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Abstract
In this article, we consider the nonlinear stability of the non-zero equilibrium state for
the viscous scalar conservation laws with a delay effect in the one-dimensional whole
space. The necessary and sufficient conditions for the linear stability are obtained in
Ueda (Ueda, Y in Jpn. J. Ind. Appl. Math 42 2057–2072, 2025), and the situation
strongly depends on equilibrium states. Based on the result of the linear stability,
the purpose of this article is to derive the condition for the nonlinear stability. The
method for deriving the linear stability is the analysis of the corresponding eigenvalue
problem; however, it does not apply to the derivation of nonlinear stability. Thus, we
apply the energy method to construct the a priori estimate and prove the existence of
a global-in-time solution.

Keywords Viscous scalar conservation laws · Time delay · Asymptotic stability

Mathematics Subject Classification 35B35 · 35E15 · 35Q35

1 Introduction

We consider the scalar viscous conservation laws with a time delay in the one-
dimensional whole space

∂tρ − ν∂2xρ + ∂x (ρV (ρτ )) = 0 (1.1)

for t > 0 and x ∈ R. Here, ρ = ρ(t, x) is an unknown function, ν is a positive
constant, and V = V (ρ) denotes a given smooth function that depends on ρ only. In
this article, we use a notation that ρτ (t, x) = ρ(t − τ, x) with a positive constant τ
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called the delay parameter. For the equation (1.1), we assign an initial history

ρ(θ, x) = ρ0(θ, x) (1.2)

for −τ ≤ θ ≤ 0 and x ∈ R. Here, ρ0 = ρ0(θ, x) is a given function.
Letting τ tends to zero formally, (1.1) is reduced to the scalar viscous conservation

laws
∂tρ − ν∂2xρ + ∂x (ρV (ρ)) = 0, (1.3)

which is one of the important and fundamental physical models in fluid mechanics,
and there are many known results for (1.3). For example, the explicit solution formula
for the viscous Burgers equation is analyzed in [1, 6, 17]. Furthermore, the asymptotic
behavior of its solution and the stability of traveling waves and rarefaction waves are
also considered in [4, 11] etc.

One example of the physical models described by the viscous scalar conservation
laws (1.3) is a traffic flow model. A simple model of traffic flow is described as (1.3)
with

V (ρ) = Vmax

(
1 − ρ

ρmax

)
, (1.4)

where the unknown function ρ denotes the traffic density, the positive constant ν is the
diffusion coefficient, and the positive constants ρmax and Vmax denote the maximum
density and the maximum speed as ρ → 0, respectively (see Garavello et al. [2]
for example). It is well-known that the viscous scalar conservation laws (1.3) is a
strictly parabolic partial differential equation, so its solution has an infinite speed of
propagation. In terms of traffic flow, this means that drivers and their vehicles are
assumed to react instantly to changes in the density and its gradient. To improve this
troubling feature, wemodify the termwithout a time delay to the one with a time delay
and introduce (1.1) with (1.4).

The scalar conservation laws with a time delay is a relatively new research topic,
and there are few known results. Especially, the initial-boundary value problem is well
studied. Here, we focus on the viscous Burgers equation whose nonlinear term has a
time delay (see [5, 7, 15] for other cases). Liu [10] considered the asymptotic behavior
of the solutions of the viscous Burgers equation under zero-Dirichlet boundary condi-
tions. By using the energy method, the author showed the existence of a unique global
solution in time. Furthermore, if the time delay is sufficiently small, Tang and Wang
[14] proved the exponential stability of the solution to the viscous Burgers equation
under zero-Dirichlet boundary conditions. Smaoui andMekkaoui [12] also considered
the viscous Burgers equation with a time delay under the periodic boundary condition.
They proved the existence of the unique global solution and derived the exponential
decay estimate. Furthermore, Tang [13] considered the viscous Burgers equation with
a nonlocal delay effect under zero-Dirichlet boundary condition. In a similar way
to Tang and Wang [14], the author proved that the solution is exponentially stable,
provided that the delay parameter is sufficiently small. Compared with the result for
the problem of the bounded domain, there are few results for the problem of the
unbounded domain. Recently, Kubo and Ueda [8, 9] treated the Cauchy problem of
(1.1) and obtained the nonlinear stability of the zero equilibrium state. Furthermore,
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they derived the condition for the time delay and the initial history to achieve the
nonlinear stability. We remark that their result is not assigned the smallness for both
the initial history and the time delay.

In this article, we study the one-dimensional Cauchy problem of the scalar con-
servation laws with a time delay (1.1), (1.2). Especially, we focus on the stability of
non-zero equilibrium state for (1.1), (1.2). Indeed, the usual scalar conservation laws
(1.3) make no difference to the structure of the stability around the equilibrium state.
On the other hand, for the scalar conservation laws with a time delay, the structure
of the stability around the equilibrium state varies greatly depending on the effect of
the time delay. In fact, Ueda [16] succeeded in deriving the sharp criterion to get the
linear stability of the non-zero equilibrium state.

Let ρ∗ ∈ R be an equilibrium state, and we introduce a perturbation u := ρ − ρ∗.
Then the equation (1.1) is rewritten as

∂t u − ν∂2x u + ∂x ((ρ∗ + u)V (ρ∗ + uτ )) = 0. (1.5)

To derive the linear stability for the nonlinear equation, Ueda [16] analyzed the cor-
responding eigenvalue problem of the linearized equation. The linearized equation of
(1.5) is given by

∂t u − ν∂2x u + V (ρ∗)∂xu + ρ∗V ′(ρ∗)∂xuτ = 0. (1.6)

To derive the corresponding eigenvalue problem, we apply the Fourier transform to
(1.6) and get

∂t û + νξ2û + V (ρ∗)iξ û + ρ∗V ′(ρ∗)iξ ûτ = 0, (1.7)

where ξ ∈ R denotes Fourier variable. The equation (1.7) is regarded as an ordi-
nary differential equation with time delay, and it is known that the decay property of
solutions to (1.7) is characterized by the corresponding eigenvalue problem and the
following characteristic equation (for details, see [3]).

λ + νξ2 + V (ρ∗)iξ + ρ∗V ′(ρ∗)iξe−τλ = 0. (1.8)

For the eigenvalue of this eigenvalue problem, Ueda [16] derived the following result.

Theorem 1.1 (Ueda [16]) All the roots of (1.8) satisfy

lim sup
|ξ |→0

Reλ(ξ) ≤ 0, lim|ξ |→∞Reλ(ξ) = −∞.

Furthermore, they have negative real parts for any ξ ∈ R\{0} if and only if ν, τ , ρ∗
and V satisfy the one of the following three conditions:

(i)
τ

ν
ρ∗V ′(ρ∗)(V (ρ∗) + ρ∗V ′(ρ∗)) ≤ 1,

τ

ν
ρ∗V (ρ∗)V ′(ρ∗) ≥ −π

2
. (1.9)
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(ii)

τ

ν
ρ∗V ′(ρ∗)(V (ρ∗)+ρ∗V ′(ρ∗)) ≤ 1, −3π

2
<

τ

ν
ρ∗V (ρ∗)V ′(ρ∗) < −π

2
, (1.10)

and

τ

ν
V (ρ∗)2

⎛
⎝
√

τ 2

ν2
ρ2∗V (ρ∗)2V ′(ρ∗)2 − π2

4
+ τ

ν
ρ2∗V ′(ρ∗)2 − 1

⎞
⎠ ≤ π2

2
.

(iii) Inequalities (1.10),

τ

ν
V (ρ∗)2

⎛
⎝
√

τ 2

ν2
ρ2∗V (ρ∗)2V ′(ρ∗)2 − π2

4
+ τ

ν
ρ2∗V ′(ρ∗)2 − 1

⎞
⎠ >

π2

2
,

and

τ

ν
ρ∗V ′(ρ∗)

(
ρ∗V ′(ρ∗)θ∗ − V (ρ∗)

)√
1 − θ2∗ <

3π

2
− Arccos(

√
1 − θ2∗ ).

Here, θ∗ is defined by

θ∗ := 1

4|ρ∗V ′(ρ∗)|
(√

V (ρ∗)2 + 8
(
ρ2∗V ′(ρ∗)2 + ν

τ

)
− |V (ρ∗)|

)
.

Theorem 1.1 tells us that the delay effect induces the instability phenomena.
For example, if the delay parameter τ satisfies τ > −νπ/(2ρ∗V (ρ∗)V ′(ρ∗)) with
ρ∗V (ρ∗)V ′(ρ∗) < 0, the equilibrium state ρ∗ is unstable.

Inspired by Theorem 1.1, the purpose of this article is to derive the condition to
get the nonlinear stability of the equilibrium state ρ∗. As we can see from Theorem
1.1, it is known that the delay effect may induce the instability phenomena. This fact
gives us the question of the nonlinear stability for (1.5) with a large initial history. In
this situation, Kubo and Ueda [8, 9] introduced the criterion for the size of the delay
parameter and the initial history to derive the nonlinear stability of the zero equilibrium
state. In this article, we will extend the result in Kubo and Ueda [8, 9] for the non-zero
equilibrium state.

The initial history for (1.5) is also assigned that

u(θ, x) = u0(θ, x), (1.11)

where u0 := ρ0 − ρ∗. Then we derive the asymptotic stability result for (1.5), (1.11).
To state the main theorems, we introduce notations. For the initial history (1.11), we
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introduce the useful norm that

I0 :=
(

sup
−τ≤θ≤0

‖u0(θ)‖2L2 + ν

∫ 0

−τ

‖∂xu0(θ)‖2L2dθ

)1/2

.

We introduce the functions that

W (M) := 2
√
2 (2V1(M) + |ρ∗|V2(M)) , Vn(M) := sup

|v|≤M
|V (n)(ρ∗ + v)|

for M > 0. We remark that W (M) is a monotone increasing function and appears in
the main theorems. On the other hand, we introduce the constant cτ that

cτ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

|ρ∗V ′(ρ∗)|
6(|V (ρ∗)| + |ρ∗V ′(ρ∗)|)

(
1 − τ

ν
(|V (ρ∗)| + |ρ∗V ′(ρ∗)|)|ρ∗V ′(ρ∗)|

)
, ρ∗V ′(ρ∗) �= 0,

1

3

( τ

ν
|V (ρ∗)|2 + 1

)−1
, ρ∗V ′(ρ∗) = 0.

(1.12)
Especially, we note that

cτ ↑ c0 :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

|ρ∗V ′(ρ∗)|
6(|V (ρ∗)| + |ρ∗V ′(ρ∗)|) , ρ∗V ′(ρ∗) �= 0,

1

3
, ρ∗V ′(ρ∗) = 0

as τ/ν ↓ 0.
The following main theorems describe the existence of a global-in-time solution

when the product of the size of the delay parameter and one of the initial history is
suitably small.

Theorem 1.2 Suppose that u0 ∈ C([−τ, 0]; H1) and V is C2 class function under
consideration. Assume that

τ

ν
|ρ∗V ′(ρ∗)|

(|V (ρ∗)| + |ρ∗V ′(ρ∗)|
)

< 1 (1.13)

and √
τ

ν
W
(√

C1 I1
)√

C1 I1 < cτ (1.14)

are satisfied. Here, I1 and C1 are defined by

I1 :=
(
I 20 + ‖∂x u0(0)‖2L2

)1/2
, C1 := 41 + 84

ν

{
1

3τ
+ 4

νcτ
(V (ρ∗)2 + 2ρ2∗V ′(ρ∗)2)

}
. (1.15)
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Then, (1.5), (1.11) has a unique global-in-time solution u ∈ C([−τ,∞); H1) satis-
fying ∂t u ∈ L2(0,∞; L2), ∂xu ∈ L2(0,∞; H1) and the energy estimate

‖u(t)‖2H1 +
∫ ∞

0

(
1

ν
‖∂t u(s)‖2L2 + νcτ

2
‖∂xu(s)‖2H1

)
ds ≤ C1 I

2
1 (1.16)

for t ≥ 0. Furthermore, the solution u satisfies the asymptotic behavior ‖u(t)‖L∞ → 0
as t → ∞.

Remark 1.3 Since (1.15), we derive C1 ↑ ∞ as τ ↓ 0.

Remark 1.3 tells that it is not certain that I1 can be taken large enough to satisfy
the condition (1.14) for small τ . However, if V ′ is uniformly bounded, I1 can be taken
large enough to satisfy the condition (1.14) for small τ . Since V ′ is uniformly bounded,
there exists a certain positive constant V∗ such that |V ′(ρ)| ≤ V∗ for ρ ∈ R. Then this
situation is expressed by the following theorem.

Theorem 1.4 Suppose the same assumption as in Theorem 1.2. Furthermore, assume
that V ′ is uniformly bounded. Then I1 and C1 are replaced by

I1 :=
{

(1 + I 40 )I 20 + sup
−τ≤θ≤0

‖∂xu0(θ)‖2L2

}1/2

, C1 := 41 + C̃1(1 + ν2)

ν4cτ

,

(1.17)
where C̃1 := 168(2V (ρ∗)2 + 2ρ2∗V 2∗ + 1682V 4∗ ), and the same result in Theorem 1.2
is obtained.

Remark 1.5 Since (1.17), we have

C1 ↓ 41 + C̃1(1 + ν2)

ν4c0

as τ/ν ↓ 0, and C1 ↓ 41 as ν ↑ ∞. This fact means that I1 can be taken large enough
to satisfy the condition (1.14) for small τ in Theorem 1.4.

Remark 1.6 (i) The condition (1.13) in Theorem 1.2 is a sufficient condition for the
condition (1.9) in Theorem 1.1. Namely, the linear stability is supposed under the
conditions in Theorem 1.2. (ii) In the case ρ∗ = 0, we obtain Theorems 1.2 and 1.4
for V ∈ C1 (see [8, 9]). (iii) In the case ρ∗ = 0, it is easy to check (1.13). Therefore,
Theorems 1.2 and 1.4 are generalizations of the results in Kubo and Ueda [8, 9]. (vi)
One of the most popular velocity function V in the traffic flow models is (1.4). In this
case, we have V1 = Vmax/ρmax and V2 = 0, and Theorem 1.4 is applicable to this
model.

This article is organized as follows. In preparation for the proofs of the main the-
orems, we will show the key lemmas in Section 2. We construct the a priori estimate
for our problem in Section 3. In section 4, we give the proofs of Theorems 1.2 and 1.4,
which are based on the a priori estimate and the existence theorem of the local-in-time
solution.
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2 Preliminaries

In this section, we introduce some technical lemmas and key lemmas that play an
important role in our proof. The following lemma is derived by Kubo and Ueda [8].

Lemma 2.1 ([8]) Let τ ≥ 0, 0 ≤ κ ≤ τ and f (t) be a continuous function such that
f (t) ≥ 0 for t ∈ [κ − τ,∞). Then the following estimate is satisfied.

∫ t

κ

∫ s

s−τ

f (σ )dσds +
∫ κ

κ−τ

(κ − s) f (s)ds ≤ τ

∫ t

κ−τ

f (s)ds.

Next, we introduce key lemmas to derive the a priori estimate. For r > 0, we set

Sr := {(φ,ψ) ∈ R
2; (φ + ψ)ψ < r , φ ≥ 0, ψ ≥ 0},

Srβ :=
{

(φ,ψ) ∈ R
2; β

2(1 − β)

(
φ + 1

2β
ψ

)2

+ 1

2
ψ2 < r , φ ≥ 0, ψ ≥ 0

}
,

Srβ,γ :=
{

(φ,ψ) ∈ R
2; β

2(1 − γ )

(
φ + 1

2β
ψ

)2

+ β

2γ
ψ2 < r , φ ≥ 0, ψ ≥ 0

}
,

and � := {(β, γ ) ∈ R
2;β > 0, 0 < γ < 1}, �̃ := {(β, γ ) ∈ R

2; 0 < β < 1/2, 0 <

γ < 1/2}. Then these sets satisfy the following lemma.

Lemma 2.2 For any r > 0, the following equalities are satisfied.

Sr =
⋃

0<β<1

Srβ =
⋃

0<β<1/2

Srβ =
⋃

(β,γ )∈�

Srβ,γ =
⋃

(β,γ )∈�̃

Srβ,γ . (2.1)

Proof Firstly, we derive that Srβ,γ ⊂ Sr for (β, γ ) ∈ �. We show this fact
by the contradiction argument. Suppose that there exists (β1, γ1) ∈ � such that
Srβ1,γ1 ∩ (Sr )c �= ∅, where (Sr )c is the complement of Sr . This means that there
exists (φ0, ψ0) ∈ Srβ1,γ1 ∩ (Sr )c. Namely, (φ0, ψ0) should satisfy φ0 ≥ 0 and

β1

2(1 − γ1)

(
φ0 + 1

2β1
ψ0

)2

+ β1

2γ1
ψ2
0 < r , (φ0 + ψ0)ψ0 ≥ r . (2.2)

If ψ0 ≥ √
r , we have

β1

2(1 − γ1)

(
φ0 + 1

2β1
ψ0

)2

+ β1

2γ1
ψ2
0 ≥ 1

8β1(1 − γ1)
ψ2
0 + β1

2γ1
ψ2
0

≥ r

2
√

γ1(1 − γ1)
≥ r ,
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and this is a contradiction. On the other hand, if 0 < ψ0 <
√
r , the second inequality

in (2.2) is φ0 ≥ r/ψ0 − ψ0 > 0, and this gives

β1

2(1 − γ1)

(
φ0 + 1

2β1
ψ0

)2

+ β1

2γ1
ψ2
0 − r ≥ 1

2(1 − γ1)ψ
2
0

Hβ1,γ1(ψ
2
0 ),

where

Hβ,γ (χ) :=
(

1

4β
+ β − γ

γ

)
χ2 − r(1 + 2(β − γ ))χ + r2β

for (β, γ ) ∈ �. Then we estimate

1

4β
+ β − γ

γ
≥ 1√

γ
− 1 > 0,

and the discriminant Dβ,γ of the function Hβ,γ is computed as

Dβ,γ = r2(1 + 2(β − γ ))2 − 4r2β

(
1

4β
+ β − γ

γ

)
= −4r2(1 − γ )(β − γ )2

γ
≤ 0.

(2.3)
Namely, this yields Hβ,γ (χ) ≥ 0 for χ ∈ R, and we arrive at

β1

2(1 − γ1)

(
φ0 + 1

2β1
ψ0

)2

+ β1

2γ1
ψ2
0 ≥ r ,

which is also a contradiction.
Secondly, we show that, for any (φ,ψ) ∈ Sr , there exists (β2, γ2) ∈ �̃ such that

(φ,ψ) ∈ Srβ2,γ2 . It is trivial that (0, 0) ∈ Srβ,γ . If φ > 0 and ψ = 0, we can take

β2 < 2r/(2r +φ2) and γ2 = β2, and this gives (φ, 0) ∈ Srβ2,γ2 . Ifψ > 0, (φ,ψ) ∈ Sr

means 0 ≤ φ < r/ψ − ψ and 0 < ψ <
√
r . Thus we estimate

β

2(1 − γ )

(
φ + 1

2β
ψ

)2

+ β

2γ
ψ2 − r <

1

2(1 − γ )ψ2 Hβ,γ (ψ2).

Since (2.3), we choose β2 and γ2 such that β2 = γ2, and this yields

Hβ2,γ2(χ) = (χ − 2rβ2)
2

4β2
.

Namely, taking β2 = γ2 = ψ2/(2r), we arrive at Hβ2,γ2(ψ
2) = 0, and

β2

2(1 − γ2)

(
φ + 1

2β2
ψ

)2

+ β2

2γ2
ψ2 < r .
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Consequently, these arguments give

⋃
(β,γ )∈�

Srβ,γ ⊂ Sr ⊂
⋃

(β,γ )∈�̃

Srβ,γ .

On the other hand, it is trivial that

⋃
(β,γ )∈�̃

Srβ,γ ⊂
⋃

(β,γ )∈�

Srβ,γ ,

and the last two equalities in (2.1) are proved. By using the same argument, we also
obtain the first two equalities in (2.1), and this completes the proof. ��

To obtain the a priori estimate, it is important to ensure the positive definiteness of
the following matrix.

A :=
⎛
⎝ 1 − γ 0 −βφ − ψ/2

0 γ −βψ

−βφ − ψ/2 −βψ 2β

⎞
⎠ (2.4)

for (φ,ψ) ∈ R
2 and (β, γ ) ∈ �. Then Lemma 2.2 gives the following lemma.

Lemma 2.3 There exists (β0, γ0) ∈ �̃ such that the matrix A is positive definite if and
only if (φ,ψ) ∈ S1 holds.

Proof To show the positive definiteness of A, we employ Sylvester’s criterion.Namely,
we will take β and γ such that 1 − γ > 0, γ > 0, and |A| > 0 to get the positive
definiteness of A. Now, we have

|A| = 2βγ (1 − γ ) − (1 − γ )β2ψ2 − γ

(
βφ + ψ

2

)2

= 2βγ (1 − γ )

{
1 − β

2γ
ψ2 − β

2(1 − γ )

(
φ + 1

2β
ψ

)2
}

.

Since Lemma 2.2 with r = 1, we find that there exist (β0, γ0) ∈ �̃ such that |A| > 0
if and only if (φ,ψ) ∈ S1, and complete the proof. ��
Remark 2.4 Lemma 2.3 means that there exists a positive constant cτ such that

(Aa, a) ≥ cτ |a|2 (2.5)

for any a ∈ R
3. The constant cτ is given by

cτ =

⎧⎪⎪⎨
⎪⎪⎩

ψ(1 − (φ + ψ)ψ)

6(φ + ψ)
, ψ �= 0,

1

3(φ2 + 1)
, ψ = 0.

(2.6)
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Substituting

φ =
√

τ

ν
|V (ρ∗)|, ψ =

√
τ

ν
|ρ∗V ′(ρ∗)| (2.7)

into (2.6), we obtain (1.12). The estimate (2.5) with (2.7) will be used in the derivation
of the a priori estimate in Section 3.

To derive the explicit representation (2.6), we introduce a new lemma. For r > 0,
we set

∂Sr := {(φ,ψ) ∈ R
2; (φ + ψ)ψ = r , φ ≥ 0, ψ ≥ 0},

∂Srβ :=
{

(φ,ψ) ∈ R
2; β

2(1 − β)

(
φ + 1

2β
ψ

)2

+ 1

2
ψ2 = r , φ ≥ 0, ψ ≥ 0

}
.

Then these sets also satisfy the following lemma.

Lemma 2.5 For any r > 0, the following condition is satisfied.

∂Sr ⊂
⋃

0<β≤1/2

∂Srβ.

Proof We show that, for any (φ,ψ) ∈ ∂Sr , there exists β3 ∈ (0, 1/2] such that
(φ,ψ) ∈ ∂Srβ3 . Since (φ,ψ) ∈ ∂Sr , we have 0 < ψ ≤ √

r and φ = r/ψ − ψ . Thus
we compute

β

2(1 − β)

(
φ + 1

2β
ψ

)2

+ 1

2
ψ2 − r = 1

2(1 − β)ψ2 Hβ,β(ψ2),

where Hβ,β is defined in the proof of Lemma 2.2. Similarly as before, we take β3 =
ψ2/(2r) and get Hβ3,β3(ψ

2) = 0. Consequently, we arrive at

β3

2(1 − β3)

(
φ + 1

2β3
ψ

)2

+ 1

2
ψ2 = r ,

and this completes the proof. ��

We derive the representation (2.6). We calculate

(Aa, a) = (1 − γ )a21 + γ a22 + 2βa23 − (2βφ + ψ)a1a3 − 2βψa2a3

= ε1a
2
1 + ε2a

2
2 + Q

(1 − γ − ε1)(γ − ε2)
a23

+ (1 − γ − ε1)

(
a1 − βφ + ψ/2

1 − γ − ε1
a3

)2

+ (γ − ε2)

(
a22 − βψ

γ − ε2
a3

)2
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for ε1, ε2 > 0, where a = (a1, a2, a3)� ∈ R
3 and

Q := 2β(1 − γ − ε1)(γ − ε2) − (βφ + ψ/2)2(γ − ε2) − β2ψ2(1 − γ − ε1)

= 2βγ (1 − γ )(1 − r) + 2βγ (1 − γ )

{
r − β

2γ
ψ2 − β

2(1 − γ )

(
φ + 1

2β
ψ

)2
}

− 2βγ ε1 − 2β(1 − γ )ε2 + 2βε1ε2 + β2ψ2ε1 + (βφ + ψ/2)2ε2

for 0 < r < 1. Now, taking ε1 = (1 − γ )(1 − r)/3 and ε2 = γ (1 − r)/3, we obtain

Q ≥ 2

3
βγ (1 − γ )(1 − r) + 2βγ (1 − γ )Q,

where

Q := r − β

2γ
ψ2 − β

2(1 − γ )

(
φ + 1

2β
ψ

)2

.

Namely, this gives

(Aa, a) ≥ 1

3
(1−γ )(1−r)a21 + 1

3
γ (1−r)a22 + 6β(1 − r)

(2 + r)2
a23 + 18β

(2 + r)2
a23Q. (2.8)

Now, we assumeψ �= 0 and define r0 := (φ+ψ)ψ . Then, because of (φ,ψ) ∈ S1,
we have 0 < r0 < 1. Employing Lemma 2.5 with r = r0, we find that there exists
β3 ∈ (0, 1/2] such that

β3

2(1 − β3)

(
φ + 1

2β3
ψ

)2

+ 1

2
ψ2 = r0 (2.9)

for (φ,ψ) ∈ ∂Sr0 . More precisely, we can choose β3 = ψ2/(2r0) ≤ 1/2 to get (2.9).
For the details, see the proof of Lemma 2.5. Namely, substituting β = γ = β3 and
r = r0 into (2.8), we have Q = 0 and

(Aa, a) ≥ 1

3
(1 − β3)(1 − r0)a

2
1 + 1

3
β3(1 − r0)a

2
2 + 2

3
β3(1 − r0)a

2
3

≥ β3

3
(1 − r0)

{(
1

β3
− 1

)
a21 + a22 + a23

}

≥ ψ2

6r0
(1 − r0)|a|2.

(2.10)

On the other hand, if ψ = 0, we have

(Aa, a) = (1 − γ )a21 + γ a22 + 2βa23 − 2βφa1a3

= (1 − γ − βφ2)a21 + γ a22 + βa23 + β(a3 − φa1)
2.
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Thus, taking β = 1/(3φ2) and γ = 1/3, we obtain

(Aa, a) ≥ 1

3
a21 + 1

3
a22 + 1

3φ2 a
2
3 ≥ 1

3(φ2 + 1)
|a|2. (2.11)

Consequently, since (2.10) and (2.11), we conclude that the constant cτ is described
as (2.6).

In the rest of this section, we shall recall some basic properties of solutions to
the inhomogeneous heat equation ∂tw − ν∂2xw = g with the initial data w(t ′, x) =
w̃t ′(x). Since Duhamel’s principle, the solution of this Cauchy problem is described
as w(t) = wL(t) + wN (t) with

wL(t) := S(t − t ′)w̃t ′, wN (t) :=
∫ t

t ′
S(t − s)g(s)ds,

where S(t) denotes the heat semigroup defined by

S(t) f = F−1
[
e−νt |ξ |2F[ f ](ξ)

]
= 1√

4πνt

∫
R

e− (x−y)2

4νt f (y)dy,

and F and F−1 are usual Fourier transform and its Fourier inverse transform on R

defined by

F[ f ](ξ) := 1√
2π

∫
R

e−i xξ f (x)dx, F−1[ f ](x) := 1√
2π

∫
R

eixξ f (ξ)dξ.

The heat semigroup S(t) has useful properties, which are corrected in the following
lemma.

Lemma 2.6 The heat semigroup S(t) satisfies the following properties.

(i) Let k ∈ N ∪ {0} and t ′ ≥ 0. Suppose that w̃t ′ ∈ Hk. Then wL ∈ C([t ′,∞); Hk),
∂xwL ∈ L2(t ′,∞; Hk) with the estimates

‖∂�
xwL(t)‖L2 ≤ ‖∂�

x w̃t ′ ‖L2 ,

∫ ∞

t ′
‖∂�+1

x wL(s)‖2L2ds ≤ 1

2ν
‖∂�

x w̃t ′ ‖2L2

for t ≥ t ′ and � = 0, · · · , k.
(ii) Let t ′′ > t ′ ≥ 0. Suppose that g ∈ C([t ′, t ′′]; L2). Then wN ∈ C([t ′, t ′′]; H1) ∩

L2(t ′, t ′′; H2) with the estimates

sup
t ′≤t≤t ′′

‖wN (t)‖H1 ≤ √
t ′′ − t ′

(√
t ′′ − t ′ +

√
2

ν

)
sup

t ′≤t≤t ′′
‖g(t)‖L2 ,

∫ t ′′

t ′
‖∂2xwN (t)‖2L2dt ≤ t ′′ − t ′

ν2
sup

t ′≤t≤t ′′
‖g(t)‖2L2 .
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3 A priori estimate

In this section, we derive a priori estimates for (1.5), (1.11) to construct the global
solution in time. To mention the propositions, we use the notation that N (t) :=
sup−τ≤s≤t ‖u(s)‖L∞ , and the function ω(t) is defined by

ω(t) :=
{
1 for t > τ,

0 for 0 ≤ t ≤ τ.

Then our a priori estimates are described as follows.

Proposition 3.1 Assume (1.13). Let T > 0 and suppose that u ∈ C([−τ, T ]; H1) is a
solution to (1.5), (1.11), which satisfies ∂t u ∈ L2(0, T ; L2) and ∂xu ∈ L2(0, T ; H1)

with the condition √
τ

ν
W (N (T ))N (T ) ≤ cτ , (3.1)

where cτ is defined by (1.12), then the solution satisfies the estimate that

‖u(t)‖2
H1 + 1

ν

∫ t

0
‖∂t u(s)‖2

L2
ds + ν

∫ t

0
‖∂2x u(s)‖2

L2
ds

+ cτ
2

(
ν

∫ t

0
‖∂x u(s)‖2

L2
ds + ν

∫ t

0
‖∂x uτ (s)‖2

L2
ds + ω(t)

∫ t

τ

∫ s

s−τ
‖∂t u(σ )‖2

L2
dσds

)

≤ C1 I
2
1

(3.2)

for t ∈ [0, T ], where I1 and C1 are defined by (1.15).

Proposition 3.2 Suppose the same assumption as in Proposition 3.1. Furthermore,
assume that V ′ is uniformly bounded. Then the solution satisfies the estimate (3.2) for
t ∈ [0, T ], where I1 and C1 are defined by (1.17).

To derive the energy estimate, we introduce a new function that

z(t, θ, x) := u(t + θ, x), t > 0, θ ∈ [−τ, 0], x ∈ R.

Then, we find that z(t, 0, x) = u(t, x), z(t,−τ, x) = uτ (t, x), z(0, θ, x) = u0(θ, x),
and

∂t z − ∂θ z = 0, t > 0, θ ∈ [−τ, 0], x ∈ R. (3.3)

Applying the energy method to (1.5) and (3.3), we construct the energy estimate.
To derive Propositions 3.1 and 3.2, we prepare three lemmas. The first one describes
the lower-order estimate of solutions.
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Lemma 3.3 Suppose the same assumption as in Proposition 3.1. Then the solution u
satisfies

‖u(t)‖2
L2

+ (β0 + γ0)ν

∫ 0

−τ
eε0θ‖∂x z(t, θ)‖2

L2
dθ

+ (β0 + γ0)ε0ν

∫ t

τ

∫ 0

−τ
eε0θ‖∂x z(s, θ)‖2

L2
dθds

+ cτ
2

(
ν

∫ t

0
‖∂x u(s)‖2

L2
ds + ν

∫ t

0
‖∂x uτ (s)‖2

L2
ds + ω(t)

∫ t

τ

∫ s

s−τ
‖∂t u(σ )‖2

L2
dσds

)

≤ 41I 20

(3.4)

for t ∈ [0, T ], where β0, γ0, and ε0 are certain positive constants that depends on√
τ/ν, ρ∗, and V .

Proof To obtain (3.4), we construct the a priori estimates for t ∈ [0, τ ] and t ∈ [τ, T ],
separately. Since (3.3), we have ∂x∂t z − ∂x∂θ z = 0. Then, multiplying this equation
by eεθ ∂x z and integrating the resultant equation with respect to θ over [−τ, 0], we
obtain

∂t

(∫ 0

−τ

eεθ (∂x z)
2dθ

)
− (∂xu)2 + e−ετ (∂xuτ )

2 + ε

∫ 0

−τ

eεθ (∂x z)
2dθ = 0, (3.5)

where ε is a positive parameter determined later. On the other hand, multiplying (1.5)
by u, we get

1

2
∂t (u

2) + ∂x

(
V (ρ∗ + uτ )(ρ∗ + u)u − νu∂xu −

∫ ρ∗+u

V (η)ηdη

)

+ ν(∂xu)2 + (V (ρ∗ + u) − V (ρ∗ + uτ )) (ρ∗ + u)∂x (ρ∗ + u) = 0.

Then, using the relation that

V (ρ∗ + u(t)) − V (ρ∗ + uτ (t)) =
∫ t

t−τ

V ′(ρ∗ + u(s))∂t u(s)ds

= V ′(ρ∗)
∫ t

t−τ

∂t u(s)ds +
∫ t

t−τ

(V ′(ρ∗ + u(s)) − V ′(ρ∗))∂t u(s)ds,

we obtain

1

2
∂t (u

2) + ∂x

(
V (ρ∗ + uτ )(ρ∗ + u)u − νu∂xu −

∫ ρ∗+u

V (η)ηdη

)
+ ν(∂xu)2

+ ρ∗V ′(ρ∗)∂xu
∫ t

t−τ

∂t u(s)ds + ρ∗∂xu
∫ t

t−τ

(V ′(ρ∗ + u(s)) − V ′(ρ∗))∂t u(s)ds

+ u∂xu
∫ t

t−τ

V ′(ρ∗ + u(s))∂t u(s)ds = 0.

(3.6)
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Furthermore, multiplying (1.5) by ∂t u, we have

ν

2
∂t (∂xu)2 − ν∂x (∂t u∂xu) + (∂t u)2 + ∂t u∂x ((ρ∗ + u)V (ρ∗ + uτ )) = 0. (3.7)

Then, integrating this equation with respect to t over [t − τ, t] and employing

∂x ((ρ∗ + u)V (ρ∗ + uτ )) = ∂xuV (ρ∗ + uτ ) + (ρ∗ + u)∂xuτV
′(ρ∗ + uτ )

= V (ρ∗)∂xu + ρ∗V ′(ρ∗)∂xuτ

+∂xu(V (ρ∗ + uτ ) − V (ρ∗))
+ρ∗∂xuτ (V

′(ρ∗ + uτ ) − V ′(ρ∗))
+u∂xuτV

′(ρ∗ + uτ ),

we obtain

ν(∂xu)2 − ν(∂xuτ )
2 − 2ν∂x

(∫ t

t−τ

∂t u∂xuds

)

+2
∫ t

t−τ

(∂t u)2ds + 2V (ρ∗)
∫ t

t−τ

∂t u∂xuds

+2ρ∗V ′(ρ∗)
∫ t

t−τ

∂t u∂xuτds + 2
∫ t

t−τ

∂t u∂xu(V (ρ∗ + uτ ) − V (ρ∗))ds

+2ρ∗
∫ t

t−τ

∂t u∂xuτ (V
′(ρ∗ + uτ ) − V ′(ρ∗))ds

+2
∫ t

t−τ

u∂t u∂xuτV
′(ρ∗ + uτ )ds = 0. (3.8)

for t ≥ τ . Thus, calculating (3.6) + (3.5) × α + (3.8) × β, we obtain

∂t E + ∂x F + D + αε

∫ 0

−τ

eεθ (∂x z)
2dθ + R = 0, (3.9)

where α and β are positive parameters determined later, and

E := 1

2
u2 + α

∫ 0

−τ

eεθ (∂x z)
2dθ,

F := V (ρ∗ + uτ )(ρ∗ + u)u − νu∂xu −
∫ ρ∗+u

V (η)ηdη − 2βν

∫ t

t−τ

∂t u∂xuds,

D := ((1 + β)ν − α)(∂xu)2 + (αe−ετ − βν)(∂xuτ )
2 + 2β

∫ t

t−τ

(∂t u)2ds

+ρ∗V ′(ρ∗)∂xu
∫ t

t−τ

∂t uds

+2βV (ρ∗)
∫ t

t−τ

∂t u∂xuds + 2βρ∗V ′(ρ∗)
∫ t

t−τ

∂t u∂xuτds,
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R := ρ∗∂xu
∫ t

t−τ

∂t u(V ′(ρ∗ + u) − V ′(ρ∗))ds + u∂xu
∫ t

t−τ

∂t uV
′(ρ∗ + u)ds

+2β
∫ t

t−τ

∂t u∂xu(V (ρ∗ + uτ ) − V (ρ∗))ds

+2βρ∗
∫ t

t−τ

∂t u∂xuτ (V
′(ρ∗ + uτ ) − V ′(ρ∗))ds

+2β
∫ t

t−τ

u∂t u∂xuτV
′(ρ∗ + uτ )ds.

It is important to estimate the dissipation term D. Using the Hölder inequality and
Lemma 2.1, we estimate

∫
R

Ddx ≥ ((1 + β)ν − α)‖∂xu‖2L2 + (αe−ετ − βν)‖∂xuτ‖2L2 + 2β
∫ t

t−τ

‖∂t u‖2L2ds

−|ρ∗V ′(ρ∗)|√τ‖∂xu‖L2

(∫ t

t−τ

‖∂t u‖2L2ds

)1/2

−2β|V (ρ∗)|
∫ t

t−τ

‖∂t u‖L2‖∂xu‖L2ds

−2β|ρ∗V ′(ρ∗)|
∫ t

t−τ

‖∂t u‖L2‖∂xuτ‖L2ds,

and

∫ t

τ

∫
R

Ddxds

≥
(
1 + β − α

ν

)
ν

∫ t

τ
‖∂x u‖2

L2
ds +

(α

ν
e−ετ − β

)
ν

∫ t

τ
‖∂x uτ ‖2

L2
ds

+2β
∫ t

τ

∫ s

s−τ
‖∂t u‖2

L2
dσds

−
√

τ

ν
|ρ∗V ′(ρ∗)|

(
ν

∫ t

τ
‖∂x u‖2

L2
ds

)1/2 (∫ t

τ

∫ s

s−τ
‖∂t u‖2

L2
dσds

)1/2

−2β|V (ρ∗)|
(∫ t

τ

∫ s

s−τ
‖∂t u‖2

L2
dσds

)1/2 (∫ t

τ

∫ s

s−τ
‖∂x u‖2

L2
dσds

)1/2

−2β|ρ∗V ′(ρ∗)|
(∫ t

τ

∫ s

s−τ
‖∂t u‖2

L2
dσds

)1/2 (∫ t

τ

∫ s

s−τ
‖∂x uτ ‖2

L2
dσds

)1/2

≥ (Aa, a) − α(1 − e−ετ )

∫ t

0
‖∂x uτ ‖2

L2
ds

−
(
1 + β − α

ν

)
ν

∫ τ

0
‖∂x u‖2

L2
ds −

(α

ν
e−ετ − β

)
ν

∫ τ

0
‖∂x uτ ‖2

L2
ds,

where a = (a1, a2, a3)� with

a1 =
(

ν

∫ t

0
‖∂xu‖2L2ds

)1/2

, a2 =
(

ν

∫ t

0
‖∂xuτ‖2L2ds

)1/2

,
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a3 =
(∫ t

τ

∫ s

s−τ

‖∂t u‖2L2dσds

)1/2

,

the matrix A is defined in (2.4) with γ = α/ν − β, and φ and ψ are defined in (2.7).
Then, since Lemma 2.3, there exists a positive constant cτ such that (Aa, a) ≥ cτ |a|2
under (1.13). Consequently, we obtain∫ t

τ

∫
R

Ddxds ≥ cτ

(
ν

∫ t

0
‖∂x u‖2

L2
ds + ν

∫ t

0
‖∂x uτ ‖2

L2
ds +

∫ t

τ

∫ s

s−τ
‖∂t u‖2

L2
dσds

)

− (1 − e−ετ )(β0 + γ0)ν

∫ t

0
‖∂x uτ ‖2

L2
ds

− (1 − γ0)ν

∫ τ

0
‖∂x u‖2

L2
ds − γ0ν

∫ τ

0
‖∂x uτ ‖2

L2
ds

for t ≥ τ . Here, β0 and γ0 are taken in Lemma 2.3. Furthermore, taking ε = ε0 such
that (1 − e−ε0τ )(β0 + γ0) ≤ cτ /2, we arrive at

∫ t

τ

∫
R

Ddxds ≥ cτ

2

(
ν

∫ t

0
‖∂xu‖2L2ds + ν

∫ t

0
‖∂xuτ‖2L2ds

+
∫ t

τ

∫ s

s−τ

‖∂t u‖2L2dσds

)

− (1 − γ0)ν

∫ τ

0
‖∂xu‖2L2ds − γ0ν

∫ τ

0
‖∂xuτ‖2L2ds

(3.10)

for t ≥ τ .
We drive the estimate for the remainder term R. Using Taylor’s theorem, we have

V ( j)(ρ∗ + v) − V ( j)(ρ∗) = V ( j+1)(ρ∗ + θ jv)v

for some θ j ∈ (0, 1), where j = 0, 1 and v = u or v = uτ . Then we estimate

|R| ≤ √
τV2(N (T ))|ρ∗||∂xu|

(∫ t

t−τ

u2(∂t u)2ds

)1/2

+ √
τV1(N (T ))|u||∂xu|

(∫ t

t−τ

(∂t u)2ds

)1/2

+ 2βV1(N (T ))

(∫ t

t−τ

(∂xu)2ds

)1/2 (∫ t

t−τ

u2τ (∂t u)2ds

)1/2

+ 2β|ρ∗|V2(N (T ))

(∫ t

t−τ

(∂xuτ )
2ds

)1/2 (∫ t

t−τ

u2τ (∂t u)2ds

)1/2

+ 2βV1(N (T ))

(∫ t

t−τ

(∂xuτ )
2ds

)1/2 (∫ t

t−τ

u2(∂t u)2ds

)1/2

,
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and hence

∫
R

|R|dx ≤ √
τ(V1 + |ρ∗|V2)N (T )‖∂xu‖L2

(∫ t

t−τ

‖∂t u‖2L2ds

)1/2

+ 2βV1N (T )

(∫ t

t−τ

‖∂xu‖2L2ds

)1/2 (∫ t

t−τ

‖∂t u‖2L2ds

)1/2

+ 2β(V1 + |ρ∗|V2)N (T )

(∫ t

t−τ

‖∂xuτ‖2L2ds

)1/2 (∫ t

t−τ

‖∂t u‖2L2ds

)1/2

.

Thus, employing Lemma 2.1, we obtain

∫ t

τ

∫
R

|R|dxds ≤ ((1 + 2β)V1 + |ρ∗|V2)
√

τ

ν
N (T )a1a3

+2β(V1 + |ρ∗|V2)
√

τ

ν
N (T )a2a3 (3.11)

for t ≥ τ . Combing (3.10) and (3.11), we get

∫ t

τ

∫
R

Ddxds −
∫ t

τ

∫
R

|R|dxds

≥ (Ba, a) − (1 − γ0)ν

∫ τ

0
‖∂xu‖2L2ds − γ0ν

∫ τ

0
‖∂xuτ‖2L2ds,

where

B :=
⎛
⎝ cτ /2 0 b1

√
τ/νN (T )

0 cτ /2 b2
√

τ/νN (T )

b1
√

τ/νN (T ) b2
√

τ/νN (T ) cτ /2

⎞
⎠

with b1 := −((1 + 2β0)V1 + |ρ∗|V2)/2 and b2 := −β0(V1 + |ρ∗|V2). The simple
computation gives

(Ba, a) = cτ

2
(a21 + a22 + a23) + 2

√
τ

ν
N (T )(a1b1 + a2b2)a3

= χ

2
(a21 + a22) + cτ − χ

2

(
a1 +

√
τ

ν

2N (T )

cτ − χ
b1a3

)2

+ cτ − χ

2

(
a2 +

√
τ

ν

2N (T )

cτ − χ
b2a3

)2

+ 2

cτ − χ

{
cτ (cτ − χ)

4
− τ

ν
N (T )2(b21 + b22)

}
a23

for 0 < χ < cτ . Then, letting χ = cτ /2, this gives

(Ba, a) ≥ cτ

4
|a|2 + 4

cτ

{
c2τ
16

− τ

ν
N (T )2(b21 + b22)

}
a23 .
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Since Lemma 2.2, we have 0 < β0 < 1/2, and this gives

b21 + b22 = 1

4
{(1 + 2β0)V1(N (T )) + |ρ∗|V2(N (T ))}2

+ β2
0 {V1(N (T )) + |ρ∗|V2(N (T ))}2

<
1

2
{2V1(N (T )) + |ρ∗|V2(N (T ))}2 .

Therefore, using the condition (3.1), we obtain (Ba, a) ≥ cτ |a|2/4, and hence this
gives

∫ t

τ

∫
R

Ddxds −
∫ t

τ

∫
R

|R|dxds

≥ cτ

4

(
ν

∫ t

0
‖∂xu‖2L2ds + ν

∫ t

0
‖∂xuτ‖2L2ds +

∫ t

τ

∫ s

s−τ

‖∂t u‖2L2dσds

)

− (1 − γ0)ν

∫ τ

0
‖∂xu‖2L2ds − γ0ν

∫ τ

0
‖∂xuτ‖2L2ds

(3.12)
for t ≥ τ . Consequently, integrating (3.9) and using (3.12) we arrive at

1

2
‖u(t)‖2L2 + (β0 + γ0)ν

∫ 0

−τ

eε0θ‖∂x z(t, θ)‖2L2dθ

+ (β0 + γ0)ε0ν

∫ t

τ

∫ 0

−τ

eε0θ‖∂x z(s, θ)‖2L2dθds

+ cτ

4

(
ν

∫ t

0
‖∂xu(s)‖2L2ds + ν

∫ t

0
‖∂xuτ (s)‖2L2ds

+
∫ t

τ

∫ s

s−τ

‖∂t u(σ )‖2L2dσds

)

≤ 1

2
‖u0(τ )‖2L2 + (β0 + γ0)ν

∫ 0

−τ

eε0θ‖∂x z(τ, θ)‖2L2dθ

+ (1 − γ0)ν

∫ τ

0
‖∂xu(s)‖2L2ds + γ0ν

∫ τ

0
‖∂xuτ (s)‖2L2ds

(3.13)

for t ≥ τ .
On the other hand, multiplying (1.5) by u, we have

1

2
∂t (u

2) + ∂x

(
−νu∂xu + u(ρ∗ + u)V (ρ∗ + uτ ) − 1

2
V (ρ∗)(ρ∗ + u)2

)

+ ν(∂xu)2 − (ρ∗ + u)∂xu (V (ρ∗ + uτ ) − V (ρ∗)) = 0.
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Then, combining this equation and (3.5), we obtain

∂t

(
u2 + ν

∫ 0

−τ

eεθ (∂x z)
2dθ

)

+2∂x

(
−νu∂xu + u(ρ∗ + u)V (ρ∗ + uτ ) − 1

2
V (ρ∗)(ρ∗ + u)2

)

+ν(∂xu)2 + νe−ετ (∂xuτ )
2 + εν

∫ 0

−τ

eεθ (∂x z)
2dθ

−2(ρ∗ + u)∂xu (V (ρ∗ + uτ ) − V (ρ∗)) = 0.

Therefore, integrating the resultant equation concerning t and x , and employing the
fact that

(ρ∗ + u) (V (ρ∗ + uτ ) − V (ρ∗))

= ρ∗
(
uτV

′(ρ∗) + 1

2
u2τV

′′(ρ∗ + θ2uτ )

)
+ uuτV

′(ρ∗ + θ1uτ )

for some θ1, θ2 ∈ (0, 1), we arrive at

‖u(t)‖2L2 + ν

∫ 0

−τ

eεθ‖∂x z(t, θ)‖2L2dθ

+ν

4

∫ t

0
‖∂xu(s)‖2L2ds + νe−ετ

∫ t

0
‖∂xuτ (s)‖2L2ds

+εν

∫ t

0

∫ 0

−τ

eεθ‖∂x z(s, θ)‖2L2dθds

≤ ‖u0(0)‖2L2 + ν

∫ 0

−τ

eεθ‖∂xu0(θ)‖2L2dθ

+4ρ2∗V ′(ρ∗)2

ν

∫ t

0
‖uτ‖2L2ds + ρ2∗V 2

2

ν

∫ t

0
‖uτ‖2L∞‖uτ‖2L2ds

+4V 2
1

ν

∫ t

0
‖u‖2L∞‖uτ‖2L2ds

≤ ‖u0(0)‖2L2 + ν

∫ 0

−τ

eεθ‖∂xu0(θ)‖2L2dθ

+τ

ν

{
4ρ2∗V ′(ρ∗)2 + (4V 2

1 + ρ2∗V 2
2 )N (t)2

}
sup

−τ≤θ≤0
‖u0(θ)‖2L2

≤ ‖u0(0)‖2L2 + ν

∫ 0

−τ

eεθ‖∂xu0(θ)‖2L2dθ +
(
4 + c2τ

8

)
sup

−τ≤θ≤0
‖u0(θ)‖2L2

for 0 ≤ t ≤ τ . Here, we used that 4V1(M)2+ρ2∗V2(M)2 ≤ W (M)2/8. Consequently,
this estimate and (3.13) gives
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‖u(t)‖2
L2

+ 2(β0 + γ0)ν

∫ 0

−τ
eε0θ‖∂x z(t, θ)‖2

L2
dθ

+ 2(β0 + γ0)ε0ν

∫ t

τ

∫ 0

−τ
eε0θ‖∂x z(s, θ)‖2

L2
dθds

+ cτ
2

(
ν

∫ t

0
‖∂x u(s)‖2

L2
ds + ν

∫ t

0
‖∂x uτ (s)‖2

L2
ds +

∫ t

τ

∫ s

s−τ
‖∂t u(σ )‖2

L2
dσds

)

≤ 8‖u0(0)‖2L2 + 8ν
∫ 0

−τ
eε0θ‖∂x u0(θ)‖2

L2
dθ + (32 + c2τ ) sup

−τ≤θ≤0
‖u0(θ)‖2

L2

for t ≥ τ . Here, we also chose ε0 such that e−ε0τ ≥ 1/4. Furthermore, these estimates
give

‖u(t)‖2L2 + (β0 + γ0)ν

∫ 0

−τ
eε0θ‖∂x z(t, θ)‖2L2dθ

+ (β0 + γ0)ε0ν

∫ t

τ

∫ 0

−τ
eε0θ‖∂x z(s, θ)‖2L2dθds

+ cτ
2

(
ν

∫ t

0
‖∂xu(s)‖2L2ds + ν

∫ t

0
‖∂xuτ (s)‖2L2ds + ω(t)

∫ t

τ

∫ s

s−τ
‖∂t u(σ )‖2L2dσds

)

≤ 8‖u0(0)‖2L2 + 8ν
∫ 0

−τ
eε0θ‖∂xu0(θ)‖2L2dθ + (32 + c2τ ) sup

−τ≤θ≤0
‖u0(θ)‖2L2

≤ 41I 20

for t ≥ 0. Here, we used cτ ≤ 1/3, which is given by (1.12). Thus, we complete the
proof. ��

Our next purpose is to show the higher-order estimate of solutions.

Lemma 3.4 Suppose the same assumption as in Proposition 3.1. Then the solution u
satisfies

‖∂xu(t)‖2L2 + 1

ν

∫ t

0
‖∂t u(s)‖2L2ds + ν

∫ t

0
‖∂2x u(s)‖2L2ds

≤ ‖∂xu0(0)‖2L2 + 84

ν

{
cτ

τ
+ 4

νcτ

(V (ρ∗)2 + 2ρ2∗V ′(ρ∗)2)
}
I 20

(3.14)

for t ∈ [0, T ].

Proof Similarly as before, multiplying (1.5) by −∂2x u, we have

1

2
∂t (∂xu)2 + ν(∂2x u)2 − ∂x (∂t u∂xu) − ∂2x u∂x ((ρ∗ + u)V (ρ∗ + uτ )) = 0.
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Combining (3.7) and this equation, we get

∂t (∂xu)2 + 1

ν
(∂t u)2 + ν(∂2x u)2 − 2∂x (∂t u∂xu) − 1

ν
(∂x ((ρ∗ + u)V (ρ∗ + uτ )))

2 = 0.

Then, integrating this with respect to x over R, we obtain

d

dt
‖∂xu‖2L2+ 1

ν
‖∂t u‖2L2+ν‖∂2x u‖2L2− 1

ν
‖∂x ((ρ∗ + u)V (ρ∗ + uτ )) ‖2L2 = 0, (3.15)

and this gives

‖∂xu(t)‖2L2 + 1

ν

∫ t

0
‖∂t u(s)‖2L2ds + ν

∫ t

0
‖∂2x u(s)‖2L2ds

= ‖∂xu0(0)‖2L2 + 1

ν

∫ t

0
‖∂x ((ρ∗ + u)V (ρ∗ + uτ )) (s)‖2L2ds.

(3.16)

The remainder term is decomposed as

∫ t

0
‖∂x ((ρ∗ + u)V (ρ∗ + uτ )) ‖2L2ds

≤ 2
∫ t

0
‖∂xuV (ρ∗ + uτ )‖2L2ds + 2

∫ t

0
‖(ρ∗ + u)∂xuτV

′(ρ∗ + uτ )‖2L2ds,

(3.17)

and each terms are estimated that

∫ t

0
‖∂xuV (ρ∗ + uτ )‖2L2ds ≤ 2

(
V (ρ∗)2 + V 2

1 N (T )2
) ∫ t

0
‖∂xu‖2L2ds,

and

∫ t

0
‖(ρ∗ + u)∂xuτV

′(ρ∗ + uτ )‖2L2ds

≤ 2
∫ t

0
‖ρ∗∂xuτV

′(ρ∗ + uτ )‖2L2ds + 2
∫ t

0
‖u∂xuτV

′(ρ∗ + uτ )‖2L2ds

≤ 2
(
2ρ2∗V ′(ρ∗)2 + 2ρ2∗V 2

2 N (T )2 + V 2
1 N (T )2

) ∫ t

0
‖∂xuτ‖2L2ds.
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Thus, using (3.1) and Lemma 3.3, the remainder term is estimated as

1

ν

∫ t

0
‖∂x ((ρ∗ + u)V (ρ∗ + uτ )) ‖2L2ds

≤ 4

ν

(
V (ρ∗)2 + V 2

1 N (T )2
) ∫ t

0
‖∂xu‖2L2ds

+ 4

ν

(
2ρ2∗V ′(ρ∗)2 + 2ρ2∗V 2

2 N (T )2 + V 2
1 N (T )2

) ∫ t

0
‖∂xuτ‖2L2ds

≤
(
4

ν
V (ρ∗)2 + c2τ

8τ

)∫ t

0
‖∂xu‖2L2ds +

(
8

ν
ρ2∗V ′(ρ∗)2 + c2τ

τ

)∫ t

0
‖∂xuτ‖2L2ds

≤ 84

ν

{
cτ

τ
+ 4

νcτ

(V (ρ∗)2 + 2ρ2∗V ′(ρ∗)2)
}
I 20 ,

(3.18)
and this leads to the desired estimate. ��
Lemma 3.5 Suppose that the same assumption as in Proposition 3.2. Then the solution
u satisfies

‖∂xu(t)‖2L2 + 1

ν

∫ t

0
‖∂t u(s)‖2L2ds + ν

2

∫ t

0
‖∂2x u(s)‖2L2ds

≤ ‖∂xu0(0)‖2L2 + C̃1

ν2cτ

(
1 + I 40

ν2

)
I 20 + c2τ

8
sup

−τ≤θ≤0
‖∂xu0(θ)‖2L2

(3.19)

for t ∈ [0, T ], where C̃1 is defined in Theorem 1.4.

Proof We start the proof from (3.16) and (3.17). The first term in (3.17) is estimated
that

∫ t

0
‖∂x uV (ρ∗ + uτ )‖2

L2
ds ≤ 2V (ρ∗)2

∫ t

0
‖∂x u‖2

L2
ds + 2V 2∗

∫ t

0
‖uτ ∂x u‖2

L2
ds

≤ 2V (ρ∗)2
∫ t

0
‖∂x u‖2

L2
ds + 2V 2∗ sup

0≤s≤t
‖uτ ‖2

L2

∫ t

0
‖∂x u‖2L∞ds

≤ 2V (ρ∗)2
∫ t

0
‖∂x u‖2

L2
ds + 84V 2∗ I 20

∫ t

0
‖∂x u‖L2‖∂2x u‖L2ds

≤ ν2

8

∫ t

0
‖∂2x u‖2

L2
ds + 2

(
V (ρ∗)2 + 842V 4∗ I 40

ν2

)∫ t

0
‖∂x u‖2

L2
ds.

(3.20)
We also estimate the second term in (3.17) that

∫ t

0
‖(ρ∗ + u)∂xuτV

′(ρ∗ + uτ )‖2L2ds

≤ 2
∫ t

0
‖ρ∗∂xuτV

′(ρ∗ + uτ )‖2L2ds + 2
∫ t

0
‖u∂xuτV

′(ρ∗ + uτ )‖2L2ds

≤ 2ρ2∗V 2∗
∫ t

0
‖∂xuτ‖2L2ds + 2V 2∗

∫ t

0
‖u∂xuτ‖2L2ds.
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Here, we have

V 2∗
∫ t

τ

‖u∂xuτ‖2L2ds ≤ V 2∗ sup
τ≤s≤t

‖u‖2L2

∫ t

τ

‖∂xuτ‖2L∞ds

≤ 42V 2∗ I 20
∫ t−τ

0
‖∂xu‖L2‖∂2x u‖L2ds

≤ ν2

16

∫ t

0
‖∂2x u‖2L2ds + 842V 4∗ I 40

ν2

∫ t

0
‖∂xu‖2L2ds

and

V 2∗
∫ τ

0
‖u∂xuτ‖2L2ds ≤ V 2∗

∫ τ

0
‖u‖2L∞‖∂xuτ‖2L2ds ≤ τV 2∗ N (τ )2 sup

−τ≤s≤0
‖∂xu‖2L2 .

Thus, these give

∫ t

0
‖(ρ∗ + u)∂xuτV

′(ρ∗ + uτ )‖2L2ds

≤ 2ρ2∗V 2∗
∫ t

0
‖∂xuτ‖2L2ds + ν2

8

∫ t

0
‖∂2x u‖2L2ds

+ 2
842V 4∗ I 40

ν2

∫ t

0
‖∂xu‖2L2ds + 2τV 2∗ N (τ )2 sup

−τ≤s≤0
‖∂xu‖2L2 .

(3.21)

Substituting (3.20) and (3.21) into (3.17), and employing (3.1) and Lemma 3.3, we
obtain

1

ν

∫ t

0
‖∂x ((ρ∗ + u)V (ρ∗ + uτ )) (s)‖2L2ds

≤ ν

2

∫ t

0
‖∂2x u‖2L2ds + 2

ν

(
2V (ρ∗)2 + 1682V 4∗ I 40

ν2

)∫ t

0
‖∂xu‖2L2ds

+ 4ρ2∗V 2∗
ν

∫ t

0
‖∂xuτ‖2L2ds + 4τV 2∗

ν
N (τ )2 sup

−τ≤s≤0
‖∂xu‖2L2

≤ ν

2

∫ t

0
‖∂2x u‖2L2ds + 168

ν2cτ

(
2V (ρ∗)2 + 2ρ2∗V 2∗ + 1682V 4∗ I 40

ν2

)
I 20

+ c2τ
8

sup
−τ≤s≤0

‖∂xu0‖2L2 .

(3.22)

Finally, combining (3.16) and (3.22), we arrive at (3.19) and complete the proof. ��
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Proof of Proposition 3.1 Combining (3.4) and (3.14), we obtain

‖u(t)‖2
H1 + 1

ν

∫ t

0
‖∂t u(s)‖2

L2
ds + ν

∫ t

0
‖∂2x u(s)‖2

L2
ds

+ cτ
2

(
ν

∫ t

0
‖∂x u(s)‖2

L2
ds + ν

∫ t

0
‖∂x uτ (s)‖2

L2
ds + ω(t)

∫ t

τ

∫ s

s−τ
‖∂t u(σ )‖2

L2
dσds

)

≤ 41I 20 + ‖∂x u0(0)‖2L2 + 84

ν

{
cτ
τ

+ 4

νcτ
(V (ρ∗)2 + 2ρ2∗V ′(ρ∗)2)

}
I 20 ,

and this estimate with cτ ≤ 1/3 give the desired estimate (3.2). ��
Proof of Proposition 3.2 Instead of (3.14), we employ (3.19). Namely, the estimates
(3.4) and (3.19) leads to

‖u(t)‖2
H1 + 1

ν

∫ t

0
‖∂t u(s)‖2

L2
ds + ν

2

∫ t

0
‖∂2x u(s)‖2

L2
ds

+ cτ
2

(
ν

∫ t

0
‖∂x u(s)‖2

L2
ds + ν

∫ t

0
‖∂x uτ (s)‖2

L2
ds + ω(t)

∫ t

τ

∫ s

s−τ
‖∂t u(σ )‖2

L2
dσds

)

≤ 41I 20 + ‖∂x u0(0)‖2L2 + C̃1

ν2cτ

(
1 + I 40

ν2

)
I 20 + c2τ

8
sup

−τ≤θ≤0
‖∂x u0(θ)‖2

L2
,

and this gives the desired estimate. ��

4 Global existence

We shall prove the global-in-time existence of solutions in this section. To this end,
we first derive the local-in-time solution for the initial history problem. For any fixed
t ′ ≥ 0, we consider (1.5) for t > t ′ and x ∈ R, and the corresponding initial history

u(θ, x) = ũt ′(θ, x), (4.1)

for t ′ − τ ≤ θ ≤ t ′ and x ∈ R. Here, ũt ′ = ũt ′(θ, x) is given function. Then, the
local-in-time existence theorem is derived as follows.

Lemma 4.1 Let ε and M be positive numbers, and suppose that an initial history
ũt ′ ∈ C([t ′ − τ, t ′]; H1) satisfies

sup
t ′−τ≤θ≤t ′

‖ũt ′(θ)‖H1 ≤ M . (4.2)

Then there exists a positive constant t0 = t0(ε, M), which does not depend on t ′, such
that the problem (1.5), (4.1) has a unique solution u ∈ C([t ′ − τ, t ′ + t0]; H1) ∩
L2(t ′, t ′ + t0; H2) which satisfies ∂t u ∈ L2(t ′, t ′ + t0; L2) and

sup
t ′−τ≤s≤t ′+t0

‖u(s)‖H1 ≤ (1 + ε)M . (4.3)

123



   45 Page 26 of 31 Y. Ueda

Remark that the small positive constant t0 appeared in Lemma 4.1 depends not only
on ε and M but also on τ , ν, ρ∗ and V .

Proof of Lemma 4.1 In order to prove Lemma 4.1, we consider the integral equation
corresponding to (1.5), (4.1) that

u(t) = S(t − t ′)ũt ′(t ′) −
∫ t

t ′
S(t − s)∂x ((ρ∗ + u)V (ρ∗ + uτ )) (s)ds. (4.4)

By using the contractionmapping theorem, we shall prove the existence of the solution
to (4.4) inC([t ′, t ′+ t0]; H1)∩L2(t ′, t ′+ t0; H2). Suppose that t0 is a positive number
with t0 ≤ τ . Then we introduce the mapping � defined by

�[u](t) := S(t − t ′)ũt ′(t ′) −
∫ t

t ′
S(t − s)∂x ((ρ∗ + u)V (ρ∗ + uτ )) (s)ds

for t ∈ [t ′, t ′ + t0] in the underlying space Bt0 defined by

Bt0 :=
{
u ∈ C([t ′, t ′ + t0]; H1) ∩ L2(t ′, t ′ + t0; H2) ; sup

t ′≤s≤t ′+t0

‖u(s)‖H1 ≤ (1 + ε)M

}
.

Here, we remark that uτ ∈ C([t ′, t ′ + τ ]; H1) is described as the initial history. This
means

sup
t ′≤s≤t ′+τ

‖uτ (s)‖H1 ≤ M,

which comes from (4.2).
Firstly, we show that there exists t0 such that themapping� satisfies� : Bt0 → Bt0 .

To this end, we set uL and uN as follows

uL(t) := S(t − t ′)ũt ′(t ′), uN (t) :=
∫ t

t ′
S(t − s)∂x ((ρ∗ + u)V (ρ∗ + uτ )) (s)ds.

Since (i) in Lemma 2.6 and (4.2), we find that uL ∈ C([t ′, t ′ + t0]; H1) ∩ L2(t ′, t ′ +
t0; H2) with

sup
t ′≤s≤t ′+t0

‖uL(s)‖H1 ≤ ‖ũt ′(t ′)‖H1 ≤ M . (4.5)

On the other hand, because of u, uτ ∈ C([t ′, t ′ + t0]; H1) and V ∈ C1, we find that

∂x ((ρ∗ + u)V (ρ∗ + uτ )) ∈ C([t ′, t ′ + t0]; L2)

for u ∈ Bt0 . Thus, we can apply (ii) in Lemma 2.6 to the Duhamel term uN and obtain
that uN ∈ C([t ′, t ′ + t0]; H1) ∩ L2(t ′, t ′ + t0; H2) and

sup
t ′≤s≤t ′+t0

‖uN (s)‖H1 ≤ √
t0

(
√
t0 +

√
2

ν

)
sup

t ′≤s≤t ′+t0

‖∂x ((ρ∗+u)V (ρ∗+uτ ))(s)‖L2 .

(4.6)
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The right hand side in (4.6) is estimated as

‖∂x ((ρ∗ + u)V (ρ∗ + uτ ))‖L2

≤ ‖∂xuV (ρ∗ + uτ )‖L2 + ‖(ρ∗ + u)∂xuτV
′(ρ∗ + uτ )‖L2

≤ |V (ρ∗)|‖∂xu‖L2 + V1(M)‖uτ‖L∞‖∂xu‖L2 + V1(M)(|ρ∗| + ‖u‖L∞)‖∂xuτ‖L2

≤ {|V (ρ∗)| + V1(M)(|ρ∗| + 2(1 + ε)M)}(1 + ε)M

for u ∈ Bt0 . Therefore, substituting this estimate into (4.6), we get

sup
t ′≤s≤t ′+t0

‖uN (s)‖H1

≤ √
t0

(
√
t0 +

√
2

ν

)
{|V (ρ∗)| + V1(M)(|ρ∗| + 2(1 + ε)M)}(1 + ε)M .

This estimate tells us that we should take t0 such that

(
√

τ +
√
2

ν

)
{|V (ρ∗)| + V1(M)(|ρ∗| + 2(1 + ε)M)}(1 + ε)

√
t0 ≤ ε

to get
sup

t ′≤s≤t ′+t0

‖uN (s)‖H1 ≤ εM . (4.7)

Namely, taking t0 such that

t0 ≤ ε2

(1 + ε)2

(
√

τ +
√
2

ν

)−2

{|V (ρ∗)| + V1(M)(|ρ∗| + 2(1 + ε)M)}−2, (4.8)

we obtain (4.7) for u ∈ Bt0 . Hence, combining (4.5) and (4.7), we arrive at

sup
t ′≤s≤t ′+t0

‖�[u](s)‖H1 ≤ (1 + ε)M

for u ∈ Bt0 . This means that � is the mapping on Bt0 .
Secondly, we shall show that � is the contraction mapping on Bt0 for small t0. For

this purpose, we consider

�[u](t) − �[v](t) = −
∫ t

t ′
S(t − s)∂x ((u − v)V (ρ∗ + uτ ))(s)ds
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for u, v ∈ Bt0 . Here, we remark that uτ = vτ in Bt0 . Similarly to before, we employ
(ii) in Lemma 2.6, we have

sup
t ′≤s≤t ′+t0

‖(�[u] − �[v])(s)‖H1

≤ √
t0

(
√
t0 +

√
2

ν

)
sup

t ′≤s≤t ′+t0

‖∂x ((u − v)V (ρ∗ + uτ ))(s)‖L2 .

Furthermore, we compute

‖∂x ((u − v)V (ρ∗ + uτ ))‖L2

≤ ‖∂x (u − v)V (ρ∗ + uτ )‖L2 + ‖(u − v)∂xuτV
′(ρ∗ + uτ )‖L2

≤ |V (ρ∗)|‖∂x (u − v)‖L2 + V1(M)‖uτ‖L∞‖∂x (u − v)‖L2

+ V1(M)‖u − v‖L∞‖∂xuτ‖L2

≤ (|V (ρ∗)| + 2MV1(M))‖u − v‖H1

for u, v ∈ Bt0 . Thus, combining the above two estimates, we get

sup
t ′≤s≤t ′+t0

‖(�[u] − �[v])(s)‖H1

≤ √
t0

(
√
t0 +

√
2

ν

)
(|V (ρ∗)| + 2MV1(M)) sup

t ′≤s≤t ′+t0

‖(u − v)(s)‖H1 .

Namely, taking t0 such that (4.8), this yields

sup
t ′≤s≤t ′+t0

‖(�[u] − �[v])(s)‖H1 ≤ ε

1 + ε
sup

t ′≤s≤t ′+t0

‖(u − v)(s)‖H1 ,

which means the mapping � is the contraction mapping on Bt0 .
Consequently, taking

t0 = min

⎧⎨
⎩τ,

ε2

(1 + ε)2

(
√

τ+
√
2

ν

)−2

{|V (ρ∗)| + V1(M)(|ρ∗|+2(1 + ε)M)}−2

⎫⎬
⎭ ,

the mapping � becomes the contraction mapping on Bt0 . Thus, because of the
contraction mapping theorem, there exists a unique solution u ∈ Bt0 to (1.5),
(1.11), which means (4.3) is satisfied. Furthermore, the equation (1.5) leads to
∂t u ∈ L2(t ′, t ′ + t0; L2), and this completes the proof. ��

In the rest of this section, we shall prove Theorems 1.2 and 1.4 by using Propositions
3.1 and 3.2, and Lemma 4.1.
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Proof of Theorems 1.2 and 1.4 Because both proofs are the same arguments, we only
prove Theorem 1.2. We suppose that the initial data satisfies (1.14) and define δ0 > 0
such that √

τ

ν
W (δ0)δ0 = cτ , (4.9)

Then, because W (δ)δ is strictly monotonically increasing, these give
√
C1 I1 < δ0,

and there exists ε0 such that (1+ε0)
√
C1 I1 = δ0. Employing Lemma 4.1 with t ′ = 0,

ε = ε0 and M = δ0/(1 + ε0), we obtain the solution u ∈ C([−τ, t0]; H1) with

sup
−τ≤s≤t0

‖u(s)‖H1 ≤ δ0.

Therefore, because of (4.9) and N (t0) ≤ δ0, this solution satisfy (3.1) with T = t0
and Proposition 3.1 gives

sup
−τ≤s≤t0

‖u(s)‖H1 ≤ √C1 I1 = δ0

1 + ε0
.

Furthermore, using this estimate, we can apply Lemma 4.1 with t ′ = t0, ε = ε0 and
M = δ0/(1 + ε0) again to obtain the solution u ∈ C([t0 − τ, 2t0]; H1) with

sup
t0−τ≤s≤2t0

‖u(s)‖H1 ≤ δ0.

Combining this and the fact in the previous step, we get the solution u ∈
C([−τ, 2t0]; H1) with

sup
−τ≤s≤2t0

‖u(s)‖H1 ≤ δ0.

Therefore, we can utilize Proposition 3.1 with T = 2t0 and get

sup
−τ≤s≤2t0

‖u(s)‖H1 ≤ δ0

1 + ε0
.

Eventually, repeating this argument inductionary, we arrive at the global-in-time solu-
tion u ∈ C([−τ,∞); H1) to (1.5), (1.11). Furthermore, this solution satisfy (3.2)
which gives (1.16).

Finally we shall show ‖u(t)‖L∞ → 0 as t → ∞. Because of (1.16), we find
‖∂xu(·)‖2

L2 ∈ L1(0,∞). Furthermore, since (3.15) and (3.18), we have

∫ ∞

0

∣∣∣∣ ddt ‖∂xu(t)‖2L2

∣∣∣∣ dt ≤ 1

ν

∫ ∞

0
‖∂t u(t)‖2L2dt + ν

∫ ∞

0
‖∂2x u(t)‖2L2dt

+ 1

ν

∫ ∞

0
‖∂x ((ρ∗ + u)V (ρ∗ + uτ ))(t)‖2L2dt

< ∞.
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Therefore, we also find that ‖∂xu(·)‖2
L2 ∈ W 1,1(0,∞), and this gives ‖∂xu(t)‖2

L2 → 0

as t → ∞. Consequently, we obtain ‖u(t)‖L∞ ≤ √
2‖u(t)‖1/2

L2 ‖∂xu(t)‖1/2
L2 → 0 as

t → ∞, and complete the proof. ��
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