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Decomposition of Variation of Constants Formula for Abstract 
Functional Differential Equations 
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Yoshiyuki HINo*, Satoru MURAKAM1t and NGUYEN Van Minh 

(Chiba University, Okayama University of Science, Japan and Hanoi University of Science, 
Vietnam) 

1. Introduction 

In this paper we are concerned with the linear functional differential 
equation 

(1) it(t) = Au(t) + F(t)u1 + f(t) 

on a phase space !!lJ = !!JJ( ( - oo, O]; X) satisfying some fundamental axioms listed 
in Section 2.1, where A is the infinitesimal generator of a strongly continuous 
semigroup T(t) on a Banach space X, u1 is an element of !!lJ defined by u1(0) = 
u(t + 0) for 0 E (-oo, OJ, F(t) is a bounded linear operator mapping !!lJ into 
X which depends strongly continuously and periodically on t, and f is an X-valued 
bounded and continuous function. 

In a recent paper [24], Murakami, Naito and Nguyen have established a 
variation of constants formula (VCF) in the phase space for Eq. (1). The 
formula has been then applied to extend a classical theorem of Massera [22] on 
the existence of periodic solutions of linear ordinary differential equations to 
almost periodic solutions for Eq. (1). 

A key point in [24] is to analyze difference equations associated with Eq. (1), 
which are derived naturally from the formula. 

In this paper we will continue to study the subject, and establish several 
sharper results on the existence of almost periodic and quasiperiodic solutions 
for Eq. (1). Our approach employed in this paper is different from the one in 
[24]. Indeed, we will decompose the variation of constants formula into two 
parts referred to as the stable part of VCF and the unstable part of VCF 
(Theorem 3.1), and study each part of VCF to ensure the existence of almost 
periodic solutions and quasiperiodic solutions for Eq. (1 ). There are several 
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advantages in our approach. Among them, we point out the following two 
facts: Roughly speaking, some spectral properties of the function f is inherited 
to the stable part of VCF (Theorem 3.3). Meanwhile, the unstable part of 
VCF is reduced to an ordinary differential equations (Theorem 3.5), and via this 
fact some spectral properties off is inherited also to the unstable part of VCF 
(Theorem 3.6). 

As an appendix, we refer to the Riesz representation for each element 
belonging to the dual space of ~( ( -oo]; X) and Favard's type argument to 
ensure the existence of almost periodic solutions of ordinary differential equa­
tions with a discontinuous forcing term. They seem to be unknown in the 
general situation and will be indispensable in our approach. 

2. Abstract functional differential equations 

Throughout this paper, we will use the following notation. N, Z, R and C 
denote the set of natural numbers, integers, real numbers and complex numbers, 
respectively. Also, C(J, X) denotes the space of all X-valued continuous func­
tions on J, and BC(J, X) denotes the subspace of C(J, X) consisting of all 
bounded and continuous functions on J. 

We now consider the abstract functional differential equation 

(1) 
du(t) 
~ = Au(t) + F(t)ui + f(t), 

where A is the generator of a semigroup of linear operators on a Banach space 
X, F(t) is a bounded linear operator from ~ into X which is periodic in t with 
period I, where~ is a fading memory phase space of Eq. (1) with infinite delay 
satisfying the axioms listed below and f E BC(R, X). We emphasize that the 
assumption that the period of F is I does not constitute any restrictions on the 
obtained results. 

2.1. Fading memory phase spaces. We will give a precise definition of the 
notion of fading memory space for Eq. (1) in this subsection. Let us denote the 
norm of X by 11 · llx- For any function x: (-oo,a) f------7 X and t < a, we define 
a function x1 : R- := (-oo, O] f------7 X by xi(s) = x(t + s) for s ER-. A Banach 
space (~,II· 118?1) which consists of functions l/1: (-oo, O] f------7 X is called a fading 
memory space if it satisfies the following axioms: 

(Al) There exist a positive constant N and locally bounded functions K(·) 
and M(•) on R+ with the property that if x: (-oo,a) f------7 Xis continuous on 
[a, a) with Xa E ~ for some a< a, then for all t E [a, a), 

( i) Xi E ~, 

(ii) Xi is continuous in t (w.r.t. 11 • 118?/), 
(iii) Nllx(t)llx ~ llxill8?/ ~ K(t- a) SUPa<s<tllx(s)llx + M(t- a)llxall8?J, 
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(A2) If {1l}, ¢/ E !!JJ, converges to <p uniformly on any compact set in R­
and if { ¢/} is a Cauchy sequence in !!IJ, then <p E !!lJ and ¢/ --+ </J in !!IJ. 

A fading memory space !!lJ is called a uniform fading memory space, if it 
satisfies (Al) and (A2) with K(·) = K (a constant) and M(P)--+ 0 as p--+ oo 
in (Al). A typical example of uniform fading memory spaces is the following 
one: 

which is equipped with norm 11</Jllc, = sup0 ,,; 0 [[¢(0)flx/ eY8, where y is a negative 
constant. 

It is known [9, Lemma 3.2] that if !!lJ is a uniform fading memory space, 
then BC:= BC(R-; X) c !!lJ and the inclusion map from BC into !!lJ is con­
tinuous. For other properties of fading memory spaces and uniform fading 
memory spaces, we refer the reader to the book [14]. 

2.2. A variation of constants formula for FDE. We consider now the abstract 
functional differential equation (1) with the fading memory phase space !!IJ. 
Throughout the paper we shall assume that F(t)</J is continuous in (t, rp) E 

R x !!lJ and that the operator F(t) is of the form: 

(2) F(t)(</J) = roo [d017(t, 0)]</)(0), </J E Coo, 

where 17(t, 0) is an L(X)-valued function of locally bounded variation in 0 on 
R-; here Coo denotes the subspace of C(R-, X) consisting of functions with 
compact support, and L(X) is the space of all bounded linear operators on X. 
Without loss of generality, one may assume by Lemma 5.2 in Appendix that the 
function 17 in (2) is normalized; that is, 17(t, 0) is left continuous in 0 < 0 with 
17(t, 0) = 0. 

Furthermore, we always assume that for any R > 0 the total variation 
Var(17(t, ·) : [-R, O]) of 17(t, ·) on [-R, OJ as a function of t is dominated by a 
locally integrable function mR: 

For any (a, </J) ER x !!IJ, there exists a (unique) function u: R i---+ X such that 
u,, = </), u is continuous on [a, oo) and the following relation holds: 

u(t) = T(t - a)</)(O) + t T(t- s){F(s)us + f(s)}ds, t;::.: a. 

The function u is called a (mild) solution of (1) through (a,</)) on [a, oo), and 
denoted by u(- , a, </J;f). Also, a function v E C(R, X) is called a (mild) solution 
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of Eq. (1) on R, if v1 E fl}j for all t ER and it satisfies u(t, a, v"; f) = v(t) for all 
t and a with t z a. For any t z s, we define an operator V(t,s) on fJJ by 

V(t, s)rp = u1(s, r/J; 0), 

We can easily see that under the assumption on the strong continuity and 
periodicity of F(t), the two-parameter family (V(t,s))t?:s is a strongly con­
tinuous evolutionary process on PJ, which is called the solution process of (1). 
By a strongly continuous evolutionary process in a Banach space Y we mean 
a two-parameter family of bounded linear operators (V(t,s)) 1?:s' (-oo < s s 
t < oo) from Y to Y such that the following conditions are satisfied: 

i) V(t, t) = I, Vt ER, 
ii) V(t, s)V(s, r) = V(t, r), Vt z s z r, 

iii) For every fixed y E Y the following map is continuous: 

{(17, ~) E R2 : IJ z O 3 (t,s)-+ V(t,s)y, 

iv) There exist positive constants N, w such that 

Vt ;:,: s, t, s ER. 

By the principle of superposition, we get the relation 

(3) U1(a, rp;f) = u1(a, rp; 0) + u1(a, 0;f) 

= V(t, a)rp + u1(a, O; f). 

In what follows, we shall give a representation of u1(a, 0;f) in terms off 
and the solution process (V(t,s)\?:s· To this end, we introduce a function rn 

defined by 

rn(e) = { (n0+ l)I, -I/n s 0 s 0 
0, 0 < -I/n, 

where n is any positive integer and I is the identity operator on X. It follows 
from (Al) that if x EX, then rnx E PJ with III'nxll 88 s K(l)llxllx• Moreover, 
since the process (V(t,s))t>s is strongly continuous, the fl}j-valued function 
V(t, s)I'nf(s) is continuous in s E (-oo, t] whenever f E BC(R, X). 

The following theorem yields a representation formula for solutions of (1) 
in the phase space: 

Theorem 2.1. The segment u1(a, rp;f) of solution u(·, a, rp,J) of (1) satisfies 

the following relation in fl}j: 

(4) u1(a, rp;f) = V(t, a)rp + lim J1 
V(t, s)rnf(s)ds, 

n------+oo a 
t ::C: a. 

Moreover, the above limit exists uniformly for bounded It - al. 
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In fact, this theorem can be established without the integral representation 
(2) on F(t) ([24, Theorem 4.2]). In what follows, however, we assume the 
representation (2) on F(t), and give an outline of the proof of Theorem 2.1 
which is different from the one in [24], because several facts established in the 
proof will be essentially used in subsequent sections. 

Outline of the proof of Theorem 2.1. For any (IX, x) ER x X we consider 
the integral equation 

(5) y(t) = P(t, ct; x) + I T(t - s)F(s)ys ds, t 2 ct, 

with the condition Yo: = 0, where 

P(t, ct; x) = T(t - ct)x - x - I T(t -·s)r,(s, ct - s)x ds. 

By Picard's iteration method, we see that the above equation for y possesses 
a unique solution which we denote by y(t, ct, x). In fact, there exists a unique 
L(X)-valued function Y(t, ct) such that: 

i) Y(t, ct) is strongly continuous in t with t 2 ct and is strongly left continuous 
in ct with ct :::;; t, 

ii) Y(t, ct)x =: y(t) satisfies (5) with the condition Yo: = 0, 
iii) on each separable subspace of X, Y(t, ct) is a strong limit of some sequence 

of operators in L(X) which is strongly continuous in (t, ct) with t 2 ct and 
uniformly bounded for bounded (t, ct) with t 2 IX. 

Now we consider a function v(t, ct; x) defined by 

v(t, ct; x) = x + Y(t, ct)x (x EX) 

for t 2 ct. The function v(t, ct; x) is continuous in t with t 2 ct and is left con­
tinuous in ct with ct :::;; t, and the following relation holds: 

(6) v(t,ct;x) = T(t-ct)x+ I T(t-s)(f_s[deyt(s,0)]v(s+0,ct;x))ds, t 2 ct. 

We extend v(t, ct; x) by putting v(t, ct; x) = 0 for t < ct. The function 
v(t, ct; x) intimately concerns the solution of the equation (1) as follows: 
i) J>(t, s; h(s))ds = u(t, a, 0; h) (Vh E BC(R, X)), 

ii) lim u(t, ct, rnx; 0) = v(t, ct; x) uniformly for each bounded (t, x) E [ct, oo) x X. 
n->OO 

In order to prove the theorem, it suffices to establish the following relation: 

(7) lim [ sup IIJ1 
V(t, s)I'nf(s)ds - u1(a, O; f) II ] = 0 

n->oo as,ts,u+L u iJiJ 
(VL > 0). 

The integration J; V(t, s)I'nf(s)ds is written as the limit of a Riemann sum of 
the form ¢/1 := Lk V(t,sk)rnf(sk)Ask in f4. Observe that ¢/1(0) = Lku(t+ 0, 
sk, rnf(sk); O)Ask is a Riemann sum of the integration 



346 Yoshiyuki HINO, Satoru MURAKAMI and NGUYEN Van Minh 

L u(t+0,s,rnf(s);O)ds=: (n(0) 

and it converges to the above integral uniformly on any compact set in R­
because of the uniform continuity ofu(t+0,s,rnf(s);O) as a function of (0,s) 
on R- x [a-, t]. Since C(0) is continuous in 0 s O with (n(0) = 0 for 0 s 
o- - t - 1/n, it follows from (Al)-(i) that (n E :JB. Moreover, we get 

ll(n - q>Llll//6 s K1 • sup IIC(0) - q>L1(0)llx 
u-t-1/n,s,0,s,O 

by (Al)-(iii), where K1 =K(t-o-+l). Thus q>LI converges to C in :!4, and 
hence 

Using (Al)-(iii) again, we get 

(8) llu1(0-,0;f) - L v(t,s)I'nf(s)dst = llui(o-,O;f) -Cll//6 

sK1· sup llu(t+0,o-,O;f)-(n(0)llx-
"-1-I/n,s,eso 

Observe that 

sup llu(t + 0, o-, O;f) - (n(0)llx 
u-t-1/nsBsu-t 

= sup IIJ 1 
u(t+0,s,rnf(s);O)dsll 

u-t-1/nsBsu-t u x 

= sup IIJ 1 
rn(t + 0 - s)f(s)dsll 

u-t-1/n7S.0su-t u X 

s (1 /2n) sup II/ (s) llx -+ 0 
u:5,sst 

as n -+ oo. Also, we get 

sup llu(t+0,o-,O;f)-(n(0)llx 
u-tsBsO 

= (I~~~tllu(r,o-,O;f) - [ u(r,s,rnf(s);O)ds - r u(r,s,rnf(s);O)dsllx 

= sup llu(r, a-, O;f) -J' u(r,s,rnf(s); O)ds -J1 
rn(, - s)f(s)dsll 

usr7S.t u r x 
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We can easily show that 

;!_.~ [sup{ J: llv(r, s;f(s)) - u( r, s, rnf(s); 0) llxds: 

-L::; a::; r::; L, supllf(t)llx::; L}] = 0. 
tER 

It follows from this observation and Relation (8) that 

Ji_.~ [sup{ III V(t, s)rnf(s)ds - u1(a, 0; f) t : 
-L::; a::; t::; L,supllf(r)llx::; L}] = 0 

TER 

for each L > 0. Let p be the integer such that p ::; a< p + I. Since F(t) 
is I-periodic, one can easily see that u1(a,0;f)=u1_p(a-p,0;fP), where 
JP(-) = f(p + •). Then we get Relation (7), because of the relations 
suppEZ,tERllfP(t)llx = suptERll/(t)llx < oo and 

I V(t,s)rnf(s)ds - U1(a,0;f) 

Jt-p 

= V(t- p,s)rnp(s)ds - U1-p(a - p,0;JP). 
a-p 

This completes the proof of the theorem. 

3. Decomposition of variation of constants formula 

Throughout the rest of this paper we will make as a standing assumption 
that fYJ is a uniform fading memory space, A is the generator of a compact 
semigroup (T(t)\>o and F is a I-periodic function satisfying the assumptions 
stated in Section 2. 

3.1. Stable part and unstable part of VCF. In this subsection, correponding to 
the spectrum of the solution process of (1), we shall decompose the phase space 
fYJ as a direct sum of two closed subspaces, and moreover decompose the formula 
obtained in Theorem 2.1 into two formulas. 

First, by virtue of [36, Theorem 4.8], we see that the essential spectrum 
radius re(V(l,0)) of the operator V(l,0) is less than one. Choose a negative 
number y so that y > Iog(re(V(I, 0)), and set Cy={µ EC: lµI ~ eY}. From 
the well known results on the periodic evolutionary process (see e.g. [7, 12, 14]) 
it follows that the set A := a( V(s + I, s)) n Cy is independent of s ER and it 
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consists of points of normal eigenvalues of V(s+ 1,s), where a(V(s+ 1,s)) 
denotes the spectrum of the bounded linear operator V(s+ 1,s). Moreover, for 
any s ER the space fJ/j is decomposed as a direct sum of closed subspaces S(s) 
and U(s) 

fJJj = S(s) EB U(s) (s ER) 

with the following properties: 
i) dim U(s) (=:d) < oo is independent of sER; 

ii) S(t+l)=S(t), U(t+l)=U(t); 
iii) V(t,s)S(s) c S(t), V(t,s)U(s) c U(t) (Vt~~); 
iv) a(V(s + 1,s)lu(s)) = A, a(V(s + 1,s)ls(s)) = a(V(s + 1,s))\A. 
Henceforth, we use the notation 

V(t,s)ls(s) = vs(t,s), V(t,s)lu(s) = vu (t,s). 

Also, we denote by Jis(s) (or Jiu(s)) the projection from fJJj onto S(s) (or U(s) 
respectively) along to the above decomposition. In fact, the projection Jiu (s) 
is represented as 

1 J -Jiu(s) =-2 . (Al- V(s+ l,s)) 1d).,, 
m r,; 

where 'f? is a closed rectifiable Jordan curve which is disjointed with 
a( V(s + 1, s)) and contains A in its interior but no points of er( V(s + 1, s)) \A 
([12]). From this it follows that the operator valued function Jiu (s) is 
I-periodic and strongly continuous in s. In particular, we see that the norm of 
Jiu(s), together with the norm of Jis(s), is uniformly bounded on R: 

supllJis(s)II + supllJiu(s)II =:Co< oo. 
SER SER 

Corresponding to the above decomposition of the space fJ/j, we consider the 
following two equations: 

(9) c;(t) = vs(t,a)c;(a) + J~~I vs(t,s)Jis(s)I'nf(s)ds, t ~ a. 

(10) 17(t) = vu(t,0-)17(0-) + !~~I vu(t,s)JIU(s)I'nf(s)ds, t ~ a. 

Henceforth, we refer to Eq. (9) and Eq. (10) as the stable part of VCF 
and the unstable part of VCF, respectively. Note that they correspond to the 
S-component and the U-component of the variation-of-constants formula 
(VCF) in Theorem 2.1, respectively. 

Since the projections Jis(s) and Jiu(s) are continuous on fJ/j, the former 
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part of the following theorem follows from Theorem 2.1. Also, the latter part 
can be proved by the same reasoning as in the proof of Theorem 4.2.9 of [14, 
p. 121]. 

Theorem 3.1. Assume that fl/j is decomposed as cited above. Then, for the 
solution u(·, a, rp,J) of (1) the S-component Ils(t)u1(a, rp;f) and the U-component 
Ilu (t)u1(a, rp;J) of the segment ur(a, rp;J) satisfy the stable part of VCF and the 
unstable part of VCF, respectively. 

Conversely, if the functions ¢ and 1J on R with ¢(t) E S(t) and IJ(t) E U(t) 
satisfy the stable part of VCF and the unstable part of VCF, respectively, for all 
(t, a) with t ~a> -oo, then the function u(t) defined by u(t) = [¢(t) + IJ(t)](O) 
for t ER is a solution of Eq. (1) on R, and satisfies u1 = ¢(t) + IJ(t) in fllj_ 

3.2. Solutions for stable part of VCF. In this subsection we shall investigate 
solutions of the stable part of VCF. Let us recall that the spectrum of vs (t, s) 
which is the restriction of V(t, s) to S(s) is evaluated as 

Therefore the spectrum radius of vs(s+ 1,s) is less than one, and the norm of 
the operator vs (t, s) decays exponentially as t----+ oo; 

(11) (Vt~ s). 

Let f E BC(R, X) be given. In virtue of the estimate (11 ), it is straight­
forward to check that the integral t 00 vs(t, r)Ils(,)(I'"f(r))dr converges 
in fl/j_ Moreover, by the estimate (11) and Theorem 2.1 one can see that 
{t00 vs(t, r)Ils(,)(I'nf(r))dr}n?.l is a Cauchy sequence in fl/j, and hence the 
limit lim t vs(t, r)Ils(,)(rnf(r))dr exists in fl/j by virtue of the completeness 

n---+oo 00 

of fljj_ We set 

OJ/(t) = J~~ Loo vs(t, r)Ils(,)(rnf(r))dr 

= lim J00 vs(t, t - s)IIS(t - s)(rnf(t- s))ds. 
n-+oo 0 

Theorem 3.2. Let f E BC(R, X). Then the function OJ/(t) is [l/j-bounded 
(that is, SUPieRIIOJ/(t)lli/8 < oo) and continuous on Rand satisfies the stable part of 
VCF for all (t, a) with t ~a> -oo. Moreover, if cfil is fllj-bounded and con­
tinuous on R and satisfies the stable part of VCF for all (t, a) with t ~a> -oo, 
then OJ/(t) = cfil(t) in fl/j for all t ER. 

Proof We first assert that for any e > 0 there exist Lo > 0 and no EN 
such that 
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for Vm,n ~ n0 and VL ~ Lo. Indeed 

IILOO vs(t, r)JIS(r)(F"'.f(r))dr - f_L vs(t, r)JIS(r)(rnf(r))drllar 

~ 111::0 vs(t, r)lls(r)(F"'.f(r))drt 

+ 11r~: Vs(t, r)1Is(r)(I'1/(r))drt 

+ llf-Lo vs(t, r)JIS(r)(rmf(r))dr - f-Lo vs(t, r)IIS(r)(rnf(r))drt 

~ (2CCoK(l)/1X)llflle-o:Lo +Co· II J1 V(t, r)Fmf(r)dr 
t-Lo 

-f I V(t, r)Fnf(r)drll 
t-Lo Pl 

by (Al)-(iii) and the estimate (11), where 11111 = sup1ERIIJ(t)llx• Choose Lo> 0 
so that 

(2CCoK(l)/1X)llflle-o:Lo < s/2. 

Also, by Theorem 2.1 one can choose no so that 

(Vn ~ no). 

Then the assertion follows from the above inequality. 
Now, letting m ___, oo in the inequality of the assertion, we get 

(12) supllOJ/(t) -J1 
vs(t, r)lls(r)(rnf(r))drll < s 

tER t-L Pl 
(Vn ~ no, VL ~ Lo). 

Since t f---+ s:-L vs(t, r)JIS(r)(rnf(r))dr is continuous, we see that OJJ(t) also is 
continuous. Moreover, OJI is 86'-bounded on R because of 

IIOJJ(t)llar ~ s~p Loo II Vs(t, r)lls(r)(Fnf(r))llardr 

~ Loo ce-o:(t-r) dr. CoK(l)llfll 

= (CCo/1X)K(l)llfll-
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If t 2: a> -oo, then 

V 8 (t, a)~(a) + ,t~ t V 8 (t, s)II8 (s)(rnf(s))ds 

= ;!_.~ V 8 (t,a) roo V 8 (a,s)II 8 (s)(I'nf(s))ds 

+ J~I V 8 (t,s)II 8 (s)(rnf(s))ds 

= J!_.~ {[
00 

V 8 (t,s)II 8 (s)(F"f(s))ds+ I V 8 (t,s)II 8 (s)(rnf(s))ds} 

=;!_.~Loo V 8 (t, s)II8 (s)(rnf(s))ds 

= ~(t). 

Thus ~(t) satisfies the stable part of VCF for all (t, a) with t 2: a> -oo. 

351 

If <!ii is another [JU-bounded and continuous function satisfying the stable 
part of VCF, then ~(t) -<fii(t) = V 8 (t,a)(~(a) -<fii(a)) for all t 2: a> -oo. 
Hence 

ll~(t) - <fii(t)llga::;; ce-rt(l-u){supll~(r)llga + supll<fii(r)llga}- 0 
,ER ,ER 

as a-+ -oo, and consequently ~(t) = <fii(t) in f!.8. This completes the proof of 
the theorem. D 

We recall that f E BC(R, X) is said to be almost periodic (in the sense of 
Bohr), if for any positive e the set T(f, e) defined by 

T(f, e) = {,ER: supllf(t + r) - f(t) llx < e} 
tER 

is relatively dense in R ([19]). If f is an almost periodic function, the limit 

(13) l JI . a(),,;J) = lim 21 f(t)e-,;.i dt, 
1--+oo -/ 

exists. a(),,;J) is called the Bohr transformation off. We denote by ab(f) the 
set which consists of real numbers ),, satisfying a(A;f) #- 0, and call ab(f) the 
Bohr spectrum off. It is known that the set ab(f) is at most countable. We 
denote by mb(f) the module generated by ab(f); 

mb(f) = {I: l;A;: /; E Z, A; E ah(f) }· 
fimte 
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An almost periodic function f is called a quasiperiodic function if mb(f) has a 
finite integer basis (cf. [19, p. 26 and p. 48]). For properties of almost periodic 
functions and quasiperiodic functions, see [19]. 

The following result will be needed later to study of existence of almost 
periodic solutions and quasiperiodic solutions for Eq. (1 ). 

Theorem 3.3. Let f be an almost periodic function. Then the function 

C!Y(t) is an almost periodic function, and the following relation holds: 

Proof Since the set zn T(f,s) is relatively dense in R (cf. pp. 163-164 
in [5]) and V 8 (t, t - s) is I-periodic in t, we can easily see by (11) that C!Y(t) is 
almost periodic. We will prove the inclusion relation on ab(C!Y). To do this, it 
suffices to establish that 

1 JI . a(J.o; C!Y) := lim - e-zAotqy(t)dt = 0 
1->oo 21 -I 

in qJ under the assumption that Ao ¢ ab (f) + 2nZ. Let e be any positive 
number. By the approxmation theorem for almost periodic functions ([19], 
pp. 22-24), there exists a function P(t) such that 

sup!IP(t) - f(t)llx < s, 
IER 

where P(t) is a function of the form 

(14) 

Then 

m 

P(t) = Z:::x1eiµl 
J=I 

\\f_Lo V 8(t, r)II8 (r)(rn°f(r))dr - r-Lo V 8(t, r)JJ8 (r)(rno P(r))dr\\8# 

_::;; K(l)CCosJ 1 
e-a(t-r) dr 

I-Lo 

where C1 = K(l)CCo/ix, and no and Lo is the number ensured in the proof of 
Theorem 3.2. Hence we get 

sup\lC!Y(t) -J
1 

V8 (t,r)II8 (r)(rn°P(r))drll < (1 + c,)e =: C2e 
IER t-Lo 88 
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by (12), and hence 

(15) 11 2-J1 !fll(t)e-Uot dt 
21 -/ 

-;1J1 (J 1 
V 8 (t,r)II 8 (r)(rn°P(r))dr)e-iAot dtll < C2e. 

-I t-Lo BU 

Notice that 

and that the function 

is continuous and I-periodic. Since Ao - µj ¢ 2nZ, we get a(Ao - µj; Yr)= 0 or 

lim ll2-J1 V 8 (t, t - s)II8 (t - s)(rno xj)e-i(Ao-µj)t dtll = 0 
/-too 2/ -I BU 

for each j = 1, ... m and s E [0, L0]. By the estimate (11) it follows that 

11;/ LI V 8 (t, t- s)II8 (t - s)(rn°xj)e-i(Ao-µj)t dtt ~ ;l LI e!Y.SC3 dt = C3e!Y.S, 

where C3 is a constant independent of l and s. Then Lebesgue's convergence 
theorem implies that 

/~~11ro Gz LI vs(t, t- s)IIS(t- s)(rnoXj)e-i(Ao-µj)t dt)e-iµjs dst = 0 

for each j = 1, ... m, and hence 

1~~11;z1~1 (f -Lo V 8 (t, r)II 8 (r)(rno P(r))dr) e-Uot dtt = 0. 

Therefore, letting l---+ oo in (15), we get lla(Ao,!fll)IIBU ~ C2e. Since e 1s an 
arbitrary positive number, it follows lla(Ao; !fll)IIBU = 0, as required. D 
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3.3. Solutions for unstable part of VCF. In what follows we shall analyze the 
unstable part of VCF, and deduce that the unstable part of VCF is reduced to 
an ordinary differential equation. 

If { q>1 (s), ... , q>J(s)} is a basis of U(s), then <l>(s) = (q> 1 (s), ... , q>J(s)) is 
called a basis vector of U(s). Let <I>= (q>1, ... , q>d) be a basis vector of U(0). 
Since V(l, 0) is a linear transform on U(0), there is ad x d matrix M such that 
V(l, 0)<I> = <l>M. Notice that a(M) = a( V(l, O)I u(o)) = A does not contain 
zero. Therefore there exists a d x d matrix G such that M = ec. We set 

<l>(t) = V(t, 0)<l>e-Gt 

for t?: 0. One can easily see that <l>(t + 1) = <l>(t) for all t?: 0, and that <l>(t) 
is a basis vector of U(t). We extend <l>(t) for t < 0 periodically (which we 
denote by <l>(t) again). Then 

V(t, s)<l>(s) = <l>(t)eG(t-s) 

Now, for the above basis vector <l>(t) = (q>1 (t), ... , q>d(t)) of U(t), there 
exist uniquely d-elements t/11 (t), ... , t/JJ(t) in f1Ji* (the dual space of f1li) such that 
<t/l;(t), q>i(t)) = 1 if i = j, 0 if i #-j, and that t/l;(t) = 0 on S(t). Here and here­
after, < , ) denotes the canonical pairing between the dual space and the original 
space. It is clear that {t/11 (t), ... , t/JJ(t)} is linearly independent. We denote by 
'P(t) the transpose of (t/11 (t), ... , t/!At)) to use the expression <'P(t), <l>(t)) = Id 
(here Id is the d x d unit matrix), and call 'P(t) the dual vector associated with 
<l>(t). It follows from the uniqueness that 'P(t) is I-periodic; that is, 'P(t + 1) = 
'P(t). The projection operator Ilu (t) is represented by means of <l>(t) and 'P(t) 
as follows: 

By the same reasoning as in Theorem 6.1.2 and Proposition 6.2.2 in [14] one 
can see that 

(16) V*(t, s) 'P(t) = eG(t-s) 'P(s) (Vt?: s), 

and that 'P(t) is weak-star continuous in t; that is, <'P(t), q>) is continuous in t 
for each q> E f!l. Consequently 

(17) supll 'P(t)II =: C4 < oo. 
tER 

It follows from Proposition 5.1 in Appendix that for any t/1 E f!J* there is a 
unique (/J E NBV10c(R-; X*) such that 

(Vq> E Coo), 
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where NBV10 c(R-; X*) denotes the space of all X*-valued functions x(0) of 
locally bounded variation on R- which is left continuous at each 0 < 0 and 
x(O) = 0. For the above dual vector IJF(t) we denote by 'P(t) the transpose of 
(ifr1 (t), ... , ifrJ(t)). It follows from the proof of Proposition 5.1 in Appendix 
that 

Var('P(t)(·): [-r,O]) s K(r+ l)ll'P(t)II s C4K(r+ 1) 

by (17). Also, from (29) in the proof of Lemma 5.2 in Appendix we know that 
the left limit 

'P(t)(O-) = lim 'P(t)(0) 
0<0,0----,0 

converges in the norm topology of X*. 

Lemma 3.4. For any f E BC(R,X) the function ('P(t)(0-),f(t)) is locally 
integrable iri t ER. Also, 'P(t)(O-) is weak-star left continuous in t ER. 

Proof For any n EN and t ER we consider a linear functional x EX f---+ 

( IJF ( t), rn x). Then the functional is bounded on X because of the inequality 

ll<'P(t),rnx>II s ll'P(t)ll llrnxll~ 

s K(l) 11 'P(t) 11 llxllx• 

We denote this functional by x;(t): 

(x;(t), x) = (IJF(t), rnx). 

Thus x;(t) belongs to the space of d-copies of X* and 

llx;(t)II s K(l)ll 'P(t)II s C4K(l) < oo. 

It follows that 

<x;(t),x) = (IJF(t),rnx) 

= J0 [d0'P(t)(0)](n0 + l)x 
-1/n 

= ['P(t)(0)(n0 + l)xf l/n - n J0 
'P(t)(0)d0 • x 

-1/n 

=-nJ0 'P(t)(0)d0-x. 
-1/n 

Observe that 

11 
'P(t)(O-) - n J0 'P(t)(0)d011 s n J0 

11 'P(t)(O-) - 'P(t)(0) lld0 ~ 0 
-1/n -1/n 
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as n----+ oo, by Lebesgue's convergence theorem. Therefore, combining these 
facts we see that 

(18) 

Now, let f E BC(R, X) be given. It follows from (18) that 

-<'F(t)(O-),f(t)) = lim <x~(t),f(t)) = lim <'P(t), rnf(t)) 
n-+oo n-+oo 

for all tER. Observe that for each nEN the function <'P(t),rnf(t)) is con­
tinuous because of the weak-star continuity of 'P(t) and the continuity of f(t). 
Then the function <ifr(t)(O-),f(t)) is locally integrable as a pointwise limit of a 
family of (uniformly bounded) continuous functions. 

Next we shall establish the weak-star left continuity of 'F(t)(o-). To do 
this, it suffices to establish the weak-star continuity at negative points because of 
the periodicity of 'F(t)(O-). Let t < 0. Then it follows from (16) and (18) that 
for any x EX, 

= lim<eGtV*(0,t)'P(0),rnx) 
n----,oo 

= eat lim <'P(O), V(0, t)rnx) 
n----,oo 

= eGt ;~~ f 00 [d0'F(0)(0)]u(0, t, rnx; 0) 

= eGt lim { J1 [d0'F(0)(0)](n0 - nt + l)x 
n----,oo t-1/n 

+ r [d0'F(0)(0)]u(0, t, rnx; 0)} 

= eGt lim { ['F(O)(t) - n J1 
'F(0)(0)d0] x 

n----,oo t-1/n 

+ r [d0'F(0)(0)]u(0, t, rnx; 0)} 

= eGt{ ['F(O)(t) - 'F(O)(C)]x + r[d0'F(0)(0)]v(0, t; x)} 

= eGt r [d0'F(0)(0)]v(0, t; x), 
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where we used the left continuity of 'P(0)(t) at t < 0 and the fact that 
limn_, 00 u(0, t, rnx; 0) = v(0, t; x) for 0 2 t which has already been explained in 
the outline of the proof of Theorem 2.1. Notice that v( 0, t; x) is left continuous 
in t:::;; 0. Then the weak-star left continuity of 'P(t)(O-) at t < 0 follows from 
the left continuity of v(0, t; x) in t and the left continuity of 'P(0)(0) in 0 < 0. 
This completes the proof of the lemma. D 

Now we are in a position to state the following theorem which shows that 
the unstable part of VCF of (1) is reduced to an ordinary differential equation. 

Theorem 3.5. Let G, <P(t), 'P(t), 'P(t) be the ones cited above. Then a 
[lJJ-valued function 17(t) with 17(t) E U(t) satisfies the unstable part of VCF of (1) 
if and only if the function z(t) determined by <P(t)z(t) = 17(t) is locally absolutely 
continuous in t 2 a and satisfies the following ordinary differential equation 

( 19) a.e. in t 2 a. 

Proof Let 17(t) be a £16'-valued function with 17(t) E U(t) satisfying the 
unstable part of VCF of (1). Since z(t) = <'P(t),17(t)), we get 

z(t) = ( 'P(t), V(t, a)17(a) + }~~ L V(t, s)Ilu (s)(I'nf(s))ds) 

= <V*(t,a)'P(t),17(a)) + J~~L <V*(t,s)'P(t),IIu(s)(I'nf(s)))ds 

= <eG(t-u)'P(a),17(a))+ lim J1 <eG(t-s)'P(s),I'nf(s))ds 
n-Hf) (J 

= eG(t-u)z(a) - L eG(t-s)<tfr(s)(0-),f(s))ds 

by (16) and (18), where we used Lebesgue's convergence theorem in the last 
equality. By virtue of Lemma 3.4, the function <tfr(s)(0-),f(s))ds is locally 
integrable, and hence it follows from the above relation that z(t) is locally 
absolutely continuous and satisfies Eq. (19). 

Conversely, let z(t) be a locally absolutely continuous function which 
satisfies Eq. (19). Then 

z(t) = eG(t-u)z(a) - L eG(t-s)<tfr(s)(0-),f(s))ds 

Then 17(t) := <P(t)z(t) satisfies the unstable part of VCF, because 
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11(t) = <P(t)(eG(t-u)z(a)- J: eG(t-s)<tfr(s)(O-),f(s))ds) 

= <P(t) ( eG(t-u)z(a) + n~ L eG(t-s) <'F(s), rnf(s) )ds) 

= <P(t)eG(t-u)z(a) + lim J1 <P(t)eG(t-s)<'Jf(s), rnf(s))ds 
n---+oo a 

= Vu(t,a)<P(a)z(a) + ;~°c;L Vu(t,s)<P(s)<'F(s),rnf(s))ds 

= vu(t,a)11(a) + J~L vu(t,s)Ilu(s)(I''1f(s))ds. □ 

As the following theorem shows, it is advantageous to treat Eq. (19) instead 
of the unstable part of VCF. 

Theorem 3.6. Let f be an almost periodic function, and assume that Eq. 
(19) has a bounded solution on R+ := [0, oo ). Then there exists an almost 
periodic solution z of Eq. (19) such that 

(20) ab(z) cab(!)+ 2nZ. 

Proof We first note that in order to ensre the existence of almost periodic 
solutions of Eq. (19), Favard's theorem (e.g., [5]) in the theory of ordinary 
differential equations is not applicable, because the term <'P(t)(0-),f(t)) in Eq. 
(19) is not continuous in t. But, we can establish the existence of an almost 
periodic solution of Eq. (19) by modifying the argument due to Favard. In 
Proposition 5.4 of Appendix, we will give a complete proof for the existence of 
an almost periodic solution of Eq. (19). 

Now let p(t) be an almost periodic solution of Eq. (19). We first assert that 

(21) (G-iA)a(A;p) =0 

Indeed, we get 

l J' . (G-iA)a(A;p) = lim 21 (G-iA)p(t)e- 121 dt 
/-Hf) -/ 

l JI ~ ·;. = lim 21 {P(t) + <'F(t)(0-),f(t)) - iAp(t)}e-1 1 dt 
/-+cf) -l 
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We claim that 

(22) 1 J' - ~ lim 21 ('P(t)(O-),f(t))e-' 1 dt = O 
1---->oo -I 

(V,1, ¢ab(/)+ 2nZ). 

Then the assertion (21) is a direct consequence of (22). We now prove (22). 
Let e be any positive number. By the approximation theorem for almost 
periodic functions, there exists a function P( t) such that 

supllf(t) - P(t)llx < t:, 
teR 

where P(t) is a function of the form (14). Then 

(23) 1;, r/-i,\t<ifF(t)(O-),f(t))dt - ti Gtf ~/-i(,\-µj)t<ifF(t)(o-), Xj)dt) I 

::;; supllP"(t)(O-)lle::;; Cst:, 
teR 

where C5 is a constant independent of /. For any j = 1, ... , m we set 

Then rp(t) is a d-column vector valued function on R which is left continuous 
bounded and I-periodic. Let us expand rp(t) into the Fourier series as 

rp(t) ~ LCne2nnit, 
neZ 

and consider the N-partial sum SN(t) = Einl<Ncne2nnit_ Then it follows from 
Parseval's equality that J~lrp(t) - SN(t)l 2dt = "tlnl>Nlcnl 2, and consequently 

(24) lim J1 
lrp(t) - SN(t)l 2dt = 0. 

N---->oo 0 

Therefore, if / ~ 1, then 

1;, r, e-i(,\-µj) 1(rp(t) - Sn(t))df:,;; ;, rl lrp(t) - Sn(t)l 2dt 

[/] + 1 Jl :,;; - 1-
0 

lrp(t) - Sn(t)l 2dt 

:,;; 2 { lrp(t) - Sn(t)l 2dt, 
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where [/] denotes the largest integer which does not exceed /. By virtue of this 
inequality and (24), one can choose a positive integer No so that 

(25) 

Notice that ,1, - µj - 2nn =I- 0 for all n E Z because of ,1, ¢ ub(f) + 2nZ. Then 

~ L lcnl -o 
lnl'.,No l(2nn + µJ - ,1,) 

as z - oo. This observation and (25) lead to lim1- 00 l(l/2/) f 1e-i(Jc-µ) 1<p(t)dtl ~ 
s. Since s is an arbitrary positive number, we get 

or 

for j = 1, ... ,m. Then, letting z - oo in (23) we get 

or the desired relation (22) because s is arbitrary. 
We now set u;(G) = g ER: i~ E u(G)}. By virtue of the relation (21) one 

can easily see that a(l;p)=O for all ,1,¢u;(G)U(ub(f)+2nZ). Consider a 
function z(t) defined by 

z(t) = p(t) - q(t), 

where q(t) = LJcEA a(,1,; p)eUt and A = u;( G)\(ub(f) + 2nZ). It is obvious that 
ub(z) c ub(f) + 2nZ. Also, we get 

q(t) = L i,1,a(,1,; p)eu1 = L Ga(,1,; p)eu1 = Gq(t) 
AEJ AEJ 

by (21), and consequently z(t) is a solution of Eq. (19). Thus z(t) is a required 
one. This completes the proof of the theorem. D 
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4. Almost periodic solutions and quasi periodic solutions 

In this section we shall study the existence of almost periodic solutions and 
quasiperiodic solutions of Eq. (1), and give some results which extends the class­
ical theorem due to Massera [22] on the existence of periodic solutions for linear 
periodic ordinary differential equations. 

Theorem 4.1. Let the standing assumption stated in Section 3 be met, and 
assume that f be almost periodic. If Eq. (1) has a bounded solution on R+, then 
it has an almost periodic solution u on R such that 

(26) 

Proof Let v be a bounded solution of Eq. (1) on R+. Since f1J is a uni­
form fading memory space, the segment v1 is f1J bounded on R+. By virtue 
of Theorems 3.1, 3.5 and 3.6, there exists an almost periodic solution z of 
Eq. (19) such that ab(z) c ab(f) + 2nZ. Set ::Z(t) = <P(t)z(t). By virtue of 
Theorem 3.5, ::Z(t) satisfies the unstable part of VCF of (1). Since <P(t) is 
continuous and I-periodic, ::Z(t) is a flJ-valued almost periodic function, and 
moreover by almost the same argument as in the proof of Theorem 3.3 we see 
that ub(::Z) c ub(z) + 2nZ cab(/)+ 2nZ. Let us recall that l{lf(t) is the one 
introduced in the subsection 3.2. Then u(t) := [l{lf(t) + ::Z(t)](O) satisfies the 
required properties by Theorems 3.1 and 3.3. D 

The relation (26) implies the following relation on the modules of u and f: 

Therefore, if the module mb(f) off has an integer and finite basis, then mb(u) 
has an integer and finite basis, too. This observation leads to the following 
result on the existence of quasiperiodic solutions which extends Theorem 4.12 of 
[24) for autonomous equations to periodic equations. 

Corollary 4.2. Let the standing assumption be met, and assume that f be 
quasiperiodic. If Eq. (1) has a bounded solution on R+, then it has a quasi­
periodic solution u on R such that ab(u) cab(/)+ 2nZ. 

Under the existence of a bounded solution on the whole line R, we can 
derive the following result finer than the above results. 

Theorem 4.3. Let the standing assumption be met, and assume that v(t) is a 
bounded solution of Eq. (1) on R. Then v(t) itself is almost periodic (or quasi­
periodic) if f is almost periodic ( or quasiperiodic, respectively). 

Proof By virtue of Theorems 3.1 and 3.2, we get II 8 v1 = l{lf(t) on R. 
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On the one hand, the function w defined by nu(t)v1 = <P(t)w(t) is a bounded 
solution of Eq. (19) on R, and hence w(t) - z(t) is a solution of the homo­
geneous linear ordinary equation y(t) = Gy(t) on R, where z(t) is the one 
ensured in the proof of Theorem 4.1. Since w(t) - z(t) is bounded on R, we 
see that the function w(t) - z(t) is quasiperiodic. Then the conlusion of the 
theorem follows immdiately from Theorem 3.3 and the above observation, 
because of v(t) = [W(t) + <P(t)w(t)](0) on R. □ 

5. Appendix 

In this appendix we will state several results on the Riesz representation 
of bounded linear functionals on the fading memory space fJJ := fJJ(R-; X) 
explained in Section 2 and the existence of almost periodic solutions of Eq. (19) 
by using Favard's type method. 

5.1. Representation of bounded linear functionals. In what follows we 
will represent any bounded linear functional on fJJ by means of the Stieltjes 
integration. Let us recall that fJJ* denotes the dual space of fJJ, and that 
NBV10c(R-;X*) denotes the space of all X*-valued functions ((0) of locally 
bounded variation on R- which is left continuous at each 0 < 0 and ((0) = 0. 
Also, we often denote by <<ft*,</>) or <ft*</> the canonical pairing</>*(</>) between an 
element <ft* of the dual space and an element <ft of the original space. 

Proposition 5.1. Let </>* E fJJ* be given. Then there exists a unique ( E 

NBV10 c(R-; X*) such that 

<<ft*,</>)= roo [d((0)]</>(0) (V</> E Coo)-

This result may be derived by combining several results in Dinculeanu's 
book ([4]). However the above result is not referred to in the book, explicitly. 
In what follows we will give a rather elementary proof of the result for com­
pleteness, without relying on the results in Dinculeanu's book. To do this, we 
need some lemmas. Throughout the rest of the paper, we use the notation 
L(X, Y) and BV10 c(R-;L(X, Y)) to denote the space of all bounded linear 
operators mapping X into Y and the space of all L(X, Y)-valued functions of 
locally bounded variation on R-, respectively, where X and Y are any Banach 
spaces. 

Lemma 5.2. Let FE L(fJJ, Y) be the one satisfying 

(27) (V</> E Coo), 
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where 17 E BV1oc(R-;L(X, Y)) and 17(0) = 0. Then there exists a unique ( E 

NBV10c(R-;L(X, Y)) such that 

(28) F(rp) = f 00 [d((0)]rp(0) (Vrp E Coo). 

Proof We first assert that the L(X, Y)-valued function 17 is contin­
uous except at most at countable points. To establish this assertion, we set 
p(0) = Var(17(·) : [0, 0]) if 0 < 0, and p(0) = 0. Then the function p: R- ~ R+ 
is nonincreasing, and hence p is continuous except at most at countable 
points. Then the assertion follows from this observation and the inequality 
1111(0) -17(00)11 ::; lp(0) - p(0o)I for 0, 0o::;; 0. 

We next assert that for any 0o ::;; 0 the left limit 

(29) 

exists in L(X, Y). Suppose this assertion is false. Then there exist e0 > 0 
and increasing sequences {Bin)} and {Bin)} such that 0o - 1 < 01') < ei') < 012) < 
efl < · · · < Bin) < ein) < · · · < 0o and that 

inf ll11(0in)) -17(0in))II ~ eo. 
nEN 

Then Var(17(·): [0o - 1, Bo])~ I:!, 1111(0\n)) -17(0~n))II ~ Neo---. oo as N---. oo. 
This is a contradiction, because 17 is an L(X, Y)-valued function of locally 
bounded variation. 

Now we put ((0) = 17(0-) if 0 < 0, and ((0) = 0. It is straightforward to 
see that ( E NBV10c(R-; L(X, Y)). We shall establish the equality (28). Let 
<p E Coo be given. Then L(rp) = J~ 00 [d17(0)]rp(0) and the integration is repre­
sented as a limit of Riemann sum I:)11(01) -17(01_,)]rp(01), where L1: -a= 0o < 
01 < · · · · • • < 0N = 0 is a partition of the intetval [-a, O] which contains the 
support of <p, and all 01, j = 0, 1, ... , N - 1 are points at which 17 is continuous. 
Observe that ((0)) = 17(0}) for j = 0, 1, ... ,N. This observation leads to (28), 
as required. 

Finally we shall show the uniqueness of (. To do this, it is sufficient to 
certify that x(s) = 0 (Vs< 0) under the assumption that x E NBV10c(R-; L(X, Y)) 
and J~ 00 [dx(0)]rp(0) = 0 (Vrp E Coo). Let s < 0 be given, and consider a func­
tion r,s defined by 

{
o, 0<s-1/n 

r,s(0) = (n0 - ns + l)I, s - I/n::; 0::;; s 
I, s < 0::;; 0. 

It follows that Jn,sx E Coo for any x EX, and hence 
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0 = r}dx(0)]r,s(0)x 

= Js [dx(0)]{n(0 - s) + l}x + J\dx(0)]x 
s-1~ s 

= -nJs x(0)d0 · x, 
s-1/n 

or 

n Js x( 0)d0 • x = O. 
s-1/n 

Letting n---+ oo in the above, we get O = x(s-)x = x(s)x for any x EX, and con­
sequently x(s) = 0, as required. This completes the proof. D 

Let r > 0. We denote by BV([-r, O]; X*) the space of all X*-valued func­
tions 17 of bounded variation on [-r, O], and moreover by NBV([-r, O]; X*) the 
space of all ( E BV([-r, O]; X*) which are left continuous at each 0 E (-r, 0) and 

((0) = 0. 

Lemma 5.3. Let r > 0, and let f E C([-r,O],X)*. Then there exists a 
unique ( E NBV([-r, O], X*) such that 

(30) f(</J) = r, [d((0)]</J(0) (V</J E C([-r, OJ, X). 

Proof Let M([-r, O], X) be the Banach space of all X-valued bounded 
functions on [-r, O] with the supremum norm. Since C([-r, O], X) is a closed 
subspace of M([-r, O], X), the Hahn-Banach theorem implies that there is an 

FE M([-r, O], X) * which is an extension off with IIFII = 11/11-
Now, for any 0 E [-r, O] we consider a linear functional 17(0) on X defined 

by 

17(0)x = {-F(X[0,01x), 0 < 0 
0, 0 = 0 

for x E X, where XJ is the characteristic function of the interval J. Then 
17(0) EX*, because of the inequality 

l11(0)xl = IF(X[0,01x)I ~ IIFII IIX[0,01xll ~ IIFll llxll-
We claim that 17 E BV([-r,O],X*). For any partition L1: -r = 0o < 
01 < · · · · · · < 0N = 0 we set 

N 

V(17;L1) = L 1111(01) -17(01-dll­
J=l 
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In what follows we shall evaluate V(17; A). Let any s > 0 be given. For each 
j = 1, ... , N, there exists an Xj EX with llxjllx s 1 such that 

Notice that 

and 

Put 

ll11(0j) -17(0j-1)II < s/N + [17(0j) -17(0j_i)]xj, 

Vj = 1, ... , N - 1, 

F(X[BN-i,BN]xN) = -17(0N-1)xN 

= [17(0N) -17(0N_i)]xN, 

N-1 

1/f = LX[B1-1,B1)Xj + X[0N-1,0N]XN, 
j=l 

Then t/1 E M([-r, O], X) and Iii/Ill s 1, and hence 

Therefore 

N 

V(17; A) < s + L[17(0j) -17(0j-1)]xj 
j=l 

=s+F(t/1) 

s s+ IIFII = s+ llfll-

Var(17; [-r, O]) = sup V(17; A) s s + llfll, 
L1 

which shows that 17 E BV([-r, O], X*) with Var(17; [-r, O]) s llfll, because s is 
arbitrary. 

Next, we shall establish the equality 

(V</J E C([-r, OJ, X). 

Let <p E C([-r,O],X) be given. The integral f~r[d17(0)]rp(0) is represented as 
a limit of Riemann sum E)~:d11(0j) -17(0j_i)]rp(0j), where A: -r = 0o < 
01 < · · • • • • < 0N = 0. Let us consider a function </JAE M([-r, O], X) defined by 

N-1 

<pL1 = L rp(0j)X[01-1,B1) + rp(BN)X[0N-1,0N]' 
j=l 
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It follows from the uniform continuity of rp that IW1 - r/JII -+ 0 as IAI -+ 0. 
Since F(rp,1) = LJ~d11(0j) -17(0j_I)]rp(0j), we get 

f,rd11(0)]rp(s) = }i_To F(rp,1) = F(rp) = f(rp), 

as required. 
Finally, repeating almost the same argument as in the proof of Lemma 5.2, 

one can normalize 17 to get ( E NBV([-r, OJ, X*) which satisfies Relation (30). 
We shall show the uniqueness of (. To do this, it is sufficient to certify that 
x(s) = 0 (Vs E [-r, O]) under the assumption that x E NBV([-r, O]; X*) and 

(31) f,rax(0)]</J(0) = o (Vrp E C([-r, 0]; X)). 

By the same reasoning as in the proof of Lemma 5.2, we see that x(s) = 0 for 
all s E (-r, O]. Then f~r[dx(0)]rp(0) = -x(-r)rp(-r), and hence x(-r) = 0 by 
(31 ). This completes the proof. D 

We are now in a position to give the proof of Proposition 5.1. 

Proof For any r > 0 we consider a functional f' E C([-r, O], X)* defined 
by 

(Vi/IE C([-r,O],X), 

where 

{ 
i/J(s), 

Jr(s) = i/J(-r)(s+r+ 1), 
0, 

-rs s s 0 

-r - 1 s s s -r 

s < -r - 1. 

Indeed, r is well-defined because Jr E Coo with 11Jr11~ s K(r + 1) Iii/Ill, and 
it satisfies IIFII s K(r+ 1)11</J*II- By virtue of Lemma 5.3, there exists a(' E 
NBV([-r, OJ, X*) such that 

<efJ*, Jr>= F(i/1) = r)dC(0)Ji/J(0) (Vi/IE C([-r, OJ, X). 

Let / > r. Then there exists ( 1 E NBV([-/, O], X*) such that 

<r/J*,J1) = r/d(1(0)]i/J(0) (Vi/IE C([-/, O], X)). 

In particular, for any 1/fEC([-/,O],X) whose support is contained in (-r,O] 
'I ------ r we get 1/f = 1/f I [-r, o] , and hence 
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or 

where x(0) := ( 1(0) - ('(0) for 0 E [-r, O]. Therefore, by the same reasoning as 
in the proof of Lemma 5.3 one can see that x( 0) = 0 or ( 1 ( 0) = (' ( 0) for all 
0 E (-r, O]. Define ( by ((0) = ('(0) if 0 E (-r, O]. Then ( is well defined, and 
it satisfies all requirements in the proposition. □ 

5.2. Existence of almost periodic solutions. In this subsection we shall give a 
proof for the existence of almost periodic solutions of Eq. (19), 

z(t) = Gz(t) - ('F(t)(O-),f(t)) a.e., 

under the assumption that Eq. (19) has a bounded (locally absolutely con­
tinuous) solution on R+ to completeness the proof of Theorem 3.6. Let us 
recall that G is ad x d matrix, f(t) is an X-valued almost periodic function and 
'F(t)(O-) is a d-column vector whose components are X*-valued functions. 
Moreover 'F(t)(O-) is I-periodic and weak-star left continuous in t ER with 
sup1ERl'F(t)(O-)I :s; K(l) sup1ERIIP(t)II =: C6 < oo by (17). 

Proposition 5.4. If Eq. (19) has a bounded solution on R+, then it has an 
almost periodic solution on R. 

Before proving the proposition, we prepare a lemma. 

Lemma 5.5. If Eq. (19) has a bounded solution on R+, then it has a 
bounded solution on R. 

Proof Let z(t) be a bounded solution of Eq. (19) on R+. From Lemma 
3.4 we know that ('F(t)(O-),f(t)) is locally integrable in t ER, and hence z(t) 
satisfies the integral relation 

(32) 

Therefore it follows that z( t) is uniformly Lipschitz continuous on R+. 
Now let {tn} be any sequence such that limn---Hxi tn = oo. Since f is 

almost periodic, taking a subsequence if necessary, one can assume that 
limn---Hxi f(t + tn) = g(t) uniformly on R, for some almost periodic function g. 
Let tn = [tn] + 'n, 0 :s; 'n < 1, where [tn] denotes the largest integer which does 
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not exceed tn. Considering a subsequence, one can assume that limn--+oo Tn = r 
for some r E [0, 1]. Set 

fn = min{ r, rn} - 1/n, fn = max{ r, <n} + 1/n. 

Then fn < r < fn and limn--+oo fn = limn--+oo fn = r. Moreover we set 

Let us consider a family of functions {zn(t)} which is defined by 

The family {zn(t)} is uniformly bounded and equicontinuous on any bounded 
interval in R. Therefore, considering a subsequence if necessary, one can 
assume that {zn(t)} converges to some y E BC(R, Cd) uniformly on any bounded 
interval in R. Notice that limn--+oo f(t + [i]n) = limn--+oo f(tn + t + fn - <n) = 
g(t) uniformly on R. Since limn--+oo 'F(t + fn)(0-) = 'F(t + r)(0-) in the weak­
star topology of X* by the weak-star left continuity of 'F(t)(o-), we get 

l('F(t + [i]n)(0-),f(t+ [i]n)) - ('F(t + r)(0-), g(t))I 

= l<'F(t + fn)(0-),f(t + [iln)> - ('F(t + r)(o-), g(t))I 

:S: l('F(t + fn)(0-),f(t + [i]n) - g(t))I 

+ l<ifr(t + fn)(o-) - tfr(t + r)(o-),g(t)>I 

:s: C6 llf ( t + [iln) - g(t) llx + I< tfr(t + fn) (o-) - tfr(t + r) (o-), g(t) >I -+ o 

as n-+ oo, and consequently limn--+oo('F(t + [iln)(0-),f(t + [iln)) = 
('F(t+r)(0-),g(t)). From (32) it follows that 

zn(t) = zn(s) + f {Gzn(¢) - ('F(¢ + [i]n)(0-),f(¢ + [i]n))}d¢ (Vt,s ~ -[i]n). 

Letting n -+ oo in the above, one gets by Lebesgue's convergence theorem that 

(Vt, s ER), 

which shows that y is absolutely continuous and satisfies the equation 

j;(t) = Gy(t) - ('F(t + r)(o-), g(t)) a.e. 

in t ER. 
Next we set yn(t) = y(t- [lln) for any t ER. Since {yn(t)} is uniformly 

bounded and equicontinuous on R, one can assume that {yn(t)} converges to 
some p E BC(R, Cd) uniformly on any bounded interval in R. Observe that 
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limn----,oo g(t - [lln) = f(t) uniformly on R and that limn----,oo 'F(t + r - [lln)(o-) = 
'F(t)(O-) in the weak-star topology of X*. Then, by the same reasoning as 
in the preceding paragraph, we see that p(t) = Gp(t) - <ifr(t)(O-),f(t)) a.e. in 
t ER. Thus p is a bounded solution of Eq. (19) on R. □ 

Now we shall prove Proposition 5.4. 

Proof For any bounded solution z of Eq. (19) on R, we set llzll = 
sup1ERlz(t)I, where I· I is the Euclidean norm of Cd. Moreover we set 

A= inf{llzll : z E ff}, 

where ff is the set of all bounded solutions of Eq. (19) on R. By Lemma 
5.5 we get O ::::;; A < oo. We shall show that A= IIPII for some p E ff (such a p 
is called a minimal solution of Eq. (19)). Indeed, one can choose a sequence 
{zn} in ff so that A::::;; llznll ::::;; A+ 1/n for all n EN. Since {zn(t)} is uniformly 
bounded and equicontinuous on R, one can assume that {zn(t)} converges to 
some p E BC(R, Cd) uniformly on any bounded interval in R. By the same 
reasoning as in the proof of Lemma 5.5, we see that p E ff. Letting n---* oo in 
the relation lzn(t)I::::;; llznll ::::;;;.+1/n, we get lp(t)I ::::;;;. (Vt ER) or IIPII =A. 

Now we shall prove that a minimal solution p of Eq. (19) is almost 
periodic. To do this, it is sufficient to establish that if {tn} is any sequence in 
R, then {p(t + tn)} contains a subsequence which converges uniformly on R 
(e.g., see [5], Theorem 1.14). In what follows, we will prove this by a con­
tradiction argument. Let us assume that {p(t + tn)} does not contain any sub­
sequence which converges uniformly on R. Then there exist a constant J > 0 
and sequences {ti1l}, {tf)} c {tn} and {sn} c R such that 

inf lp(ti1) + Sn) - p(t~2) + Sn)I 2 J. 
nEN 

By taking a subsequence if necessary, one can assume that limn----,oo f(t + tn) = 
g(t) and limn----,oo g(t + sn) = h(t) uniformly on R for some almost periodic 
functions g and h. Then limn----, 00 f(t + ti1) + sn) = h(t) uniformly on R. In the 
following we use the notation [tnl, [iln and so on which were introduced in 
the proof of Lemma 5.5. Let tn = [tn] + <n and Sn= [sn] + µn with <n,µn E [O, 1). 
One can assume that limn----, 00 Tn = r and limn----, 00 µn = µ for some r,µ E [O, 1]. 
Since limn----,oo ( ti1) + Sn - [i]~i) - [sln) = 0 for j = 1, 2, from the uniform conti­
nuity of p it follows that 

(33) 

for some no EN. For j = 1, 2 the family of functions {p(t + [i]~i) + [s]n)} is 
uniformly bounded and equicontinuous on R, and hence one can assume that 
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limn-+oo p(t + [i]~J) + [sln) = qUl(t) uniformly on any bounded interval in R, for 
some qUl E BC(R, Cd). Especially, we get 

(34) 

by (33). Observe that limn-+oo f (t + [i]~J) + [sln) = h(t) uniformly on R and 
that limn-+oo 'F(t + [i]~J) + [s]n)(o-) = 'F(t + r + µ)(0-) in the weak-star topol­
ogy of X*. Then, by the same reasoning as in the preceding paragraph, we see 
that the functions q(l) and q(2) satisfy the equation 

(35) 

in t ER with llq(llll = llq(2)11 = A. Put 

q(ll(t) + q(2l(t) 
q(t) = 2 ' 

a.e., 

Then q satisfies Eq. (35) in a.e. t ER. On the one hand, w is a bounded 
solution of the equation w = Gw on R, and hence it must be almost periodic. 

Therefore it follows from Theorem 5.7 in [5] that inftERlw(t)I > 0 because w is 
nontrivial by (34). Thus we get 

lq(t)l 2 + lw(t)l 2 = 1 (lq(ll(t)l 2 + lqr2l(t)l 2) ~ J 2 

or 

By the same reasoning as in the last paragraph of the proof of Lemma 5.5, one 

can assume that limn-+oo q(t - [l]~1) - [sln) = r(t) for some r E :ff. Notice that 

llrll = llqll <A= IIPII- This is a contradiction to- the fact that p is a minimal 
solution of Eq. (19). This completes the proof of the proposition. D 
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