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Abstract

In this article, we consider the nonlinear stability of the non-zero equilibrium state for
the viscous scalar conservation laws with a delay effect in the one-dimensional whole
space. The necessary and sufficient conditions for the linear stability are obtained in
Ueda (Ueda, Y in Jpn. J. Ind. Appl. Math 42 2057-2072, 2025), and the situation
strongly depends on equilibrium states. Based on the result of the linear stability,
the purpose of this article is to derive the condition for the nonlinear stability. The
method for deriving the linear stability is the analysis of the corresponding eigenvalue
problem; however, it does not apply to the derivation of nonlinear stability. Thus, we
apply the energy method to construct the a priori estimate and prove the existence of
a global-in-time solution.

Keywords Viscous scalar conservation laws - Time delay - Asymptotic stability

Mathematics Subject Classification 35B35 - 35E15 - 35Q35

1 Introduction

We consider the scalar viscous conservation laws with a time delay in the one-
dimensional whole space

dip —vdip+0x (pV(pr)) =0 (1.1)

forr > 0 and x € R. Here, p = p(¢, x) is an unknown function, v is a positive
constant, and V = V (p) denotes a given smooth function that depends on p only. In
this article, we use a notation that p; (¢, x) = p(t — 7, x) with a positive constant t
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called the delay parameter. For the equation (1.1), we assign an initial history

p (0, x) = po(6,x) (1.2)

for —t <0 < 0and x € R. Here, pp = po(0, x) is a given function.
Letting t tends to zero formally, (1.1) is reduced to the scalar viscous conservation
laws

dhip —v37p + 0 (pV(p)) =0, (1.3)

which is one of the important and fundamental physical models in fluid mechanics,
and there are many known results for (1.3). For example, the explicit solution formula
for the viscous Burgers equation is analyzed in [1, 6, 17]. Furthermore, the asymptotic
behavior of its solution and the stability of traveling waves and rarefaction waves are
also considered in [4, 11] etc.

One example of the physical models described by the viscous scalar conservation
laws (1.3) is a traffic flow model. A simple model of traffic flow is described as (1.3)
with

V(p) = Vinax (1 - L ) (14)
Pmax

where the unknown function p denotes the traffic density, the positive constant v is the
diffusion coefficient, and the positive constants p,,,, and V,,,, denote the maximum
density and the maximum speed as p — 0, respectively (see Garavello et al. [2]
for example). It is well-known that the viscous scalar conservation laws (1.3) is a
strictly parabolic partial differential equation, so its solution has an infinite speed of
propagation. In terms of traffic flow, this means that drivers and their vehicles are
assumed to react instantly to changes in the density and its gradient. To improve this
troubling feature, we modify the term without a time delay to the one with a time delay
and introduce (1.1) with (1.4).

The scalar conservation laws with a time delay is a relatively new research topic,
and there are few known results. Especially, the initial-boundary value problem is well
studied. Here, we focus on the viscous Burgers equation whose nonlinear term has a
time delay (see [5, 7, 15] for other cases). Liu [10] considered the asymptotic behavior
of the solutions of the viscous Burgers equation under zero-Dirichlet boundary condi-
tions. By using the energy method, the author showed the existence of a unique global
solution in time. Furthermore, if the time delay is sufficiently small, Tang and Wang
[14] proved the exponential stability of the solution to the viscous Burgers equation
under zero-Dirichlet boundary conditions. Smaoui and Mekkaoui [12] also considered
the viscous Burgers equation with a time delay under the periodic boundary condition.
They proved the existence of the unique global solution and derived the exponential
decay estimate. Furthermore, Tang [13] considered the viscous Burgers equation with
a nonlocal delay effect under zero-Dirichlet boundary condition. In a similar way
to Tang and Wang [14], the author proved that the solution is exponentially stable,
provided that the delay parameter is sufficiently small. Compared with the result for
the problem of the bounded domain, there are few results for the problem of the
unbounded domain. Recently, Kubo and Ueda [8, 9] treated the Cauchy problem of
(1.1) and obtained the nonlinear stability of the zero equilibrium state. Furthermore,
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they derived the condition for the time delay and the initial history to achieve the
nonlinear stability. We remark that their result is not assigned the smallness for both
the initial history and the time delay.

In this article, we study the one-dimensional Cauchy problem of the scalar con-
servation laws with a time delay (1.1), (1.2). Especially, we focus on the stability of
non-zero equilibrium state for (1.1), (1.2). Indeed, the usual scalar conservation laws
(1.3) make no difference to the structure of the stability around the equilibrium state.
On the other hand, for the scalar conservation laws with a time delay, the structure
of the stability around the equilibrium state varies greatly depending on the effect of
the time delay. In fact, Ueda [16] succeeded in deriving the sharp criterion to get the
linear stability of the non-zero equilibrium state.

Let p, € R be an equilibrium state, and we introduce a perturbation u := p — px.
Then the equation (1.1) is rewritten as

it — vdju + Oy ((px + W)V (ps + 1)) = 0. (1.5)

To derive the linear stability for the nonlinear equation, Ueda [16] analyzed the cor-
responding eigenvalue problem of the linearized equation. The linearized equation of
(1.5) is given by

oru — va)%u + V() 0cut + ps V' (05)0x1tz = 0. (1.6)

To derive the corresponding eigenvalue problem, we apply the Fourier transform to
(1.6) and get
0,1 + vE®i + V (p)iki + pu V' (p2)ikil: = 0, (1.7)

where £ € R denotes Fourier variable. The equation (1.7) is regarded as an ordi-
nary differential equation with time delay, and it is known that the decay property of
solutions to (1.7) is characterized by the corresponding eigenvalue problem and the
following characteristic equation (for details, see [3]).

JoAvE® +V(02)i6 + p:V/(py)ige™™ = 0. (1.8)
For the eigenvalue of this eigenvalue problem, Ueda [16] derived the following result.
Theorem 1.1 (Ueda [16]) All the roots of (1.8) satisfy

lim supReA(§) <O, lim Rel(§) = —oo0.
1§10 5100

Furthermore, they have negative real parts for any &€ € R\{0} if and only if v, T, ps
and V satisfy the one of the following three conditions:

@)
%p*v’(p*wi*)+p*v’(p*>)s1, %p*V(p*w’(p*)z—%. (1.9)
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(ii)
T , , 3m 1 , T
;,O*V (P ) (V(ps) + 0V (05) < 1, _7 < ;,O*V(,O*)V (px) < _Es (1.10)

and

T 72 2 1 T
V() [ {| 5P2V 02V (p)2 — — + —p2V'(p)* — 1| < —.
v v 4 v 2

(iii) Inequalities (1.10),

72

7 +;P*V/(P*) -1 > 5

2
T T
;V(mz \/ P2V (P)?V'(p)? =

and
T , , , 3w 5
=PV (0 (pV/(p)6i = V(p)) |1 = 62 < T — Arccos(y/ 1 - 63).

Here, 0, is defined by

1
T Ap V()]

*

<\/ V(o2 +8 (p2V'(p)? + =) = |V(p*)|> .
T

Theorem 1.1 tells us that the delay effect induces the instability phenomena.
For example, if the delay parameter t satisfies T > —v/(20.V (05)V'(p4)) with
05V (p5)V'(ps) < 0, the equilibrium state p, is unstable.

Inspired by Theorem 1.1, the purpose of this article is to derive the condition to
get the nonlinear stability of the equilibrium state p,. As we can see from Theorem
1.1, it is known that the delay effect may induce the instability phenomena. This fact
gives us the question of the nonlinear stability for (1.5) with a large initial history. In
this situation, Kubo and Ueda [8, 9] introduced the criterion for the size of the delay
parameter and the initial history to derive the nonlinear stability of the zero equilibrium
state. In this article, we will extend the result in Kubo and Ueda [8, 9] for the non-zero
equilibrium state.

The initial history for (1.5) is also assigned that

u(®, x) = uo(0, x), (1.11)

where ug := po — p«. Then we derive the asymptotic stability result for (1.5), (1.11).
To state the main theorems, we introduce notations. For the initial history (1.11), we
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introduce the useful norm that

172
0
Io ;=( sup [ug(®)|2, + v / ||axuo(0)||izd0> :

—1<6<0 —T
We introduce the functions that

W(M) :=2v2 QVi(M) + |p«|Va(M)), V(M) := S, V™ (py +v)|

for M > 0. We remark that W (M) is a monotone increasing function and appears in
the main theorems. On the other hand, we introduce the constant c¢; that

|os V(03] T ’ / /
| (14 \%4 «V , 14 0,
Voo T voon (1= VeIl 1oV DlpV (0l ) . oV (p) #
cr =
1 -1
s (Cver+1) PV (p2) = 0.
(1.12)

Especially, we note that

[0 V' (04

L V(P £0,
60Vl + 1V oy’ VP

cr 1 coi=

l’ Px V/(,O*) =0
3
ast/v | 0.
The following main theorems describe the existence of a global-in-time solution
when the product of the size of the delay parameter and one of the initial history is
suitably small.

Theorem 1.2 Suppose that ug € C([—t,0]; H') and V is C? class function under
consideration. Assume that

%Ip*V/(p*)l IVl + 1ps V' (0:)]) < 1 (1.13)

and

\/gw (Ven)vein <e (1.14)

are satisfied. Here, 11 and C| are defined by

1/2 ,
I = (15 + 10xu0O)]2,) . Cri=dl+ —{ — 4+ —(V(p)* + 205V (0D . (1.15)
L v

84 [ 1 4
3t ver
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Then, (1.5), (1.11) has a unique global-in-time solution u € C([—t, 00); H') satis-
fying o:u € LZ(O, 00; Lz), Oxll € LZ(O, 00; Hl) and the energy estimate

* /1 ve
w13, +/0 (;”3114(5)”%2 + 7’||axu(s>||i,l> ds < C I} (1.16)

fort > 0. Furthermore, the solution u satisfies the asymptotic behavior ||u(t)||p~ — 0
ast — oo.

Remark 1.3 Since (1.15), we derive C; ? oo as T |, 0.

Remark 1.3 tells that it is not certain that /; can be taken large enough to satisfy
the condition (1.14) for small z. However, if V' is uniformly bounded, 1| can be taken
large enough to satisfy the condition (1.14) for small . Since V” is uniformly bounded,
there exists a certain positive constant V such that |V/(p)| < Vi for p € R. Then this
situation is expressed by the following theorem.

Theorem 1.4 Suppose the same assumption as in Theorem 1.2. Furthermore, assume
that V' is uniformly bounded. Then I and C; are replaced by

1/2
L={A+IDIG+ sup [duo@)ll;.¢ . Cri=41+

—7<6<0

61(1 + Vz)
vie,
(1.17)

where Cy := 1682V (ps)? + 2,0,% V*2 + 1682 Vf), and the same result in Theorem 1.2

is obtained.

Remark 1.5 Since (1.17), we have

Ci(1+v?
Cy ] 41+ ¥
vico
ast/v | 0,and Cy | 41 as v 1 oco. This fact means that /; can be taken large enough
to satisfy the condition (1.14) for small T in Theorem 1.4.

Remark 1.6 (i) The condition (1.13) in Theorem 1.2 is a sufficient condition for the
condition (1.9) in Theorem 1.1. Namely, the linear stability is supposed under the
conditions in Theorem 1.2. (ii) In the case p, = 0, we obtain Theorems 1.2 and 1.4
for V e C! (see [8, 9]). (iii) In the case px = 0, it is easy to check (1.13). Therefore,
Theorems 1.2 and 1.4 are generalizations of the results in Kubo and Ueda [8, 9]. (vi)
One of the most popular velocity function V in the traffic flow models is (1.4). In this
case, we have Vi = V41 /Pmax and Vo = 0, and Theorem 1.4 is applicable to this
model.

This article is organized as follows. In preparation for the proofs of the main the-
orems, we will show the key lemmas in Section 2. We construct the a priori estimate
for our problem in Section 3. In section 4, we give the proofs of Theorems 1.2 and 1.4,
which are based on the a priori estimate and the existence theorem of the local-in-time
solution.
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2 Preliminaries

In this section, we introduce some technical lemmas and key lemmas that play an
important role in our proof. The following lemma is derived by Kubo and Ueda [8].

Lemma 2.1 ([8]) Lett > 0,0 < x < t and f(t) be a continuous function such that
f(t) = 0fort € [k — 1, 00). Then the following estimate is satisfied.

/ / f(o)dods +/ (k —s)f(s)ds < t/ f(s)ds.

Next, we introduce key lemmas to derive the a priori estimate. For r > 0, we set

S" = {(¢. ) eR* (p+ Y)Y <r.¢ =09 >0},

—p\P ") v E =R =T

ro.__ 2.
Sﬂ = {((ﬁ,w) e R%; 20

, B 1\ B
S5,y 1==(¢s¢)€R2;2(—w(¢+—'31ﬁ) +EW2<”1¢20JP20},

and A :={(B,y) eR%EB>0,0<y <1}, A:={B.y)eR*0<B<1/2,0<
y < 1/2}. Then these sets satisty the following lemma.

Lemma 2.2 Foranyr > 0, the following equalities are satisfied.

Uss= U 5= U s= U S @

0<p<l1 0<B<1/2 (B,y)eA B.y)eA

Proof Firstly, we derive that Sr by C S" for (B,y) € A. We show this fact
by the contradiction argument. Suppose that there exists (81, y1) € A such that
S,B],Vl N (87 # B, where (S7)¢ is the complement of S”. This means that there
exists (¢o, Vo) € Slgl‘ n N (8")¢. Namely, (¢g, ¥o) should satisfy ¢9 > 0 and

_ A Bi
21—y (‘7’0 ﬁ‘m) 7% <r, (¢o+ Yoo =r. (22)

If o > 4/r, we have

Bi
20— J/)<¢o~l- Yo

> B 1 B
2B

e 2
a0 Z gm0t 2,0
r

Eay——— 2
2/yi(I —y1)

@ Springer
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and this is a contradiction. On the other hand, if 0 < vy < 4/7, the second inequality
in (2.2)is ¢o > r/Yo — Yo > 0, and this gives

B1 Bi 1
20— <¢0 + 71#0) + —1#0 (—)wz Hpg,, yl(lﬂo)
where P
(Lt Y 2 _ 2
Hg ., (x) = <4ﬂ+—y )x r(l+2B8—yNx +rB
for (B, y) € A. Then we estimate
S )

487y

%l

and the discriminant D ,, of the function Hg ), is computed as

<0.
(2.3)

B— y) A=y —p)?

Dp, =r*(14+2(8 —y))* —4r’8 (4/3 .

Namely, this yields Hg ,, (x) > 0 for x € R, and we arrive at

Bi 1 B1
2(1——1/)(¢0+2,3 Wo) +—1ﬂ0 >,

which is also a contradiction. ~
Secondly, we show that, for any (¢, ) € S, there exists (82, y2) € A such that
(b, ¥) € SEZ " . It is trivial that (0,0) € r .If ¢ > 0 and ¢y = 0, we can take

By < 2r/(2r +¢?) and y» = B, and this glves (¢> 0)esS /32 . dfy >0, (o, %) € §7
means 0 < ¢ < r/¥ — ¥ and 0 < ¥ < /r. Thus we estimate

. <¢+L‘ﬁ>2+£¢2—r< L H .
21 —y) 2p 2y 20 =)y 7

Since (2.3), we choose B> and y; such that 8, = ¥, and this yields

(x —2rpo)?

Hg, 1, (x) = 48,

Namely, taking B> = y» = ¥2/(2r), we arrive at Hg, ,, (¥*) = 0, and

,32 ,32 2
2(1=y2) (¢ 26, w) A

@ Springer
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Consequently, these arguments give

U sp,csc U s,

(B.y)EA (B.y)eA

On the other hand, it is trivial that

U sic U S

(B.y)eA (B.y)eA

and the last two equalities in (2.1) are proved. By using the same argument, we also
obtain the first two equalities in (2.1), and this completes the proof. O

To obtain the a priori estimate, it is important to ensure the positive definiteness of
the following matrix.

=y 0 —Bp—vy/2
A= 0 1% —By 2.4
—Bo—v/2 —BY 2p
for (¢, ¥) € R? and (B, y) € A. Then Lemma 2.2 gives the following lemma.

Lemma 2.3 There exists (o, yo) € A such that the matrix A is positive definite if and
only if (¢, V) € S' holds.

Proof To show the positive definiteness of A, we employ Sylvester’s criterion. Namely,
we will take g and y such that 1 —y > 0, y > 0, and |A| > 0 to get the positive
definiteness of A. Now, we have

2
Al =28y(1—y)— (1 —y)B*Y> —y </3¢ + %)

4 2 ( 1 >2
=2 1— 1— = _ 7 _ .
v ){ 2 2(1 —yp) 2B

Since Lemma 2.2 with r = 1, we find that there exist (8o, yo) € A such that |[A] >0
if and only if (¢, ¥) € S!, and complete the proof. O

Remark 2.4 Lemma 2.3 means that there exists a positive constant ¢; such that
(Aa,a) > ccla® 2.5)

for any a € R3. The constant ¢, is given by

Yl —(+yv)v)
., Y #O,
6(p +¥) (2.6)

1
g V=

@ Springer



45  Page 10 of 31 Y. Ueda

¢ = \/EIV(,O*)I, V= \/EIP*V’(p*)I 2.7)

into (2.6), we obtain (1.12). The estimate (2.5) with (2.7) will be used in the derivation
of the a priori estimate in Section 3.

Substituting

To derive the explicit representation (2.6), we introduce a new lemma. For r > 0,
we set

3S" :={(¢,¥) eR% (@ + Y)Y =7, ¢ >0,y >0},

98, =1 (¢ w)eRz'L<¢+iw)z+lw2—r¢>01//>0
N 20-p " 28 A

Then these sets also satisfy the following lemma.

Lemma 2.5 Foranyr > 0, the following condition is satisfied.

asc | s
0<p<1/2

Proof We show that, for any (¢, %) € 95", there exists 83 € (0, 1/2] such that
(@, ¥) € BSEQ. Since (¢, ¥) € 08", we have 0 < ¢ < /r and ¢ = r/y — . Thus
we compute

L<¢+iw)2+1w2—r—;ﬂ W)
2(1—B) 28 2 T2 —pyyr TS

where Hg g is defined in the proof of Lemma 2.2. Similarly as before, we take g3 =
V2 /(2r) and get Hg,, ,33(1#2) = 0. Consequently, we arrive at

Bs < 1N 1,
s (b4 v ) 5=
2(1 - p3) 283 2

and this completes the proof. O

We derive the representation (2.6). We calculate

(Aa,a) = (1 — y)ai + ya3 +2Ba3 — QB¢ + V)aiaz — 2pYazas
0 2
as
-y —e)ly —¢&2)

o) 2 2
-V —é y—é&

= 81a12 + 8261% +

@ Springer
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for ey, &p > 0, where a = (a1, az, a3)T e R3 and

0 :=28(1—y—e)y —&)— (Bd+v¥/2*(y —e) — Y21 —y —e1)

= _ _ _ B B 1
=26y (=1 =N+ 2y =) fr = L= P <¢+2ﬂ¢)}

—2Byer —2B(1 — y)ex + 2Be16a + B2U 261 + (B + ¥/2)%er

for0 < r < 1. Now, taking ey = (1 — y)(1 —r)/3 and &, = y(1 — r)/3, we obtain

2
Q= 3pyd—y)d—r)+2pyd - 1%

where 5
BB 1
ST Ty (“w”’)’

Namely, this gives

68(1 —r) 4 188

G Bt s 9

1 1
(Aa,a) > 5(1 - —r)a%+§y(1 —r)a3 +

Now, we assume v # 0 and define g := (¢ + ). Then, because of (¢, V) € S,
we have 0 < rp < 1. Employing Lemma 2.5 with r = rp, we find that there exists
B3 € (0, 1/2] such that

A
2(1— B3) 28 27 T '

for (¢, ¥) € 35™. More precisely, we can choose 83 = wz/(2r0) < 1/2to get (2.9).

For the details, see the proof of Lemma 2.5. Namely, substituting § = y = 3 and
r = rg into (2.8), we have Q@ = 0 and

1 1 2
(Aa,a) = 2(1 = B)(1 = ro)aj + e ro)a3 + Sp1 = ro)a3
1
z%(l—ro)KE—l)aHa%Jra%} (2.10)
2
= ool — ro)lal®.

On the other hand, if ¥» = 0, we have

(Aa,a) = (1 — y)ai + ya3 +2Ba3 — 2pbaras
=(1—y — BopHa} + ya3 + a3 + Blas — par)*.

@ Springer
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Thus, taking 8 = 1/(3¢2) and y = 1/3, we obtain
1 1 2> 1 )
(Aa,a) > 5“1 + a2 + — 3¢2 az > 367+ 1)I al”. (2.11)

Consequently, since (2.10) and (2.11), we conclude that the constant ¢, is described
as (2.6).

In the rest of this section, we shall recall some basic properties of solutions to
the inhomogeneous heat equation d;w — vafw = g with the initial data w(¢’, x) =
wy (x). Since Duhamel’s principle, the solution of this Cauchy problem is described
as w(t) = wr (t) + wy () with

t
wr(t) =8t —tHwy, wy():= / St — s)g(s)ds,
t/

where S(¢) denotes the heat semigroup defined by

S f =F" [ R 1)) = 55 o)y,

J_

and F and F~! are usual Fourier transform and its Fourier inverse transform on R
defined by

FLA1E) == e fydx,  FUSI) = e f(£)de.

7= | 7 .

The heat semigroup S(¢) has useful properties, which are corrected in the following
lemma.

Lemma 2.6 The heat semigroup S(t) satisfies the following properties.
(i) Letk € NU {0} and t’ > 0. Suppose that Wy € H*. Then wy € C([t', 00); H¥),
d,wy € L1, 0o; HY) with the estimates
¢ ¢ % el ¢
loywr @2 < 0, wellp2, / 195w ()17 2ds < —||3 Wy 17,
t/
fort >t and € =0,--- k

(i) Lett” > t' > 0. Suppose that g € C([t',t"]; L?). Then wy € C([¢',t"]; H) N
L2(¢', t"; H?) with the estimates

2
sup [lwy@Ollpr = V1" =1 (vt”—t’+\/;> sup [lg(®)ll .2,
1

l’fff[” /S[SZH

"o 4

t”
t
/ﬂ 02wy (Ol72dt < —5— sup g7

v<t<t’
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3 A priori estimate
In this section, we derive a priori estimates for (1.5), (1.11) to construct the global

solution in time. To mention the propositions, we use the notation that N(¢) :=
SUP_; <5< [l4(s) || Lo, and the function w(7) is defined by

1 for t >,
w(t) =
0 for 0<t<r.

Then our a priori estimates are described as follows.

Proposition 3.1 Assume (1.13). Let T > 0 and suppose thatu € C([—t, T]; H ) isa
solution to (1.5), (1.11), which satisfies d;,u € L*(0, T; L?) and d,u € L*(0, T; H")
with the condition

\/§W(N(T))N(T) < ¢, (3.1

where c; is defined by (1.12), then the solution satisfies the estimate that

2 Lt 2 . 2
nu<r)||H1+;f0 ||atu<s>||L2ds+vfo 102u(s)12 ds

c t t t s
+7’<va naxu<s>||2Lst+ufo naxuf(x)nizdww(t)// uatu(a)nizdads)
T S—T

§C1112

3.2)

fort € [0, T), where Iy and Cy are defined by (1.15).

Proposition 3.2 Suppose the same assumption as in Proposition 3.1. Furthermore,
assume that V' is uniformly bounded. Then the solution satisfies the estimate (3.2) for
t € [0, T, where I and Cy are defined by (1.17).

To derive the energy estimate, we introduce a new function that
z(t,0,x) == u(t+6,x), t>0, 6e[-1,0], xeR.

Then, we find that z(¢, 0, x) = u(t, x), z(t, —7, x) = u.(t, x), z(0, 0, x) = up(, x),
and
0,7 — 09z =0, t>0, 6e[-1,0], xeR 3.3)

Applying the energy method to (1.5) and (3.3), we construct the energy estimate.

To derive Propositions 3.1 and 3.2, we prepare three lemmas. The first one describes
the lower-order estimate of solutions.
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Lemma 3.3 Suppose the same assumption as in Proposition 3.1. Then the solution u
satisfies

0
lu(@17 2 + (Bo + vo)v / 010521, )17 ,d0

-7

t 0
+(Bo + Vo)sov/ / 09195 2(s, 0) 17 ,dOds
T -7

c t t t s

+—’(v/ ||axu<s>n§2ds+vf ||axuf<s)u§2ds+w(z>/f na,u(o)||2decds>
2 0 0 T Js—t1

<411}

(34)

fort € [0, T], where Bo, yo, and &g are certain positive constants that depends on

T/, py, and V.

Proof To obtain (3.4), we construct the a priori estimates for r € [0, T] and ¢ € [z, T],
separately. Since (3.3), we have 0,0,z — dydgz = 0. Then, multiplying this equation
by €99,z and integrating the resultant equation with respect to 6 over [—t, 0], we
obtain

0 0
) (/ ese(axz)2d0> — (Ou)® 4+ e T (Dpur) + e/ % (3,2)%do =0, (3.5)

-7 -7

where ¢ is a positive parameter determined later. On the other hand, multiplying (1.5)
by u, we get

Pxtu
%Bz(uz) + 0k (V(p* +ur)(px +u)u — vudyu — / V(n)ndn)
+ @) + (V(ps + 1) — V(s + ur)) (o5 + 1)y (05 +u) = 0.
Then, using the relation that
t
V(ps +u)) — V(ps +u(t) = / V' (ps 4 u(s))du(s)ds
1—T
t t
= V/(p*)/ dru(s)ds +/ (V' (ps +u(s$)) — V' (p))0su(s)ds,
1—T 1—T

we obtain
1 2 peti 2
§8t(u ) + Ox (V(p* + u)(ps +u)u — vudyu — f V(n)ndn> + v(0xu)
t t
+ oV (P / dyu(s)ds + pudeu / (V' (s + u(s)) — V' (o)) u(s)ds
1—T r—t

t
+ udyu / V' (ps + u(s))du(s)ds = 0.
o (3.6)
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Furthermore, multiplying (1.5) by d,u, we have

%

2 0@u)? — v Bruder) + ) + dudy (pe + WV (e ur)) = 0. (3.7)
Then, integrating this equation with respect to ¢ over [t — 7, ] and employing

Ox ((ox + )V (o5 +u)) = 0xuV (0 + ttr) + (05 + 1)0xliy V/(,O* +uq)

= V(p)0xtt + p5 V' (i) Oxuir
+ou(V(px +ur) — V(ps))
+ 05 0x 1t (V' (ps + uz) — V' (p4))
Fudyur V' (ps + ),

we obtain
1t
v(0xu)? — v(Bpug)> — 200y (/ Btuaxuds>
t—T
t t
+2f (8,u)2ds+2V(p*)/ dyudcuds
-1 -7
t t
+2/0*V/(P*)f Oiudyucds + 2/ Orud u(V(psx +ug) — V(ps))ds
t—T -7
t
+2p, f dpudit (V' (s + ) — V' (0, ))ds
-1

t
+2/ ududur V' (ps + ug)ds = 0. (3.8)
1—71

for t > 7. Thus, calculating (3.6) + (3.5) x o + (3.8) x B, we obtain

0
OWE+ 0, F + D + ocs/ e (8,7)°d0 + R =0, (3.9)

-7

where « and 8 are positive parameters determined later, and

1 2 0 e 2
E =-u"+a« e®7 (0y2)“d0,

2 -

Pstu t
F =V (ps +ur)(ps +u)u —vuosu — / V(pndn — 2;3\)/ orudyuds,
11—t
1
D = ((1+ By — ) (@u0)” + (we™*F — 1) (Byur)” +28 / (du)*ds
-t
t
+p*V’(p*)3xu/ dyuds
-t

1 t
+2,3V(P*)/ 8,u8xuds+2ﬂ,0*v/(,o*)/ Orudxurds,
-7 -7
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t t
R = p*axu/ u(V'(ps +u) — V'(p:))ds + uaxuf duV'(py + u)ds
-7 -7
t
+2ﬁ/ O udxu(V(ps + ur) — V(py))ds
-7
t
+2ﬁp*/ dudsue (V' (s +uc) — V'(ps))ds
-7

t
+2,3/ wd;udyus V' (s + u7)ds.
-1

It is important to estimate the dissipation term D. Using the Holder inequality and
Lemma 2.1, we estimate

t
fR Ddx > (14 B)v — a)[[dxull7, + (™" — Bv)|d,uzll7, + 28 / 10,7 .ds
t—t
; 12
— 10V () [N/l 12 (/ ||atu||izds)
-1
t
=281V (p) / 13ll L2l L2ds
1—T
t
—2B1p:V' (04 / 19ull 219l 2ds.,
t—t

and

t
//Ddxds
T JR

t t
o - 2 & et 2
> (1+5—;)ufr loul}2ds + (Se —,B)v/r lasur 12 5 ds
t s
+25/ / I\Btullszdads
T §S—T
p , t ) 172 tops 5 1/2
—\/Elp*V (p)1 (U/t ||3xM||deS> (/r ﬁ_t ||3tM||L2dUdS>
[ ) 1/2 t ps ) 1/2
=281V (ps)] </ / ||3ru\|L2d0dS> </ / Haqudeods)
T S—=T T §—=T
, t ps ) 1/2 t s 5 1/2
2819V (0] ( [ uatuandads) ( [ ||axuf||L2dads>
T S—=T T §S—=T

t
> (Aa,a) —a(l f”)/ lovue 12 ds

~(1+8-2) /naxuandsf Lem /naxufudes

where a = (a1, az, az) " with

t 1/2 t 1/2
- (v / ||axu||22ds> iy = (v / ||axuf||izds) ,
0 0
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t s 12
a = ( / / ||a,u||izdads> ,
T S—T

the matrix A is defined in (2.4) with y = «a/v — 8, and ¢ and i are defined in (2.7).
Then, since Lemma 2.3, there exists a positive constant c; such that (Aa, a) > c;|a |2
under (1.13). Consequently, we obtain

t t t t s
/ / Ddxds > c¢ (u/ \|axu\|i2ds + v/ Haxur\lizds +/ / ||8,u||i2dods>
T JR 0 0 T Js—1

t
—(1=e ) (Bo + yo)vfo loxuzl?,ds

T T
- (- Vo)v/O Noxull? ,ds — yovfo loxuz |17 ,ds

for ¢t > t. Here, By and yy are taken in Lemma 2.3. Furthermore, taking ¢ = &g such
that (1 — e~*7)(Bo + y0) < c;/2, we arrive at

t c t t
/ /Ddxds > = (v/ ||axu||izds+v/ [ERTH R
¢ JR 2 0 0
t s
+ / / ||a,u||§2dods) (3.10)
T §—T

T T
—(1—)/0)V/ ||8xu||izds—yov/ e I2ds
0 0

fort > 7.
We drive the estimate for the remainder term R. Using Taylor’s theorem, we have

VO (o +v) = VP (p) = VIHD (o, + 6j0)0

for some 0; € (0, 1), where j =0, 1 and v = u or v = u;. Then we estimate

t 1/2
IR| < V/TVa(N(T))| psl|du] (/ u2<a,u)2ds>
1—T1

¢ 1/2
+ VTVI(N(T))|u||xul (/ (3tu)2ds>
-7

' 12, pt 1,2
+ 2BVi(N(T)) ( (axu)st) </ u%((?tu)zds)
t

-7 —-T

t 172 t
+ 2810+ V2(N(T)) ( f (axuazds) ( / u%(atuﬁds)
-7 -7

1/2

t 1/2 t
+2BVi(N(T)) (/ (8xur)2ds> (/ u2(8tu)2ds> ,
t—T t—T
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and hence

t

1/2
||a,u||izds)
-7

t 1/2 t
+2ﬁV1N(T>(/ ||axu||izds> (/ ||atu||izds>
1—T -7
t 1/2 t
+2B(Vi + |p«| V2)N(T) ( / ||axuf||izds) ( / ||azu||izds>
1—T 1—T

Thus, employing Lemma 2.1, we obtain

/RIRIdx < VTWV1 + 1« V2N (D) |8xull 2 (/
t

1/2

1/2

t
T
f / |Rldxds < ((1+2B)Vi + |p«|V2) \/;N(T)m%
T JR
T
+28(Vi + Ip*IVz)\/;N(T)am (3.11)
for ¢t > 7. Combing (3.10) and (3.11), we get

t 1
/ /Ddxds—/ /|R|dxds
T JR T JR

T T
> (Ba,a) — (1 — VO)V/ 10cull? 2ds — )/ov/ 19 [122ds,
0 0

where
c:/2 0 b1/T/vN(T)
B = 0 cr/2 by/T/VN(T)
bi/T/VN(T) ba/Tt/VN(T) ¢ /2
with by := —((1 4+ 2B0) V1 + |p«|V2)/2 and by := —Bo(V] + |p«|V2). The simple

computation gives
c T
(Ba,a) = —-(af + a3 +a3) + 2\EN(T><a1b1 +ayby)as
X, 2 e Cr— X T 2N(T)
:E(al+a2)+ 72 (al—i_\/gcr—xbl%
2

cr — T 2N(T

X (az+\/j ( )b2a3>
2 ver — X

2 cr(cr — x) T 2,,2 2 2
— =N(T)“(b b
Cr—X{ 4 N ()(1+ 2) as

2

+_

for 0 < x < c;. Then, letting x = ¢ /2, this gives

c 4 (2 T
(Ba,a) = Zrlctl2 + - {l_g — ;N(T)z(b% +b%)}a§-
T
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Since Lemma 2.2, we have 0 < By < 1/2, and this gives

1
b+ b3 = 210 +2B0) V(N (D)) + | pa Va(N(T)Y
+ B2 {VI(N(T)) + | ps| V2(N(T))}?

1
<5 VN + P« Va(N(T))}* .

Therefore, using the condition (3.1), we obtain (Ba, a) > ¢ |0¢|2 /4, and hence this
gives

t
// dxds—//|R|dxds
( / 13gul2ods + v / e 22ds + f / |atu||L2dods)

— (1= / lauelads — you / g |Pds
0 0

(3.12)
for t > t. Consequently, integrating (3.9) and using (3.12) we arrive at
1 2 0 00 2
SN2 + Bo+yo)v | elI9x2(r, O)N;.d0
—T
t r0
+ (o + )/0)80\1/ / 0919, 2(s, 9)||izd9ds
T —T
t t
Cr 2 2
+ = (v f loxu(s)|25ds + v / 10z ()12 ds
0 (3.13)

f / |I3zu(6)||de0dS>
1

< ~lluo(®ll72 + (Bo + vo)v / e |0x2(t, 0)]|2,d0

—-T

[\

T T
(1 =y /0 1aeu(s) 12 + yov /0 Bt ()12

fort > 1.
On the other hand, multiplying (1.5) by u, we have

%amuz) + 0, <—vuaxu +u(ps +u)V (s + ur) — %wp*)(p* + u)2>
+ vy 1)* — (o + w)dxu (V(ps + uz) — V(ps)) = 0.
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Then, combining this equation and (3.5), we obtain

0
3 <u2 +v / e (8xz)2d9>
-7

1
+20y (—vuaxu +u(ps +w)V(ox +uz) — EV(p*)(p* + u)2>

0
+v@cu)? 4 ve tT (Byur)® + sv/ e (3,2)%do

-7

—2(ps + u)oyu (V(ox +ur) — V(ps)) = 0.

Therefore, integrating the resultant equation concerning ¢ and x, and employing the
fact that

1
= Px (Mr V/(IO*) + EM% V//(P* + qur)) + uur V/(P* + O1uc)

for some 61, 6, € (0, 1), we arrive at

0
wam;+v/ e 0,21, 6)12,d6

-7

v t t
+Z/°H%MGW§ﬂs+vé*f/1H%udﬂH@ds
0 0
t r0
+8v/ / e |[0xz(s, 0)117,d0ds
0 J-1
0

snwmw;+v/ e |[0xuo(©)17,d0

—T

4,02V/(,0 )2 t ,02V2 t
+~——t———il—‘/'nufnizds-+-4i—%t/'nufu%muufnizds
v 0 v 0
4vE [
1 2 2
+77£ummwMMMs

0
snwmm§+vf ¢ 18,0 (6) |26

T

T
5 402V 0+ @VE 4 BVING?] swp 0@

—T<0<

0
snmmw;+v/

-7

2
C
f%mmmmﬁme+(¢+§) sup [luo(®)]l3 >

—7<60<0

forO0 <t < 7. Here, we used that 4V} (M)z—i—,osz(M)2 < W(M)Z/S. Consequently,
this estimate and (3.13) gives
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0
@112 5 +2(Bo + yo)v / 0195 2(t, 0)117 ,dO

T

t r0
+2(B0 + Vo)sovf / 07 0x2(s, 0117 ,d0ds
T -7

c t 1 t s
s <v/ |\3xu(s)\|izdx + v/ Haxur(s)llizds +/ / |\3,u(a)||izdads>
2 0 0 T Js—1

0
< 8Jlug(0))12, + 8 f 0% ,ug(O)12,d6 + 32+ ¢2)  sup ug()]2,

T —7<6<0

fort > 7. Here, we also chose &g such that e ~¥°" > 1/4. Furthermore, these estimates
give

0
a5 + (Bo + yo)v / 9 axz(t. 0)11% ,d6

—T

t r0
+ (Bo + )/o)aov/ / |1y 2(5, 0) |17 ,d0ds
T -7

c t t t s
+ 5 (v [ 1orads 4 [ oads o [ [0 1o dods
2 0 0 T Js—T
2 0 6 2 2 2
< 8l + 80 [ e lauo@) 1240 + 24 ) supJuo @
—T —1<6<0

<411}

for t > 0. Here, we used c¢; < 1/3, which is given by (1.12). Thus, we complete the
proof. O

Our next purpose is to show the higher-order estimate of solutions.

Lemma 3.4 Suppose the same assumption as in Proposition 3.1. Then the solution u
satisfies

1 t t
Iz, + ~ / 1)1l 2ds + v / 107u(s) 17 .ds
0 0 (3.14)

84 [c 4
< 100 Ol + — {f +— (Vi)' + ngv«p*)z)} I
T

fort €0, T].

Proof Similarly as before, multiplying (1.5) by —Bfu, we have

1
5 @) + v (071)7 = D (Qudu) = d7udy (e + W)V (ps + ur)) =0.
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Combining (3.7) and this equation, we get
2, 1 2 2,32 1 2
0; (xu) +;(3zu) +v(0;u) —23x(3zu3xu)—;(3x ((ox + )V (px +ur)))” = 0.
Then, integrating this with respect to x over R, we obtain
L oull2s + 2 0,ul)? O2ull2, — -2 14 2,=0, (3.15
77 19wl Sl 72+ vl 0cully = 10 ((ox + 1)V (ps + u)) 72 = 0. 3.15)

and this gives

1 t t
eI + /0 130ae(s) 25 + v /0 12u(s) 12

| (3.16)
= o)1 + fo 13s (s + 1)V (ps + 112)) () 22dls.
The remainder term is decomposed as
t
/ 10 (ps + 1)V (ps + 1) 122ds
0 (3.17)

t t
<2 / 136V (0u + ) |2ads + 2 / 1(os + )3yt VV (py + 42) s,
0 0
and each terms are estimated that
! 2 2 2 2 ! 2
/ 10V (o + ur)l122ds <2 (V0 + VEN(T) )/ 18.]12ds,
0 0
and

t
/ [l (ox + u)dru: V' (ps + Mt)”izds
0
' 2 ! 2
= 2/ |l osdxttz V' (s + ur) |l 2ds + 2/ ludcue V' (ps + uo)lly2ds
0 0

t
= 2(202V /(02 + 22VINGT Y + VINGTP) [ o s
0
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Thus, using (3.1) and Lemma 3.3, the remainder term is estimated as

1 t
— | 118x (s + 1)V (0s + 7)) |1 ,ds
v 0 L

4 t
< (v + vinary) /0 13.uli22ds
4 t
+ 2 202V + 202N + VN ) /0 Bute 12 ds
4 c? ! 8 2 !
< (—V(p*)2+ —’) / laculods + (—in’<p*>2+ —’) / Bue |2 ds
v 8t /) Jo v T 0
84 (¢ 4
<~ {7’ + )? + ngw(p*)z)} I3,
(3.18)
and this leads to the desired estimate. ]

Lemma 3.5 Suppose that the same assumption as in Proposition 3.2. Then the solution
u satisfies

2 L[ 2 v (! 2 2
||axu<r>||Lz+;/ ||atu<s>||L2ds+§f0 192u(s) 1225
& . B 2 (3.19)
< |0y 0 1 1 — 0 9
oo + 5 (1455 ) 1+ 5 s 1@,

fort € [0, T)], where C’l is defined in Theorem 1.4.

Proof We start the proof from (3.16) and (3.17). The first term in (3.17) is estimated
that

t t t
[ 00 o e = 2V o? [l s+ 202 [ stz
t t
52V(p*)2f oxull? ds + 2V sup ||ufnizf loxull7 cds
0 0<s<t 0

t t
<2V(ps) fo Noxull? ,ds + 84V213 / Noxull 2 N0gull 2ds

2 ot v4r
v 32,112 2
=5 ||axu|L2ds+2<V<p*> LBV )/ Icul 1 ds.

(3.20)
We also estimate the second term in (3.17) that

t
/ [l (ox + u)dru: V' (ps + Mt)”izds
0
' 2 ! 2
= 2/ |l osdxttz V' (s + ur) |l 2ds + 2/ ludcue V' (ps + uo)lly2ds
0 0

t t
<2p;V;} / louc 7 ,ds + 2V / ludsuee||? o ds.
0 0
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Here, we have

t
V,E/ ludstee||3ds < V2 sup ||u||L2[ [ENTE R
T

542\/*213] 8wl p2110%ul| 2ds
0

2v4 4
2
- 16/ 132l ds + ooVt / auelads

and

T T
v} /0 ludsuc|l3ds < V2 /0 lullFoolldzucll?ds < TVEN(D)? sup [[dcull?,.

—7<5<0

Thus, these give

t
/0 [ (ox + u)dru: V' (ps + Mr)”izds

t 1)2 t
<2p2V? / ||axuf||izds+— / l0Zul?»ds (3.21)

842V2Ay ) )
+2—/ lxullds + 2T VIN(T)* sup (|9 ul7,.

—7<5<0

Substituting (3.20) and (3.21) into (3.17), and employing (3.1) and Lemma 3.3, we
obtain

l t
- fo [3x ((os + W)V (s + uz)) ()13 2ds

t 2474\ pt
vt 2 L, 1682VA )
= 5/0 95ully.ds + 5 <2V(P*) + ] l|Oxull;2ds

4p2v72 [ 47 V2
+ 22 e 2ads + ——E N2 sup [|8xul, (3.22)
v 0 L v —1<5<0 L
t 2174 74
v 5 168 s o, 1682VAIE\
SE 0 ”8x B 1— <2V(,0>k) +2)0*V* +T IO
2
C
+ L sup [cuoll%,.

8 —7<s=<0

Finally, combining (3.16) and (3.22), we arrive at (3.19) and complete the proof. O
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Proof of Proposition 3.1 Combining (3.4) and (3.14), we obtain

2 1 2 ) 2
“”(f>“H1+;fo uatu(s>nL2ds+v/0 12u(s) 1 ds

c t t t K
+ é (u/ H(’)Xu(s)\lizds + v/ naxuf(s)nizds +a)(t)f / ||8,u(o)||i2dads>
0 0 T Js—1

84 (¢ 4
< 4G + 110xuoO)12 5 + {7’ + (Vo) + ZpEV’m*)z)} 13.

v cr
and this estimate with ¢, < 1/3 give the desired estimate (3.2). O

Proof of Proposition 3.2 Instead of (3.14), we employ (3.19). Namely, the estimates
(3.4) and (3.19) leads to

1 [f v [t
e+ 5 [ WooiZads+ 5 [ 10212 s

c t t t N
+5’<v/ naxu<s)uizds+v/ naxuf(s>||izds+w<r>// ||atu(a)||§2dads>
0 0 T Js—1

c 13 2
2 2 1 0 2 T . 2
< 4110 + I\Bxuo(O)HLz + @ (1 + \)2) 10 + § B sup HBxu()(@)HLz,

7<6<0

and this gives the desired estimate. O

4 Global existence

We shall prove the global-in-time existence of solutions in this section. To this end,
we first derive the local-in-time solution for the initial history problem. For any fixed
' > 0, we consider (1.5) for # > ' and x € R, and the corresponding initial history

u@,x) =uy0,x), “4.1)

fort/ —t <6 <t and x € R. Here, ity = i1,7(0, x) is given function. Then, the
local-in-time existence theorem is derived as follows.

Lemma 4.1 Let ¢ and M be positive numbers, and suppose that an initial history
iy € C([t' —t,t']; HY) satisfies

sup iy (O) 1 = M. (4.2)

t'—t<0<t’
Then there exists a positive constant ty = to(e, M), which does not depend on t', such
that the problem (1.5), (4.1) has a unique solution u € C([t' — t,t' + to]; H') N
L2(t', t' + to; H*) which satisfies d,u € L*>(t', 1’ + to; L?) and

sup lu@) g <A +e)M. 4.3)

t'—t<s<t'+1y
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Remark that the small positive constant 7y appeared in Lemma 4.1 depends not only
on € and M but alsoon 7, v, p, and V.

Proof of Lemma 4.1 In order to prove Lemma 4.1, we consider the integral equation
corresponding to (1.5), (4.1) that

t
u(t) = St — )iy (1" — / St — )0 ((ox + )V (px +ur)) ()ds.  (4.4)
t/
By using the contraction mapping theorem, we shall prove the existence of the solution
to (4.4)in C([t', ' +10]; HYNL?(t', t' +19; H?). Suppose that 1o is a positive number
with #p < t. Then we introduce the mapping ® defined by

t
ul(r) := St — )iy (') — // St = 5)0x ((px +u)V(px + ur)) (s)ds

t

fort € [, t' + 9] in the underlying space By, defined by

By = queCq '+ HYNL2( ¢ +10: H) ;. sup u@)lgn <A +e)M .
' <s<t'+1gy

Here, we remark that u, € C([',t' 4+ t]; H') is described as the initial history. This
means
sup  |luc()llg1 = M,
t'<s<t'+t
which comes from (4.2).
Firstly, we show that there exists 7y such that the mapping @ satisfies ® : By, — By,.
To this end, we set u; and uy as follows

t
up(t) =S —Nip (),  un@):= / St — )9 (o« + 1)V (s + ur)) (s)ds.
t/

Since (i) in Lemma 2.6 and (4.2), we find that u;, € C([¢', ¢’ + 1o]; HHY N L2, ¢ +
to; H?) with
sup  ur ()l gt < iy ()l < M. 4.5)

t'<s<t'+r1

On the other hand, because of u, u; € C([¢',t' + to]; H') and V € C', we find that
0 ((ox + W)V (px +ur)) € C(It', 1 +10]; L?)

foru € By,. Thus, we can apply (ii) in Lemma 2.6 to the Duhamel term u 5 and obtain
thatuy € C([t', ¢ +1to]; HY) N L2(¢', ¢’ + to; H?) and

2
sup  [lun ()l < V1o (\/54‘ \/;> sup  [|0x ((ox+u) V(s +u)) () 2.

t'<s<t'+rty t'<s<t'+rty
4.6)
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The right hand side in (4.6) is estimated as

10x ((ox + W)V (o + ue))ll 2

< 18,V (s 4 u)ll 12 + 1 (s + ) Bxrte V' (s + )| 2

< V(e lloxull g2 + VidM) luclize |oxull 2 + Vi(M) (| ps| + llullLoo) [ 0xtee |l 2
<{IV(p)| + Vi(M)(ps] +2(1 + e)M)}(1 + )M

for u € By,. Therefore, substituting this estimate into (4.6), we get

sup  flun ()1l 1
t'<s<t’+r1

2
<V («/5+ \/;> {1V () + ViM)(lps] +2(1 + ) M)}(1 + &) M.

This estimate tells us that we should take 7y such that

2
(ﬁ+ ﬁ) V(e + VitM) (x| +2(1 + e)M)}(1 + &) /1o < ¢

to get
sup  Jlun($) ||y < eM. “4.7)

t'<s<t'+rn

Namely, taking 7y such that

2

-2
10—(1+ )2 <f+f> (IV (o) + Vi(M)(|ps] +2(1 +£)M)} 72, (4.8)

we obtain (4.7) for u € B;,. Hence, combining (4.5) and (4.7), we arrive at

sup (| P[ul()llyr = (A +e)M

t'<s<t’+r1

for u € By,. This means that ¢ is the mapping on By, .
Secondly, we shall show that & is the contraction mapping on By, for small #y. For
this purpose, we consider

t
®ul(t) — @v](t) = —f St —5)0x ((w —v)V(px +ug))(s)ds
l/
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for u, v € By,. Here, we remark that u; = v, in By,. Similarly to before, we employ
(i1) in Lemma 2.6, we have

sup  [[(Plu] = P[] (s) ]l 41

t'<s<t'+n
2

<o x/5+\/j sup  [[9x(( — V)V (px + 1)) ()l 2.
V] t<s<t'+19

Furthermore, we compute

[[9x ((u — V)V (s + u))ll 2
< 18x( — )V (os +uc) 2 + 1 = 0)3xu V' (ps + uo) 12
= IV(elllox (w — )2 + Vi(M)lluc Lo |05 (e — v) || 2
+ Vi(M)llu — vlzee|[0vuzll 2
= (IV(p)| +2M V(M) lu — v|[ g1

for u, v € By,. Thus, combining the above two estimates, we get

sup  [[(P[u] — P[v])(s) ]l g1

t'<s<t'+r1

<x/_(«/_+\/7)(IV(p*)I+2MV1(M)) sup  [[(u = v)($)[[ g1

t'<s<t'+1y

Namely, taking #( such that (4.8), this yields

sup  [(®[u] — [v]><s>||Hl<L sup (G — 0)) L1

'<s<t'+n 1+ € p<s<t'+iy

which means the mapping & is the contraction mapping on By,.
Consequently, taking

2

to = min { 1,
0 (I+¢)?

-2
<\/‘+f) {IV(p)| + Vi(M)(|p«|4+2(1 + )M)} 2

the mapping & becomes the contraction mapping on B;,. Thus, because of the
contraction mapping theorem, there exists a unique solution u € By to (1.5),
(1.11), which means (4.3) is satisfied. Furthermore, the equation (1.5) leads to
ou € Lz(t’, t' + to; L2), and this completes the proof. O

In the rest of this section, we shall prove Theorems 1.2 and 1.4 by using Propositions
3.1 and 3.2, and Lemma 4.1.
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Proof of Theorems 1.2 and 1.4 Because both proofs are the same arguments, we only
prove Theorem 1.2. We suppose that the initial data satisfies (1.14) and define 69 > 0

such that
T
\/ ;W(So)So = Cq, 4.9)

Then, because W (§)$ is strictly monotonically increasing, these give o/C111 < do,
and there exists eg such that (1 +&9)~/C1 11 = 8p. Employing Lemma 4.1 with " = 0,
e =¢gpand M = 50/(1 + &p), we obtain the solution u € C([—7, fp]; HY) with

sup  Jlu(s)|l g1 =< do.
—1<s<ty

Therefore, because of (4.9) and N (ty) < do, this solution satisfy (3.1) with 7" = £y
and Proposition 3.1 gives

8o
sup  u() g </ Cil = .

—1<s<tg 14+ ¢o

Furthermore, using this estimate, we can apply Lemma 4.1 with ¢’ = 1y, ¢ = & and
M = §o/(1 + &p) again to obtain the solution u € C([7g — 7, 219]; H]) with

sup  lu(s)ll 1 < do.
ty—T<s<2ty

Combining this and the fact in the previous step, we get the solution u €
C([—t,2to]; H') with
sup  Jlu(s)ll g1 =< do.
—1<5s<2f9

Therefore, we can utilize Proposition 3.1 with 7" = 27 and get

sup  [lu(s)llgr < :
—1<5<21 1+ &0

Eventually, repeating this argument inductionary, we arrive at the global-in-time solu-
tion u € C([—t,00); H") to (1.5), (1.11). Furthermore, this solution satisfy (3.2)
which gives (1.16).

Finally we shall show [|u(?)||pc — 0 as t — oo. Because of (1.16), we find
||3xu(-)||i2 € L'(0, 00). Furthermore, since (3.15) and (3.18), we have

o0
d 2
fo ’Enaxu(z)ny

L[ 2 > a2 2
dtf; A 91l 2dt + v A l[95u(®)lly-dt

1 [o©
+ ;/(.) 10x ((os +u)V (o5 + Mr))(t)”izdt

< Q.

@ Springer



45  Page 30 of 31 Y. Ueda

Therefore, we also find that ||8xu(-)||i2 e Wh1(0, 00), and this gives ||8xu(t)||i2 -0

as t — oo. Consequently, we obtain ||u(t)|| e < \/§||u(t)||2/22||3xu(t)||1L/22 — O as

t — 00, and complete the proof. O
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