum of the bounded linear operator V(s + 1,s). Moreover, for
any s € R the space # is decomposed as a direct sum of closed subspaces S(s)
and U(s)

B=S(s)@ U(s) (seR)

with the following properties:
i) dim U(s) (=:d) < oo is independent of s e R;
i) S+1) =S8, Ut+1) = Ul(p);
i)  V(1,5)8(s) = S(5), V(£,5)U(s) =« U(t) (Vi >.);
v) o(V(s+ Ls)lyy) =4, a(V(s+1,9)gy) = a(V(s+1,)\4.
Henceforth, we use the notation

V(Z,S)IS(S) = Vs(t7s)> V(tas)lU(s) = VU(t7S)'

Also, we denote by IT5(s) (or ITY(s)) the projection from 2 onto S(s) (or U(s) -
respectively) along to the above decomposition. In fact, the projection I7Y(s)
is represented as

1

HU(S) :%

J (A~ V(s+1,5)"\da,

%

where 4 is a closed rectifiable Jordan curve which is disjointed with
a(V(s+1,s)) and contains A in its interior but no points of a(¥V(s+1,s))\4
((12]). From this it follows that the operator valued function ITY(s) is
1-periodic and strongly continuous in s. In particular, we see that the norm of
ITY(s), together with the norm of IT5(s), is uniformly bounded on R:

sup||IT5(s)|| + sup|| ITY (s)|| =: Cy < .
seR SER

Corresponding to the above decomposition of the space %, we consider the
following two equations:

(9) E(f) = V5(t,6)&(0) + lim Jt VS(t,8)ITS(s) " (s)ds, t>o.

N
nooa,

t

(10)  5(r) = VY(t,0)n(0) + ’}Lrgl[ VU(t,)ITY (s)I"f (s)ds, t>o.
g

Henceforth, we refer to Eq. (9) and Eq. (10) as the stable part of VCF

and the unstable part of VCF, respectively. Note that they correspond to the

S-component and the U-component of the variation-of-constants formula
(VCF) in Theorem 2.1, respectively.

Since the projections I75(s) and IT7Y(s) are continuous on %, the former
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part of the following theorem follows from Theorem 2.1. Also, the latter part
can be proved by the same reasoning as in the proof of Theorem 4.2.9 of [14,
p. 121].

Theorem 3.1. Assume that & is decomposed as cited above. Then, for the
solution u(- ,a,¢, f) of (1) the S-component IT5({)u,(c, ¢; f) and the U-component
ITY(Huo,d; f) of the segment u,(a,¢; f) satisfy the stable part of VCF and the
unstable part of VCF, respectively.

Conversely, if the functions & and n on R with &(t) € S(t) and y(t) € U(2)
satisfy the stable part of VCF and the unstable part of VCF, respectively, for all
(t,0) with t > ¢ > —c0, then the function u(t) defined by u(t) = [E(¢) + n(2)](0)
for te R is a solution of Eq. (1) on R, and satisfies u, = &(t) +n(t) in 4.

3.2. Solutions for stable part of VCF. In this subsection we shall investigate
solutions of the stable part of VCF. Let us recall that the spectrum of V5(,s)
which is the restriction of V(z,s) to S(s) is evaluated as

a(VS(s+ L,s)s) = a(V(s+1,5)\4.

Therefore the spectrum radius of ¥'S(s + 1,s) is less than one, and the norm of
the operator V5(z,5) decays exponentially as ¢ — oo;

(11) IC > 0,0>0: | VS(t,5)|| < Ce™7) (Vi =s).

Let f e BC(R,X) be given. In virtue of the estimate (11), it is straight-
forward to check that the integral [’ W VS, 0I5 (2)(I'"f (1))dt  converges
in 8. Moreover, by the estimate (11) and Theorem 2.1 one can see that
{fiooVS(t, 0)IT5(¢)(I'"f (1))dt},s, is a Cauchy sequence in 4%, and hence the
limit lim fﬁ SV, S(r)(I'"*f(t))dz exists in & by virtue of the completeness
of B We set

#(f) = lim Ji VS(t, ) IT5 () (I'f (7))dt

h— 0

= lim J VS(t,t — s)IT5(t — s)(IT"f(t — s))ds.
n—oo 0
Theorem 3.2. Let feBC(R,X). Then the function ¥(t) is B-bounded
(that is, sup,.pl|¥ (¢)|| 4 < ) and continuous on R and satisfies the stable part of
VCF for all (t,6) with t > > —c. Moreover, if % is %B-bounded and con-
tinuous on R and satisfies the stable part of VCF for all (t,6) with t > ¢ > — 0,
then ¥ (t) = %(t) in # for all te R.

Proof. We first assert that for any ¢ > 0 there exist Lo >0 and nype N
such that
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t
sup
teR

<é
B

[ vuomsmrrea- |

—00

V(6,0 () (I"f (2))dr
L

—

for Vm,n > ny and VL > Ly. Indeed

t

| vuomsaare- |

{—

VS(t,0) IS (2)(I'"f (1))d
L

B

~Lo
< J VS(t, )\ I5(x)(I'™f (z))dz
—00. Z3
t—Ly
+ J Vs(t, T)HS(T)(an(T))dT
t—L B
+]  Paom e - | VSIS @) (1))
t—Ly t—Lgy

B

< (2CCoK(1)/a)llflle™ + Co - Jl V(t,o)I'"f(z)dx

t—Lg

- Jt V(t,7)I"f(r)dv

—Lo 2

by (A1)-(iii) and the estimate (11), where || f|| = sup, e/l f{¢)lly. Choose Ly >0
so that

QRCCK (D) /)| flle™ < g/2.

Also, by Theorem 2.1 one can choose sy so that

Co-

Jt V(t,7)"f (t)dt — u,(t — Ly, 0; f)

t—Ly

<ef4 (Vn = ny).
B
Then the assertion follows from the above inequality.
Now, letting m — oo in the inequality of the assertion, we get

i

Y (1) - j V(0 IS () (T () dx

t—L

(12) -sup
teR

<& (Vn = ny, VL > Ly).
%

Since ¢+ [/, VS(t,7)I15(v)(I""f(z))d7 is continuous, we see that %(z) also is
continuous. Moreover, % is #-bounded on R because of

[0lls < sup | VST @I @)t
< | i s

= (CCo/)K(DIISfI-
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If t >0 > —o0, then

V5(t,0)% (o) + ,,IEE) Jt VS(t,8)IT5(s)(I"f (s))ds

— lim V5(1,0) Ja VS(a, ) ITS (s)(I"f (5))ds

n—oo

n—aoo o

+ lim Jt VS (4, $)ITS (s) (I (5))ds

= lim {r VS(t,s)ITS (s)(I"f (s))ds + Jl VS(t,s)HS(S)(F"f(s))ds}

fim Jt VS (1, $)ITS () (I"'f (5))ds

=Y(1).

Thus #(¢) satisfies the stable part of VCF for all (¢,0) with ¢ > ¢ > —o0.

If % is another #-bounded and continuous function satisfying the stable
part of VCF, then #(t) — ¥(t) = V5(t,0)(¥(c) — #(0)) for all 1> 0> —c0.
Hence

190) - 80y < Ce 2 { supl@ (D)l + supl T | -0
TE TE

as ¢ — —oo, and consequently % (f) = #(¢) in 4. This completes the proof of
the theorem. ]

We recall that f € BC(R, X) is said to be almost periodic (in the sense of
Bohr), if for any positive ¢ the set 7(f,¢) defined by

1(7.0) = {reResupls+) 70 <o

te

is relatively dense in R ([19]). If f is an almost periodic function, the limit
!

(13) a(i; f) = lim J Fe i di,  VieR
-1

exists. a(4; f) is called the Bohr transformation of f. We denote by o5(f) the
set which consists of real numbers A satisfying a(4; f) # 0, and call g5(f) the
Bohr spectrum of f. It is known that the set o;(f) is at most countable. We
denote by m;(f) the module generated by a,(f);

my(f) = {Zmi heZ eab(f)}.

finite



352 Yoshiyuki Hivo, Satoru Murakamt and NGUYEN Van Minh

An almost periodic function f is called a quasiperiodic function if m;(f) has a
finite integer basis (cf. [19, p. 26 and p. 48]). For properties of almost periodic
functions and quasiperiodic functions, see [19].

The following result will be needed later to study of existence of almost
periodic solutions and quasiperiodic solutions for Eq. (1).

Theorem 3.3. Let f be an almost periodic function. Then the function
#(t) is an almost periodic function, and the following relation holds:

(%) = ap(f) + 27Z.

Proof. Since the set ZNT(f,¢) is relatively dense in R (cf. pp. 163164
in [5]) and VS(¢,t —s) is 1-periodic in ¢, we can easily see by (11) that #(z) is
almost periodic. We will prove the inclusion relation on o,(%). To do this, it
suffices to establish that

1,
a(io; %) := lim _Z—IJ le"’l"’@/(t)dt =0

in # under the assumption that Ay ¢ op(f) +2nZ. Let ¢ be any positive
number. By the approxmation theorem for almost periodic functions ([19],
pp. 22-24), there exists a function P(r) such that

flellgllP(t) —fOlx <e

where P(¢) is a function of the form

(14) P(f) = zrn:xjei"f’ (x; € X, € 05(f))-
=

Then

Jt VS (1, ) TS (2) (I™f () ) — J VSIS (1) (P P(n))de

t—Ly

t—Ly B

t
< K(l)CCO.SJ e~ dr
t—Ly

= C18,
where C; = K(1)CCyp/a, and ny and Ly is the number ensured in the proof of
Theorem 3.2. Hence we get
t

V(1) - L_L VS (4, ) TS (1) (I P(x))dx

<(1+ C1)8 =: (e
B

sup
teR
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by (12), and hence

1 2

e —iAot
(15) ” 2 J_IWJ(t)e dt

< Che.
B

-5 Ji, (Jt VS(t,)Irs (r)(F”OP(T))dr) e gy

Notice that

%Ji, (Jt VS (1, )T (2) (F”"P(r))dt) et gy

t—Ly

J (J VS(t,t—s)IS(t - )(F""P(t—s))ds)e—ilotdt

QIH

m

M

J (—J VS(t,t — $)ITS(t — s) (I x;)e ™ Ro= )t dt) e ds,

j=1
and that the function
Aot VSt —s)IT5(t — 5)(I'™x;)

is continuous and 1-periodic. Since 4o — y; ¢ 2nZ, we get a(lo — u; #) =0 or

=0
2

lim
-0

I
211J VS(t,t —s)IT5(t —s) (F""xj)e"'u"“ﬂj)’ dt

for each j=1,...m and s€e[0,Ly]. By the estimate (11) it follows that

1 )
“ VS(t,t — s)IT5(t — s)(I'"0x;)e o=t gy S ——J e Cy dt = Cze™,
1

21)_

where C; is a constant independent of / and s. Then Lebesgue’s convergence
theorem implies that

=0
3

lim

I— o0

Losp ! | |
J (ﬂj VS(Z, r— S)HS(t — s)(pnoxj)e—t(lo—uj)z dt) oS s
0 -1

for each j=1,...m, and hence

= 0.
#

lim || —

I— o0

Therefore, letting / — oo in (15), we get ||a(do,%)||4 < Cre. Since ¢ is an
arbitrary positive number, it follows |a(ly;%)||z =0, as required. ]
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3.3. Solutions for unstable part of VCF. In what follows we shall analyze the
unstable part of VCF, and deduce that the unstable part of VCF is reduced to
an ordinary differential equation.

If {#(s),...,44(s)} is a basis of U(s), then D(s) = (¢(s),...,d4(5)) is
called a basis vector of U(s). Let @ = (¢;,...,4,) be a basis vector of U(0).
Since ¥ (1,0) is a linear transform on U(0), there is a d x d matrix M such that
V(1,0)® = ®M. Notice that o(M)=a(V(1,0)|yp) =4 does not contain

zero. Therefore there exists a d x d matrix G such that M =e%. We set

&(1) = V(¢,0)Pe™

for t > 0. One can easily see that @(¢+ 1) = &(¢) for all 1> 0, and that &(¢)
is a basis vector of U(t). We extend &(¢) for t <0 periodically (which we
denote by ®(¢) again). Then

V(1,5)®(s) = D(1)e (Ve >5).

Now, for the above basis vector @(f) = (¢;(?),...,¢44(¢)) of U(t), there
exist uniquely d-elements ¥ (t),...,¥;(¢) in #* (the dual space of %) such that
Y1), ¢;(t)> = 1 if i =, 0 if i # j, and that () = 0 on S(z). Here and here-
after, (, > denotes the canonical pairing between the dual space and the original
space. It is clear that {y,(¢),...,¥,(¢)} is linearly independent. We denote by
¥ (r) the transpose of (,(1),...,¥,(t)) to use the expression (¥ (1), (1)) = Is
(here I, is the d x d unit matrix), and call ¥(¢) the dual vector associated with
@(1). It follows from the uniqueness that ¥(¢) is 1-periodic; that is, ¥(1+ 1) =
¥(t). The projection operator ITY(¢) is represented by means of &(f) and ¥(1)
as follows:

mY(0g = e(1)<P(0), 4>, de B

By the same reasoning as in Theorem 6.1.2 and Proposition 6.2.2 in [14] one
can see that

(16) Vit )P(t) = eI (s) (Ve =),

and that ¥(¢) is weak-star continuous in #; that is, {¥(¢), ¢) is continuous in ¢
for each ¢ € #. Consequently

(17) fug]l?’(t)“ =: C4 < 0.

It follows from Proposition 5.1 in Appendix that for any i € #* there is a
unique ¥ € NBVo.(R™; X*) such that

0 ~
Wh=| @O0 (e cm),
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where NBV,.(R™; X*) denotes the space of all X *-valued functions y(f) of
locally bounded variation on R~ which is left continuous at each 6 < 0 and
%(0) = 0. For the above dual vector ¥(¢) we denote by ¥(z) the transpose of
(W1 (2), ..., ¥4(t)). Tt follows from the proof of Proposition 5.1 in Appendix
that

Var(P(6)(-) : [-r,0)) < K(r+ D||P(0)| < C4K(r+1)

by (17). Also, from (29) in the proof of Lemma 5.2 in Appendix we know that
the left limit

P07 =, lim  (0)(0)

converges in the norm topology of X*.

Lemma 3.4. For any f € BC(R,X) the function {(¥(£)(07), f(£)) is locally
integrable in te R. Also, ¥Y(¢)(0™) is weak-star left continuous in t € R.

Proof. For any ne N and ¢ e R we consider a linear functional x € X —
(¥ (t),I'"x)y. Then the functional is bounded on X because of the inequality

K@), "N < PO 1T x4
< KO llxll x-
We denote this functional by x,(¢):
xp (1), x> = CP(), TMx).
Thus x)(¢) belongs to the space of d-copies of X™* and
2 ()l < KM ()] < CaK(1) < 0.
It follows that

$xy (1), > = C¥(0), I"x)

0
_ J [de % (£)(0))(n + 1)x

—1/n

OO+ D, —n | 000 x
/ —1/n

0

- —nJ B (1)(0)d6 - x.
—1/n

Observe that

0
< nJ | ¥(2)(07) — P (£)(0)]|d0 — 0

0
H B (5)(07) —n L/ Fowar|<n|
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as n — oo, by Lebesgue’s convergence theorem. Therefore, combining these
facts we see that

(18) lim [lx; (r) + 2 (£)(07)| = 0.

A—00

Now, let f e BC(R,X) be given. It follows from (18) that
—P0(07),f(1)> = Jim {xi (1), £(1)> = lim (P (0), T7f (1))

for all e R. Observe that for each n e IV the function {¥(¢),"f(¢)) is con-
tinuous because of the weak-star continuity of ¥(¢) and the continuity of f(z).
Then the function (¥ (¢)(07), f(¢)) is locally integrable as a pointwise limit of a
family of (uniformly bounded) continuous functions.

Next we shall establish the weak-star left continuity of ¥(1)(07). To do
this, it suffices to establish the weak-star continuity at negative points because of
the periodicity of ¥(£)(07). Let¢<0. Then it follows from (16) and (18) that
for any xe X,

—C(P(0)(07),x) = lim {x; (1), x> = lim {¥(1), T"x)
= lim eV *(0,0)¥(0), x>

= e lim (¥(0), V(0,)I"x)

n— 0

=¢% lim JO [dpP(0)(0)]u(0, 1, I'"x; 0)

n—oo J

— ¢S lim { Jt [dg'¥ (0)(6)](n0 — nt + 1)x

=0 Ji—1/n

1

n— O

+J0[dgaff( 0)(0)]u(8,t, I'"x;0 }
= ¢% lim { [Sf’(O)(t) - nJ d@}x
t—1/n

0
+J [da P (0)(8)]u(0, t, T'"x; O)}

t

Il

eG’{[ff«»(r) )+ j [dg ¥ (0) (0)}0(6, x>}

0 ~
G'j (do T (0)(0)]o(6, 1 %),

t
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where we used the left continuity of ¥(0)(f) at 1< 0 and the fact that
lim,, .o u(6,t,I'"x;0) = v(6, t;x) for @ > ¢ which has already been explained in
the outline of the proof of Theorem 2.1. Notice that v(6, t; x) is left continuous
in 7 < 0. Then the weak-star left continuity of %(¢)(0~) at # < 0 follows from
the left continuity of v(f,x) in ¢ and the left continuity of ¥(0)(6) in 6 < 0.
This completes the proof of the lemma. O

Now we are in a position to state the following theorem which shows that
the unstable part of VCF of (1) is reduced to an ordinary differential equation.

Theorem 3.5. Let G, &(t), ¥(1), ¥(t) be the ones cited above. Then a
RB-valued function y(t) with n(t) € U(t) satisfies the unstable part of VCF of (1)
if and only if the function z(t) determined by ®(t)z(t) = y(t) is locally absolutely
continuous in t > o and satisfies the following ordinary differential equation

(19) (1) = Gz(t) = CP()(07), f(£)Y  ae int>o0.

Proof. Let n(¢) be a %-valued function with 5(¢) € U(¢) satisfying the
unstable part of VCF of (1). Since z(?) = (¥ (2),n(f)>, we get

z(t) = <¥’(t), V(t,o)n(o) + lim Jl Vi, s)HU(s)(F”f(s))ds>

n—aoo s

i

= (V*(,0) (1), 1(0)y + lim j V(1,5 (1), 1TV () (Tf(5)) ddls

n—a P

= () (o) + fim [ W), T ()i

= e02(0) + Jim | T3 (), £(5) s

n—00 o

t
= 8-2(g) - [ I ()(07), 1(5)>ds
by (16) and (18), where we used Lebesgue’s convergence theorem in the last
equality. By virtue of Lemma 3.4, the function (¥(s)(07), f(s)>ds is locally
integrable, and hence it follows from the above relation that z(¢) is locally
absolutely continuous and satisfies Eq. (19). '
Conversely, let z(z) be a locally absolutely continuous function which
satisfies Eq. (19). Then ’
t

z(t) = e“z(0) — J eC P (s)(07), f(s)dds (Vi = o).

[

Then #(t) := ®(¢)z(t) satisfies the unstable part of VCF, because
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t

1(0) = () (-02(0) — | e

2

EIP(8)(07), f(s) >ds)

= &(1) (eG (=9)2(g) + lim Jl eGP (s), I"f(s) >ds)

n— 00

= (1)’ z(0) + Jlim Jl D(1)e I P (s), Tf (5)Dds
= VY(t,0)D(0)z(0) +nILHC}O Jt VU(t,8)B(s) P (s), "f (5)Dds

— VYt 0)m(0) + hmJ VU, )TV (s) (If (s))ds. 0

As the following theorem shows, it is advantageous to treat Eq. (19) instead
of the unstable part of VCF.

Theorem 3.6. Let f be an almost periodic function, and assume that Eq.
(19) has a bounded solution on R* :=[0,00). Then there exists an almost
periodic solution z of Eq. (19) such that

(20) op(z) = ap(f) + 2rZ.

Proof. We first note that in order to ensre the existence of almost periodic
solutions of Eq. (19), Favard’s theorem (e.g., [5]) in the theory of ordinary
differential equations is not applicable, because the term {¥(¢)(07), f(¢)) in Eq.
(19) is not continuous in z. But, we can establish the existence of an almost
periodic solution of Eq. (19) by modifying the argument due to Favard. In
Proposition 5.4 of Appendix, we will give a complete proof for the existence of
an almost periodic solution of Eq. (19).

Now let p(¢) be an almost periodic solution of Eq. (19). We first assert that

(21) (G—il)a(d;p)=0 (VA ¢ op(f) +2rZ).
Indeed, we get

1 !
(G —id)a(; p) = hm Z—J l —iNp(H)e ™ dt
1 .
= lim ZJ {p(t) + <P ()07), £()> — iAp(£) ye ™M dt
-0 ]
= im 2 (01t + [ P00, 510> )
~tim 2 [ OO0 a
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We claim that

(22) Eg%ﬁf@@mﬁJﬂ»fwm:O (VA ¢ op(f) +27Z).

Then the assertion (21) is a direct consequence of (22). We now prove (22).
Let ¢ be any positive number. By the approximation theorem for almost
periodic functions, there exists a function P(f) such that

gﬂﬂﬂ—ﬂmu<&

where P(f) is a function of the form (14). Then

LY g SV 7
L1 i@ no- NN ity Y x;
@) || erno). 0 ;(zzjf P00 5>t
< sup||Z(£)(07)]||e < Cse,
teR
where Cs is a constant independent of /. For any j=1,...,m we set

o(t) = <E(1)(07),%>.

Then ¢(t) is a d-column vector valued function on R which is left continuous
bounded and 1-periodic. Let us expand ¢(r) into the Fourier series as

¢(I) ~ Z Cnean't,

neZ

and consider the N-partial sum Sy (1) =3, -y cne®™. Then it follows from
Parseval’s equality that f(:|(p(t) — Sy(0)dr = Z|n\>N|C’1|2’ and consequently

1
(24) lim jo lo(t) — Sw (1) 2dt = 0.

Therefore, if / > 1, then

: |

l .
51| €0 = S,(0)ar

|
N'
s
=X
N
=
|
N
~—
=
o
&
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where [/] denotes the largest integer which does not exceed /. By virtue of this
inequality and (24), one can choose a positive integer Ny so that

(25) sup
I>1

)
31| €l - Sw(0)ar <

Notice that 2 — u; —2nn # 0 for all ne Z because of A ¢ ay(f)+2nZ. Then

Z Cn ljl e—i(l—yjfznn)t dt
2,

fn| <No

1,
ZJ (S (0t

IA

Z IC,,| — 0
12nm+ p; — 2) =4

|n| < No
as [ — oo. This observation and (25) lead to lim;_,|(1/2]) fi, e~ 'Ut)tg(fdt| <

e. Since ¢ is an arbitrary positive number, we get

!
lim — L J —=m)to(dt = 0

-0 2/

or

1
lim - j OmIP(1)(07), x>t = 0

I—ow 2/

for j=1,...,m. Then, letting / —» oo in (23) we get

l
i | 00, s <

or the desired relation (22) because ¢ is arbitrary.

We now set 6;(G) = {£ e R: i eo(G)}. By virtue of the relation (21) one
can easily see that a(4;p) =0 for all A¢a,(G)U(os(f)+2nZ). Consider a
function z(¢) defined by

where q(f) = 3, 4a(A; p)e™* and 4 = 6:(G)\(0s(f) + 2rZ). Tt is obvious that
op(z) = op(f) +2nZ. Also, we get

g(t) =Y ida(k; p)e™ = Ga(4; p)e = Gq(1)
Ared ied

by (21), and consequently z(7) is a solution of Eq. (19). Thus z(¢) is a required
one. This completes the proof of the theorem. O
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4. Almeost periodic solutions and quasi periodic solutions

In this section we shall study the existence of almost periodic solutions and
quasiperiodic solutions of Eq. (1), and give some results which extends the class-
ical theorem due to Massera [22] on the existence of periodic solutions for linear
periodic ordinary differential equations.

Theorem 4.1. Let the standing assumption stated in Section 3 be met, and
assume that [ be almost periodic. If Eq. (1) has a bounded solution on R*, then
it has an almost periodic solution u on R such that

(26) ap(u) < ap(f) +27Z.

Proof. Let v be a bounded solution of Eq. (1) on R*. Since % is a uni-
form fading memory space, the segment v, is 4 bounded on R'. By virtue
of Theorems 3.1, 3.5 and 3.6, there exists an almost periodic solution z of
Eq. (19) such that op(z) = op(f) +2nZ. Set Z(t) = &(r)z(t). By virtue of
Theorem 3.5, #(¢) satisfies the unstable part of VCF of (1). Since &(¢) is
continuous and 1-periodic, Z(¢) is a %-valued almost periodic function, and
moreover by almost the same argument as in the proof of Theorem 3.3 we see
that 0,(%) < 05(z) + 2nZ < 0p(f) +2nZ. Let us recall that () is the one
introduced in the subsection 3.2. Then u(r) := [#(r) + Z(¢)](0) satisfies the
required properties by Theorems 3.1 and 3.3. : O

The relation (26) implies the following relation on the modules of u and f:
mp(u) = mp(f) + 2nZ.

Therefore, if the module m;(f) of f has an integer and finite basis, then m(u)
has an integer and finite basis, too. This observation leads to the following
result on the existence of quasiperiodic solutions which extends Theorem 4.12 of
[24] for autonomous equations to periodic equations.

Corollary 4.2. Let the standing assumption be met, and assume that f be
quasiperiodic. If Eq. (1) has a bounded solution on R™, then it has a quasi-
periodic solution u on R such that op(u) < op(f) +2nZ.

Under the existence of a bounded solution on the whole line R, we can
derive the following result finer than the above results.

Theorem 4.3. Let the standing assumption be met, and assume that v(t) is a
bounded solution of Eq. (1) on R. Then v(t) itself is almost periodic (or quasi-
periodic) if f is almost periodic (or quasiperiodic, respectively).

Proof. By virtue of Theorems 3.1 and 3.2, we get I750, = %(f) on R.
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On the one hand, the function w defined by I7Y(f)v, = ®(£)w(¢) is a bounded
solution of Eq. (19) on R, and hence w(f) —z(?) is a solution of the homo-
geneous linear ordinary equation y(z) = Gy(¢f) on R, where z(f) is the one
ensured in the proof of Theorem 4.1. Since w(f) — z(¢) is bounded on R, we
see that the function w(¢) — z(¢) is quasiperiodic. Then the conlusion of the
theorem follows immdiately from Theorem 3.3 and the above observation,
because of v(f) = [#(r) + @(1)w(1)](0) on R. O

5. Appendix

In this appendix we will state several results on the Riesz representation
of bounded linear functionals on the fading memory space #:= #(R™;X)
explained in Section 2 and the existence of almost periodic solutions of Eq. (19)
by using Favard’s type method.

5.1. Representation of bounded linear functionmals. In what follows we
will represent any bounded linear functional on # by means of the Stieltjes
integration. Let us recall that #* denotes the dual space of %, and that
NBVjoe(R™;X*) denotes the space of all X*-valued functions {(#) of locally
bounded variation on R~ which is left continuous at each 6 < 0 and {(0) =0.
Also, we often denote by {4, ¢)> or ¢"¢ the canonical pairing ¢”(¢) between an
element ¢* of the dual space and an element ¢ of the original space.

Proposition 5.1. Let ¢* € B* be given. Then there exists a unique (€
NBViee(R™; X*) such that

0
@ h =] aowo  (wecw.

This result may be derived by combining several results in Dinculeanu’s
book ([4]). However the above result is not referred to in the book, explicitly.
In what follows we will give a rather elementary proof of the result for com-
pleteness, without relying on the results in Dinculeanu’s book. To do this, we
need some lemmas, Throughout the rest of the paper, we use the notation
L(X,Y) and BV (R™;L(X,Y)) to denote the space of all bounded linear
operators mapping X into Y and the space of all L(X, Y)-valued functions of
locally bounded variation on R™, respectively, where X and Y are any Banach
spaces.

Lemma 5.2. Let FeL(A,Y) be the one satisfying

0
) F@) = | an@o) (e C)
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where 1 € BVioo(R™;L(X,Y)) and #(0) =0. Then there exists a unique (e
NBVioe(R™; L(X,Y)) such that

(8) )= | aome (e )

Proof. We first assert that the L(X, Y)-valued function # is contin-
uous except at most at countable points. To establish this assertion, we set
p(0) = Var(y(-) : [6,0]) if 0 <0, and p(0) =0. Then the function p: R~ — R
is nonincreasing, and hence p is continuous except at most at countable
points. Then the assertion follows from this observation and the inequality
7(6) — n(60) < 1p(6) — p(60)] for 0,06 <0.

We next assert that for any 6y <0 the left limit
(29) | pedim  1(0) = 1(0y)
exists in L(X,Y). Suppose this assertion is false. Then there exist g > 0
and increasing sequences {05")} and {Hg")} such that 6y — 1 < 051) < 05” < ng) <
0P <. < 0™ <6 <... < 6 and that

inf [7(6{") = n(6”) ] = zo.

Then Var(n(-) : [0 — 1,60)) = SN, [1n(6%) — n(6")]] = Neg — o0 as N — oo.
This is a contradiction, because # is an L(X, Y)-valued function of locally
bounded variation.

Now we put {(6) =#(07) if § <0, and {(0) =0. Tt is straightforward to
see that { € NBVio.(R™;L(X,Y)). We shall establish the equality (28). Let
¢ e Cop be given. Then L(¢) = ffoo[dn(H)]qﬁ(H) and the integration is repre-
sented as a limit of Riemann sum > ;[7(6;) — 7(0;-1)]¢(6;), where 4: —a = 0, <
O <-ovvne < 0Oy =0 is a partition of the intetval [—a,0] which contains the
support of ¢, and all 8;, j =0,1,...,N — 1 are points at which # is continuous.
Observe that {(0;) =#5(6;) for j=0,1,...,N. This observation leads to (28),
as required.

Finally we shall show the uniqueness of {. To do this, it is sufficient to
certify that y(s) =0 (Vs < 0) under the assumption that y € NBVio.(R ; L(X, Y))
and J"Eoo[dx(e)]gb(a) =0 (Vg e Cy). Let s <O be given, and consider a func-
tion f™° defined by

0, 0<s—1/n
SO0 =9 m0—ns+1)I, s—1/n<O<s
1, s<0<0.

It follows that f™*x e Cy for any x e X, and hence
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0
0=JL (d(0)" (0)x

0

= J [dy(0){n(0 — s) + 1}x + J [dx(0))x

s—1/n K
S
= —nJ x(0)do - x,
s=1/n
or
s
nj x(0)do - x = 0.
s—1/n
Letting n — oo in the above, we get 0 = x(s™)x = x(s)x for any x € X, and con-
sequently x(s) =0, as required. This completes the proof. O

Let r > 0. We denote by BV([—r,0]; X*) the space of all X *-valued func-
tions # of bounded variation on [—r,0], and moreover by NBV([—r,0]; X*) the
space of all { € BV([—r,0]; X*) which are left continuous at each 6 € (—r,0) and
£(0) = 0.

Lemma 5.3. Let r>0, and let f e C([-r,0],X)". Then there exists a
unique { € NBV([—r,0], X*) such that

0
(30) 1) = | oo (e c-rol.x)

Proof. Let M([-r,0],X) be the Banach space of all X-valued bounded
functions on [—r,0] with the supremum norm. Since C([—r,0],X) is a closed
subspace of M([—r,0],X), the Hahn-Banach theorem implies that there is an
F e M([-r,0],X)" which is an extension of f with |F| = | f].

Now, for any 6 € [—r,0] we consider a linear functional #(¢) on X defined
by

B —F(X[ao}x), 6<0
nox={, o<

for xe X, where y, is the characteristic function of the interval J. Then
7(0) € X*, because of the inequality

1(0)x] = |F (xpo,0 )| < IF I 1210, 0X11 < IEN [1x]-

We claim that #»eBV([-r,0],X*). For any partition 4:-r=0y<
O < < Oy =0 we set

N
Vin;4) =Y lIn(6) — (-1l
=1
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In what follows we shall evaluate V(n;4). Let any ¢ >0 be given. For each
Jj=1,...,N, there exists an x; € X with ||x;||, <1 such that

7(6;) —n(0-)|| <&/N + [n(6;) — n(6;-1)]x;-
Notice that

F(x0,,,0)%) = Fxg_,,0%) — Fxpe,,0%)

:[’7(0])"77(01—1)]397 Vj:‘l,...,N—l,

and
F(xioy 1 00%n) = —1(On—1)xn
= [7(On) — n(On-1)]xn.
Put
N-1
¥ = X6;-1,0)%i + X[By_1,65)%N-

1

~,
I

Then ¢y € M([-r,0],X) and ||y| <1, and hence
N
Vg 4) <&+ Y _[n(6;) = n(6;-1)]x
=1

=e+F@¥)
<ée+|IF|l =e+ |1
Therefore
Var(n; [=r,0]) = sup V(i 4) < e+ |1
which shows that n € BV([—r,0], X*) with Var(y;[—r,0]) < | f]l, because ¢ is

arbitrary.
Next, we shall establish the equality

0
1) = [ [@n©@)40) (v C(l-r0,%).

Let ¢ € C(|-r,0],X) be given. The integral ﬁr[d;y(ﬁ)]qﬁ(ﬂ) is represented as
a limit of Riemann sum ijil{n(ﬁj) —5(6-1)]¢(6;), where 4:—r=20y<
O <-oove- <0y =0. Let us consider a function ¢ € M([—r,0], X) defined by

N-1

¢! = Z $(0))x16,1,0) + PO X105, 00)-

J=1
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It follows from the uniform continuity of ¢ that ||¢4 — ¢ — 0 as |4| — 0.
Since F(¢) = S01[n(6) — n(6;-1)14(6)), we get

0
|| nos) = tim F8*) = F9) = 119,

as required.

Finally, repeating almost the same argument as in the proof of Lemma 5.2,
one can normalize # to get { € NBV([—r,0], X*) which satisfies Relation (30).
We shall show the uniqueness of {. To do this, it is sufficient to certify that
%(s) =0 (Vse[-r,0]) under the assumption that y e NBV([-r,0]; X*) and

0
(31) j dx(@1(0) =0 (¥p e C([-r,0}; X)).

By the same reasoning as in the proof of Lemma 5.2, we see that y(s) =0 for
all se(—r,0.. Then [° [dy(6)]¢(0) = —x(~r)¢(—r), and hence x(—r) =0 by
(31). This completes the proof. O

We are now in a position to give the proof of Proposition 5.1.

Proof. For any r > 0 we consider a functional /" e C([~r,0],X)" defined
by

W) =<¢" "> (We C([-r,0],X),

where
Y(s), —r<s<0
ris) = {t//(—r)(S+r+ 1), —r—l<s<-r
0, s< —r—1.

Indeed, f7 is well-defined because ¥ e Cpo with |||, < K(r+ 1)||¢|, and
it satisfies ||f7|| < K(r+ 1)||¢*||. By virtue of Lemma 5.3, there exists a {" €
NBV([-r,0],X*) such that

0
@A =1 = | arewe)  (wec-ro.x.
Let />r. Then there exists ' e NBV([—1,0], X*) such that
0
@i = | oo (wec(-10,x)

In particular, for any ¥ € C([-1,0], X) whose support is contained in (—r,0]
we get ' = '/’I[*r,O]r , and hence
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0 0
| oo = | wr@mo

or
0
|| xonpio) <o,

where y(0) := {(6) — {"(8) for 6 € [-r,0]. Therefore, by the same reasoning as
in the proof of Lemma 5.3 one can see that y(8) =0 or {'(0) = {’(6) for all
0 e (—r,0]. Define { by {(0) =("(0) if 0 (—r,0]. Then { is well defined, and
it satisfies all requirements in the proposition. O

5.2. Existence of almost periodic solutions. In this subsection we shall give a
proof for the existence of almost periodic solutions of Eq. (19),

(1) = Gz(1) = <F((07), f(1)>  ae,

under the assumption that Eq. (19) has a bounded (locally absolutely con-
tinuous) solution on R* to completeness the proof of Theorem 3.6. Let us
recall that G is a d x d matrix, f(¢) is an X-valued almost periodic function and
¥(1)(0-) is a d-column vector whose components are X *-valued functions.
Moreover ¥(£)(07) is 1-periodic and weak-star left continuous in ze R with
sup, | P(1)(07)] < K(1) sup, gl #(1)[| = Cs < 0 by (17).

Proposition 5.4. If Eq. (19) has a bounded solution on R*, then it has an
almost periodic solution on R.

Before proving the proposition, we prepare a lemma.

Lemma 5.5. If Eq. (19) has a bounded solution on R*, then it has a
bounded solution on R.

Proof. Let z(t) be a bounded solution of Eq. (19) on R*. From Lemma
3.4 we know that (¥ (#)(07),f(¢)> is locally integrable in ¢ € R, and hence z(¢)
satisfies the integral relation

3) =)=+ [ (66 - PO SEDNE  (5eRY),

Therefore it follows that z(¢) is uniformly Lipschitz continuous on R'.
Now let {#,} be any sequence such that lim, . #, = 0. Since f is
almost periodic, taking a subsequence if necessary, one can assume that

lim,_, o, f(¢+ t,) = g(¢) uniformly on R, for some almost periodic function g.
Let ¢, = [ty] + T, 0 < 7, < 1, where [t,] denotes the largest integer which does
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not exceed t,. Considering a subsequence, one can assume that lim, .o 7, =7
for some 7€[0,1]. Set
%y = min{z, 7,} — 1/n, %, = max{r,7,} + 1/n.

Then t, < 7 < %, and lim,_ o %, = lim,_,, 7, = 7. Moreover we set

[{], = [ta] + T, 7], = [ta] + Tn-
Let us consider a family of functions {z"(f)} which is defined by

) =20+ [0,) (= —i],).

The family {z"(¢)} is uniformly bounded and equicontinuous on any bounded
interval in R. Therefore, considering a subsequence if necessary, one can
assume that {z"(¢)} converges to some y € BC(R, C?) uniformly on any bounded
interval in R. Notice that lim, o f(¢+ [f],) =liMyo f(ta + 14+ T —Ta) =

g(¢) uniformly on R. Since lim,_,, Y(t+%,)(07) = ¥(¢+7)(07) in the weak-
star topology of X* by the weak-star left continuity of ¥(¢)(07), we get

[CP (1 + [],)(07), £ (2 + [£],)> = <Pt +1)(07), g(1))]
= [P (4 2)(07), £+ [{],)> — <P (t+1)(07),9(1))]
< [KP(1+2)(07), (1 + [],) — (1))
+ [P (1 +E)(07) = Pt +17)(07),9(1)))]
< Gollf (t+[),) — 9Dl x + [Pt +E)(07) = Pt +12)(07), g()>] — 0

as n— oo, and consequently lim,_,{P(¢+ [£],)(07), f(t+[f],)> =
(P(t+1)(07),9(t)y. From (32) it follows that

t
() = 2"(6) + | {G2"(&) = CPE+ )OS +EME (V= (7))
Letting n — oo in the above, one gets by Lebesgue’s convergence theorem that

1) =36 + [ (6/0) ~ PE4 DO ) g(EDIE (5 R),

which shows that y is absolutely continuous and satisfies the equation
#(0) = Gy(1) = <Pt +7)(07),9()>  ae
in e R. : ,
Next we set y"(t) = y(¢ —[{],) for any te R. Since {y"(f)} is uniformly

bounded and equicontinuous on R, one can assume that {y"(f)} converges to
some p e BC(R,C d) uniformly on any bounded interval in R. Observe that
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lim, o g(¢ — [£],) = f(¢) uniformly on R and that lim,_,, ¥(t+7—[{],)(07) =
¥(£)(07) in the weak-star topology of X*. Then, by the same reasoning as
in the preceding paragraph, we see that p(z) = Gp(f) — (P (£)(07), f(¢)> a.e. in
teR. Thus p is a bounded solution of Eq. (19) on R. O

Now we shall prove Proposition 5.4.

Proof. For any bounded solution z of Eq. (19) on R, we set ||z|| =
sup,. g|z(?)|, where |-| is the Euclidean norm of CY. Moreover we set

A=inf{||z|| :ze A},

where " is the set of all bounded solutions of Eq. (19) on R. By Lemma
5.5 we get 0 < A < oo. We shall show that 4 = ||p|| for some pe A4 (such a p
is called a minimal solution of Eq. (19)). Indeed, one can choose a sequence
{z"} in A so that A < ||z"|| <A+ 1/nforall ne N. Since {z"(f)} is uniformly
bounded and equicontinuous on R, one can assume that {z"(¢)} converges to
some p € BC(R, Cd) uniformly on any bounded interval in R. By the same
reasoning as in the proof of Lemma 5.5, we see that pe #". Letting n — oo in
the relation |z"(¢)| < ||z”|| < A+ 1/n, we get |p(t)] <A (VteR) or ||p| =4

Now we shall prove that a minimal solution p of Eq. (19) is almost
periodic. To do this, it is sufficient to establish that if {7,} is any sequence in
R, then {p(t+1t,)} contains a subsequence which converges uniformly on R
(e.g., see [5], Theorem 1.14). In what follows, we will prove this by a con-
tradiction argument. Let us assume that {p(¢+ #,)} does not contain any sub-
sequence which converges uniformly on R. Then there exist a constant ¢ > 0
and sequences {tf,l)},{tf,z)} < {t,} and {s,} = R such that

inlf;] |p(t£ll) + Sn) —p(tf,z) +s,)| = 0.

By taking a subsequence if necessary, one can assume that lim, .., f(+#,) =
g(t) and lim,.,. g(z+s,) = A(z) uniformly on R for some almost periodic
functions g and A. Then lim,_,, f(#+ £ + 8y) = h(¢) uniformly on R. In the
following we use the notation [¢,], [f], and so on which were introduced in
the proof of Lemma 5.5. Let ¢, = [t,] + 7, and s, = [s,] + p, With 7,, 4, € [0,1).
One can assume that lim, ., 7, =7 and lim, . g, = ¢ for some t,u € [0, 1].
Since limy—,o0 (1 + s, — [{]” = [§],) = 0 for j=1,2, from the uniform conti-
nuity of p it follows that

(33) Jnf [p(E1) + [81,) = p(1,Y + 81,)] = 672

for some npe N. For j=1,2 the family of functions {p(¢+ [i]ij) +[5],)} is
uniformly bounded and equicontinuous on R, and hence one can assume that
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limy—o p(z+ 7] + [5],) = ¢ (z) uniformly on any bounded interval in R, for
some ¢) € BC(R,C%). Especially, we get

(34) 49 (0) — ¢2(0)| > 0

by (33). Observe that limy, f(2+ (1) +[5],) = h(z) uniformly on R and
that lim,— ¥(t+ [f],(f) +[§],)(07) = ¥(t+7+u)(07) in the weak-star topol-
ogy of X*. Then, by the same reasoning as in the preceding paragraph, we see
that the functions ¢ and ¢/® satisfy the equation

(35) () = Gz(t) = <P (t+ 1+ w)(07),h(1))  ae,

in re R with ||¢V| =[l¢®|| =4 Put

40 = g (1) er o0 = g (1) = 921

Then ¢ satisfies Eq. (35) in a.e. e R. On the one hand, w is a bounded
solution of the equation w = Gw on R, and hence it must be almost periodic.
Therefore it follows from Theorem 5.7 in [5] that inf,cg|w(z)| > 0 because w is
nontrivial by (34). Thus we get

O + ) =2 (6O O + 1@ (o)) < 2
or 2
lal < (7~ i bo(o?) <

By the same reasoning as in the last paragraph of the proof of Lemma 5.5, one

can assume that lim, . g(t — [Z]Ell) — [8],) = r(z) for some re 4. Notice that

ll7ll = llgll < A= ||pll- This is a contradiction to- the fact that p is a minimal
solution of Eq. (19). This completes the proof of the proposition. O
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