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permeability and induced hydraulic gradient —
Revised version
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Arnold Verruijt 2
Kazuhiro Nakamura *

Abstract: Anisotropic permeability of soil represents a problem in seepage flow mechanics, such as resistance
to seepage failure of soil, quantity of discharge, and location of the free surface in an embankment dam. In
this study, the theory of one-dimensional confined flow (1DCF) is initially presented, and then the coefficient
of permeability with respect to IDCF, k, ipcr, and the induced hydraulic gradient, i; wp, are given in the n —
s plane. Second, seepage flow through a test specimen, the flow direction of which has an angle to the
principal direction of the permeability tensor, is analyzed by the finite element method. Measured values of
iswp and &, 1pcr are then investigated within the specimen for various cases. The results showed that a large
value of B/D is required for accurate estimation of i; wp and &, ipcr, where B and D are the length and height
of the test specimen, respectively. Effects of a regulating filter settled at both ends of the test specimen were
also investigated. We can conclude that the regulating filter is an effective method for placing a specimen
under the one-dimensional confined flow condition. This paper is a revised version of our previous paper,
published in the Treatises in Honor of Professor Takashi Hasegawa July 1999, Kyoto University, with the
same title by the same authors with some modifications.

Key words: Seepage flow, Anisotropic permeability, One-dimensional permeability test, Permeability tensor,
One-dimensional confined flow, Induced hydraulic gradient

1. INTRODUCTION

Microscopic properties such as shapes and/or orientations of sedimentary solid soil particles have
marked effects on seepage flow through porous media. From a macroscopic point of view, a body of soil
shows anisotropic properties with respect to the mechanics of soil. Anisotropic permeabilities of soil cause
characteristic phenomena of flow through the soil. Many researchers investigated anisotropic properties with
respect to the permeability of soil, and conducted one-dimensional permeability tests for anisotropic soils.
Almost all research, however, considered the case where the direction of flow is coincident with the principal
direction of the permeability tensor in permeability tests on anisotropic soil.

Let us consider a one-dimensional permeability test on anisotropic soil in a laboratory to obtain the
components of the permeability tensor: A, kzx, ki, and kz: in the x — z plane. Permeability tests with respect
to two different directions are required to obtain the permeability tensor for the two-dimensional case.
Consider permeability tests on two samples with flow in x and z directions in an orthogonal x — z coordinate
system. From a permeability test in the x direction, iy, vy, and i: np are measured and &y ipcr (= vi/ix) 1s
calculated, and from the test in the z direction, i, v, ix Wb, and i: ipcr (= v./i;) are similarly obtained. Using
these values, we can derive all components of the permeability tensor with respect to the x — z plane (Tanaka
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et al., 1995):
< From permeability tests on anisotropic soil in the x — z plane >
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where i- o is the hydraulic gradient perpendicular to the flow direction x which is induced by flow through
an anisotropic porous medium, k. ipcr is a coefficient of permeability with respect to the flow direction x,
and i, wp and k: ipcr are similarly defined for the one-dimensional permeability test in direction z. These
values are discussed in detail in the following section. The Eqgs.(1) to (4) are valid for flow along a stream
line or through a cylinder having an infinitesimal cross-sectional area. However, if a seepage cylinder has a
finite area of cross-section, the question arises:

whether the theoretical values of i- inp, kx 1pCF, ix IND, and & ipcr are indeed obtained from permeability

tests through the seepage cylinder?
In this study, we consider the case where the direction of water flow in a one-dimensional permeability test
is at an angle to the principal direction of the permeability tensor. From FEM seepage flow analyses,
characteristic flows through a one-dimensional test soil with anisotropic permeability are investigated. The
ellipse of permeability and induced hydraulic gradient are then discussed from theoretical and practical points
of view.

ko =k, per

(1

kzz = kz 1DCF

2. THEORY OF ONE-DIMENSIONAL CONFINED FLOW

< 1DCEF tests in the n direction, where the n — s plane is rotated as ¢ counterclockwise to the X — Z axes >
Consider a special case or the X — Z plane where X and Z are principal directions of the permeability

tensor. Then, let the n — s plane be rotated as ¢ counterclockwise to the X — Z axes, as shown in Fig.1. More

recisely, ais the angle when the principal .

girectioz Xis rotate§ counterclociwisepto 7 Test specimen

align with the flow direction n. When a

one-dimensional test specimen is cut from

anisotropic soil in direction » and subjected ~ §

to a one-dimensional permeability test, the

hydraulic gradient i; wp is induced in

direction s perpendicular to the flow

direction (see Fig.2):

Principal direction
of permeability tensor

o =~ 7, ) ¢

The occurrence of flow caused by ismp

cancels flow in direction s and flow Fig.1 Anisotropic soil in the X — Z plane
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perpendicular to n, so v does not occur, in
which vy is the velocity of flow in direction
s. Thus, flow through a cylinder or tube is 5 Ko in
eventually confined in the one-dimensional
direction » or in the direction of a stream
line. The flow of water along a stream line
is confined one-dimensionally in the flow
direction. We refer to the flow as One-
Dimensional Confined Flow (or IDCF). As
aresult, the coefficient of permeability with

kss is IND

Is IND

ksn is IND

respect to 1DCF, &, 1pcr, is obtained: s ks s TND
ns l"l
k k'n
kn 1DCF = knn - (6) . . . .
k Fig.2 Seepage flow through an anisotropic test soil

Ss

We refer to the value is wp as the
induced hydraulic gradient, and the value &, 1pcr as the coefficient of permeability with respect to 1DCF.
Using components of the permeability tensor kxx and kzz, the value i vp is expressed as:

. (k,, =k, )sinaxcosar
lsINDz_ z X .Zn’ (7)

s 2 2
ky,sin” a+k, cos” o

which shows that a gradient is induced in the direction perpendicular to the direction of flow. Similarly, 4, ipcr
is expressed as:

kXX kZZ Z

urocr = k. sin® o+ k,, cos’ o ®
which is the equation of an ellipse, as shown in Fig.3. &, ipcr
(Eq.(8)) is the coefficient of permeability of one-dimensional K o
confined flow along the stream line in direction #. The presence \/ \/k_ Pe
of k, ipcr was supported experimentally by Scheidegger (1974). o
The theory of 1DCF can be precisely applied to the flow of water
along a stream line or tube with an infinitesimal cross-sectional

area. When a tube or cylinder for flow has a finite cross-
sectional area, such as one-dimensional permeability test Fig.3 Ellipse of permeability
specimen, hydraulic heads theoretically have to change at the

ends of the test specimen. Conversely, the pattern of flow through the cylinder may deviate from the theory,
because the boundary conditions may impose the absence of hydraulic gradients at the two ends of the sample.
The state of flow through a tube of an anisotropic porous media is discussed in the following section in detail.

3. ANALYTICAL RESULTS

Here, we consider the case where X and Z are principal directions and the ratio of two principal values
of coefficients of permeability, kxyx and kzz (= 0.5 x 10 m/s); kxx/kzz is equal to 1/3, 2, 3, 9, and 25. We
analyzed cases where ratios of the length B to height D (= 2 m) of a specimen are 1, 2, 3, 5, 7, and 10 cut
from anisotropic soil at angles from 0 to 90 degrees, increasing by 15 degrees to the X axis (Fig.1). Let us
consider the case where we conduct one-dimensional permeability tests for such specimens.

Tanaka et al. (1995) found that seepage flow through a test specimen can be quite different depending
on two flow or boundary conditions: Exerted-pressure type (E-P type) and Uniform-Flow type (U-F type).
For the U-F type, seepage flow is precisely in the state of one-dimensional confined flow irrespective of B/D
values. However, for the E-P type, the seepage flow differs from the theory. Theoretically speaking, the U-F
type test would be better than E-P type test for a permeability test on anisotropic soil, but such a test is
impossible to perform. The permeability test is usually conducted for the E-P type because the boundary
conditions of such a test are more realistic. Here, the numerical results using FEM analyses for E-P type tests
are discussed in detail.

The rate of discharge flowing through a specimen, ¢, ipcr, and an induced hydraulic gradient in the
s direction, i \p, are calculated at the center of the specimen. The hydraulic gradient in the n direction,
i, is calculated by the difference between hydraulic heads at both ends of the specimen, /4, divided by the
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length B. The coefficient of permeability with respect to 1DCF in the # direction k,"pcr is calculated as :

k™ 1pcE = g™ 1pce/ (i™ - D) ©)

3.1 Ellipse of coefficient of permeability (%, ipcr)

Figure 4 shows the ellipses of permeability by theory shown by the solid line and numerical analyses
shown in the circle for B/D = 2, 5, and 10, kxx/kzz=1/3, 2, and 25, and a = various values in the E-P type.
From Fig.4, when B/D is larger than 5, the numerical results are nearly equal to theoretical ones. So, we can
obtain reasonable results using E-P type tests for these cases. The difference between the values by theory
and numerical analyses may, however, become large depending on the cut angles of specimens when kxy/
kzzis large. Additionally, when B/D is smaller than 2, the difference between theoretical and numerical values
becomes large, especially in the case when kyx/kzz is large. Thus, in order to obtain accurate values of
k. pcr from E-P type tests, it would be better to make the value B/D of a seepage cylinder large.

3.2 Induced hydraulic gradient (i; wp)

Figure 5 shows induced hydraulic gradients in theory shown by the solid line and numerical results
shown in the circle for B/D =2, 5, and 10, kxx/kzz=1/3, 2, and 25, and a = various values in the E-P type.
Refer to Appendix Al and A2 for the sign (positive or negative values) of is wp. From Fig.5, when B/D is
larger than 5, the numerical results are nearly equal to theoretical ones. So, we can obtain reasonable values
using E-P type tests for this case. The difference between the theoretical and analytical results may, however,

B/D=2 B/D=5 B/D=10

VERRNVERAN

(a) kX)(/kZZ =1/3

@& N

(b) kxkzz = 2/1

(C) kxx/kzz = 25/1
Fig.4 Ellipses of permeability, &, ipcr
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become large depending on the cut angles of specimens when kxx/kzz is large. Furthermore, when B/D is
smaller than 2, the difference between theoretical and numerical values becomes large, especially when kxx
/kzz is large.

Now, let us closely consider the state of flow through a specimen. Figure 6 shows distributions of
i p, 1™, and i"p / i,™ for B/D = 2, kxv/kzz = 2, and o, = 30°, where induced hydraulic gradients,
is"np, are measured through a specimen, and longitudinal hydraulic gradients. i,", are calculated for the
part of a specimen within the point from both ends. As shown in Fig.6, it is found that i,"”xp becomes a
theoretical value at the middle part of the specimen. When B/D is smaller than 2, the value of i, p is largely
different from the theoretical value i; np even at the middle part of the specimen (see Fig.5).

Thus, in order to obtain precise values of i p and &, pcr from E-P type tests, it would be better
to make the value B/D of a seepage cylinder large.

We can now think of another way of getting a flow pattern within a test specimen to approach the
theory of 1DCF by settling a regulating filter at both ends of the specimen.

isivp = 0.173205 ///" T
0.20 / B
< -
0.15 [ - ooooowooooooOOOOOOOOO j

o) o] <
2010 Oo0 0o0 (a) without a filter (The E-P type)
S’H o o
005 ° ©
o] o]
000 O——— o
0.0 1.0 2.0 3.0 4.0
Measured point in a specimen (m)
(a) Distribution of i np

0.60
0.55
%ﬁ 0.50 UWWMM

0.45 } In= 0.5
0.40 —_—

0.0 1.0 2.0 3.0 4.0

Measured point of a specimen (m)
(b) Distribution of 7, I : /

isiNp /in = 0.34641

0.40 S
| v
BO30 [ e e,
- F OOO OO
—— o] o]
g0-20 2 % (d) k/ kzz=10.2
= o s}
E | o o
.0.10 R . / / / / /_~ /
0.00 © t : . . . : : O i
0.0 1.0 2.0 3.0 4.0
Measured point of a specimen (m) - / / /

(c) Distribution of is™np / i,™
Fig.6 Precise distributions of of iy np, i, and (e) Without a filter (the U-F type)
i /i)™ (B/D=2, kxx/kzz =2 and o= 30°) Fig.7 Flow nets obtained regulating filters
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4. EFFECTS OF REGULATING FILTERS

< 1DCEF tests in the n direction, where the n — s

plane is rotated as @clockwise to the X— Z plane kp/k,,

with a regulating filter at both ends of a test 0.0 5.0 10.0 150 200 250

specimen > -0.31 — . . .
Now, let us consider the case where we L

settle filters with isotropic permeability at both 032 o 9

ends of a test specimen to regulate flow through W . o

the soil. We analyzed cases of coefficients of \% 033 | ©

isotropic permeability of filter k#: 0.001, 0.1, = Lo . |

0.5,1.0,2.0, 5.0, and 10.0 x 10~ m/s. Flow nets 034 | / /iy = 203441

for cases: kr/kzz =20, 2, and 0.2 are shown in 3

Fig.7, in which the flow net without filters and -0.35 L

flow net by the theory of 1DCF are given. It can
be noted from Fig.7 that flow through the test
specimen approaches the theoretical one-
dimensional confined flow as the value kr/kzz
becomes smaller, where kzz is the minimum
principal coefficient of permeability in two
dimensions. The flow net of Fig.7(e) without a
filter (the U-F type) coincides with one by
theory of 1DCF. Figures 8 and 9 show the
relationships between kr/ kzz and is wp/in, and
kr/ kzz and k, ipcr, respectively. Refer to
Appendix A3 for the sign (positive or negative
values) of iy wp. From Figs.8 and 9 we can see
that as kr/kzz is decreasing, is\"np/i,™ and
k" pcr approach the theoretical values,
respectively. For the value of kr/kzz < 0.2,

k, ipcp (X10~4m/s)

Fig.8 Relationship between kr / kzz and is inp/in

0.83

e
o
)
o

=
oo
—_

kn 1ocr = 0.800 X 10™* m/s

e

o
o
S

i
2
©

10.0 15.0 20.0

kF/kZZ
Fig.9 Relationship between kr/kzz and k, ipcr

0.0 5.0

25.0

is"™p/i,™ approaches the theoretical value of
is INnp/i, within about 1% error, and for kr/kzz <
0.4, k,"1pcr approaches the theoretical value of k, 1pcr again within about 1% error.

5. CONCLUSION

Seepage flow through a test specimen cut from anisotropic soil at an angle to the principal direction of
the permeability tensor was discussed. We can conclude that, in order to obtain exact values of &, ipcr and
iswp from Exerted-Pressure type tests, it would be better to make the value of B/D larger, e.g., larger than 5
for our case treated here. It is, however, very difficult for us to make a test sample of a larger value of B/D
or cut such a long specimen from block samples. So, the B/D value of a test specimen may have a value of
about 2. We could discuss only the observed values at the middle part of a specimen, but just the value of
is wp measured at the middle of a specimen markedly deviates from the theory. When a permeability test is
conducted with a specimen of B/D =2, it is effective to settle regulating filters with isotropic permeability at
both ends of the test specimen. It can be concluded that the condition kr/kzz < 0.2 is more effective as a
regulating filter, where kr is the coefficient of isotropic permeability of regulating filter, and k77 is the
minimum principal coefficient of permeability of test soil.

An abstract in Japanese is given in Appendix B.

Appendix A Explanation of the sign of i; mp
Al Test specimen shown in Fig.5(a)
A2 Test specimen shown in Figs.5(b), (c), and Figs.6(a), (¢)
A3 Test specimen shown in Fig.8

Appendix B Abstract in Japanese
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Appendix A Explanation of the sign of i; np
Al The test specimen shown in Fig.5(a)

Z : Maximum principal direction
Maximum principal direction

k / of permeability tensor
Test specimen “

k, =—+kzzsin20{ (A1)

(See Tanaka and Verruijt (2024))

X : Minimum principal direction

0° < a<90°

kas > 0 and i, inp < 0 from Egs.(5) and (A1), because i, > 0 and k> 0

In practice, «is defined as the angle obtained by rotating the principal direction X counterclockwise to the flow
direction n.

A2 The test specimens shown in Figs.5(b), (¢), and Figs.6(a), (c)

Test specimen n

kZZ
Z o
kxx
Maximum principal direction

n of permeability tensor

be X : Maximum principal direction

0° < ar<90°
kns < 0 and i; ivp > 0 from Egs.(5) and (A1), because i, > 0 and ks > 0

A3 The test specimen shown in Fig.8 - kxx

PP L L )
> n
Maximum principal direction
x| of permeability tensor
s AT K
A Regulating filter
X (isotropic permeability kr)
2] X : Maximum principal direction
| n

0°<8<90° (or0°> a(=-6)>-90°)

kns > 0 and i; ivp < 0 from Egs.(5) and (A1), because i, > 0 and ks > 0

@ is defined as the angle obtained by rotating the principal direction X clockwise to the flow direction 7, on the
other hand & by rotating counterclockwise, so the equation or= —81s applied.
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Appendix B Abstract in Japanese

EFEKEM D —RITEKEFE
—1BKEMA EFEEIKBE—

Characteristic seepage flow through a test specimen of an anisotropic porous
medium —Ellipse of coefficient of permeability and induced hydraulic gradient—

FEEECR T

Tsutomu Tanaka
T—/NVK 774 K2
Arnold Verruijt

Hks Fngk Y

Kazuhiro Nakamura

BE : LoRGFEARMEIL LORBBIEIT S 2L EECREN &, AR OB BKiEOER E
RFEROIFHBANGIEE 705, 22T, £9, —RochEii (IDCF) OB ARE L, n
J5 10 D — RIS DZ KGRI ko ipce & n DEAZ ST A s IZAET D588 /K AL isino Z EFRT Do
WIZ, AREREZ AW TIRNWO TN ERGET Y 0 FE 1 & #5856 ofaikd oz
BRI DWW THENT L, Fix OGEIZIBIT D ke ipcr & i np DBHIEIZ OWTEEICE LT 5, £ L
C, ko 1pCF, isnp & EREICHET D12 DIZIE B/D Z REL LRTHIERLR2NWZ Elbhotz, 2
LB, DIFENENWVERKDOR SR OE S TH D, £, BT 4 NV F — 2 R O i | Z 5 E
THEEILONWTERE T o7z, BT 4 V¥ — 3R E2 — Koo oREICE < DICh
BIRITETEH D Z Lo To, AfasE, [FFEH HIC X D F4A OFIZHONT, BHEOEIEZM
AUFTLIEbDOTH D,

F—U— R BE, BITEANE —REKRER, BAKRET Vv, RN,
KABL

?
4
&

B (P Y DT AR -

D) BEKFAESR (P07 R TR SRR ESIEE, PRI )
2) FAT N IRRFAELR (FLT R TR

3) BRI v 4 —F 3 3 Sy (RF R AR BIER, f HRe)
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