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On Uniqueness and Existence of Slowly Decaying Positive
Radial Solutions for Some Semilinear Elliptic Equations

By

Masaaki MANIWA

(Tokyo Metropolitan University, Japan)

1. Introduction
In this paper, we consider the following semilinear elliptic equation
(1) Au—+ f(|x],u) =0 in R" (n=>3).

Since we are only interested in positive radial solutions, we study the following
problem:

-1
2) '+ + f(r,u) = 0,

(3) u>0 (r>0) and u—0as r— oo,

where r >0, r=|x|, xe R". If f(r,u) >0 for small u >0, then r"2u(r) is
increasing for large r > 0 (see the proof of Lemma 2.1), and therefore the
solutions of (2)-(3) can be classified into two types:

®R) if r"2u(r) > C< o (r— o) for some C >0, then u(r) is called a
rapidly decaying solution,

S) if " 2u(r) —» o (r — ), then u(r) is called a slowly decaying solution.

Many authors studied the non-existence or existence and uniqueness of
positive radial solutions of (2)-(3) under suitable structure conditions on f(r,u)
(see [Ni], [NS], [Panl], [LN], [SZ], [Li], [Pan2] and the references therein).
The case f(r,u) = u? has been extensively studied. Among them, it is known
that if n/(n—2) < p < (n+2)/{n—2), there exists only one slowly decay-
ing positive solution u near infinity, namely u(r) = Ar * with «a =2/(p — 1),
A={a(n—2—a)}/P D (see eg [SZ]). For the case f(r,u)=u’+ul,
n/n—2)<p<@m+2)/(n—2), p<gq, several authors studied existence and
uniqueness of slowly decaying solutions of (2)-(3). In particular, Qi and Lu
[QL] proved the existence and uniqueness of slowly decaying solution of (2)-(3)
near infinity under the assumptions n/(n—2)<p<(n+2)/(n—2), p<qy.
Furthermore, they showed that if we impose the additional condition
g<(n+2)/(n—2), then the slowly decaying solution can be extended on
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(0, 0) as a singular solution, i.e. lim,_,o u(r)=+oc0. See also [Panl], [LN], [SZ]
for some previous results on this problem. For the case ¢ > (n+2)/(n—2),
the classification of the slowly decaying solution u as r — 0 is difficult and has
been an open problem. Very recently, partial results in this direction was
obtained by R. Bamén, I. Flores and M. del Pino (see [BFP] for the details).

The purpose of this paper is to show uniqueness and existence of slowly
decaying solutions near infinity for general nonlinearity f(r,u) which satisfies
certain structure conditions, including the typical one f(r,u) = u? + K(r)u?, but
K(r) is not necessarily bounded. Furthermore, we investigate the sufficient
condition on f(r,u) to make a slowly decaying solution singular at r = 0.

Throughout this paper, we assume that the constants p and ¢ satisfy the
following relations:

"« <n+2 -
n—2 - F n=2 P=q
We also use the notation:
2 —
o1 c=(q—p, A={an-2-a)}/

We assume the following conditions for f(r,u).

(A-1) f(r,u)=0 for u<0 and f(r,u) is continuous on (0,c0) x (0,c0) and
locaily Lipschitz continuous with respect to w.
(A-2) There exist positive constants Cy and J such that f(r,u) > Cou” holds
for u e (0,0).
(A-3) There exists a function K(r) such that f(r,u)=u?+ fi(r,u),
|fi(r,u)] < K(r)u? for ue (0,0) and K(r) = O(r') (r — o) for some
I <o.
(A-4) There exists a function K(r) such that |{fi(r,u)},| < K(r)u?™' for
ue(0,0) and K(r) = O(r') (r — o) for some / < 0.
First, we state the main result on the uniqueness of slowly decaying positive
solutions near infinity.
Theorem 1.1. Suppose that (A-1)~(A-4) hold. Then any slowly decaying
solution of (2)-(3), if it exists, satisfies that for any & >0
(4) riu— A =o(r ) as r — oo
and there exists at most one slowly decaying solution of (2)-(3) on [ro, ) for any
rg > 0.

Remark 1.1. Theorem 1.1 is an extension of [QL], [SZ]. Actually, in [QL]
they asserts existence and uniqueness for more general nonlinearity f(r,u) = f(u)
with lim f (‘2;‘” =1 or f(r,u) =u? + K(r)u? with a bounded function K(r).

Uu—




On Uniqueness and Existence 419

However, their proof, even for the uniqueness, is based on the higher order
asymptotic expansion of slowly decaying solutions. We suspect that such
higher order asymptotic expansion can not be obtained if there is an oscillation
in the higher order terms of f(u) or K(r) (cf. Theorem 1.2 and 1.3). The
method of [QL] cannot be applied for f(r,u) satisfying (A-1)~(A-4) in general.

We show the estimate (4) by the argument in [QL] and prove Theorem 1.1
by the method in [SZ] by using the estimate (4).

To show existence of slowly decaying solutions, we need the higher order
asymptotic expansion for the solution u, since we use the contraction mapping
principle as in [QL].

Theorem 1.2. Let f(r,u)=u?+ru? (I<o), n/(n—2)<p<(n+2)/
(n=2),q>p, oa=(q—p)a, o =2/(p—1). Then there exists a unique slowly
decaying solution on (ry, 00) for sufficiently large ro > 0.

Theorem 1.2 is an extension of Theorem 1 in [QL]. Moreover, although
we follow the strategy of [QL], we simplify the proof slightly (see Lemma 4.1
and Remark 4.1). For more general nonlinearity, we have the following
theorem.

Theorem 1.3. Let f(r,u) = u? + K(r)g(u). Suppose g(u) = u?(3 -, buu™)
(u—0) and K(r)=r'S 2 an/r" (r— ),l <o. Furthermore, we assume
o—1and o€ Q. Then there exists a unique slowly decaying solution on (ry, )
for sufficiently large 1y > 0.

In these two cases, the precise asymptotic expansion of the slowly decaying
solution will be given in details in section 4 (see Theorem 4.1 and 4.2). See
also Remark 4.2 for more general statements. Although basically we follow the
strategy of [QL], we simplify the procedure slightly and give the proof in details.
Next, we consider the following problem; when we have a slowly decaying
positive solution u on [rg,o0), to what extent we can extend the solution u
backward into the region (0,ry). The behavior can be classified as follows.
Instead of (A-1), (A-2), we impose a slightly stronger condition:

(A-1)  f(r,u) =0 for u<0 and f(r,u) is continuous on [0, 00) x [0, 00) and
locally Lipschitz continuous with respect to u.

(A-2)"  f(r,u) =0 on (0,) x (0,0) and there exist positive constants Co and
6 such that f(r,u) > Cou? holds for any u € (0,9).

Proposition 1.1.  Suppose that (A-1)" and (A-2) hold. Then the behavior of
the solution of (2)-(3) on (0,00) is classified into three types:
1. singular solution which satisfies u(r) — +oo as r — +0.
2. regular solution which satisfies u(r) — ¢’ as r — 40 for some ¢’ > 0.
3. 0-hit solution which satisfies u(r;) =0 for some ry > 0.
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Furthermore if f(r,u) satisfies the certain additional structure condition, by
using Pohozaev identity (see Section 4), we can extend the slowly decaying
solutions of (2)-(3) backward into (0,+o0) as a singular solution. To state the
result precisely, instead of (A-3), we must impose a stronger condition.

(A-3)" There exist a function L(r) and a constant é, such that f(r,u) = u? +
Si(r,w), |fi(r,u)] < L(ru? for ue (0,0,), |rdfi/0r] < ML(r)u? for some

M >0, and L(r) = O(r") (r — ) for some I < a.
Theorem 1.4. Suppose that (A-1)', (A-2), (A-3) hold and f(r,u) satisfies

n—2
2

(5) nF(r,u)— uf (ryu) + rF(r,u) > 0 and #0, (r,u) € (0, 0) x (0,0)

for any & > 0, where F(r,u) = [ f(r,t)dt. Then any positive solution of (2)-(3),
if it exists on [rg,00) for some ry >0, can be extended to (0,0) and satisfies
(6) u(r) - o (r — 40).

Theorem 1.4 is an extension of Theorem 3 in [QL]. The classification
problem for slowly decaying solutions on (0, 00) is widely open (see [BFP]).

2. Preliminaries

In this section, we prepare some lemmas and give their proofs. First, we
give the basic estimates for any solution of (2)-(3). Since u(r) — 0 as r — oo,
there exists a constant ry such that 0 < u(r) <é for r = ry.

The following Lemma 2.1 and 2.2 are essentially well-known (see [Ni],
[NS]). However, we present the proofs under the somewhat general assump-
tions (A-1)~(A-3) to make the paper self-contained.

Lemma 2.1. Suppose that (A-1)~(A-3) hold. Then any solution u(r) of
(2)-(3) satisfies the following estimates

(7) Arr <u(r) <dyr™  (r=r1),
(8) W' (| <dsr >t (rzn)
where dy, dy, di are positive constants.

Proof. First, we prove the estimate (7). Let v(s) = su(r), s = r" 2. Since

©) 0(s) = ulr) + ()50
and by (A-2)
(10) Uss(8) = —s4 ) £ (r, ) <0,

(n—2)’
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vs(s) is decreasing on (so, 00), where so = rf~2. If there exists a positive number
sh > so such that v(s)) = —ag < 0, then v,(s) < —ap for any s (=s7). By the
basic formula, we have

s

(1) o(s) — v(sh) = J (0)dt < —an(s — 5}).

Letting s — oo, we get v(s) — —oo. This contradicts to v(s) > 0. Therefore
vs(s) = 0 for any s > 5. This implies that " ?u(r) is increasing on (rp, ) and

ru(r) = ri2u(ny) = di, F > rp.
Next we shall prove u(r) < dr * on (ro,o0) for some positive constant d.
By (2),
(12) (") = =" (ru).
For any t > 7 > ry, integrating the both sides of (12) on [r,7], we have
(13) () - (1) = — Jtr”lf(r, u)dr < 0.

c

Therefore "~ 'u'(¢) < t"~'u'(t) for any ¢ > v > ry. Since u(r) > 0 and u(r) — 0
as r — oo, there exists a sufficiently large number rj > ry such that
(14) () < B () <0 for any £ > .
Consequently we get u'(/) <0 for any ¢>rj Therefore by (A-2), for

t>1>r,
_lnflu/(t) > —lnﬁlu/(t) + r”_lu'(T)

= Jt "L (v, u)dr

T

t

> COJ P dr

Co (" — )

= " ,

For ¢ > 2!/r) = Ry, choose 7 such that t" = "/2. Then ¢ > 7 > r{ holds and

hence we have
—u'(t) _ Cot

15 > —

(15) ur(t) = 2n’

t > Ry.

Integrating the both sides of (15) on [Ry, 1],

u' () — u'P(Ry) - Co(t? — R?)

(16) p—1 - 4n
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Choosing ¢ such that > — R2 > t2/2 namely ¢ > v/2R,, we have

Co(p — 1)1‘2

(17) u' = (t) > &

By (17), we get (7) as d, = max{(8n/[Co(p — 1)])1/(”‘1),maxr0<r<ﬁR0(r“u(r))}.
Next we show the estimate (8). By (A-3), there exist positive constants M and
ri > max(l,r)) such that f(r,u) <u?+ Mr'u? for r>r. For F>r>r,
integrating (12) on [r, 7], we have

(18) P (F) + () = Jr_s”"lf(s, u)ds.

r

Since u(r) <dyr* and n—1+/—-ag<n—1+o—ag=n—1—ap, it follows
that

——f”“lu'(f") < —r”_lu’(r) +J s”‘l(ul’ + Msluq)ds

r

< —r" () +2 max(dé’,dgM)J s"1=P gy

4

= "' () + C(F — ")
< "' () + CP

where C =2 max(d},djM)/(n—ap). Here we have used n—oap >0, since
p>n/(n—2). Hence we get

(19) —u'(F) < —( )n_lu’(r) + CFl=o,

~i o~

Let r be fixed. Since 1 —n <1 —ap, we get (8). O
The next lemma is an another characterization of slowly decaying solutions.

Lemma 2.2. Suppose that (A-1)~(A-3) hold. If u(r) is a positive solution
of (2)-(3) and satisfies r*u(r) — 0 as r — oo, u(r) is a rapidly decaying solution.
Therefore, a slowly decaying solution u does not satisfy r*u(r) — 0.

Proof. Let v=r*u, r=¢* (r=r9). Then v(s) satisfies
(20) v —av' —bv+vP + e " H(v) =0

where a =20+2-n>0,b=an—2—a) >0, and H(v) = v?{f(r,u) — u?}/ul.
First we note that r*u(r) — 0 implies {r*u(r)}’ < 0 near oo. Indeed, if there
exists a sequence {xx} — oo such that v(x) is a local maximum, then v”(x;) <0,



On Uniqueness and Existence 423

v'(xx) =0, and v(xx) — 0. Then the left hand side of (20) is negative near
oo. This is a contradiction. Hence

(21) —ru' >ou  near oo.

By L’hospital’s rule and (21), we have

0 < 1im £ G0
T oo u
. —rf(ru)
- L
_ fim 7L
r—oo  —ru’
. r2(uP + Mr°uf)
Bl TR

1. M . _
= — lim (r*u)”™' + = Lim (r*u)?""
o r—0 o r—o

=0

for some M > 0. Here we have used the relation 2+ o = a(qg — 1). Hence

0
(22) J sf(s,u)ds <eu  for any &> 0.
Notice
(23) ru' + (n—2yu= J sf(s,u)ds.

By (22) and (23), we have

(24) u<c™m for any m<n - 2.
Therefore
(25) 5" f(s,u) < s"H(CPsTP 4 CUsIM)),

Since n/(n—2) < p < (n+2)/(n—2), note that there exists a positive number
m < n—2 such that n+/—mqg <n—mp < 0. Then, by (25), we have

0 .
J 5" (s,u)ds < o for some R >0,
R
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Hence by (12) and (23), we get

lim "2y = ! lim {r”_zj sf (s, u)ds — r"_lu'}

r—o0 n—2r-w ,

= 1 3 rlin%(—rnﬁlu')

1
=2

:Cl

Joo s f (s, u)ds — R"*]u'(R)}

R

for some ¢; > 0 and the proof of Lemma 2.2 is finished. O

The following lemmas are elementary, but useful in the proof of Lemma
4.1 later (see Section 4).

Lemma 2.3. Let Ao, 1y > 0 and G(s) € L'(s0, 00) for some sy > 0. Suppose
that w is a solution of the following ODE,

w" — dow' + gogw — G(s) = 0, s € (sp,00)

(26)
w(s) — 0 (s — o0).

Then w'(s) — 0 (s — o) holds.

Proof. Let o, be two solutions of the characteristic equation > — lot +
lo =0. Then
Ao Ao\
=2 4+ /(2) — .
aaﬁ 7 - <2) Ho

2
Case (i). If 4 —py >0, e* and e are the fundamental solutions.
2 0
2
Case (ii). If (%") —ty =0, e* and se™ are the fundamental solutions.

2
Case (iii). If % —pp < 0, e%2 cos ys and e**/? sin ys are the fundamental
. A .
solutions where a,f =3 +iy.
In Case (i), we set

= L5{- s |

Since it is easy to see that ¢(s) satisfies

¢" = Jo¢' + mop = G,

[ee)

P G(r)dr} .

we can write
w(s) = Cre® + Cre® + ¢(s).
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Since

< J e*9|G(7)|dx

< [ 16ax

¢ =— . i 'BLOO eV G(n)dr + ot"%ﬂjj PO G(r)de

and G e L!(sp, 0), we have

()] —0,  [¢'(s)] — 0.
Since w(s) — 0, it follows that
Cie™ + Cre? (=g(s)) — 0.
If (Cy, ) #(0,0), we may assume o < f and C, > 0. Then we get
g(s) = CreP* <1 +—g—;e(°‘ﬂ)s> — 0.

This is a contradiction. Therefore C; = C; =0 and hence w(s) = ¢(s), which
implies w’(s) — 0. The case (ii} and (iii) can be treated in a similar way.

We just mention that in Case (iii), we can take a special solution ¢ as the
same one as in Case (i). In Case (ii), we can take

d(s) = — Jw e*079 (s — 1) G(7)dx. O

The following lemma is stated in the proof of Lemma 2.4 in [QL,1] without
its proof. We give the proof for the sake of completeness.

Lemma 2.4. Let o1 >0, Re py <0, and g be bounded. Suppose that U is
a solution of the following ODE,

U' +poU + e 7g(s)
U(s) — 0 (s =

=0, s € (50, 00),
).

Then for any s = sy, we have

Mye " def
4 M, = suplg(s)| < oo.

Uis)| < ————,
| ( )l o1 — Re pg =50

Proof. Multiplying the both sides of U’ + poU = —e ¥g(s) by eP*,

(eP*U)' = —eP"e™g(s).
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Hence
o0

#(s) = e—posj e(PO‘“l)’g(r)dr

s
satisfies
. @'+ pod+ e "g(s) =0
since e %¥g(s) is integrable. So we can write U(s) = Cie™?° + ¢(s). Since
erg(s) — 0, ePU — 0 (s — o0), we have C; =0 and

[U(s)] = 1¢(s)]
< Joo eRepo~(r—s)e—alng dr

Mye="*
o1—Repy’

3. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. First we show the
estimate (4) for slowly decaying solutions u.

Proof of the estimate (4). Let u be a slowly decaying solution near infinity.
We define the energy E(s) as follows:
1

Lo b, 7 o /
U —2v +——101’ —| e “H(v)v' dt,
B

27) E(s) = 307 =507+

where v = r*u, r = ¢*. Since Lemma 2.1, v,v’ are bounded and hence E(s) is
well-defined and uniformly bounded. Here we have used |H(v)| < Me*v? with
I < o for some M >0 by (A-3). By (20) and (27), we have

(28) E'(s) = av'(s)* > 0,

and hence

(29) E() - E(s) =a Jt ¥ (1)2dz > 0.
and

(30) }Ll’l;) E(s) = Ey < c0.

Letting 5o be fixed and ¢ — oo, we have
o0

(31) aJ v'(7)dr < o0
S0

By (20), (27) and Lemma 2.1, v' and v»” are bounded and {W'(s)*} < M.
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Claim 1: v'(s) — 0 as s — oo, that is rd(r*u)/dr — 0 as r — oo.

Proof. If not, there exist an ¢ >0 and a sequence {#,} — oo such
that [v'(t,)|*> > & with #, > t,_| +&/2M (M >0). By the boundedness of
{(v'(s))*}’, we have

YO - 0P = [ (o
t

o
>—-Mls—t|=z——+
- Is =1 = 2

for any s > sy such that |s — #] < &/2M. Hence if {v'(¢)}* > & for some 7 > s,
then {v'(s)}* >e&/2 for any s> sy such that |s— 1| <&/4M. Define I, =
(tn —eo/4M,t, + &/4M). Then we have

(32) : {v'(s)}* > %0 for any sel,.

By the choice of {t,}, {I,} is disjoint and then

Jsoo(v’)zds > JI (v')2dx

0
amM~

\

IMe 1M

This contradicts to (31). Hence we get v'(s) —» 0 as s — o0. O
Next, we shall show the following two claims.
Claim 2: We have

(33) a,= inf 0"(t)>0 asn— oo.
te(n,n+l)

Therefore there exists a sequence {u,} such that v”(u,) — 0 as n — oo.
Proof. Assume that lim, .. a, #0. Then there exist an ¢ >0 and a
sequence {m;} — oo such that |a, | > &. Thus, we have

' I o et "
v'(me+ 1) —v'(m) = v"(s)ds = ¢

ny
and the left hand side converges to 0. This is a contradiction. O

Claim 3: For any slowly decaying solution u of (2)-(3) and v(s) = r*u(r),
r=e°, we have

(34) lim v(s) = pV/P~D =,

§— 0
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Proof. Since v'(s) — 0, there exists 4 > 0 such that

(35) 0'(0)] < g (0> A).
Fix N e N. Then, for any o’ > max(4,uy), we have
a' € [unij, unji1) for some j > 0,
and
(36) lo(a’) — Al < Jv(a’) = v(unyr1)] + [0(unjr1) — Al

By the mean value theorem and the choice of {u,}, we have

(37) lo(@’) = o(un )] < [0 (O) luvij = 'l (O€[d,uniyi])

<2[0'(0)l

<zs
3%

By letting n — oo in (20), using the facts v'(u,),v"(u,) — 0 as n — oo, and
Lemma 2.2, we obtain that for any ¢ > 0, there exists Ny such that if n > N,

(38) o) = 4 < 5.

Note that the estimate (37) implies that {v(u,)} does not oscillate between 0 and
A. Hence by (36), (37) and (38), we can conclude [v(a’) — 1| <& for a’ =

max (4, uy,). ]
Now, we have
VEARNNN Y&
and
1 2, b, art b, vt JOO —ot ’
(40) 2(”) +§/1 S Vo) ) e “"H(v)v' dt <0.

Here H(v) < Mr'v? for sufficiently large r by (A-3). By L’hospital’s rule,

b92 _ AL p 2 | el
(41) fim 22 R 2" Ty (p— b
v—A (v—2)? 2

Hence we have

(42) b

o b ot (p—1)b
2 p+1 2 p+1 2

(w— )%+ o[(v—2)3.
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By (40) and (42), we get

(43) —é(p —Dbv—A)? < MJ e~ D19y’ |
and

1 [ee}
(44) Z(v’)2 < MJ e D)y |dt

for any s > 50, where sy is sufficiently large. Taking sy sufficiently large such
that v?v’| < (6 —[)/4M for any s> 59, by (44),
|Ul| Se—(a—l)s/Z‘

Taking sp sufficiently large furthermore such that v?|v'| < 3(c —)/8M for any

s > 5o, by (44),
0, BY ( ) |l)l| Se—(1/2+1/4)(a—1)s.

Iterating this computation, we have

(45) 0| < e (-1/20@=Ds  for any ke N.
Therefore by (43),
(46) lo— A < M'e"(=1206@0s for some M > 0.

Taking k sufficiently large such that e > (¢ —1)/2%*!, we have
(47) o — Aelo 5 < plello=D/2 s g as s — 0.
Hence we get (4). Next we shall show uniqueness of slowly decaying solutions.

Proof of uniqueness. Let u; and u, be slowly decaying solutions.
Let G(r,u) = f(r,u) —u?, w=70] — 0 =r*(u — up), where ;(r) = r*u;(r) — A
(i=1,2). Then w satisfies

1= 2
n 2ocw, o(n—2—0a)

(48) w'"+ ; - 2 w
o s 7\ 7\ P
+ra{G(V,l;:Ul> —-G(r,i—:avz)} +(/1+vl) - (A+m)" o

Using the mean value theorem and Taylor’s expansion, we have

(49) W,,+n—1—2<xw,+2(n—§—oc)w+Gu<r’/1+001+(1—0)1;2)W
r 14 re
L[S pp=1) . (p—k+1)
+= Z k!
Ll !

x AP~k (mrk —v_zk)} =0  for some 0 << 1.
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Multiplying (49) by ?w’ and integrating on [t, T, for T > t > #, and sufficiently
large 1,

T
r2W12

(50) [ >

r ” 1T
+(n—2—2oc)J wedr+ [(n -2 — )w?),

t

t

T T — _ —
+J [91 (r) _ gz(r)]w' dr_I_J FZWWIGM <r,l+ o1 + (1 6)U2> dr =0,

t t re

where g;(r) — ga(r) = Aplip(l"—”"lil’;’”_l) { (%‘)k— (%)k} About the 4th term,
by the mean value theorem and. (4),
711" = 32| < kloor + (1 - O)za|*"|oi — 73|
< k(|oi| + [22)* o1 — w(|7i] + |9a1)
< k(M'r )" lw|Mir*  for some M’ M; >0

for any e (0,0 — /). Hence we have

T T
(51) J [91(r) — ga(r)]w'" dr < MJ r et w? + w2 dr,

t t

where M = M, Z ————’ﬂ‘l]’ Kl(M'r)*=2 and t is fixed. On the other
hand, about the Sth term, by (A-4) and (7),

T — v T
J rzww/Gu(r’/H-Hvl + (1 0)vz)dr’ SMzJ o122 4 )y
t

o
¢ r

(52)

for some M, > 0. Paying attention to ¢ < ¢ — / and letting 7 — oo in (50), we
get
(53) Pw?42n—2—aw? < cJ = H2(n — 2 — )w? + rPw?Ydr.

t
Here we have used 2w’ (T)2 — 0 as 7 — oo (see Claim 1 in the proof of (4)).
Set F(r) =2(n — 2 — a)w(r)* + r2w'(r)>. We have only to show that Fir)=0
for r>» 1. Set G (1) =c [ r'=*F(r)dr. Then

(54) G'(f) = —ct™ ' F(f) = —ct7 178G (s).
Integrating the both sides of (54) on [z, R], we have
(55) G( ) C/S (R~ g—t‘e)

Gl =
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Since e (“/R°G(R) — 0 as R — oo,
G(t)=0 for ¢ > 1,

which implies that F(¢z) =0 for ¢ > #. Hence w(r) =0 for any r > ry by the
uniqueness of the initial value problem for ordinary differential equations. []

4. Proof of Theorem 1.2 and 1.3

In this section, we give the proof of Theorem 1.2 and 1.3. To show
existence, we use the contraction mapping principle as in [QL] and need
accurate asymptotic behavior. Using the following lemma, we can get the
accurate asymptotic behavior at oo for slowly decaying solutions of (2)-(3).

Lemma 4.1. Let A,uy,01 >0 and consider the ordinary differential
equation

(56)

w" —aw' + pyw + eg(s) = 0,
w(s) =0  as s— oo and g is bounded.

Then

(i) w' =0 as s— .

(ii) w= O(e 7).

(iii) If there exists a limit go, € R, g(s) — goo = O(e7%) for some ay > 0, then

. Joo
57 lim w(s ealS: S —
(57) lim w(s) It )T A

Remark 4.1. Lemma 4.1 is closely related to Lemma 2.4 in [QL].
However we emphasize that the property (i) was assumed in Lemma 2.4 of [QL].
By Lemma 4.1, we can simplify the iteration process in the proof of the accurate
asymptotic behavior, namely we do not need to check the property (i) in each
iteration process.

Proof. The property (i) is a consequence of Lemma 2.3. To show (ii), let
P1, p2 be solutions of the quadratic equation x?+ Ajx +u; = 0. Since

_ Ay (Y
P, p2= 5 T 5 Uy,

we have Re(p;) <0 (i=1,2) and
pi+pr=-k,  pip2=p.
Set U=w'+ pw. Since U — 0 (by (i)) and U satisfies
U' + paU + ¢ %g(s) = 0,
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we have by Lemma 2.4

|U(s)| < Me™* for some M > 0.
Hence
(58) w' + piw=U(s) = e*U(s), U(s) is bounded.
Applying Lemma 2.4 to w, we get
(59) wl < M'e=™*  for some M' >0

and the proof of (ii) is finished. Furthermore, by (58) and (59), we have
|w'| < ce™ for some ¢ > 0. Before starting the proof of (iii), we need another
lemma.

Lemma 4.2. Let p; > 0, q1,r1 € R and v be a solution of the following ODE
v — piv' + qro+r + K(s) = 0,
Ke L1(307 OO) ﬂLoo(s()a OO)>
v,v" are bounded.

Then
lim v'(s) = 0.

§—00
The proof of Lemma 4.2 is the same as the proof of v'(s) — 0 in section 3.
Therefore we omit the proof. Set V(s) = e w(s). By (i) and |w'| < ce ",
V, V' are bounded and V satisfies

V" — (201 + V' + (67 + doy + 1)V +g=0.

Setting p; =201+ A1, g1 =07+ Ao+, " =4gw K(s)=g(s)—gs and
applying lemma 4.2 to V, we have ¥/ — 0 (s — o). Then we can prove (iii)
in the same way as in Claims in section 3. O

Based on Lemma 4.1, we can get the accurate asymptotic expansion. We
will give iteration process in details.

Theorem 4.1. Let u be a slowly decaying solution of (2)-(3) with f(r,u) =
wP +rtut (1<o), nf(n-2)<p<(n+2)/(n-2), ¢>p, o=(q-pn a=
2/(p—1). Then for any ke N,

k-1 ’
(60) u(r) = r“{l +3 e 4 O(r‘k(“'l))} at oo,

=1

where C; are constants which depend only on I, p, q.
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Proof. By (20), for f(r,u) =u? +r'uf, we have
(61) " —av' —bv+v? +e ! =0

where 0y =0 —1. Set vy :=v— A Then v; — 0 and v; — 0. Since

0

(62) P —bv = ar(v— A,
k=1
(63) ! =Y be(v— 4)F
k=0
by Taylor’s expansion, it follows from (61), (62) and (63) that
(64) v) — Aoy + o + Z agvf + e (gg)) + Zbkv{‘) =0,
. k=2 k=1

where L1 =a>0, yy=a;=(p—1)b>0, g =by =19 By (4), we notice
that vy = O(e™®) for any ¢ < ;. By Lemma 4.1,

(1)

. g
65 lim pe™ = ———9* _____ ¢,
( ) sl»oo vie 0'1(0'1 +}ul) + 4 !

Set v3 = v1e9° — C;. Then since
v{‘ = e’k””(Cl + vz)k
— e—ka;s i < k )Ck—mlvml
2=\ 1 2
v; = {vy — 01(Cy + v2) }e ",
v = {0} — 2010} + a1 (Cy + v2) }e ",
and (0?4 Ajo1 + 14,)C1 = —gg)), we have the following equation

k
k
(66) vy — Aavy + v + e“’”{ E ake_(k_z)"‘s< E (m1 ) Clkmlvgn‘>

[e¢]
k=2 m1=0

0 k
k
-+ Zbke-(k_l)als (Z (ml ) Clk’ml u£"l> } =0, vy — 0,
k=1

M1:0

where 2 = 201 + A1, @, = 0% + Ajo1 + ;. We can rewrite (66) as follows,

o8]
(67) vl — Aav)) + yvs + e“"s{ 92 + PO () + 3 e—lwpg?(uz)} -0,
h=1
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where P (1,) is the polynomial of degree more than one about v, and PEIZ) (v2)
is the polynomial of v,. By Lemma 4.1, v, = O(e®*) and therefore by Lemma
4.1 again, we have

@

. Joo
68 lim Uealsz—'——"—lzc.
(68) =0 oo +i)+m

Set v3 := v,¢°"* — C,. Then v; satisfies
- jeo)
(69) v — s} + pvs + e“’”{g&’;’ + PO (3)+ Y e Py ’(03)} =0.
=1

By Lemma 4.1 again, we get
€)

. Joo
70 lim vz = ——— = —— = (3.
(70) lim o3 ot m- O
We iterate this computation. For each je N, we denote by P (v]) and

PJ)(vj) ( e N) the polynomial of degree more than one about ) and the
polynomial of vj, respectively. Assume that we have

] /1] oy + e—ms{g(l) + P J) )+ Ze—lwlsp } -0

and
g(j)
lim Uj 2% = S L - N— C}
500 o1(o1 + 4;) + U

Set vy =vje” — C;. Using the same procedure as before, we have the
equation

”;:Ll — A1V + B Ui + e—als{g(oéﬂ) + P(Hl)(UJH)

+ Z e~hos P u,+1)} =0.

By Lemma 4.1, we get

g™
lim v €% = — =Ciy1-
§—00 s o1 (O’] + lj+1) + K1 7

This computation implies that v, = O(e=") for any k€ N and
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v = C1e % + 7y,

= Cie” %" + Czeﬁzals + 6—301S(C3 + 04)

— Cle—als + C2672¢71s L d e~(k—1)a|s(Ck71 + Uk)
— Cle—als + Czechrls N Ck—lef(kfl)als + 0(67](0'13').
This completes the proof of Theorem 4.1. ]

Proof of Theorem 1.2. Since uniqueness follows from Theorem 1.1, it
suffices to show existence. We prove existence of a slowly decaying solution by
using the contraction mapping principle. In the iteration process above to
obtain vy = O(e™ "), since

0
gg']f) + P(k)(vk) + Ze—lwwpglk)(vk) — g(o]é) + O(e—als),
L=

we notice that

oo @0
—bv +v? + e 7! — v = Z apvk e’ E byo¥
k= k=0

— e~alsgg)) + e—2¢71sg((£) N e—kalsg(k)

Y
w
+ e‘k"”{ﬁ(k)(vk) + Z e‘l‘”ISPEIk)(vk)}.
h=1
Namely, if v, is represented as
v) = C1e™ 4 Cre™ 25 4o - Cp_qe*D715 1 C(5)e7ks, |C(s)| < Co,
then it follows that

[e¢] [e ]
(71) Z apvf + e Z brvk = e“’”gg) + e 215 4.
k=2 k=0

+ e—ko'lxgglé) + O(e_(k-H)ms).
Combining (71) with
oy =ty Cre™ + py Cre™2 4 - 4 1y Cp_ye”*DTS -y Cs)e7 5,

we have
k-1 o
(72) —bv+v? e = Z(,ul G+ g)e s
=1

+ (1 C(s) + g%)e ™ + O(em D),
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where gg) = —Cjl(a1 + 4)a +,uj], A =201+ X1, w=o1(o1+ A1)+ 7
Here, note that

oi(or + An) + 1, = no1(noy + A1) + u,

i.e. for any ne N,

(n)

Joo + 111G
73 —_— = C,.
( ) I’lO’I(l’la'l—i-).]) "

We define an operator T as follows. For s> s, with some sy > 0,

(74) [To](s) = A — JOO JOO eI (—bv + 0P + e "9 ddt.

s t

Since g1 > 0, there exists £k € N such that
(75) kol(km + 11) > 2/11.
For this k, we take Cy such that

#Co
76 ——+2|C| < Cy.
( ) kO'](k0'1+/11) | k| 0

Now we define
k—1 )
(77) E = {v € Clsp,0);0= A+ Z Cie 5 + C(S)eikm,

=1
lolle = 1Ol = sup |C(s)] < Co}~
§=250

If ve E is a fixed point of T, noticing that u is a slowly decaying solution when
we define v = r*u(r), we show that T has a unique fixed point. Since E is a
bounded, closed subset of Clsy, c0), we have only to prove T maps E into itself
and T is a contraction map. By (72)~(77), we have

0 PO
[Tv](s) — 4 = —j J e (—bv + 0P + e 509 drdt

s t

= :ulC +goo

—jals +D s efkals’
< jo1(jor + A1) ()

Jj=

ID(s)] <

1
e — (k) —018
| < kal(kalJrll)(ﬂlCoJrlgoo )+ O(e™)

# Co

C —01S
< kial(kal+/11)+2' k| + O(e™”)

<Cy
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for any s > sp, which implies 7o € E. We define

(78) [Toi](s) = A+ § Ge 7+ Dy(s)e o (i=1,2).
=1

Then it follows from (74), (75), (77), (78) that

”Tl)1 — TU2”E = Sup |D1 — Dz]

5250

= sup [{[Tv1](s) — [Tva](s) }e |

5280

= sup {ekals

5250

- LOO Jw e Iay(Ci(e) - Ca(r))e

t

k-1
+ az(Cl (‘L’) - CZ(T))e—kalr{zz Cje—jolt
j=1

+(Ci(7) + cz(r))e—kmf} + O(e~ kD0 gy

|

# + O(e™?)

= m o1 — v2ll -

Therefore T is a contraction map in E, which completes the proof of Theorem
1.2. ™I

To show Theorem 1.3 we establish the following accurate asymptotic
expansion.

Theorem 4.2. Let f(r,u) = u” + K(r)g(u), where K(r), g(u) are the same
as in Theorem 1.3 and o (=0 —1),0€ Q. Then if u(r) is a slowly decaying
solution of (2)-(3), for any ke N, there exists a; >0 (j=0,1,2,...,k) such
that

(79) u(r) =r*{i+ Clr o 4 Cjr=(@+=)
R C,é_lr_(gl+"'+o"*1) + O(r*(<71+~-+ak))},
oy = 0y, and o; = gy for any j = 3,

where C{,...,C,_, and g; (j=0,1,2,...,k) are constants which do not depend
on u.

Remark 4.2. Actually, without the restriction o1, € Q, we can show for
any k, there exists g, >0 (j=1,2,...,k) such that
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u(r) = A+ Ciro + Cyr(ote) 4 ..
+Ck_ —(o14+0k_1) +0( (o1+- +Gk))}_

However, when a; or a¢ @, we do not know whether > "2, ¢; = co holds or
not. Once we have > 7 g, = 00, we can show existence as in the proof of
Theorem 1.3 even if o1 or a¢ Q.

Proof. By (20), v (=r*u) satisfies
o0
(80) v —av —bv+v? + e (Z e~ )Uq Z be" Sy =
n=0

Notice that

0 n
(81) vl = Zb,(co)v{‘, " = bfc")vf
= =0

and f(r,u) satisfies the assumptions (A-1)~(A-4), where b,, b,(co) , b,(C") are
constants which depend on /, n, p and ¢g. Then v; (=v— 4) satisfies

(o8]
" 14 k
v] — Ao + por + E agv)

k=2
o0 o0 0 n
oS (Sone ) Sone (S|
n=0 n=0 n=0 k=0
=0,

where Ay, g (k=1,2,...) are positive constants and a; is the same as in
Theorem 4.1. Hence by Lemma 4.1,

lim e”v; = CJ.
§—00

Set v, = e“¥v; — C|. Then v, satisfies

[e o)
(82) vy — vl + Uty + Zake'(k*”"”(q’ +0)*
=2

+ {Zb(o —kays Cl +U2) }(Z e nx)

k=0

o0 n .
% {ZO bneA(an (; b](cn)e#ko.lx(cll + Uz)k> }

=0.
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Since oy,a € Q, we can write

01:@ a~@ for éj,njeN.

< &

Set

oo = (£1& =myeN).

&
Then we have

-5 —nyaps
b

e’=e o

—H100S —os —Nn2008
bl b

e =e€ e =€

where ny = n,&;, ny =n,¢&. Therefore we can rewrite (82) as follows.

o0
vy = Aoy + vy + €77 (gg) + PO (1) + Z e‘ll""st)(vz)> =0, gy = 0y,
=1

where P?)(v;) is the polynomial of degree more than one about v, and Pglz)(vz)
is the polynomial v,. By Lemma 4.1 again, we have

lim e™v; = C}
§— 0

Iterating this computation as in the proof of Theorem 4.1, we get

v — A ~|—,u,v]+e*”°s{( + PY(y; +Zell"03P1) }:0

and
)
lim e == T =
This implies (79). O
Proof of Theorem 1.3. Define

k=1
(83) E= {v € Clsp, 0);0=A+ Z Cle™lortortoto)s o C(s)e™(ortort-tous,

=1

lolle = 1COI = sup 1Cls)l < Co},

where {C/ {:1 is the constants appeared in Theorem 4.2. In the same way as
jd=1 y
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in the proof of Theorem 1.2, the nonlinear term in (80) can be written as
follows,

n=0

0 [e0)
—bv 40P 477 (Z ozne“"s> v Z be 5"

=

-1
(:ul C'j, + gg))e*(ﬂl+<-»+0j)s + (ﬂl C(S) + ggé))e——(aﬂm“%_m‘)s
j=1

~.
Il

+ O(e~ (Ot toras),

where gg) = —(:j-l[(O'j+/1j)0'j +,uj], Jj =201+ Aj_1, W= J/_l(O'j_l +}.j~1) U

Here notice that
5i(0 +4) +ay = (o1 + -+ o+ o)+
ie. for any je N,
g +mC _
(14 +a)(o1+-+ag+h) a

For s > sy with some sy > 0 we define

[Tv](s) = A — Jw JOO et=? {—év +0?

s t

+ e " <§: oc,,e"”) v! i bne_“"’v”] drdt.
n=0 n=0
Since a),...,0r > 0, there exists k € N such that
(614 +or)(or+ -+ or + A1) = 2.
For this k, we take Cp such that

#Co
(G144 oo+ +ox+ A1)

+2|C)| < Co.

The rest of this proof is the same as the one of Theorem 1.2. [
Example. (0) If f(r,u):up+(_1$7%, veN, n/n-2)<p<
¥
(n+2)/(n=2), p<q, —1<0, 6+1eQ, aecQ, there exists a unique slowly
decaying solution near infinity.

(1) If f(r,u) :up+(li)1uq, p<q, —l<ag, o+1eQ, aeQ, there exists
r

a unique slowly decaying solution near infinity. In this case, the concrete
asymptotic expansion is illustrated as follows:




On Uniqueness and Existence 441

( ) 7““{/1 + Cllr—(o—H) + Cérf(aJrlJrl) + O(r7(6+l+2)) (O' 41> 2)
(r) = r{A+ C{r- o) =D L o2ty (1 <o41<2)
u(r) = r {2+ Clrt + Cir 2+ 0(r )} (o+1=1)
(r) = r*{A+ C{r~ D 4 720D 4 oo+ G <o+i<l)
(1) =r A+ Clr 4 2 4 o0y (0<o+1<))

where o and Cj,...,C; are constants which depend on /, n, p and q.
(2) If f(ryu)=u? +F17,,;u‘1 (m>0), o+meQ, aeQ, there exists a
unique slowly decaying solution near infinity. In this case, we get the following

asymptotic expansion,

M(l’) — r—oc{l + Clr‘(aer) + C2r7(tr+2m) + 0(7_2(0+m))} for m > o, at oo
u(r) = r*{A+ Cyr= @t 4 Cyp= 2 L oG~ for m< g, at oo

where  Cy = —AY/{(c+m)(a+m+a)+ (p—1)b}, Co=2i1/{(c+2m)*+
a(o +2m) + (p — 1)b}.

5. Proof of Theorem 1.4

In the final section, we shall prove Theorem 1.4. Before starting the proof
of Theorem 1.4, we give the proof of Proposition 1.1 concisely.

Proof of Proposition 1.1. By (12), (A-1)" and (A-2)’, notice that r" lu/(r)
is decreasing. If u/(r) <0 for any » >0 and lim,_,.o «'(r) <0, u(r) must be
singular or lim, o u(r) = C € (0,+00). If lim, ..o u(r) = C € (0,+o0), then it
is easy to see that u becomes a distributional solution of (1) on R”" and hence u
should be a regular solution by the elliptic regularity theorem. If u'(r;) = 0 for
some r; > 0, u(r) is increasing on (0, r,) since r"~'u/(r) is decreasing. Then u(r)
must be a 0-hit solution. [

To prove Theorem 1.4, we need the following Pohozaev identity.

Lemma 5.1. Suppose that (A-1), (A-2), (A-3)' hold Let u be a solu-
tion to (2)-(3) on (ro,0). Then, for t>ry, the following Pohozaev identity
holds.

84 —Su'(r)?-
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Proof. Multiplying (2) by r"u’ and integrating on [z, c0), we have

T2 n=2(% iy N2
2u(r) +——2 Lr u'(r)“dr

= J {r"F(r,u(r)) + nr" VF(r, u(r)) Ydr + t"F(z,u(1)),
since u(r) < dar™®, |u/(r)] < dsr*! and n—2 — 24 < 0. Note that each terms
are integrable, by (A-2)’ and (A-3)’. Integrating by parts and using (12), we get
(84). O

First we prove that the solution on (rg, o0) can be extended on (0, 0). We
shall show that u(r) must be singular under the assumption by the argument in
[Panl]. Let Y = {p>0:u(r) is defined in (p,+o0),u'(r) <0 and u(r) satisfies
(2)-(3)} and 7 =inf Y . Assume that t>0. By (12), we have

(85) ' (r) = R W (R) + JRS””lf(s, u(s))ds

> R" W/ (R)  for any re(t,R).
Since u'(R) < 0,
R n—1 R n—1
86) . 0>u(r)> (7) u'(R) > <~T—> W'(R)=—-M > —o0.
Using the basic formula on [r+ ¢, R] (¢ > 0), we have

R
(87) u(R) —u(t+¢) = J u'(rydr > —M{R - (t +¢)}.

T+e

Letting ¢ — 40, u(z) remains bounded and

(88) u(z) = lim0 u(t+¢) < 0.

&—H

Then by (85), u'(z) exists and

n—1 n—1
(89) 1}3} u'(r) = (?) u'(R) + (%) JR 5" (s, u(s))ds
and we also get u/(z) <0. By the definition of 7, we must have u'(z) =0.
Hence by (84) and (A-2),
(90) Joo el {nF(r, u(r)) — " ; 2u(r)f(r, u(r)) + rE(r, u(r))}dr

T

= —1"F(r,u(1)) < 0.
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By (5), the left-hand side of (90) is non-negative and so this is a contra-
diction. Therefore 7 =0. By Proposition 1.1, u(r) can not be a 0-hit solution.
If u(r) is a regular solution, again by (84), we have

0 -2
o0 | {arat) = "SR 00) 4 ) far <o

0

This is also a contradiction to our assumption (5). Hence we conclude that
u(r) must be a singular solution such that lim, . u(r) = +oc0. O

Example. For f(r,u) = u? + K(r)u?, Pohozaev identity can be wrriten by

P+l g+1
(92) _ n—2 Tnilu(f)u/(r) _ %Tnu/(T)Z " <H(T) T K(T)M(T) )

p+1 qg+1
® n n—2
_J ' 1[(p+1_ 2 )u(r)p“

! {<qj— 1 n;2>K(r) +’q1<—f?}u(r)q+l]dr.

Since n/(p+1) — (n—2)/2 > 0, we conclude that under the condition

(93) K(r) >0, <qi 1 —¥)K(r) +'%(’T) >0

the slowly decaying soluiton u(r) of (2)-(3) on (ry,00) can be extended on
(0,00) as a singular solution. For example, If ¢=(n+2)/(n—2) and
K'(r)=0, or ¢> (n+2)/(n—2) and K(r) = Ar' with ¢; <1 < o, where ¢, =
{(n—=2)(g+1)/2} —n, A =0, the condition (93) is satisfied. Note that ¢; <o
always holds. On the other hand, by the result in [LN], for f(r,u)=
uP +u1 n/(n—-2) < p<(n+2)/(n—2), (1) has an exact positive radial

solution o
u(r) :l (——i—) ’
C\E2+ 2 ’
where

(o [P=2(ny g _nt2 e fon=2 () na 21V
T 4p P n—2 ’ T2(p-1) P n—-2/\p/)
Now, for any g > p, let

(p-1)]2P~1-4
1{ &
Ki(r) = {Z <W) ] .

Then i above is a regular solution to —4# = & + K;(r)éi? in R". So there is a
family of regular slowly decaying solutions to (2)—(3).
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