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We investigate axion-photon conversion in stochastic magnetic fields, focusing on the evolution of the
photon intensity and polarizations induced by conversion into axions. Assuming Gaussian magnetic fields
characterized by the power spectra of their helical/nonhelical components, we express the expectation
values and variances of the photon intensity and linear/circular polarizations after conversion in terms
of these spectra. We find nontrivial dependencies of these statistical quantities on the characteristic
magnetic-field correlation length, the propagation distance, and the axion mass. Moreover, we find that
nontrivial polarizations emerge even if the photons are initially unpolarized, that the variances of these
observables become suppressed in specific frequency regions, and that a peak structure arises in the
expectation value of the circular polarization in the presence of statistically helical magnetic fields. We also
point out consistency relations among these statistical quantities that hold independently of the specific
forms of the magnetic-field power spectra.
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I. INTRODUCTION

Axions are hypothetical pseudoscalar particles originally
proposed to resolve the strong CP problem in quantum
chromodynamics (QCD) [1–7]. Remarkably, many theories
beyond the Standard Model, including string theories,
ubiquitously predict large families of light pseudoscalar
particles [8]. These are commonly referred to as axion-like
particles (ALPs), and in this work we use the term “axions”
to collectively denote both the QCD axion and ALPs.
Beyond their high-energy particle-physics origin, axions
have profound implications in cosmology [9] and astro-
physics [10]. Indeed, light axions can constitute dark matter
[11–13], thereby playing an important role in cosmic
structure formation. Heavy axions can realize slow-roll
inflation in the very early Universe naturally owing to their
approximate shift symmetry [14–16]. On the other hand,
axions also have the potential to affect stellar processes
such as white dwarf cooling [17] and supernova energy
emission [18]. Axion searches are therefore highly moti-
vated not only by particle-physics considerations, but also

by their potential to address open questions in cosmology
and astrophysics.
A key feature underlying the multifaceted role played by

the axion is its coupling to photons described by the
interaction Lagrangian

Lint ¼ −
1

4
gaγγaFμνF̃μν; ð1:1Þ

where gaγγ is the axion-photon coupling constant, a is the
axion field, Fμν is the electromagnetic field strength tensor,
and F̃μν is its dual. This interaction leads to conversion
between axions and photons in the presence of an external
magnetic field [19,20], with the conversion probability
typically given by

Pγ→a ∝ ðgaγγBdÞ2; ð1:2Þ

where B is the strength of the background magnetic field
and d is the propagation distance. This coupling provides
the theoretical foundation for many experimental searches
[21,22], such as CAST (searches for solar axions) [23,24]
and ADMX (searches for dark-matter axions) [25], and so
on (see, e.g., Ref. [26] and references therein).
Given the above relationship, environments with strong

magnetic fields or long photon propagation distances are
advantageous for axion searches based on the conversion
mechanism. Such conditions are realized, for example, in
astrophysical regions surrounding pulsars [20], black holes
[27], and active galactic nuclei [28,29], which naturally
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provide strong magnetic fields. In addition, photon propa-
gation over cosmological distances allows the effects
induced by axion-photon conversion to accumulate,
thereby enhancing their observational signatures.
Moreover, magnetic fields are also suggested to exist on
cosmological scales, including in the intergalactic medium
and cosmic voids [30,31]. Such environments compensate
for the relatively limited magnetic-field strengths and path
lengths achievable in laboratory experiments, making the
Universe itself a natural laboratory for probing axion-
photon conversion.
In recent years, observational techniques for detecting

high-energy photons from distant astrophysical sources
have advanced rapidly. For instance, the space-based
gamma-ray telescope Fermi-LAT [32] has enabled precise
spectral measurements over cosmological distances, while
ground-based Cherenkov telescope arrays such as MAGIC
[33] have extended observations into the TeV regime.
Moreover, next-generation ultra-high-energy gamma-ray
observatories including LHAASO [34] and Carpet-3 [35]
now provide access to the sub-PeV–to–PeV range, opening
a new observational window on photon propagation over
cosmic distances.
These observational developments make it possible to

trace how photons are affected during their cosmological
propagation through magnetized environments. If cosmo-
logical magnetic fields are present, high-energy photons are
exposed to them throughout their propagation history,
allowing photon-to-axion conversion effects to accumulate
over enormous distances. This accumulation enhances the
observability of signatures imprinted in photon intensity
and polarizations, and therefore axion searches that utilize
cosmic magnetic fields are expected to play an increasingly
important role in future research. Building on the formu-
lation by Raffelt and Stodolsky [20], several approaches
have been developed to model axion-photon conversion in
cosmic magnetic fields. In particular, “domain-like” mod-
els [36–39], which treat the cosmic magnetic field as a
sequence of coherent domains, and statistical approaches
[40–42], which characterize the magnetic field through its
power spectrum, have been actively explored. However, a
statistical formulation of photon polarizations over an
ensemble of cosmic magnetic fields remains unexplored.
In this work, we develop a systematic framework to

quantify how axion-photon conversion alters the polariza-
tion statistics of photons propagating through randomly
realized magnetic fields characterized by a power spectrum.
We are primarily interested in the process in which a
fraction of the photons initially present is converted into
axions.1 In particular, we analytically derive not only the
expectation values of the Stokes parameters but also their
variances, which arise from the statistical nature of the

magnetic fields. A notable feature of our framework is that
it allows for a statistical treatment of magnetic fields
characterized by their power spectra, including helical
components, and it provides an analytical description of
higher-order statistics of the Stokes parameters in terms of
these quantities, in contrast to previous studies that have
neglected helicity [20,41,42], or those that have not
analytically treated polarization and higher-order statistics,
even though helicity is included [37,39,40,43]. Within this
formulation, we clarify how axion parameters are imprinted
on the polarizations of photons through their conversion in
randomly realized magnetic fields. We further derive
consistency relations linking the expectation values and
variances of the Stokes parameters, which hold independ-
ently of the detailed shape of the magnetic-field power
spectrum. Our results demonstrate that nontrivial polariza-
tion structures can emerge, with characteristics that depend
sensitively on model parameters such as the axion mass, the
axion-photon coupling, and the correlation length of the
magnetic field. By employing our formalism, electromag-
netic signals propagating over cosmological distances—
through statistically generated magnetic fields such as
cosmological magnetic fields—can be used to place mean-
ingful constraints on the axion parameter space.
The present paper is organized as follows: In Sec. II, we

review the propagation of photons in the presence of
plasma, background magnetic fields, and the cosmic
microwave background (CMB). In Sec. III, we review
axion-photon conversion in background magnetic fields.
We introduce the Stokes parameters to describe the
polarization state of propagating photons and calculate
how these parameters change due to photon-to-axion
conversion. In Sec. IV, we introduce stochastic magnetic
fields and study axion-photon conversion in these back-
grounds. Assuming that the magnetic field is Gaussian and
characterized by its power spectra, we derive the formulas
for the statistical quantities (expectation values and var-
iances) of the Stokes parameters. We also derive consis-
tency relations among these statistical quantities, which
hold independently of the specific forms of the power
spectra. In Sec. V, we numerically investigate the behavior
of these statistical quantities. Section VI is devoted to
discussion and conclusions.

II. PHOTON PROPAGATION IN THE PRESENCE
OF BACKGROUND

In this section, we review the propagation of photons in a
cosmic environment before discussing their conversion into
axions. In particular, we consider the effects of plasma, a
background magnetic field, and the CMB, and show how
these components modify the photon propagation equation.
Throughout this paper, we assume photon sources at low
redshift in the present Universe and neglect cosmological
expansion effects. In particular, neither the photon fre-
quency nor the background media (plasma, a magnetic

1Throughout this paper, we use the term “axion-photon
conversion” to refer to this process.
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field, and the CMB) are subject to redshift evolution.
Therefore, all quantities are evaluated at the present epoch.
We start with the Maxwell Lagrangian in vacuum,

L0 ¼ −
1

4
FμνFμν; ð2:1Þ

where Fμν ¼ ∂μAν − ∂νAμ is the electromagnetic field
strength tensor, and Aμ is the photon vector field. To
describe photon propagation, we adopt the radiation gauge
condition,

∂iAi ¼ 0; A0 ¼ 0; ð2:2Þ

and we introduce orthonormal basis vectors eðnÞi (n ¼ x,
y, z) as

eðxÞi ¼

0
B@
1

0

0

1
CA; eðyÞi ¼

0
B@
0

1

0

1
CA; eðzÞi ¼

0
B@
0

0

1

1
CA: ð2:3Þ

Throughout this paper, we take the propagation direc-
tion of the photon to be the z direction. In this case, the
radiation gauge condition implies Az ¼ 0, and the
photon field can be expanded as

Aiðt; xÞ ¼
X
n¼x;y

Anðt; zÞeðnÞi : ð2:4Þ

With this notation, the Maxwell Lagrangian reduces to

L0 ¼
1

2

X
n¼x;y

ðȦ2
n − A02

n Þ; ð2:5Þ

where Ȧ≡ ∂0A and A0 ≡ ∂zA.

A. Effect of spatially homogeneous plasma

When plasma with electron number density ne is present
in the propagation environment, it modifies the dispersion
relation of the photons. This effect can be incorporated into
the Maxwell Lagrangian by introducing an effective mass
as [20]

Lpl ≡ 1

2

X
n¼x;y

ðȦ2
n − A02

n −m2
plA

2
nÞ; ð2:6Þ

where the plasma-induced effective photon mass mpl is
given by

mpl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4παne
me

s
; ð2:7Þ

with α ≈ 1=137 being the fine-structure constant andme the
electron mass. Throughout this paper, we assume that the

plasma is spatially homogeneous and isotropic (see, e.g,
Ref. [44] for the case of anisotropic plasma).

B. Effect of background magnetic fields

It is known that virtual electron loops induce the so-
called Euler-Heisenberg term in the effective action of
photons, and its effect cannot be neglected when back-
ground electromagnetic fields are present [20]. This term is
given by

L0þEH ¼ L0 þ κ

�
ðFμνFμνÞ2 þ 7

4
ðFμνF̃μνÞ2

�
; ð2:8Þ

where κ ¼ α2=ð90m4
eÞ, and F̃μν ¼ ð1=2ÞϵμνρσFρσ is the

dual of the electromagnetic field strength tensor. In the
presence of background electromagnetic fields, we decom-
pose the field strength into the background and perturba-
tions as

Fi0 ¼ Ēi þ δEi; Fij ¼ ϵijkðB̄k þ δBkÞ; ð2:9Þ

where Ēi and B̄i denote the background electric and
magnetic fields, respectively, and δEi and δBi represent
their perturbations. Expanding the Lagrangian (2.8) up to
second order in perturbations and neglecting higher-order
terms, we obtain

Lð2Þ
0þEH ¼ 1

2
ðδE2 − δB2Þ þ 8κðB̄2 − Ē2ÞðδB2 − δE2Þ

þ 16κðB̄ · δB − Ē · δEÞ2 þ 28κðĒ · δBþ B̄ · δEÞ2
þ 56κðĒ · B̄ÞðδE · δBÞ: ð2:10Þ

Let us consider photons propagating in the z direction
through a background magnetic field. In this case, we set
Ēi ¼ 0 in Eq. (2.10). It is also convenient to introduce

orthonormal basis vectors eðkÞi and eð⊥Þ
i in the x-y plane

such that the background magnetic field B̄i has no

component along eð⊥Þ
i and can therefore be decomposed as

B̄iðzÞ ¼ BkðzÞeðkÞi þ BzðzÞeðzÞi : ð2:11Þ

Let ϕ be the angle between eðkÞi and the x axis. Then, the

basis vectors eðkÞi , eð⊥Þ
i , and eðzÞi are written in the ðx; y; zÞ

coordinate system as

eðkÞi ¼

0
B@
cosϕ

sinϕ

0

1
CA; eð⊥Þ

i ¼

0
B@
−sinϕ
cosϕ

0

1
CA; eðzÞi ¼

0
B@
0

0

1

1
CA: ð2:12Þ

Using this basis, the propagating photon field in the
radiation gauge can be expanded as
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Aiðt; xÞ ¼
X

m¼k;⊥
Amðt; zÞeðmÞ

i : ð2:13Þ

In terms of the coefficients Amðt; zÞ, the perturbations
of the electromagnetic field are given by δEk;⊥ ¼
−Ȧk;⊥; δBk ¼ −A0⊥; δB⊥ ¼ A0

k. Substituting these expres-

sions and Ēi ¼ 0 into Eq. (2.10), we obtain

LB ≡ Lð2Þ
0þEHjĒ¼0 ¼

1

2

X
m¼k;⊥

ðεBmȦ2
m − μ−1BmA

02
mÞ; ð2:14Þ

where the magnetic-field-induced permittivities εBk;⊥ and
permeabilities μBk;⊥ are

εBk ¼ 1 − 16κB2 þ 56κB2
k; ð2:15Þ

εB⊥ ¼ 1 − 16κB2; ð2:16Þ

μ−1Bk ¼ 1 − 16κB2; ð2:17Þ

μ−1B⊥ ¼ 1 − 16κB2 − 32κB2
k; ð2:18Þ

with B2 ≡ B2
k þ B2

z . In Eq. (2.14), we omit the spatial
dependence of ϕ, assuming that the length scale of the
magnetic-field variation is much longer than the wave-
length of the propagating photons.

C. Effect of the CMB

The space through which photons propagate over cos-
mological distances contains not only cosmic magnetic
fields but also the CMB, and hence the latter should also be
treated as part of the background electromagnetic field in
Eq. (2.10). Note that the characteristic frequency scales
associated with the CMB photons and the cosmic magnetic
fields are hierarchically different, and thus they can be
treated as independent. In fact, the typical frequency of the
CMB photons is of order 1011–1012 Hz for a temperature
T ≃ 2.726 K, whereas the characteristic frequency corre-
sponding to the coherence scale of cosmic magnetic fields
is as small as ∼1 Mpc−1 ∼ 10−14 Hz. Let us model the
CMB as a statistically homogeneous and isotropic back-
ground characterized by the following statistical properties:

hĒiĒjiCMB ¼
1

3
hĒ2iCMBδij; hB̄iB̄jiCMB ¼

1

3
hB̄2iCMBδij;

hĒiB̄jiCMB ¼ 0; ð2:19Þ

where the bracket h� � �iCMB denotes an ensemble average
over photons in the CMB frequency range. The effect of the
CMB on the propagating photons can then be incorporated
by taking the angular average of Eq. (2.10) as

LCMB ≡ hLð2Þ
0þEHiCMB ¼ 1

2

X
n¼x;y

ðεeffȦ2
n − μ−1effA

02
nÞ: ð2:20Þ

Here, the effective permittivity εeff and permeability μeff
induced by the CMB are given by

εeff ≡ 1þ κ

�
80

3
hĒ2iCMB þ 8

3
hB̄2iCMB

�
¼ 1þ κ

88

3
ρCMB;

ð2:21Þ

μ−1eff ≡ 1 − κ

�
80

3
hB̄2iCMB þ 8

3
hĒ2iCMB

�
¼ 1 − κ

88

3
ρCMB;

ð2:22Þ

where we have introduced the CMB energy density
ρCMB ≡ hĒ2iCMB ¼ hB̄2iCMB. Using the CMB temperature
T ¼ 2.726 K [45] at the present epoch, this reads
ρCMB ¼ ðπ2=15ÞT4 ¼ 0.26 eV cm−3.

D. Total effects

So far, we have investigated the effects of the plasma,
background magnetic fields, and the CMB on photon
propagation separately. Combining all the effects, the
Lagrangian for the propagating photons becomes

L ¼ 1

2

X
m¼k;⊥

ðεmȦ2
m − μ−1m A02

m −m2
plA

2
mÞ; ð2:23Þ

where the total permittivities εk;⊥ and permeabilities μk;⊥
are given by

εk ¼ 1þ κ

�
88

3
ρCMB − 16B2 þ 56B2

k

�
; ð2:24Þ

ε⊥ ¼ 1þ κ

�
88

3
ρCMB − 16B2

�
; ð2:25Þ

μ−1k ¼ 1 − κ

�
88

3
ρCMB þ 16B2

�
; ð2:26Þ

μ−1⊥ ¼ 1 − κ

�
88

3
ρCMB þ 16B2 þ 32B2

k

�
: ð2:27Þ

The equation of motion for the photon field Am ðm ¼ k;⊥Þ
derived from the Lagrangian (2.23) is

−Äm þ n−2m A00
m −

m2
pl

εm
Am ¼ 0; ð2:28Þ

where we have used ∂zðB̄AmÞ ≈ B̄∂zAm, assuming that the
magnetic field varies only on scales much longer than the
photon wavelength. We have also defined the refractive
indices nm ≡ ffiffiffiffiffiffiffiffiffiffiffi

εmμm
p

, which are approximately given by
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nk − 1 ≈
88

3
κρCMB þ 28κB2

k ≡ χCMB þ χk; ð2:29Þ

n⊥ − 1 ≈
88

3
κρCMB þ 16κB2

k ≡ χCMB þ χ⊥; ð2:30Þ

provided that jχCMB þ χmj ≪ 1. In fact, since a typical case
with ρCMB ¼ 0.26 eV cm−3 and B ¼ 1 μG, which is also
estimated at the present epoch, gives χCMB ∼ 0.5 × 10−42

and χm ∼ 10−56, this approximation is well justified.
Hereafter, we consider relativistic photons whose

angular frequency ω is much larger than mpl. In this
regime, the equation of motion (2.28) can be further
approximated as

−Ämþn−2m A00
m−

m2
pl

εm
Am≈ ð∂2−m2

plþ2ðχCMBþχmÞω2ÞAm

≡ ð∂2−m2
γmÞAm; ð2:31Þ

where ∂2 ≡ −∂20 þ ∂
2
z . In deriving this expression, we have

expanded n−2m and ε−1m around unity, and used the approxi-
mation ðχCMB þ χmÞA00

m ≈ −ðχCMB þ χmÞω2Am, which
holds for relativistic photons.

III. REVIEW OF AXION-PHOTON
CONVERSION

In this section, we derive the equation for the
propagation of the axion-photon system. We then
formulate the polarization state of photons undergoing
conversion into axions while propagating through back-
ground magnetic fields. Since we focus on the process
of photon-to-axion conversion in this work, we assume
that the initial condition consists solely of photons, as
given in Eq. (3.27).

A. Derivation of the equation of the axion-photon
propagation

The free Lagrangian for the axion field awith massma is
given by

La ¼ −
1

2
ð∂aÞ2 − 1

2
m2

aa2: ð3:1Þ

The axion couples to the photon through the interaction
term

Lint ¼ −
1

4
gaγγaFμνF̃μν; ð3:2Þ

where gaγγ denotes the axion-photon coupling constant.
When a background magnetic field, as in Eq. (2.11), is
present, the above interaction Lagrangian reduces to a
mixing term between the axion and the photon,

Lint ¼ −gaγγBkaȦk; ð3:3Þ

where Ak is the photon field component defined in
Eq. (2.13). The resulting equations of motion for the
axion-photon system, in the presence of the background
magnetic field together with the CMB and homogeneous
plasma, are given by

ð∂2 −m2
aÞaðz; tÞ ¼ −gaγγBkðzÞȦkðz; tÞ;

ð∂2 −m2
γkÞAkðz; tÞ ¼ gaγγBkðzÞȧðz; tÞ;

ð∂2 −m2
γ⊥ÞA⊥ðz; tÞ ¼ 0; ð3:4Þ

where the effective photon mass is defined in Eq. (2.30)
as m2

γm ¼ m2
pl − 2ðχCMB þ χmÞω2.

We expand the photon and axion fields into plane waves
with angular frequency ω as

Amðt;zÞ¼ iAmðzÞe−iωtþC:c:; aðt;zÞ¼ aðzÞe−iωtþC:c:

ð3:5Þ

Under the relativistic approximation, the equations of
motion (3.4) can be rewritten as

ð2ωðωþ i∂zÞ −m2
aÞaðzÞ ≈ −ωgaγγBkðzÞAkðzÞ;

ð2ωðωþ i∂zÞ −m2
γkÞAkðzÞ ≈ −ωgaγγBkðzÞaðzÞ;

ð2ωðωþ i∂zÞ −m2
γ⊥ÞA⊥ðzÞ ≈ 0; ð3:6Þ

where we have used ∂
2 ¼ ðωþ i∂zÞðω − i∂zÞ ¼

ðωþ i∂zÞðωþ kzÞ ≈ 2ωðωþ i∂zÞ. Then we arrive at a
Schrödinger-like equation,

i∂z

0
B@

aðzÞ
AkðzÞ
A⊥ðzÞ

1
CA

¼

0
BBB@

−ωþm2
a

2ω − 1
2
gaγγBkðzÞ 0

− 1
2
gaγγBkðzÞ −ωþm2

γk
2ω 0

0 0 −ωþm2
γ⊥

2ω

1
CCCA
0
BB@

aðzÞ
AkðzÞ
A⊥ðzÞ

1
CCA:

ð3:7Þ

In the following, to express the system in a general
coordinate basis within the plane orthogonal to the propa-
gation direction, we rotate the photon components defined
in the ðk;⊥Þ basis as

0
B@

aðzÞ
AxðzÞ
AyðzÞ

1
CA ¼ RðϕÞ

0
B@

aðzÞ
AkðzÞ
A⊥ðzÞ

1
CA; ð3:8Þ
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where the rotation matrix RðϕÞ, corresponding to rotation
by the angle ϕ in the x-y plane [see Eq. (2.12)], is
given by

RðϕÞ ¼

0
B@

1 0 0

0 cosϕ − sinϕ

0 sinϕ cosϕ

1
CA: ð3:9Þ

We thus obtain the equation describing axion-photon
propagation in the z direction as

i∂zΨðzÞ ¼ MðzÞΨðzÞ; ð3:10Þ

where the “wave function” Ψ is a three-component field
with two photon degrees of freedom (Ax, Ay) and the
axion degree of freedom a:

ΨðzÞ≡
0
B@

aðzÞ
AxðzÞ
AyðzÞ

1
CA: ð3:11Þ

The mixing matrix M corresponds to the “Hamiltonian”
in the Schrödinger-like equation [46] and is given by

MðzÞ¼RðϕÞ

0
BBBB@

−ωþm2
a

2ω −1
2
gaγγBkðzÞ 0

−1
2
gaγγBkðzÞ −ωþm2

γk
2ω 0

0 0 −ωþm2
γ⊥

2ω

1
CCCCAR−1ðϕÞ

≡

0
BB@

Πa ΠMx ΠMy

ΠMx ΠγþΠxx Πxy

ΠMy Πyx ΠγþΠyy

1
CCA: ð3:12Þ

The diagonal elements of the mixing matrix correspond
to the dispersion relations of the axion and photons
given by

Πa ¼ −ωþm2
a

2ω
; ð3:13Þ

Πγ ¼ −ð1þ χCMBÞωþm2
pl

2ω
: ð3:14Þ

We comment on the modification of the dispersion
relation of photons in a plasma due to the background
magnetic field, known as the Cotton-Mouton effect
and the Faraday rotation (see, e.g., Ref. [47]). These
effects induce a correction to the effective plasma mass
of the photons, δm, thereby leading to Πγ ≈
ðm2

pl=ωÞð1þ δm2=m2
plÞ. However, for the photon

frequencies ω ∼ 1010 eV and the cosmic magnetic-field

strength B ∼ 1 μG of our interest, these contributions can
be neglected.2

The elements of the 2 × 2 submatrix in the bottom right
of the matrix M are

Πxx ¼ −ðχk cos2 ϕþ χ⊥ sin2 ϕÞω; ð3:15Þ

Πyy ¼ −ðχk sin2 ϕþ χ⊥ cos2 ϕÞω; ð3:16Þ

Πxy ¼ Πyx ¼ −ðχk − χ⊥Þ sinϕ cosϕω; ð3:17Þ

which correspond to the photon-photon interaction induced
by a virtual electron loop in the presence of a background
magnetic field. The other off-diagonal elements are given
by

ΠMxðzÞ ¼ −
1

2
gaγγBkðzÞ cosϕ;

ΠMyðzÞ ¼ −
1

2
gaγγBkðzÞ sinϕ; ð3:18Þ

which represent the axion-photon coupling through a
background magnetic field. This coupling induces con-
version between the axion and photons during propagation.
Notice that we do not consider the attenuation of photons

through pair production of charged particles, in order to
isolate the effect of conversion into axions imprinted on the
photon polarization; we direct readers interested in this
phenomenon in the present system to, e.g., Refs. [48,49].

B. Born approximation

As long as the background magnetic field is sufficiently
small, and thus the photon-photon or axion-photon inter-
actions are sufficiently weak, Eq. (3.10) can be solved with
a perturbative approach (Born approximation). We decom-
pose the mixing matrix M into the zeroth and perturbative
parts as

2In fact, the orders of magnitude of these two subleading
corrections to the effective plasma mass can be estimated using
ωB ≡ eB

me
as

δm2
CM

m2
pl

≈
ω2
B

ω2
∼ 10−54

�
ω

1010 eV

�
−2
�

B
1 μG

�
2

;

δm2
F

m2
pl

≈
ωB

ω
∼ 10−27

�
ω

1010 eV

�
−1
�

B
1 μG

�
;

where δmCM and δmF denote the contributions from the Cotton-
Mouton effect and the Faraday rotation. Here, ω represents a
typical photon frequency to be specified later (which corresponds
to ωeq). For such frequencies, these corrections are negligible in
the following analysis.
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MðzÞ ¼

0
B@

Πa 0 0

0 Πγ 0

0 0 Πγ

1
CAþ

0
B@

0 0 0

0 Πxx Πxy

0 Πyx Πyy

1
CA

þ

0
B@

0 ΠMx ΠMy

ΠMx 0 0

ΠMy 0 0

1
CA

≡M0 þMγγðzÞ þMaγðzÞ; ð3:19Þ

where the perturbative HamiltonianMγγ corresponds to the
photon-photon self-interaction induced by the background
magnetic field, whileMaγ corresponds to the axion-photon
interaction that causes conversion between them. The
present system resembles the Schrödinger equation with
a time-dependent perturbation Hamiltonian added to the
unperturbed Hamiltonian, which can be solved in terms of
the transfer matrix Uðz; 0Þ, defined by

ΨðzÞ ¼ Uðz; 0ÞΨð0Þ: ð3:20Þ

We expand it in terms of the perturbation order as

Uðz; 0Þ ¼ U0ðz; 0Þ þ U1ðz; 0Þ þ � � � : ð3:21Þ

The zeroth-order part U0 can readily be obtained as

U0ðz; 0Þ ¼ e−iM0z: ð3:22Þ

Using this expression, the transfer matrix up to first order
can be written as

Uðz; 0Þ ¼ U0ðz; 0Þ
�
I3×3 − i

Z
z

0

dsU†
0ðs; 0ÞðMγγðsÞ

þMaγðsÞÞU0ðs; 0Þ
�

≡ U0ðz; 0Þ½I3×3 þ Uγγðz; 0Þ þ Uaγðz; 0Þ�; ð3:23Þ

where I3×3 is the 3 × 3 identity matrix. The second term is
defined by

Uγγðz; 0Þ ¼ −i
Z

z

0

dsU†
0ðs; 0ÞMγγðsÞU0ðs; 0Þ

¼ −i
Z

z

0

ds

0
BB@

0 0 0

0 ΠxxðsÞ ΠxyðsÞ
0 ΠyxðsÞ ΠyyðsÞ

1
CCA; ð3:24Þ

while the third term is defined by

Uaγðz; 0Þ ¼ −i
Z

z

0

dsU†
0ðs; 0ÞMaγðsÞU0ðs; 0Þ

¼ −i
Z

z

0

ds

0
BBB@

0 eiΠsΠMxðsÞ eiΠsΠMyðsÞ
e−iΠsΠMxðsÞ 0 0

e−iΠsΠMyðsÞ 0 0

1
CCCA; ð3:25Þ

where Π ¼ ΠðωÞ is a function of the photon angular
frequency ω, defined by

ΠðωÞ≡ Πa − Πγ ¼
jm2

a −m2
plj

2ω
þ χCMBω: ð3:26Þ

C. Density matrix and observables

To discuss the polarization state of the propagating
photons, we introduce the Stokes parameters defined over
an ensemble of photons. This ensemble is characterized by
the “density matrix” ρ≡Pi piΨi ⊗ Ψ†

i , with pi being the
probability to have the “state” Ψi in Eq. (3.11). We assume
that only photons are present initially, and in this case the
density matrix can be written as

ρini ≡ 1

2

0
BB@

0 0 0

0 I0 þQ0 U0 − iV0

0 U0 þ iV0 I0 −Q0

1
CCA: ð3:27Þ

Here, the four real parameters I0, Q0, U0, and V0 are
referred to as the Stokes parameters: I0 denotes the total
intensity of the initial photons, Q0 and U0 denote their
linear polarizations, and V0 denotes their circular polari-
zation. Since in this paper we are interested in how
nontrivial polarizations arise from axion-photon conver-
sion during propagation, we take the initial photons to be
unpolarized:

I0 ¼ 1; Q0 ¼ U0 ¼ V0 ¼ 0: ð3:28Þ

AXION-PHOTON CONVERSION IN STOCHASTIC MAGNETIC … PHYS. REV. D 113, 115037 (2026)

115037-7



The state of the system after propagating a finite distance
through a magnetic field can be calculated using the
transfer matrix Uðz; 0Þ as

ρðzÞ¼Uðz;0ÞρiniU†ðz;0Þ

¼1

2
Uðz;0ÞI3×3U†ðz;0Þ−1

2
Uðz;0Þ

0
B@
1 0 0

0 0 0

0 0 0

1
CAU†ðz;0Þ:

ð3:29Þ

The Stokes parameters after propagation can be read off as

IðωÞ ¼ ρ22 þ ρ33 ¼ 1 −
1

2
ðjU21j2 þ jU31j2Þ;

QðωÞ ¼ ρ22 − ρ33 ¼ −
1

2
ðjU21j2 − jU31j2Þ;

UðωÞ ¼ ρ23 þ ρ32 ¼ −Re½U21U�
31�;

VðωÞ ¼ iðρ23 − ρ32Þ ¼ Im ½U21U�
31�: ð3:30Þ

Here, I represents the intensity of photons after propagating
over a finite distance, while Q and U describe their linear
polarization and V their circular polarization. From
Eq. (3.30), we find that the Stokes parameters after
propagation are independent of the components of the
matrix Uγγ [see Eq. (3.25)].
Substituting the solution for Uðz; 0Þ from Eqs. (3.23)–

(3.25) into Eq. (3.30), we obtain

IðωÞ ¼ 1 −
1

2
aðωÞ;

QðωÞ ¼ −
1

2
bðωÞ;

UðωÞ ¼ −Re½cðωÞ�;
VðωÞ ¼ Im ½cðωÞ�; ð3:31Þ

where a, b, and c are given by

aðωÞ ¼
�
gaγγ
2

�
2
Z

z

0

Z
z

0

dsds0e−iΠðωÞðs−s0Þ½BxðsÞBxðs0Þ þ ByðsÞByðs0Þ�; ð3:32Þ

bðωÞ ¼
�
gaγγ
2

�
2
Z

z

0

Z
z

0

dsds0e−iΠðωÞðs−s0Þ½BxðsÞBxðs0Þ − ByðsÞByðs0Þ�; ð3:33Þ

cðωÞ ¼
�
gaγγ
2

�
2
Z

z

0

Z
z

0

dsds0e−iΠðωÞðs−s0ÞBxðsÞByðs0Þ: ð3:34Þ

These are second-order quantities in the magnetic field, and
they are expressed as the coordinate integral of the product
of the magnetic field BiðsÞði ¼ x; yÞ and the oscillatory
factor e−iΠðωÞs with frequency ΠðωÞ ¼ jm2

a −m2
plj=

ð2ωÞ þ χCMBω. Since the initial intensity (total
number of photons) has been normalized to I0 ¼ 1, the
probability of photon-to-axion conversion is given
by 1 − IðωÞ ¼ aðωÞ=2.
This result indicates that, when the initial photons are

unpolarized, the effect on photon polarization can be
calculated solely from the axion-photon interaction repre-
sented byMaγ, without using the photon-photon interaction
represented byMγγ, under the Born approximation. In other
words, for initially unpolarized photons, the interaction term
Mγγ , which arises from the Euler-Heisenberg (EH) term in
Eq. (2.8) in the presence of background magnetic fields,
does not contribute to the evolution of photon polarization
within the validity of the Born approximation. On the other
hand, the EH term also modifies the photon dispersion
relation through the background CMB radiation field
(see Sec. II C). In particular, this effect contributes to the

difference between the two dispersion relations,
ΠðωÞ ¼ Πa − Πγ . As a result, even though the contribution
of the EH term induced by magnetic fields Mγγ does not
affect the polarization evolution of initially unpolarized
photons under the Born approximation, the contribution
arising from the CMB modifies the dispersion relation and
thereby influences observables through ΠðωÞ.
Before concluding this section, we note the identity

ð1 − IÞ2 ¼ Q2 þU2 þ V2; ð3:35Þ
which follows from Eqs. (3.31)–(3.34) irrespectively of the
magnetic-field configuration. This shows that, for any
magnetic-field configuration, initially unpolarized photons
inevitably acquire a nontrivial polarization through axion-
photon conversion.

IV. CONVERSION IN STOCHASTIC
MAGNETIC FIELDS

In this section, we introduce stochastic magnetic fields
characterized by their power spectra and study axion-

CHIBA, JINNO, and NOMURA PHYS. REV. D 113, 115037 (2026)

115037-8



photon conversion in such backgrounds. Owing to the
stochastic nature of the magnetic fields, the Stokes param-
eters affected by the conversion also become stochastic. We
compute the expectation values and variances of the Stokes
parameters and express them in terms of the magnetic-field
power spectra.

A. Magnetic-field power spectra

Hereafter, we assume that the background magnetic field
is a statistically homogeneous, isotropic, Gaussian random
field. Such a field can be characterized by the two-point
correlation function [50,51],

hBiðx⃗ÞBjðx⃗0Þi

¼
Z

d3k
ð2πÞ3 e

ik⃗·ðx⃗−x⃗0Þ
h
ðδij − k̂ik̂jÞPBðkÞ − iϵijmk̂mPaBðkÞ

i
;

ð4:1Þ

where k≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2y þ k2z

q
and k̂i ≡ ki=k. The bracket h� � �i

denotes an ensemble average over infinitely many realiza-
tions of the magnetic field. PBðkÞ and PaBðkÞ are the
symmetric and antisymmetric parts of the magnetic-field
spectrum, respectively. The factors ðδij − k̂ik̂jÞ and ϵijmk̂m
in Eq. (4.1) ensure that the magnetic field is divergence-
free. Furthermore, the term proportional to ϵijmk̂m captures
the rotational structure of the magnetic field and represents
the parity-odd part of the correlator. The imaginary unit i in
the second term is included so that PaBðkÞ, like PBðkÞ,
remains real. When PaBðkÞ ≠ 0, the magnetic field is
referred to as helical.

B. Stochastic properties of Stokes parameters

Let us consider photon propagation over a finite distance
d and investigate how their polarization state is affected by

conversion into axions in a background magnetic field.
From Eqs. (3.32)–(3.34), this effect is expressed as the
integral along the propagation path of length d. For brevity,
hereafter we use the shorthand notation for integrations
along the path, as well as for integrations over wave-vector
space:

Z
s
≡
Z

d

0

ds;
Z
k
≡
Z

d3k
ð2πÞ3 : ð4:2Þ

When the background magnetic field is stochastic, the
resulting Stokes parameters also become stochastic quan-
tities. We thus calculate the expectation values and var-
iances of the Stokes parameters with respect to the
ensemble of magnetic-field realizations. The expectation
value Exp½O� and variance Var½O� of an observable O with
respect to this ensemble are written in terms of the bracket
h� � �i as

Exp½O�≡ hOi; Var½O�≡ hðO− hOiÞ2i ¼ hO2i− hOi2:
ð4:3Þ

Since the Stokes parameters are written as functions of the
magnetic field in Eqs. (3.31)–(3.34), computing their
statistical properties reduces to evaluating the correlation
functions of the magnetic field. Specifically, the expect-
ation values of the Stokes parameters depend on two-point
correlation functions of the magnetic field, whereas com-
puting their variances generally requires four-point func-
tions. Under the Gaussian assumption for the magnetic
field, however, the four-point functions factorize into
products of two-point functions throughWick contractions,
and hence the calculation ultimately reduces to evaluating
only the two-point correlations. As shown in Appendix A,
the expectation values and variances of the Stokes param-
eters are obtained as

Exp½1 − I�ðωÞ ¼ α;

Exp½Q�ðωÞ ¼ 0;

Exp½U�ðωÞ ¼ 0;

Exp½V�ðωÞ ¼ −β;

Var½1 − I�ðωÞ ¼ 1
2
ðα2 þ β2 þ γ2 − δ2Þ ¼ 1

2
ðα2 þ β2 þ γ2Þ;

Var½Q�ðωÞ ¼ 1
2
ðα2 − β2 þ γ2 þ δ2Þ ¼ 1

2
ðα2 − β2 þ γ2Þ;

Var½U�ðωÞ ¼ 1
2
ðα2 − β2 þ γ2 þ δ2Þ ¼ 1

2
ðα2 − β2 þ γ2Þ;

Var½V�ðωÞ ¼ 1
2
ðα2 þ β2 − γ2 þ δ2Þ ¼ 1

2
ðα2 þ β2 − γ2Þ;

ð4:4Þ

where α, β, γ, and δ are defined as the following integrals over wave-vector space:

αðωÞ≡
�
gaγγ
2

�
2
Z
k
Iðkz;ωÞ

1þ k̂2z
2

PBðkÞ;

βðωÞ≡
�
gaγγ
2

�
2
Z
k
Iðkz;ωÞk̂zPaBðkÞ;
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γðωÞ≡
�
gaγγ
2

�
2
Z
k
J ðkz;ωÞ

1þ k̂2z
2

PBðkÞ;

δðωÞ≡
�
gaγγ
2

�
2
Z
k
J ðkz;ωÞk̂zPaBðkÞ ¼ 0: ð4:5Þ

In these expressions, the integral kernels I and J are
given by

Iðkz;ωÞ≡
Z
s;s0

e−iðΠðωÞ−kzÞðs−s0Þ ¼
����
Z
s
e−iðΠðωÞ−kzÞs

����2; ð4:6Þ

J ðkz;ωÞ≡eiΠðωÞd
Z
s
e−iðΠðωÞ−kzÞs

Z
s0
e−iðΠðωÞþkzÞs0 : ð4:7Þ

All these integrals depend on the photon angular frequency
ω through ΠðωÞ ¼ jm2

a −m2
plj=ð2ωÞ þ χCMBω. Note that

both kernels I and J are real functions. Furthermore, the
kernel J is an even function with respect to kz, and this is
why the integral δ vanishes identically. Performing the
integration over s, these kernels reduce to

Iðkz;ωÞ ¼
�
2d sinðθ−ðkz;ωÞ=2Þ

θ−ðkz;ωÞ
�
2

; ð4:8Þ

J ðkz;ωÞ ¼
�
2d sinðθþðkz;ωÞ=2Þ

θþðkz;ωÞ
��

2d sinðθ−ðkz;ωÞ=2Þ
θ−ðkz;ωÞ

�
;

ð4:9Þ

where

θ�ðkz;ωÞ≡ ðΠðωÞ � kzÞd: ð4:10Þ

The four quantities α, β, γ, and δ arise from the computation
involving the two-point function of the magnetic field and
constitute the basic building blocks of the result. The origin
of the four patterns can be understood based on whether the
two magnetic-field components in the two-point function
are identical or different, and whether the coordinate
integrals yield the kernel I or J . These two choices
uniquely determine the pattern. More specifically,

ðα; β; γ; δÞ ↔
�

magnetic-field components∶ ðsame; different; same; differentÞ;
kernel type∶ ðI ; I ;J ;J Þ;

respectively.
The power spectra PBðkÞ and PaBðkÞ depend only on the magnitude of the wave vector due to the assumption of

statistical isotropy. Thus, the four integrands in Eq. (4.5) are rotationally symmetric in the kx-ky plane, and we can reduce
the number of integration variables to obtain

α ¼
�
gaγγ
4π

�
2
Z

∞

0

dkPBðkÞCαðΠd; kdÞ;

β ¼
�
gaγγ
4π

�
2
Z

∞

0

dkPaBðkÞCβðΠd; kdÞ;

γ ¼
�
gaγγ
4π

�
2
Z

∞

0

dkPBðkÞCγðΠd; kdÞ;

δ ¼
�
gaγγ
4π

�
2
Z

∞

0

dkPaBðkÞCδðΠd; kdÞ: ð4:11Þ

Here, Ci’s (i ¼ α, β, γ, δ) denote convolution kernels that depend on Πd and kd, and are given by

CαðΠd; kdÞ≡ ðkdÞ2
Z

1

−1
dz

�
2 sinðθ−=2Þ

θ−

�
2 1þ z2

2
;

CβðΠd; kdÞ≡ ðkdÞ2
Z

1

−1
dz

�
2 sinðθ−=2Þ

θ−

�
2

z;

CγðΠd; kdÞ≡ ðkdÞ2
Z

1

−1
dz

�
2 sinðθþ=2Þ

θþ

��
2 sinðθ−=2Þ

θ−

�
1þ z2

2
;

CδðΠd; kdÞ≡ ðkdÞ2
Z

1

−1
dz

�
2 sinðθþ=2Þ

θþ

��
2 sinðθ−=2Þ

θ−

�
z ¼ 0; ð4:12Þ
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with

θ� ¼ ΠðωÞd� kd · z: ð4:13Þ

The integration over z can be carried out analytically, but
the resulting expressions are rather lengthy; for clarity, we
compile them in Appendix B. We emphasize that the same
integral kernels also appear in graviton-photon conversion
(see Ref. [52]), indicating that the kernel structure derived
here is not specific to the axion-photon system, but is
shared by other systems in which light particles convert into
one another via a background magnetic field.
The four integrals described thus far completely deter-

mine the behavior of the Stokes parameters. As seen from
Eq. (4.4), the expectation value of the conversion proba-
bility 1 − I takes nontrivial values and is determined solely
by the integral α. Furthermore, in the case of helical
magnetic fields ðPaB ≠ 0Þ, the expectation value of the
circular polarization V also becomes nontrivial and is
described solely by the integral β. On the other hand, the
expectation values of the linear polarization components Q
and U vanish due to the statistical isotropy of the magnetic
field. The variances of the Stokes parameters are given by
specific combinations of the squares of the four integrals α,
β, γ, and δ. The variances of the intensity, linear polarization,
and circular polarization involve negative contributions from
the terms proportional to δ2, β2, and γ2, respectively.

C. Consistency relations

In this subsection, we discuss consistency relations
among the statistical quantities that follow from
Eq. (4.4) independently of the specific forms of the
magnetic-field power spectra. First, we immediately obtain

Var½Q� ¼ Var½U�: ð4:14Þ

Note that, while this equality reflects the statistical rota-
tional symmetry in the x-y plane and is rather trivial, the
appearance of nonzero variances itself is a nontrivial
consequence in the axion-photon system: in the case of
the graviton-photon system (see Ref. [52]), the correspond-
ing quantities vanish identically.
We obtain another relation by eliminating γ through the

combination Var½1 − I� þ Var½V� and expressing α and β in
terms of the expectation values of I and V,

Var½1 − I� þ Var½V� ¼ Exp½1 − I�2 þ Exp½V�2: ð4:15Þ

We obtain yet another relation as follows: We eliminate α
and β and express the integral γ in terms of the variances of
I and V as γ2 ¼ Var½1 − I� − Var½V�. Alternatively, γ can
also be written by combining the variances of Q and
U with the expectation values of I and V as
γ2 ¼ Var½Q� þ Var½U� − Exp½1 − I�2 þ Exp½V�2. Equating
these two expressions for γ2 leads to

Var½1 − I� þ Exp½1 − I�2
¼ Var½Q� þ Var½U� þ Var½V� þ Exp½V�2: ð4:16Þ

This relation can also be obtained directly by taking an
ensemble average of Eq. (3.35), which can be rewritten as

hð1 − IÞ2i ¼ hQ2 þ U2 þ V2i: ð4:17Þ

The set of the above three relations, Eqs. (4.14)–(4.16),
can be equivalently rewritten as

Var½Q� ¼ Var½U�;
Var½1 − I� ¼ Var½Q� þ Exp½V�2;

Exp½1 − I�2 ¼ Var½Q� þ Var½V�: ð4:18Þ

We call the set of three equations consistency relations
in the axion-photon system. If the magnetic field
follows Gaussian statistics and the Born approximation
is valid, statistical analysis of the Stokes parameters for
initially unpolarized photons propagating through the
magnetic field should reproduce these relations. This
can be achieved by repeatedly measuring the photons
that survive photon-to-axion conversion. Under the
above assumptions, these relations hold independently
of the specific forms of the magnetic-field power
spectra.

V. NUMERICAL ANALYSIS

In this section, we consider typical forms of the
magnetic-field power spectra PBðkÞ and PaBðkÞ, and we
numerically evaluate the resulting Stokes parameters of
photons affected by conversion into axions. Specifically,
we show how the Stokes parameters discussed in Sec. IV
behave as functions of the photon angular frequency ω.
Below, we examine the behavior of the following quantities
separately: the integral kernels Cα, Cβ, and Cγ; the integrals
α, β, and γ, obtained by convolving the kernels with the
power spectra; and the expectation values and variances of
the Stokes parameters.

A. Kernels Cα, Cβ, and Cγ

The dimensionless integral kernels Cα, Cβ, and Cγ are
given in Eq. (4.12). In Fig. 1, we show the behavior of these
kernels as functions of kd for several representative values
of ΠðωÞd, while Cδ is omitted, since it vanishes identically.
Note that these kernels are independent of the specific
forms of the magnetic-field power spectra, and thus provide
a universal basis for evaluating the response of the axion-
photon system across different magnetic-field ensembles.
Let us summarize several key properties of the kernels

observed in Fig. 1 by considering the two casesΠd≲ 1 and
Πd ≫ 1 separately:
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(1) Πd≲ 1: In this case, the kernels Cα and Cγ converge
to the same functional form and become indepen-
dent of Πd. In contrast, the magnitude of the kernel
Cβ increases linearly with Πd. For all kernels, a
transition in the power-law scaling occurs around
kd ¼ Oð1Þ. Their behaviors are Cαð≈ CγÞ ∝ ðkdÞ2
and Cβ ∝ ðkdÞ3 in the infrared region (kd≲ 1), while
Cαð≈ CγÞ ∝ kd and Cβ ¼ const: in the ultraviolet
region (kd≳ 1).

(2) Πd ≫ 1: In this case, each kernel changes its
behavior around kd ¼ Oð1Þ and kd ≈ Πd. For Cα
and Cβ, their behavior is similar to the case of Πd ≲
1 in the region kd≳ Πd, whereas in the region kd ≪
Πd these kernels are strongly suppressed. On the
other hand, Cγ is suppressed over the entire range of
kd compared to the case ofΠd≲ 1. This suppression
becomes stronger as Πd increases. In the infrared
region (kd≲ 1), the kernels behave as Cαð≈ CγÞ ∝
ðkdÞ2 and Cβ ∝ ðkdÞ3. In the region 1≲ kd≲ Πd,
nontrivial modulations are observed. In particular, in
the ultraviolet region (kd≳ 1), the kernel Cγ exhibits
oscillatory changes in the sign depending on the
value of Πd.

B. Integrals α, β, and γ

Next, we numerically evaluate α, β, and γ in Eq. (4.11),
obtained by convolving the kernels Cα, Cβ, and Cγ with the
magnetic-field power spectra PBðkÞ and PaBðkÞ. For
illustration, we adopt the following forms of the power
spectra from Ref. [50]:

PBðkÞ ¼ PB� ×

8><
>:
	

k
k�



nl ; nl ¼ 2; ðk ≤ k�Þ	

k
k�



nh ; nh ¼ − 11

3
; ðk > k�Þ

; ð5:1Þ

PaBðkÞ ¼ PaB� ×

8><
>:
	

k
k�



nal ; nal ¼ 3; ðk ≤ k�Þ	

k
k�



nah ; nah ¼ − 11

3
; ðk > k�Þ

;

ð5:2Þ

where PB� and PaB� denote the peak amplitudes of the
symmetric and antisymmetric components of the power
spectra, respectively, and k� is the characteristic wave
number of the magnetic field. The indices nl and nh (nal
and nah) specify the scale dependence of PB (PaB) in the
infrared and ultraviolet regimes, respectively.
In the following, we focus on the maximally helical

magnetic field with PB� ¼ PaB� as a concrete example.
(For the nonhelical case PaB� ¼ 0, see Appendix C.) In
Fig. 2, we show the profiles of the integrals α, β, and γ
(from top to bottom), plotted in both log-linear (left
column) and log-log (right column) formats as functions
of ΠðωÞd for several values of k�d. On the vertical axes of
each panel, we show each integral normalized by two
different scales: on the right axis, we use the typical
amplitude g2aγγPB�k2�d=16π2, while on the left axis, we
use a combination of physical quantities normalized by
their typical values. For the latter, B� is the characteristic
magnetic-field strength at the peak scale k� [50]:

FIG. 1. Convolution kernels Cα, Cβ, and Cγ with various values of
ΠðωÞd are shown as functions of kd. The black, red, green, and blue
curvescorrespond toΠðωÞd ¼ 0.1, 1,10, and100, respectively.The
dashed curves indicate that the kernel takes negative values.
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B� ≡
ffiffiffiffiffiffiffiffiffiffiffiffi
k3�PB�
π2

s
: ð5:3Þ

In addition, we define the characteristic correlation length
of the magnetic field as λ� ≡ 2π=k�. Regarding the hori-
zontal axes, the dimensionless variable ΠðωÞd and the

photon angular frequency ω are shown on the upper and
lower axes in each panel, respectively. Note that ΠðωÞd is a
function of ω given by

ΠðωÞd ¼
�jm2

a −m2
plj

2ω
þ χCMBω

�
d; ð5:4Þ

FIG. 2. Integrals α (top), β (middle), and γ (bottom) with the magnetic field power spectra (5.1) and (5.2) are plotted. The black, red,
green, and blue curves correspond to the cases k�d ¼ 0.1, 1, 10, and 100, respectively. In each panel, the upper horizontal axis is the
dimensionless variable ΠðωÞd, and the lower horizontal axis is ω in units of ωeq ≡ ðjm2

a −m2
plj=2χCMBÞ12, where

ðjm2
a −m2

pljÞ
1
2 ¼ 10−11 eV, 2χCMB ¼ 10−42, and d ¼ 100 Mpc are used. The orange dashed line represents ω ¼ ωeq. The right vertical

axis is the value of α, β, or γ normalized by g2aγγPB�k2�d=16π2. For β, we set PaB� ¼ PB�, assuming the maximally helical case. The left
vertical axis is the value of α, β, or γ normalized by g2aγγ;10−12 GeV−1 ≡ ðgaγγ=10−12 GeV−1Þ2, B2

�nG ≡ ðB�=nGÞ2, d100 Mpc ≡ d=100 Mpc,

and λ�Mpc ≡ λ�=Mpc. In each row, the left and right panels show the same quantity: the vertical axis is linear in the left, but logarithmic in
the right. In the bottom-right panel, the dashed curves indicate that γ takes negative values.
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which is parabolic in ωwhen plotted on a logarithmic scale,
unless ma ¼ mpl. Thus, ΠðωÞd takes its minimum value,

ΠðωeqÞd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2χCMBjm2

a −m2
plj

q
d, at

ωeq ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jm2

a −m2
plj

2χCMB

s
¼ 1 × 1010 eV

 
jm2

a −m2
plj

10−22eV2

!‘1
2

×

�
2χCMB

10−42

�
−1
2

: ð5:5Þ

Accordingly, when the integrals α, β, and γ are plotted as
functions of ω, the curves fold at the point ω ¼ ωeq. In
Fig. 2, we use a representative set of parameter
values, jm2

a −m2
plj ¼ 10−22 eV2, 2χCMB ¼ 10−42, and

d ¼ 100 Mpc, for illustration. The point ω ¼ ωeq is indi-
cated by the orange dashed line in each panel. The angular
frequency ω on the lower horizontal axis is expressed in
units of ωeq, and the axis is folded at ω ¼ ωeq.
From Fig. 2, we observe several key properties of the

integrals α, β, and γ:
(1) In the case of k�d≲ 1, the overall amplitude of the

integrals α, β, and γ monotonically decreases as k�d
decreases. The behavior of these integrals qualita-
tively changes around Πd ¼ Oð1Þ. In the region
Πd ≫ 1, α and β approach the same functional form,
while γ is smaller. The frequency dependence is
estimated as α ¼ β ∝ ðΠdÞ−5=3, while γ ∝ ðΠdÞ−2 in
this region. In the region Πd ≪ 1, on the other hand,
α and γ approach the same form, while β is
suppressed. The frequency dependence is
α ¼ γ ¼ const:, while β ∝ Πd in this region.

(2) In the case of k�d ≫ 1, Πd ≈ k�d provides a charac-
teristic scale for all three integrals, α, β, and γ.
Moreover, Πd ¼ Oð1Þ serves as an additional char-
acteristic scale specific to γ. In the first region
(Πd ≫ k�d), α and β approach the same form
α ¼ β ∝ ðΠdÞ−5=3, while γ approaches γ ∝ ðΠdÞ−2.
In the second region (k�d ≫ Πd ≫ 1), α is dominant
over the other two integrals. In the third region
(1 ≫ Πd), α and γ approach the same functional
form, while β is suppressed.

C. Expectation values and variances of Stokes
parameters

As shown in Eq. (4.4), the expectation values and
variances of the Stokes parameters I, Q, U, and V are
expressed in terms of the integrals α, β, and γ. In Figs. 3–5,
we present the behavior of the Stokes parameters as
functions of ΠðωÞd for several values of k�d. Note that
we selectively present the Stokes parameter Q as a
representative of linear polarization, since the parameter
U exhibits an identical statistical structure. In each panel,
the thick black curves show the expectation values

Exp½1 − I�, Exp½Q�, and Exp½V�, while the gray shaded
regions represent the standard deviations

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½1 − I�p

,ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½Q�p

, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½V�p

. The three bands correspond to
the standard deviations scaled by factors of (1, 1=

ffiffiffiffiffi
10

p
,

1=
ffiffiffiffiffiffiffiffi
100

p
), illustrating how the statistical uncertainty

decreases as the number of independent measurements
increases. These shaded regions model a situation in which
photons are observed from multiple, nearly identical
sources located in different directions. In this case, the
only differences among the observations arise from differ-
ent realizations of the magnetic field, and thus the variance
decreases inversely with the number of observations.
Accordingly, the three bands can be interpreted as corre-
sponding to approximately 1, 10, and 100 independent
observations.
For the expectation values of the Stokes parameters, not

only the intensity I but also the circular polarization V can
acquire nontrivial values, which are determined solely by
the integrals α and β, respectively [see Eq. (4.4)].
Accordingly, the behavior of the black curves in
Figs. 3 (Exp½1 − I�) and 5 (Exp½V�) directly reflects these
integrals shown in Fig. 2. The nontrivial expectation value
of the circular polarization V originates from the helical
component of the magnetic-field power spectrum, PaB. By
contrast, as shown in Eq. (4.4), the expectation values
of the linear polarizations Q and U vanish identically,
as a consequence of the statistical isotropy of the mag-
netic field.
In contrast, the variances are determined by combina-

tions of the integrals α, β, and γ, as shown in Eq. (4.4), and
hence their behavior is somewhat more complicated. Let us
summarize their key properties:
(1) The variance of 1 − I is determined by the combi-

nation 1
2
ðα2 þ β2 þ γ2Þ. In the case of k�d≲ 1, its

behavior changes around Πd ¼ Oð1Þ: In the fre-
quency range Πd ≫ 1, α2 and β2 contribute to the
variance in the same order, but γ2 is suppressed,
and thus the variance becomes of the same order
as the square of the expectation value,
1
2
ðα2 þ β2 þ γ2Þ ≈ 1

2
ðα2 þ β2Þ ∼ α2 ¼ Exp½1 − I�2.

In the range Πd ≪ 1, however, γ2 grows and
reaches α2, but β2 becomes suppressed, and hence
the variance finally reaches the square of the expect-
ation value, 1

2
ðα2 þ β2 þ γ2Þ ≈ 1

2
ðα2 þ γ2Þ → α2 ¼

Exp½1 − I�2 as Πd → 0.
In the case of k�d ≫ 1, on the other hand, a

nontrivial structure appears in the intermediate range
(k�d ≫ Πd ≫ 1). In this range, the variance is
1
2
ðα2 þ β2 þ γ2Þ ≈ 1

2
α2, and hence the variance

and the expectation value satisfy Var½1 − I�≈
1
2
Exp½1 − I�2, which means that the variance in this

range is smaller by a factor of 2 than that in the
range Πd ≪ 1.
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FIG. 3. Conversion probability Pγ→a ≡ 1 − I with the maximally helical (PaB� ¼ PB�) magnetic-field power spectra (5.1) and (5.2) is plotted for
k�d ¼ 0.1, 1, 10, and 100 from top to bottom. In each panel, the black line represents the expectation value Exp½1 − I�, and the shaded bands represent
the standard deviations

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½1 − I�p

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½1 − I�=10p

, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½1 − I�=100p

. The upper horizontal axis is the dimensionless variable ΠðωÞd, and the

lower horizontal axis is ω in units of ωeq ≡ ðjm2
a −m2

plj=2χCMBÞ12 with ðjm2
a −m2

pljÞ
1
2 ¼ 10−11 eV, 2χCMB ¼ 10−42, and d ¼ 100 Mpc. The orange

dashed line indicates ω ¼ ωeq. The right vertical axis is 1 − I, normalized by g2aγγPB�k2�d=16π2. The left vertical axis is 1 − I, normalized by
g2aγγ;10−12 GeV−1 ≡ ðgaγγ=10−12 GeV−1Þ2, B2

�nG ≡ ðB�=nGÞ2, d100 Mpc ≡ d=100 Mpc, and λ�Mpc ≡ λ�=Mpc. In each row, the left and right panels show the

same quantity: the vertical axis is linear in the left, but logarithmic in the right.
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FIG. 4. Stokes parameter Q (linear polarization) of photons with the maximally helical (PaB� ¼ PB�) magnetic-field power spectra
(5.1) and (5.2) is plotted for k�d ¼ 0.1, 1, 10, and 100 from top to bottom. In each panel, the black line represents the expectation value
Exp½Q� ¼ 0, and the shaded bands represent the standard deviations

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½Q�p

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½Q�=10p

, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½Q�=100p

. The upper horizontal
axis is the dimensionless variable ΠðωÞd, and the lower horizontal axis is ω in units of ωeq ≡ ðjm2

a −m2
plj=2χCMBÞ12, with

ðjm2
a −m2

pljÞ
1
2 ¼ 10−11 eV, 2χCMB ¼ 10−42, and d ¼ 100 Mpc. The orange dashed line indicates ω ¼ ωeq. The right vertical axis is

Q normalized by g2aγγPB�k2�d=16π2. The left vertical axis isQ normalized by g2aγγ;10−12 GeV−1 ≡ ðgaγγ=10−12 GeV−1Þ2, B2
�nG ≡ ðB�=nGÞ2,

d100 Mpc ≡ d=100 Mpc, and λ�Mpc ≡ λ�=Mpc. In each row, the left and right panels show the same quantity: the vertical axis is linear in
the left, but logarithmic in the right.
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FIG. 5. Stokes parameter −V (circular polarization) of photons with the maximally helical (PaB� ¼ PB�) magnetic-field power spectra (5.1) and (5.2)
is plotted for k�d ¼ 0.1, 1, 10, and 100 from top to bottom. In each panel, the black line represents the expectation value −Exp½V�, and the shaded bands
represent the standard deviations

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½V�p

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½V�=10p

, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½V�=100p

. The upper horizontal axis is the dimensionless variable ΠðωÞd, and the

lower horizontal axis is ω in units of ωeq ≡ ðjm2
a −m2

plj=2χCMBÞ12 with ðjm2
a −m2

pljÞ
1
2 ¼ 10−11 eV, 2χCMB ¼ 10−42, and d ¼ 100 Mpc. The orange

dashed line indicates ω ¼ ωeq. The right vertical axis is −V normalized by g2aγγPB�k2�d=16π2. The left vertical axis is −V normalized by
g2
aγγ;10−12 GeV−1 ≡ ðgaγγ=10−12 GeV−1Þ2, B2

�nG ≡ ðB�=nGÞ2, d100 Mpc ≡ d=100 Mpc, and λ�Mpc ≡ λ�=Mpc. In each row, the left and right panels show the

same quantity: the vertical axis is linear in the left, but logarithmic in the right.
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(2) The variance of Q is determined by the combination
1
2
ðα2 − β2 þ γ2Þ. In the case of k�d ≲ 1, only Πd ¼

Oð1Þ appears as a characteristic scale: In the
frequency range Πd ≫ 1, the variance becomes
1
2
ðα2 − β2 þ γ2Þ ≈ 1

2
ðα2 − β2Þ ∼ α2 ¼ Exp½1 − I�2,

while in the range Πd ≪ 1, the variance approaches
1
2
ðα2 − β2 þ γ2Þ ≈ 1

2
ðα2 þ γ2Þ → α2 ¼ Exp½1 − I�2

as Πd → 0.
In the case of k�d ≫ 1, in addition to the scale

Πd ¼ Oð1Þ, a new characteristic scale Πd ≈ k�d
appears. In the intermediate range (k�d ≫ Πd ≫ 1),
the variance takes the form 1

2
ðα2 − β2 þ γ2Þ≈

1
2
α2 ¼ 1

2
Exp½1 − I�2, which indicates that the vari-

ance in this range is reduced compared to that in the
range Πd ≪ 1, similarly to 1 − I.

(3) The variance of V is determined by the combination
1
2
ðα2 þ β2 − γ2Þ. In the case of k�d≲ 1, the variance

Var½V� is comparable to the square of the expect-
ation value Exp½V�2 in the entire frequency range.
For k�d ≫ 1, in the intermediate range

(k�d ≫ Πd ≫ 1), the variance is dominated by α2,
and thus it is roughly constant with respect to Πd,
while it decreases in the range Πd ≪ 1 due to the
negative contribution from −γ2.

Before concluding this section, we comment on the
relative sign between the circular polarization parameter V
and the helicity of the background magnetic field PaB�. In
our definition, positive signs of V and PaB� correspond to
right-handed helicity [50]. Figure 5 shows that the photon
circular polarization V that appears after propagation is
opposite to the helicity of the background magnetic field
PaB�. This behavior can be understood in the rest frame of
the produced axion. In this frame, the two participating
photons must have opposite spins to produce a spin-zero
particle (axion), and hence photons with the same helicity
as the background photon tend to get converted into the
axion. Thus, starting from an unpolarized ensemble (equal
numbers of right- and left-handed photons), the conversion
selectively removes photons with the same helicity as the
background magnetic field when the latter contains an
antisymmetric (helical) part.

VI. DISCUSSION AND CONCLUSIONS

In this work, we have investigated the conversion of
photons into axions in the presence of stochastic magnetic
fields, with particular attention to the cosmological mag-
netic environments expected in the Universe. When pho-
tons propagate in a magnetized region, the axion-photon
coupling induces oscillations between these degrees of
freedom. If the magnetic field is stochastically realized, the
randomness of the magnetic-field structure plays a crucial
role in shaping the statistical properties of the resulting
photon signals. Therefore, a statistical framework becomes
essential to describe the conversion process, which we have

developed in the present work. Following this framework,
we derive the formulas for the expectation values and
variances of observables associated with photons affected
by the conversion, using ensemble averages over Gaussian
magnetic-field realizations. Furthermore, by including the
possible helical component of the magnetic field, we
provide a more complete description of the axion-photon
conversion than has been developed in earlier works
[40,41]. This improvement extends the range of situations
to which our formalism can be applied, thereby enhancing
the prospects for axion searches that exploit photons
propagating through cosmic magnetic fields as a probe.
In Secs. II and III, we review photon propagation in

several relevant situations and derive the propagation
equations for the axion-photon system. We then solve
them using the Born approximation. To describe the photon
polarization state, we introduce the Stokes parameters and
study how initially unpolarized photons are affected by the
conversion into axions.
In Sec. IV, we derive expressions for the expectation

values and variances of the photon Stokes parameters in
terms of the magnetic-field power spectra, assuming a
Gaussian magnetic field and an initial state given by
unpolarized photons. As shown in Eq. (4.4), these quan-
tities are compactly expressed in terms of four basic
components: α, β, γ, and δ, where δ vanishes identically.
Each component is expressed as a convolution of the
magnetic-field power spectrum with its own kernel [see
Eq. (4.11)]. We find that the expectation value of
the intensity I becomes a nonzero signal, and that of the
circular polarization V also becomes nonzero when
the magnetic field has a helical component, whereas the
expectation values of the linear polarizations Q and U
vanish. In contrast, we find that the variances of all Stokes
parameters, I, Q, U, and V, are nonzero, even when the
initial photon state is statically unpolarized. We also obtain
a set of three consistency relations (4.18) among the Stokes
parameters. One difference we find between these results
and those in the graviton-photon system investigated in
Ref. [52] is that, in the latter system, the linear polarizations
Q and U are not generated from unpolarized gravitons for
any background magnetic field, and thus only one con-
sistency relation is obtained.
In Sec. V, using the magnetic-field power spectra given

by Eqs. (5.1) and (5.2) as a specific model, we examine the
behavior of the Stokes parameters as functions of the
parameters in this system. The parameters are the effective
mass difference between the axion and the photon Π ¼
Πa − Πγ ¼ jm2

a −m2
plj=ð2ωÞ þ χCMBω (with the axion

mass ma, the plasma-induced photon mass mpl, the
CMB-induced susceptibility χCMB, and the angular fre-
quency of the waves ω), the propagation distance d, and the
typical wave number of the magnetic field k�. Among
these, two dimensionless combinations Πd and k�d can be
constructed, which characterize the axion-photon system
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and the background magnetic field, respectively. In
Sec. VA, we first show the behavior of the convolution
kernels. In Sec. V B, we numerically investigate the
dependence on Πd (or the angular frequency ω) of the
integrals α, β, and γ for various values of k�d. Note that,
since ΠðωÞd is a nonmonotonic function of ω, all the
integrals generally possess a folding structure with respect
toω. Using these results, in Sec. V C, we show the behavior
of the expectation values and variances of the Stokes
parameters I, Q, and V. (The behavior of U is the same
as that of Q.) Note that the Stokes parameters inherit the
folding structure with respect to ω from the integrals α, β,
and γ. We find that the expectation value of the conversion
probability Exp½1 − I� changes its behavior from increasing
with oscillation (large Πd) to constant (small Πd) at Πd ¼
Oð1Þ for k�d ≪ 1, whereas it changes from increasing
(large Πd) to constant (small Πd) at Πd ≈ k�d for k�d ≫ 1
(see Fig. 3). On the other hand, the variance Var½1 − I�
shows a more curious ω dependence. Specifically, we find
that the particular frequency range 1≲ Πd ≲ k�d has a
standard deviation relatively smaller than the expectation
value (see the bottom panels of Fig. 3). Thanks to the
smaller variance, this frequency range can be favorable for
observing signatures of the conversion. For the linear
polarization Q, we find that the expectation value
Exp½Q� trivially vanishes for the entire frequency range,
while the variance Var½Q� does not. For k�d ≪ 1, the
behavior of the latter changes at Πd ¼ Oð1Þ, while for
k�d ≫ 1, an additional scale Πd ≈ k�d appears (see Fig. 4).
For the circular polarization V, we find that the expectation
value −Exp½V� appears with a peak structure for any value
of k�d. For k�d ≪ 1, it appears around Πd ¼ Oð1Þ, while
for k�d ≫ 1, it shifts to Πd ≈ k�d. The variance Var½V� in
the case of k�d ≫ 1 again shows a richer structure in the ω
dependence (see Fig. 5).
As shown in the fourth row ðk�d ¼ 100Þ of Figs. 3–5, for

representative values of the system parameters B� ∼ nG,
k� ∼Mpc−1, d ∼ 100 Mpc, jm2

a −m2
plj ∼ 10−22 eV2, and

gaγγ ∼ 10−12 GeV−1, nontrivial signals appear in the
Stokes parameters within a specific frequency region,
10−3ωeq ≲ ω≲ 103ωeq, corresponding to ω ∼ 10 MeV–
10 TeV. Especially, toward both ends of this region, the
conversion probability reaches its maximum. A notable
peak structure in the circular polarization also emerges
there when the magnetic field is helical. There are several
possible sources of photons belonging to this frequency
region. For example, such high-energy photons may
originate from active galactic nuclei jets [53], gamma-
ray bursts [54], pulsar wind nebulae [55], supernova
remnants [56], star-forming galaxies [57], and so on (for
reviews, see Refs. [58,59]). The arrival rate of TeV-scale
photons decreases steeply with energy due to the extra-
galactic background light attenuation [46]. Consequently,
high-energy photons that have successfully avoided this
attenuation and propagated over long distances through the

cosmological magnetic field may provide a potential probe
for axions.
We conclude by mentioning several possible directions

for future work. First, it would be worthwhile to generalize
the initial polarization state. In the present paper, we
assumed unpolarized photons as the initial condition;
however, if the initial state possesses a nontrivial polari-
zation, it may affect the resulting observables. Second, it
would be valuable to develop a formulation that applies to
multiple magnetic-field domains. Although the present
analysis assumes a single domain described by a single
set of magnetic-field power spectra, realistic cosmological
magnetic fields are expected to consist of many domains
with varying orientations and coherence lengths. Third, for
sources at high redshift, cosmic expansion can leave
interesting imprints in the amplitude/polarization structure.
Finally, it would be interesting to extend our framework to
the case of axion dark matter. When both a magnetic field
and an axion field act as background fields, the polarization
of photons propagating through them may be modified not
only by conversion but also by additional axion-induced
phenomena such as birefringence. We leave these studies
for future work.
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APPENDIX A: CALCULATIONS OF THE
EXPECTATION VALUES AND VARIANCES

As shown in Eq. (3.31), assuming that the initial photons
are unpolarized and adopting the Born approximation, the
Stokes parameters of the photons affected by conversion
into axions are expressed as

I ¼ 1 −
1

2
a;

Q ¼ −
1

2
b;

U ¼ −Re½c�;
V ¼ Im½c�; ðA1Þ

where a, b, and c are given by
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a ¼
�
gaγγ
2

�
2
Z
s;s0

e−iΠðs−s0Þ½BxðsÞBxðs0Þ þ ByðsÞByðs0Þ�;

b ¼
�
gaγγ
2

�
2
Z
s;s0

e−iΠðs−s0Þ½BxðsÞBxðs0Þ − ByðsÞByðs0Þ�;

c ¼
�
gaγγ
2

�
2
Z
s;s0

e−iΠðs−s0ÞBxðsÞByðs0Þ: ðA2Þ

In this appendix, we compute the expectation values and
variances of the Stokes parameters with respect to an
ensemble of magnetic fields characterized by the two-
point function (4.1). Since photons are assumed to
propagate along the z axis and the magnetic fields are
statistically isotropic, rotational symmetry in the x-y
plane holds. Accordingly, in the following calculations,
we can use the relation k̂2x ¼ k̂2y ¼ ðk̂2x þ k̂2yÞ=2 ¼
ð1 − k̂2zÞ=2 when performing integrals in the wave-vector
space.

1. Calculations of the expectation values

We first compute the expectation value of a. Using
Eq. (4.1), it is evaluated as

hai ¼
�
gaγγ
2

�
2
Z
s;s0

e−iΠðs−s0ÞhBxðsÞBxðs0ÞþByðsÞByðs0Þi

¼
�
gaγγ
2

�
2
Z
s;s0

e−iΠðs−s0Þ
Z
k
eikzðs−s0Þð2− k̂2x − k̂2yÞPBðkÞ

¼ 2

�
gaγγ
2

�
2
Z
k

�Z
s;s0

e−iðΠ−kzÞðs−s0Þ
�
1þ k̂2z
2

PBðkÞ

¼ 2

�
gaγγ
2

�
2
Z
k
Iðkz;ωÞ

�
1þ k̂2z
2

�
PBðkÞ≡ 2α: ðA3Þ

In the last line, we used the kernel Iðkz;ωÞ defined in
Eq. (4.6). This result, together with Eq. (A1), indicates that

Exp½1 − I� ¼ α: ðA4Þ
The expectation value of b is evaluated as

hbi ¼
�
gaγγ
2

�
2
Z
s;s0

e−iΠðs−s0ÞhBxðsÞBxðs0Þ − ByðsÞByðs0Þi

¼
�
gaγγ
2

�
2
Z
s;s0

e−iΠðs−s0Þ
Z
k
eikzðs−s0Þð−k̂2x þ k̂2yÞPBðkÞ

¼ 0; ðA5Þ
from which we immediately obtain

Exp½Q� ¼ 0: ðA6Þ
The expectation value of c is evaluated as

hci ¼
�
gaγγ
2

�
2
Z
s;s0

e−iΠðs−s0ÞhBxðsÞByðs0Þi

¼ −
�
gaγγ
2

�
2
�Z

s;s0
e−iΠðs−s0Þ

Z
k
eikzðs−s0Þk̂xk̂yPBðkÞ þ i

Z
s;s0

e−iΠðs−s0Þ
Z
k
eikzðs−s0Þk̂zPaBðkÞ

�

¼ −
�
gaγγ
2

�
2
�Z

k
Iðkz;ωÞk̂xk̂yPBðkÞ þ i

Z
k
Iðkz;ωÞk̂zPaBðkÞ

�

¼ −i
�
gaγγ
2

�
2
Z
k
Iðkz;ωÞk̂zPaBðkÞ≡ −iβ; ðA7Þ

which shows that hci is purely imaginary. Combining this with Eq. (A1), we obtain

Exp½U� ¼ 0; Exp½V� ¼ −β: ðA8Þ

2. Calculations of the variances

Next, we compute the variances of the Stokes parameters. The variance of the intensity I is given by
Var½I� ¼ hI2i − hIi2 ¼ ðha2i − hai2Þ=4. Using the definition of a in Eq. (A2), we can compute ha2i as

ha2i ¼
�
gaγγ
2

�
4
��Z

s;s0
e−iΠðs−s0Þ½BxðsÞBxðs0Þ þ ByðsÞByðs0Þ�

�
2
�

¼
�
gaγγ
2

�
4
��Z

s;s0
e−iΠðs−s0ÞBxðsÞBxðs0Þ

��Z
s;s0

e−iΠðs−s0ÞBxðsÞBxðs0Þ
��
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þ
�
gaγγ
2

�
4
��Z

s;s0
e−iΠðs−s0ÞBxðsÞBxðs0Þ

��Z
s;s0

e−iΠðs−s0ÞByðsÞByðs0Þ
��

þ
�
gaγγ
2

�
4
��Z

s;s0
e−iΠðs−s0ÞByðsÞByðs0Þ

��Z
s;s0

e−iΠðs−s0ÞBxðsÞBxðs0Þ
��

þ
�
gaγγ
2

�
4
��Z

s;s0
e−iΠðs−s0ÞByðsÞByðs0Þ

��Z
s;s0

e−iΠðs−s0ÞByðsÞByðs0Þ
��

≡ I1 þ I2 þ I3 þ I4: ðA9Þ

From rotational symmetry in the x-y plane, the first and fourth terms are equal, and likewise for the second and third terms.
Thus, the expression simplifies to

ha2i ¼ 2ðI1 þ I2Þ: ðA10Þ

In the following, we set gaγγ=2≡ 1 for simplicity. Since the magnetic field is assumed to be Gaussian, both I1 and I2 can be
decomposed into products of the two-point function. Specifically, I1 can be written as

I1 ¼
Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000ÞhBxðsÞBxðs0ÞBxðs00ÞBxðs000Þi

¼
Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000Þ

× ½hBxðsÞBxðs0ÞihBxðs00ÞBxðs000Þi þ hBxðsÞBxðs00ÞihBxðs0ÞBxðs000Þi þ hBxðsÞBxðs000ÞihBxðs0ÞBxðs00Þi�
≡ A1 þ A2 þ A3: ðA11Þ

The first term is evaluated as

A1 ¼
Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000ÞhBxðsÞBxðs0ÞihBxðs00ÞBxðs000Þi

¼
Z
k;k0

Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000Þeikzðs−s0Þeik0zðs00−s000Þð1 − k̂2xÞð1 − k̂02xÞPBðkÞPBðk0Þ

¼
Z
k;k0

Iðkz;ωÞIðk0z;ωÞ
�
1þ k̂2z

2

��
1þ k̂02z

2

�
PBðkÞPBðk0Þ

¼
�Z

k
Iðkz;ωÞ

�
1þ k̂2z

2

�
PBðkÞ

�
2

¼ α2: ðA12Þ

The second term is evaluated as

A2 ¼
Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000ÞhBxðsÞBxðs00ÞihBxðs0ÞBxðs000Þi

¼
Z
k;k0

Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000Þeikzðs−s00Þeik0zðs0−s000Þð1 − k̂2xÞð1 − k̂02xÞPBðkÞPBðk0Þ

¼
Z
k;k0

J̄ ðkz;ωÞJ̄ �ðk0z;ωÞ
�
1þ k̂2z

2

��
1þ k̂02z

2

�
PBðkÞPBðk0Þ

¼
�Z

k
J ðkz;ωÞ

�
1þ k̂2z

2

�
PBðkÞ

�
2 ≡ γ2: ðA13Þ

Here, J̄ ðkz;ωÞ is defined by
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J̄ ðkz;ωÞ≡
Z
s
e−iðΠ−kzÞs

Z
s0
e−iðΠþkzÞs0 ¼ J̄ ð−kz;ωÞ; ðA14Þ

and J ðkz;ωÞ denotes its absolute value, given in Eq. (4.7). The last term in Eq. (A11) becomes

A3 ¼
Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000ÞhBxðsÞBxðs000ÞihBxðs0ÞBxðs00Þi ¼ A1 ¼ α2:

Therefore, I1 is expressed as

I1 ¼ 2α2 þ γ2: ðA15Þ

The integral I2 in Eq. (A9) can be decomposed as

I2 ¼
Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000ÞhBxðsÞBxðs0ÞByðs00ÞByðs000Þi

¼
Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000Þ

× ½hBxðsÞBxðs0ÞihByðs00ÞByðs000Þi þ hBxðsÞByðs00ÞihBxðs0ÞByðs000Þi þ hBxðsÞByðs000ÞihBxðs0ÞByðs00Þi�
≡ B1 þ B2 þ B3: ðA16Þ

Performing calculations analogous to those for A1, A2, and
A3, we obtain

B1 ¼
�Z

k
Iðkz;ωÞ

�
1þ k̂2z

2

�
PBðkÞ

�
2

¼ α2; ðA17Þ

B2 ¼ −
�Z

k
J ðkz;ωÞk̂zPaBðkÞ

�
2 ≡ −δ2; ðA18Þ

B3 ¼
�Z

k
Iðkz;ωÞk̂zPaBðkÞ

�
2

¼ β2: ðA19Þ

Thus, I2 is expressed as

I2 ¼ α2 − δ2 þ β2: ðA20Þ

Substituting Eqs. (A15) and (A20) into Eq. (A10), we
obtain ha2i ¼ 2ð3α2 þ β2 þ γ2 − δ2Þ. Combining this with
hai ¼ 2α from Eq. (A3), we find

Var½I� ¼ 1

4
ðha2i − hai2Þ ¼ 1

2
ðα2 þ β2 þ γ2 − δ2Þ: ðA21Þ

We proceed to consider the variance of the Stokes
parameter Q, which is given by Var½Q� ¼ hb2i=4 from
Eqs. (A1) and (A5). Using the definition of b in Eq. (A2),
we can compute hb2i as

hb2i ¼
�
gaγγ
2

�
4
��Z

s;s0
e−iΠðs−s0Þ½BxðsÞBxðs0Þ − ByðsÞByðs0Þ�

�
2
�

¼ I1 − I2 − I3 þ I4

¼ 2ðI1 − I2Þ: ðA22Þ
Here, we used I1, I2, I3, and I4 defined in Eq. (A9), together with the relations I1 ¼ I4 and I2 ¼ I3, in the same manner as in
Eq. (A10). Using Eqs. (A15) and (A20), we obtain

Var½Q� ¼ 1

4
hb2i ¼ 1

2
ðα2 − β2 þ γ2 þ δ2Þ: ðA23Þ

Finally, we consider the variances of the Stokes parameters U and V. To this end, we evaluate the square of
c ¼ −U þ iV as
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c2 ¼ ðU2 − V2Þ − ið2UVÞ; ðA24Þ

jcj2 ¼ U2 þ V2: ðA25Þ

From these expressions, it follows that

Var½U� ¼ hU2i − hUi2 ¼ 1

2
½hjcj2i þ hRe½c2�i� − hRe½c�i2; ðA26Þ

Var½V� ¼ hV2i − hVi2 ¼ 1

2
½hjcj2i − hRe½c2�i� − hIm½c�i2: ðA27Þ

Using the definition of c in Eq. (A2) and Gaussianity of the magnetic fields, hc2i and hjcj2i are expressed as

hc2i ¼
Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000ÞhBxðsÞByðs0ÞBxðs00ÞByðs000Þi

¼
Z
s;s0;s00;s000

e−iΠðs−s0þs00−s000Þ

×
h
hBxðsÞByðs0ÞihBxðs00ÞByðs000Þi þ hBxðsÞBxðs00ÞihByðs0ÞByðs000Þi þ hBxðsÞByðs000ÞihByðs0ÞBxðs00Þi

i
≡ C1 þ C2 þ C3; ðA28Þ

hjcj2i ¼
Z
s;s0;s00;s000

e−iΠðs−s0−s00þs000ÞhBxðsÞByðs0ÞBxðs00ÞByðs000Þi

¼
Z
s;s0;s00;s000

e−iΠðs−s0−s00þs000Þ

×
h
hBxðsÞByðs0ÞihBxðs00ÞByðs000Þi þ hBxðsÞBxðs00ÞihByðs0ÞByðs000Þi þ hBxðsÞByðs000ÞihByðs0ÞBxðs00Þi

i
≡D1 þD2 þD3: ðA29Þ

We again set gaγγ=2 ¼ 1 for simplicity. Each term can be evaluated as

C1 ¼ C3 ¼ −D1 ¼ −
�Z

k
Iðkz;ωÞk̂zPaBðkÞ

�
2

¼ −β2; ðA30Þ

C2 ¼
�Z

k
J ðkz;ωÞ

�
1þ k̂2z

2

�
PBðkÞ

�
2

¼ γ2; ðA31Þ

D2 ¼
�Z

k
Iðkz;ωÞ

�
1þ k̂2z

2

�
PBðkÞ

�
2

¼ α2; ðA32Þ

D3 ¼
�Z

k
J ðkz;ωÞk̂zPaBðkÞ

�
2

¼ δ2: ðA33Þ

Accordingly, we obtain hc2i ¼ −2β2 þ γ2, which is real. In addition, hjcj2i ¼ β2 þ α2 þ δ2. Combining these results with
hci ¼ −iβ from Eq. (A7), we find the variances of U and V as

Var½U� ¼ 1

2
ðα2 − β2 þ γ2 þ δ2Þ; ðA34Þ

Var½V� ¼ 1

2
ðα2 þ β2 − γ2 þ δ2Þ: ðA35Þ
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APPENDIX B: EXPRESSIONS FOR THE CONVOLUTION KERNELS

In this appendix, we summarize the analytical expressions for the convolution kernels in Eq. (4.12), obtained after
integration over z:

Cαðx ¼ Πd; y ¼ kdÞ ¼ −
1

yðx − yzÞ ½2xðx − yzÞðCiðjx − yzjÞ − lnðjx − yzjÞÞ þ ðx2 þ y2Þðx − yzÞSiðx − yzÞ

þðx2 þ y2Þ cosðx − yzÞ − ðx − yzÞ sinðx − yzÞ − x2 − xyz − y2 þ y2z2�
���z¼1

z¼−1
; ðB1Þ

Cβðx ¼ Πd; y ¼ kdÞ ¼ −
2

x − yz
½ðx − yzÞðCiðjx − yzjÞ − lnðjx − yzjÞÞ

þ xðx − yzÞSiðx − yzÞ þ x cosðx − yzÞ − x�
���z¼1

z¼−1
; ðB2Þ

Cγðx ¼ Πd; y ¼ kdÞ ¼ 1

2xy
½ðx2 þ y2Þ cos xðCiðjxþ yzjÞ − lnðjxþ yzjÞ − Ciðjx − yzjÞ þ lnðjx − yzjÞÞ

þðx2 þ y2Þ sin xðSiðxþ yzÞ − Siðx − yzÞÞ þ 2xðyz cos x − sinðyzÞÞ�
���z¼1

z¼−1
: ðB3Þ

APPENDIX C: NONHELICAL CASE

In this appendix, we show numerical results for the case
of a nonhelical magnetic field PaB ¼ 0. In Figs. 6–8, we
present the behavior of the Stokes parameters I,Q, and V as
functions of ΠðωÞd for various values of k�d, similarly to
Figs. 3–5. The black lines represent the expectation values,
while the gray bands correspond to the standard deviationsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½1 − I�p

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½Q�p

, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½V�p

. The three different
bands are for (1, 1=

ffiffiffiffiffi
10

p
, 1=

ffiffiffiffiffiffiffiffi
100

p
) times the original one,

respectively.

One observes that Fig. 6 remains almost unchanged from
Fig. 3. This is because both the expectation value Exp½1 −
I� and the variance Var½1 − I� are dominated by the
integrals α and γ, which are determined by the power
spectrum PB, not by PaB. Figure 7 also remains qualita-
tively unchanged from Fig. 4. In contrast, Fig. 8 behaves
quite differently from Fig. 5. The main difference is that the
expectation value of V vanishes in Fig. 8, since it is
determined solely by β. On the other hand, the variances
Var½Q� and Var½V� remain nonzero, because these are
largely determined by α and γ.

CHIBA, JINNO, and NOMURA PHYS. REV. D 113, 115037 (2026)

115037-24



FIG. 6. Conversion probability Pγ→a ≡ 1 − I with the nonhelical (PaB� ¼ 0) magnetic-field power spectrum [Eq. (5.1)] is plotted for k�d ¼ 0.1, 1, 10,
and 100 from top to bottom. In each panel, the black line represents the expectation value Exp½1 − I�, and the shaded bands represent the standard
deviations

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½1 − I�p

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½1 − I�=10p

, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½1 − I�=100p

. The upper horizontal axis is the dimensionless variable ΠðωÞd, and the lower

horizontal axis is ω in units of ωeq ≡ ðjm2
a −m2

plj=2χCMBÞ12 with ðjm2
a −m2

pljÞ
1
2 ¼ 10−11 eV, 2χCMB ¼ 10−42, and d ¼ 100 Mpc. The orange dashed line

indicates ω ¼ ωeq. The right vertical axis is 1 − I normalized by g2aγγPB�k2�d=16π2. The left vertical axis is 1 − I normalized by
g2aγγ;10−12 GeV−1 ≡ ðgaγγ=10−12 GeV−1Þ2, B2

�nG ≡ ðB�=nGÞ2, d100 Mpc ≡ d=100 Mpc, and λ�Mpc ≡ λ�=Mpc. In each row, the left and right panels show

the same quantity: the vertical axis is linear in the left, but logarithmic in the right.
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FIG. 7. Stokes parameter Q (linear polarization) of photons with the nonhelical (PaB� ¼ 0) magnetic-field power spectrum [Eq. (5.1)] is plotted for
k�d ¼ 0.1, 1, 10, and 100 from top to bottom. In each panel, the black line represents the expectation value Exp½Q� ¼ 0, and the shaded bands represent
the standard deviations

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½Q�p

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½Q�=10p

, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½Q�=100p

. The upper horizontal axis is the dimensionless variable ΠðωÞd, and the lower

horizontal axis is ω in units of ωeq ≡ ðjm2
a −m2

plj=2χCMBÞ12 with ðjm2
a −m2

pljÞ
1
2 ¼ 10−11 eV, 2χCMB ¼ 10−42, and d ¼ 100 Mpc. The orange dashed line

indicates ω ¼ ωeq. The right vertical axis is Q normalized by g2aγγPB�k2�d=16π2. The left vertical axis is Q normalized by
g2aγγ;10−12 GeV−1 ≡ ðgaγγ=10−12 GeV−1Þ2, B2

�nG ≡ ðB�=nGÞ2, d100 Mpc ≡ d=100 Mpc, and λ�Mpc ≡ λ�=Mpc. In each row, the left and right panels show

the same quantity: the vertical axis is linear in the left, but logarithmic in the right.
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FIG. 8. Stokes parameter −V (circular polarization) of photons with the nonhelical (PaB� ¼ 0) magnetic-field power spectrum [Eq. (5.1)] is plotted for
k�d ¼ 0.1, 1, 10, and 100 from top to bottom. In each panel, the black line represents the expectation value−Exp½V� ¼ 0, and the shaded bands represent
the standard deviations

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½V�p

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½V�=10p

, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½V�=100p

. The upper horizontal axis is the dimensionless variable ΠðωÞd, and the lower

horizontal axis is ω in units of ωeq ≡ ðjm2
a −m2

plj=2χCMBÞ12 with ðjm2
a −m2

pljÞ
1
2 ¼ 10−11 eV, 2χCMB ¼ 10−42, and d ¼ 100 Mpc. The orange dashed line

indicates ω ¼ ωeq. The right vertical axis is −V normalized by g2aγγPB�k2�d=16π2. The left vertical axis is −V normalized by
g2aγγ;10−12 GeV−1 ≡ ðgaγγ=10−12 GeV−1Þ2, B2

�nG ≡ ðB�=nGÞ2, d100 Mpc ≡ d=100 Mpc, and λ�Mpc ≡ λ�=Mpc. In each row, the left and right panels show

the same quantity: the vertical axis is linear in the left, but logarithmic in the right.
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