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Axion-photon conversion in stochastic magnetic fields

Wataru Chiba,""" Ryusuke Jinno®,"" and Kimihiro Nomura

2%

lDepartment of Physics, Graduate School of Science, Kobe University,
1-1 Rokkodai, Kobe, Hyogo 657-8501, Japan
2Departmem‘ of Physics, Kyoto University, Kyoto 606-8502, Japan

® (Received 24 December 2025; accepted 19 May 2026; published 15 June 2026)

We investigate axion-photon conversion in stochastic magnetic fields, focusing on the evolution of the
photon intensity and polarizations induced by conversion into axions. Assuming Gaussian magnetic fields
characterized by the power spectra of their helical/nonhelical components, we express the expectation
values and variances of the photon intensity and linear/circular polarizations after conversion in terms
of these spectra. We find nontrivial dependencies of these statistical quantities on the characteristic
magnetic-field correlation length, the propagation distance, and the axion mass. Moreover, we find that
nontrivial polarizations emerge even if the photons are initially unpolarized, that the variances of these
observables become suppressed in specific frequency regions, and that a peak structure arises in the
expectation value of the circular polarization in the presence of statistically helical magnetic fields. We also
point out consistency relations among these statistical quantities that hold independently of the specific

forms of the magnetic-field power spectra.

DOI: 10.1103/5gkl-hk9d

I. INTRODUCTION

Axions are hypothetical pseudoscalar particles originally
proposed to resolve the strong CP problem in quantum
chromodynamics (QCD) [1-7]. Remarkably, many theories
beyond the Standard Model, including string theories,
ubiquitously predict large families of light pseudoscalar
particles [8]. These are commonly referred to as axion-like
particles (ALPs), and in this work we use the term “axions”
to collectively denote both the QCD axion and ALPs.
Beyond their high-energy particle-physics origin, axions
have profound implications in cosmology [9] and astro-
physics [10]. Indeed, light axions can constitute dark matter
[11-13], thereby playing an important role in cosmic
structure formation. Heavy axions can realize slow-roll
inflation in the very early Universe naturally owing to their
approximate shift symmetry [14—16]. On the other hand,
axions also have the potential to affect stellar processes
such as white dwarf cooling [17] and supernova energy
emission [18]. Axion searches are therefore highly moti-
vated not only by particle-physics considerations, but also
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by their potential to address open questions in cosmology
and astrophysics.

A key feature underlying the multifaceted role played by
the axion is its coupling to photons described by the
interaction Lagrangian

(1.1)

1 -
Eint = _ZgayyaFﬂpFlw’
where g,,, is the axion-photon coupling constant, a is the
axion field, F, is the electromagnetic field strength tensor,
and F w18 its dual. This interaction leads to conversion
between axions and photons in the presence of an external
magnetic field [19,20], with the conversion probability
typically given by
Py—»a & (gayde)zv (12)
where B is the strength of the background magnetic field
and d is the propagation distance. This coupling provides
the theoretical foundation for many experimental searches
[21,22], such as CAST (searches for solar axions) [23,24]
and ADMX (searches for dark-matter axions) [25], and so
on (see, e.g., Ref. [26] and references therein).

Given the above relationship, environments with strong
magnetic fields or long photon propagation distances are
advantageous for axion searches based on the conversion
mechanism. Such conditions are realized, for example, in
astrophysical regions surrounding pulsars [20], black holes
[27], and active galactic nuclei [28,29], which naturally

Published by the American Physical Society
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provide strong magnetic fields. In addition, photon propa-
gation over cosmological distances allows the effects
induced by axion-photon conversion to accumulate,
thereby enhancing their observational signatures.
Moreover, magnetic fields are also suggested to exist on
cosmological scales, including in the intergalactic medium
and cosmic voids [30,31]. Such environments compensate
for the relatively limited magnetic-field strengths and path
lengths achievable in laboratory experiments, making the
Universe itself a natural laboratory for probing axion-
photon conversion.

In recent years, observational techniques for detecting
high-energy photons from distant astrophysical sources
have advanced rapidly. For instance, the space-based
gamma-ray telescope Fermi-LAT [32] has enabled precise
spectral measurements over cosmological distances, while
ground-based Cherenkov telescope arrays such as MAGIC
[33] have extended observations into the TeV regime.
Moreover, next-generation ultra-high-energy gamma-ray
observatories including LHAASO [34] and Carpet-3 [35]
now provide access to the sub-PeV—-to—-PeV range, opening
a new observational window on photon propagation over
cosmic distances.

These observational developments make it possible to
trace how photons are affected during their cosmological
propagation through magnetized environments. If cosmo-
logical magnetic fields are present, high-energy photons are
exposed to them throughout their propagation history,
allowing photon-to-axion conversion effects to accumulate
over enormous distances. This accumulation enhances the
observability of signatures imprinted in photon intensity
and polarizations, and therefore axion searches that utilize
cosmic magnetic fields are expected to play an increasingly
important role in future research. Building on the formu-
lation by Raffelt and Stodolsky [20], several approaches
have been developed to model axion-photon conversion in
cosmic magnetic fields. In particular, “domain-like” mod-
els [36-39], which treat the cosmic magnetic field as a
sequence of coherent domains, and statistical approaches
[40-42], which characterize the magnetic field through its
power spectrum, have been actively explored. However, a
statistical formulation of photon polarizations over an
ensemble of cosmic magnetic fields remains unexplored.

In this work, we develop a systematic framework to
quantify how axion-photon conversion alters the polariza-
tion statistics of photons propagating through randomly
realized magnetic fields characterized by a power spectrum.
We are primarily interested in the process in which a
fraction of the photons initially present is converted into
axions.' In particular, we analytically derive not only the
expectation values of the Stokes parameters but also their
variances, which arise from the statistical nature of the

lThroughout this paper, we use the term “axion-photon
conversion” to refer to this process.

magnetic fields. A notable feature of our framework is that
it allows for a statistical treatment of magnetic fields
characterized by their power spectra, including helical
components, and it provides an analytical description of
higher-order statistics of the Stokes parameters in terms of
these quantities, in contrast to previous studies that have
neglected helicity [20,41,42], or those that have not
analytically treated polarization and higher-order statistics,
even though helicity is included [37,39,40,43]. Within this
formulation, we clarify how axion parameters are imprinted
on the polarizations of photons through their conversion in
randomly realized magnetic fields. We further derive
consistency relations linking the expectation values and
variances of the Stokes parameters, which hold independ-
ently of the detailed shape of the magnetic-field power
spectrum. Our results demonstrate that nontrivial polariza-
tion structures can emerge, with characteristics that depend
sensitively on model parameters such as the axion mass, the
axion-photon coupling, and the correlation length of the
magnetic field. By employing our formalism, electromag-
netic signals propagating over cosmological distances—
through statistically generated magnetic fields such as
cosmological magnetic fields—can be used to place mean-
ingful constraints on the axion parameter space.

The present paper is organized as follows: In Sec. II, we
review the propagation of photons in the presence of
plasma, background magnetic fields, and the cosmic
microwave background (CMB). In Sec. III, we review
axion-photon conversion in background magnetic fields.
We introduce the Stokes parameters to describe the
polarization state of propagating photons and calculate
how these parameters change due to photon-to-axion
conversion. In Sec. IV, we introduce stochastic magnetic
fields and study axion-photon conversion in these back-
grounds. Assuming that the magnetic field is Gaussian and
characterized by its power spectra, we derive the formulas
for the statistical quantities (expectation values and var-
iances) of the Stokes parameters. We also derive consis-
tency relations among these statistical quantities, which
hold independently of the specific forms of the power
spectra. In Sec. V, we numerically investigate the behavior
of these statistical quantities. Section VI is devoted to
discussion and conclusions.

II. PHOTON PROPAGATION IN THE PRESENCE
OF BACKGROUND

In this section, we review the propagation of photons in a
cosmic environment before discussing their conversion into
axions. In particular, we consider the effects of plasma, a
background magnetic field, and the CMB, and show how
these components modify the photon propagation equation.
Throughout this paper, we assume photon sources at low
redshift in the present Universe and neglect cosmological
expansion effects. In particular, neither the photon fre-
quency nor the background media (plasma, a magnetic
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field, and the CMB) are subject to redshift evolution.
Therefore, all quantities are evaluated at the present epoch.
We start with the Maxwell Lagrangian in vacuum,

1

Lo=—-F
07 Ty

P dat (2.1)
where F,, =0d,A, —d,A, is the electromagnetic field
strength tensor, and A, is the photon vector field. To
describe photon propagation, we adopt the radiation gauge
condition,

9,A" =0, AY =0, (2.2)
and we introduce orthonormal basis vectors eE") (n =x,
Y, 2) as

1 0 0
=10, M=[1]. P=[0]. (3
0 0 1

Throughout this paper, we take the propagation direc-
tion of the photon to be the z direction. In this case, the
radiation gauge condition implies A, =0, and the
photon field can be expanded as

Ai(t,x) = Z A,lt, z)e,(-">.

n=x.,y

(2.4)

With this notation, the Maxwell Lagrangian reduces to

1 A2 ”2
‘CO:EZ(An_An)’

n=x,y

(2.5)

where A =09yA and A’ = 9.A.

A. Effect of spatially homogeneous plasma

When plasma with electron number density n, is present
in the propagation environment, it modifies the dispersion
relation of the photons. This effect can be incorporated into
the Maxwell Lagrangian by introducing an effective mass
as [20]

La=3 S (R -AZ-miAd).  (26)

n=x.y

where the plasma-induced effective photon mass m,; is
given by

4rxan,
My = [—,
me

(2.7)

with @ & 1/137 being the fine-structure constant and m, the
electron mass. Throughout this paper, we assume that the

plasma is spatially homogeneous and isotropic (see, e.g,
Ref. [44] for the case of anisotropic plasma).

B. Effect of background magnetic fields

It is known that virtual electron loops induce the so-
called Euler-Heisenberg term in the effective action of
photons, and its effect cannot be neglected when back-
ground electromagnetic fields are present [20]. This term is
given by

7 -
Loven = Lo+ x| (FuP™P + L (Fu P2 (28)

where k = a?/(90m?), and F* = (1/2)e"’°F,, is the
dual of the electromagnetic field strength tensor. In the
presence of background electromagnetic fields, we decom-
pose the field strength into the background and perturba-
tions as

Fi = E; + JE;, Fij = €eju(B +6By),  (2.9)
where E; and B; denote the background electric and
magnetic fields, respectively, and JF; and 6B; represent
their perturbations. Expanding the Lagrangian (2.8) up to
second order in perturbations and neglecting higher-order
terms, we obtain

1 o
L0 = 5 (BE? — 5B%) + 8x(B? — E7)(5B” — 5E?)

+ 16k(B - 6B — E - SE)? + 28x(E - 5B + B - 5E)?
+ 56k (E - B)(SE - 5B). (2.10)

Let us consider photons propagating in the z direction
through a background magnetic field. In this case, we set

E; =0 in Eq. (2.10). It is also convenient to introduce

orthonormal basis vectors e,(-H) and e§l> in the x-y plane

such that the background magnetic field B; has no
component along eSL) and can therefore be decomposed as

Bi(z) = By(2)el! + B.(z)el”. (2.11)

Let ¢ be the angle between eiH)

m 2)

basis vectors e;'"’, e;"’, and eg

coordinate system as

and the x axis. Then, the

are written in the (x,y, z)

cos¢ —sing 0
W= sing |, e=[ cosp |. eP=]0]. (2.12)
0 0 1

Using this basis, the propagating photon field in the
radiation gauge can be expanded as

115037-3
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A(rx) = D Au(t.2)e™.

m=||,L

(2.13)

In terms of the coefficients A,,(t,z), the perturbations
of the electromagnetic field are given by JE| =
_AH,L’ OB = -A',6B, = Ail. Substituting these expres-
sions and E; = 0 into Eq. (2.10), we obtain

1

2 g _
Lp= ‘CEJJZEH|E=O =5 Z (epmAm — ﬂB}nA/n%)’ (2.14)

m=|.L

where the magnetic-field-induced permittivities ep) ; and
permeabilities pp | are

ep| = 1 — 16kB> + 56xBY, (2.15)
ep) = 1—16kB2, (2.16)
pg =1- 16xB2, (2.17)
ugl =1-16xB? - 32KBﬁ, (2.18)

with B2 EBﬁ + B2 In Eq. (2.14), we omit the spatial
dependence of ¢, assuming that the length scale of the
magnetic-field variation is much longer than the wave-
length of the propagating photons.

C. Effect of the CMB

The space through which photons propagate over cos-
mological distances contains not only cosmic magnetic
fields but also the CMB, and hence the latter should also be
treated as part of the background electromagnetic field in
Eq. (2.10). Note that the characteristic frequency scales
associated with the CMB photons and the cosmic magnetic
fields are hierarchically different, and thus they can be
treated as independent. In fact, the typical frequency of the
CMB photons is of order 10''-10'?> Hz for a temperature
T ~2.726 K, whereas the characteristic frequency corre-
sponding to the coherence scale of cosmic magnetic fields
is as small as ~1 Mpc™' ~107'* Hz. Let us model the
CMB as a statistically homogeneous and isotropic back-
ground characterized by the following statistical properties:

- - 1 - - 1,
<E1E/>CMB 3<E >CMB5ij7 <BlBj>CMB 3<B >CMB(31/7
<EiBj>CMB 0, (2.19)

where the bracket (- --)cyp denotes an ensemble average
over photons in the CMB frequency range. The effect of the
CMB on the propagating photons can then be incorporated
by taking the angular average of Eq. (2.10) as

2 1 - _
Lemp = <[’(()-2EH>CMB ) Z (eerA7 —Mef}A’%)- (2.20)

n=x.,y

Here, the effective permittivity e, and permeability g
induced by the CMB are given by

80 - 8 - 88
Eef = 1 + K<? (E*)cnp + 3 <B2>CMB> =1+ K3 Pevs;
(2.21)

80 - 8 - 88
gt =1- K<? (B*)cmp +§<E2>CMB> =1- K3 Pes:
(2.22)

where we have introduced the CMB energy density

pev = (E>)emp = (B?) - Using the CMB temperature
T =2.726 K [45] at the present epoch, this reads
PCMB — (ﬂz/IS)T4 =0.26 eV Cm_3.

D. Total effects

So far, we have investigated the effects of the plasma,
background magnetic fields, and the CMB on photon
propagation separately. Combining all the effects, the
Lagrangian for the propagating photons becomes

1 .
L=3 anl(emA; — A2 —m2AL), (2.23)

where the total permittivities ¢ ; and permeabilities 4 |
are given by

88
SH = l —|— K(?pCMB - 1632 + 56B2), (224)
88 ,
&£ = 1 + K ?pCMB - 16B s (225)
-1 88 2
-1 88 2 2

The equation of motion for the photon field A,, (m = ||, L)
derived from the Lagrangian (2.23) is

; m?
—A, +n}AL ——EA, =0,
15

m

(2.28)

where we have used d.(BA,,) ~ Bd.A,,, assuming that the
magnetic field varies only on scales much longer than the
photon wavelength. We have also defined the refractive
indices n,, = \/€,,4n,» Which are approximately given by
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88
n—1 ~ 3 KPcup + 281<Bﬁ = xcmB + 2| (2.29)

88
n, — 1 z?KpCMB + 16K'Bﬁ = YCMB +)(J_, (230)

provided that |ycmg + x| << 1. In fact, since a typical case
with peyp = 0.26 eVem™ and B = 1 uG, which is also
estimated at the present epoch, gives ycyp ~ 0.5 x 107+
and y,, ~ 1079, this approximation is well justified.

Hereafter, we consider relativistic photons whose
angular frequency w is much larger than myp. In this
regime, the equation of motion (2.28) can be further
approximated as

2
.. m
_Am + n;12A£1/1 _jAm ~ (62 - m}%l + Z(XCMB +)(m)a)2)Am

m

= (0" —m},)A. (2.31)
where 0> = —d3 + 0%. In deriving this expression, we have
expanded 7;,? and &,,! around unity, and used the approxi-
mation (ZCMB + Xm )AZL ~ _()(CMB + )(m)szm’ which
holds for relativistic photons.

III. REVIEW OF AXION-PHOTON
CONVERSION

In this section, we derive the equation for the
propagation of the axion-photon system. We then
formulate the polarization state of photons undergoing
conversion into axions while propagating through back-
ground magnetic fields. Since we focus on the process
of photon-to-axion conversion in this work, we assume
that the initial condition consists solely of photons, as
given in Eq. (3.27).

A. Derivation of the equation of the axion-photon
propagation
The free Lagrangian for the axion field a with mass m,, is
given by

1 1
L, = —5((3(1)2 —Emiaz. (3.1)
The axion couples to the photon through the interaction
term

1 -
£int = __ga}/yaFﬂuFﬂb7

7 (3.2)

where g,,, denotes the axion-photon coupling constant.
When a background magnetic field, as in Eq. (2.11), is
present, the above interaction Lagrangian reduces to a
mixing term between the axion and the photon,

Live = —Guy, B ad, (3.3)

where A is the photon field component defined in
Eq. (2.13). The resulting equations of motion for the
axion-photon system, in the presence of the background
magnetic field together with the CMB and homogeneous
plasma, are given by

(& = m2)a(z,1) = ~Gup, By (2)A (2.1),
(& = m2)A(2.1) = guyy By (il 1),

(® —m2)A,(z.1) = 0, (3.4)

where the effective photon mass is defined in Eq. (2.30)
as m}%m - m12)1 - 2(XCMB +)(m>w2'

We expand the photon and axion fields into plane waves
with angular frequency @ as

A, (t,z)=iA,(z2)e7 ™ +C.c., a(t,z)=a(z)e ™ +C.c.

(3.5)
Under the relativistic approximation, the equations of
motion (3.4) can be rewritten as
(2w(w + iaz) - mg)a(z) ~ _wgayyBll (Z)AH(Z)’
(260(60 + iaz) - m;%H)AH (Z) ~ _w9ayyB|| (Z)a(Z),
(20 +id,) — m2, )AL (2) %0, (3.6)

Q

where we have wused 0 = (w+id.)(w—id,)=
(w+1i0,)(w+k,) ~2w(w+id.). Then we arrive at a
Schrodinger-like equation,

a(z)
iaz AH(Z>
A (2)
mg 1 0
—0+35 _Egﬂ}’YBMZ) a(z)
m2
= | “29aB1(x)  —o+3 0 A4)(z)
mz A
0 0 —o+i) \ A0
(3.7)

In the following, to express the system in a general
coordinate basis within the plane orthogonal to the propa-
gation direction, we rotate the photon components defined

in the (||, L) basis as
a(z) a(z)
A2) [ =R(@) | A2) | (3:8)
Ay(2) AL(2)

115037-5
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where the rotation matrix R(¢), corresponding to rotation
by the angle ¢ in the x-y plane [see Eq. (2.12)], is
given by

1 0 0
R(¢)=10 cos¢p —sing (3.9)
0 sing cos¢

We thus obtain the equation describing axion-photon
propagation in the z direction as

i0,¥(z) = M(2)¥(z2), (3.10)

where the “wave function” ¥ is a three-component field
with two photon degrees of freedom (A,, A;) and the
axion degree of freedom a:

a(z)
A(z)
Ay(z)

W(z) = (3.11)

The mixing matrix M corresponds to the “Hamiltonian”
in the Schrodinger-like equation [46] and is given by

mg
—o+58  —39ayB)(z) 0
2
M(z)=R(¢) | —19.,,B|(2) —60-1—% 0 R7'(¢)
12
0 0 —otsE
Ha HMX HMy
= | Iy IL+1L,,  ILL, (3.12)
My, My T4+

The diagonal elements of the mixing matrix correspond
to the dispersion relations of the axion and photons
given by

m
M, =-w+-—2, 3.13
im0t (3.13)
m?,
I, = —(1 + yomp)w + . (3.14)

2w

We comment on the modification of the dispersion
relation of photons in a plasma due to the background
magnetic field, known as the Cotton-Mouton effect
and the Faraday rotation (see, e.g., Ref. [47]). These
effects induce a correction to the effective plasma mass
of the photons, om, thereby leading to II, =
(my/w)(1 4 6m*/m?).  However, for the photon

frequencies @ ~ 10'° eV and the cosmic magnetic-field

strength B ~ 1 pG of our interest, these contributions can
be neglected.2

The elements of the 2 x 2 submatrix in the bottom right
of the matrix M are

I, = — (x| cos’ ¢ + x| sin® p)w, (3.15)
I, = —(x sin? ¢ + x| cos® ¢)w, (3.16)
I, =TI, = —(y —x1)sin¢cospw, (3.17)

which correspond to the photon-photon interaction induced
by a virtual electron loop in the presence of a background
magnetic field. The other off-diagonal elements are given
by

1
HMx(Z) = _EgayyBH(Z) cos ¢v

My (2) = = gury By () sin b, (3.18)

2

which represent the axion-photon coupling through a
background magnetic field. This coupling induces con-
version between the axion and photons during propagation.

Notice that we do not consider the attenuation of photons
through pair production of charged particles, in order to
isolate the effect of conversion into axions imprinted on the
photon polarization; we direct readers interested in this
phenomenon in the present system to, e.g., Refs. [48,49].

B. Born approximation

As long as the background magnetic field is sufficiently
small, and thus the photon-photon or axion-photon inter-
actions are sufficiently weak, Eq. (3.10) can be solved with
a perturbative approach (Born approximation). We decom-
pose the mixing matrix M into the zeroth and perturbative
parts as

In fact, the orders of magnitude of these two subleading
corrections to the effective plasma mass can be estimated using
wp =L as

6m%Mzw—%~10—54 ® 2/ B \?
m? ? 100 eV 1pG)

%z% ~ 10_27 @ - B
my o 1010 ev 1pG)’

where 6mcy; and dmy denote the contributions from the Cotton-
Mouton effect and the Faraday rotation. Here, @ represents a
typical photon frequency to be specified later (which corresponds
t0 weq). For such frequencies, these corrections are negligible in
the following analysis.

115037-6
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nm, o0 0 0 0 0
M= 0 I, 0 |+ [0 I II,
0 0 I, 0 1, II,
0 HMX HMV
+ | My )
My
=M+ ./\/lyy z) + Mg, (z) (3.19)

where the perturbative Hamiltonian M,,, corresponds to the
photon-photon self-interaction induced by the background
magnetic field, while M, corresponds to the axion-photon
interaction that causes conversion between them. The
present system resembles the Schrodinger equation with
a time-dependent perturbation Hamiltonian added to the
unperturbed Hamiltonian, which can be solved in terms of
the transfer matrix U(z,0), defined by

Up(z.0) = emiMoz, (3.22)

Using this expression, the transfer matrix up to first order
can be written as

U(z,0) = Uy(z,0) [13X3 —1/ dsU (s, 0)(M,,(s)

(=)

+ M, (s) s,O}
(

=Uy(z,0)[I3x3 +U,,(2,0) + U, (2,0)],  (3.23)

where /5,5 is the 3 x 3 identity matrix. The second term is
defined by

Zz
U, (2.0) = i / AU (5. 0) M, (s)Uo (5. 0)
¥(z) = U(z,0)¥(0). (3.20) 0
0 0 0
We expand it in terms of the perturbation order as =—i / “as| o I, (s) IL,(s) |, (3.24)
0
0 II,(s) IIL,(s)
U(z,0) = Uy(z,0) + U, (z,0) + (3.21)
The zeroth-order part U/, can readily be obtained as | while the third term is defined by
Z +
U, (2.0) = i / dstdl(s.0) M., () o . 0)
0
0 ™ Ty (s) €™ Ty, (s)
— —i/z ds| e ™Iy, (s) 0 0 . (3.25)
0 .
e 5T, (s) 0 0
|
where IT =TII(w) is a function of the photon angular 0 0 0
frequency w, defined by 1 )
Pini =75 0 Iy+0Qy Uy—iVy (3.27)

|m2 - m21|
M, -1, =——— 4 yoypo.

M(w) = 7

(3.26)

C. Density matrix and observables

To discuss the polarization state of the propagating
photons, we introduce the Stokes parameters defined over
an ensemble of photons. This ensemble is characterized by
the “density matrix” p = >, p;¥; ® ‘PZT, with p; being the
probability to have the “state” ¥; in Eq. (3.11). We assume
that only photons are present initially, and in this case the
density matrix can be written as

0 Up+iVy Iy—0

Here, the four real parameters Iy, Qq, Uy, and V are
referred to as the Stokes parameters: I denotes the total
intensity of the initial photons, Q, and U, denote their
linear polarizations, and V|, denotes their circular polari-
zation. Since in this paper we are interested in how
nontrivial polarizations arise from axion-photon conver-
sion during propagation, we take the initial photons to be
unpolarized:
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The state of the system after propagating a finite distance
through a magnetic field can be calculated using the
transfer matrix U(z,0) as

p(z) =U(z,0)pinild " (2,0)
100
:%U(z,0)13x3lf(z,0)—%U(Z,O) 00 0 |U(z,0).
000
(3.29)

The Stokes parameters after propagation can be read off as
1
(@) = py+p33 =1 —§(|Z/{21|2 + [Usi]?),

1
Q(w) = py —p33 = —§(|Z/l21|2 - W31|2),
U(w) = pys + p32 = —Re[Uy U],

V(w) = i(py — p32) = Im Uy U5, . (3.30)

ato) = (%) [ [ asaste 18, (), (5) 4 3,508,

plo) = (%) [ [ asas e 015,5)8,(5) - 8,618, (5]

Jary \* [* [* 1 —ill(w)(s—s") /
c(w) = > ) ) dsds'e B.(s)B,(s").
|

These are second-order quantities in the magnetic field, and
they are expressed as the coordinate integral of the product
of the magnetic field B;(s)(i = x,y) and the oscillatory
factor ™M) with frequency Il(w) = |mg —m?|/
(2w) + ycmp®. Since the initial intensity (total
number of photons) has been normalized to Iy = 1, the
probability of photon-to-axion conversion is given
by 1 —I(w) = a(w)/2.

This result indicates that, when the initial photons are
unpolarized, the effect on photon polarization can be
calculated solely from the axion-photon interaction repre-
sented by M, without using the photon-photon interaction
represented by M,,, under the Born approximation. In other
words, for initially unpolarized photons, the interaction term
M,,, which arises from the Euler-Heisenberg (EH) term in
Eq. (2.8) in the presence of background magnetic fields,
does not contribute to the evolution of photon polarization
within the validity of the Born approximation. On the other
hand, the EH term also modifies the photon dispersion
relation through the background CMB radiation field
(see Sec. 11 C). In particular, this effect contributes to the

Here, I represents the intensity of photons after propagating
over a finite distance, while Q and U describe their linear
polarization and V their circular polarization. From
Eq. (3.30), we find that the Stokes parameters after
propagation are independent of the components of the
matrix U, [see Eq. (3.25)].

Substituting the solution for (z,0) from Egs. (3.23)-
(3.25) into Eq. (3.30), we obtain

I(w) =1 —%a(a)),
0(0) = -3 b(@)

V(w) = Im[c(w)], (3.31)
where a, b, and ¢ are given by
(3.32)
(3.33)
(3.34)
difference between the two dispersion relations,

[(w) =TI, —I1,. As a result, even though the contribution
of the EH term induced by magnetic fields M,, does not
affect the polarization evolution of initially unpolarized
photons under the Born approximation, the contribution
arising from the CMB modifies the dispersion relation and
thereby influences observables through IT(w).
Before concluding this section, we note the identity
(1-1)2=0*+U*+V?, (3.35)
which follows from Eqgs. (3.31)—(3.34) irrespectively of the
magnetic-field configuration. This shows that, for any
magnetic-field configuration, initially unpolarized photons
inevitably acquire a nontrivial polarization through axion-
photon conversion.

IV. CONVERSION IN STOCHASTIC
MAGNETIC FIELDS

In this section, we introduce stochastic magnetic fields
characterized by their power spectra and study axion-
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photon conversion in such backgrounds. Owing to the
stochastic nature of the magnetic fields, the Stokes param-
eters affected by the conversion also become stochastic. We
compute the expectation values and variances of the Stokes
parameters and express them in terms of the magnetic-field
power spectra.

A. Magnetic-field power spectra

Hereafter, we assume that the background magnetic field
is a statistically homogeneous, isotropic, Gaussian random
field. Such a field can be characterized by the two-point
correlation function [50,51],

(Bi(¥)B;(X))
Bk
(2z)?

where k = |/k2 + k2 + k2 and k; = k;/k. The bracket (- - -)

denotes an ensemble average over infinitely many realiza-
tions of the magnetic field. Pgz(k) and P,z(k) are the
symmetric and antisymmetric parts of the magnetic-field

oIk (F-T) [( 5, -

spectrum, respectively. The factors (6, — IAcilch) and e,-jmlAcm
in Eq. (4.1) ensure that the magnetic field is divergence-
free. Furthermore, the term proportional to ¢; jmlAcm captures
the rotational structure of the magnetic field and represents
the parity-odd part of the correlator. The imaginary unit i in
the second term is included so that Pz (k), like Pg(k),
remains real. When P,z(k) # 0, the magnetic field is
referred to as helical.

B. Stochastic properties of Stokes parameters

Let us consider photon propagation over a finite distance
d and investigate how their polarization state is affected by

conversion into axions in a background magnetic field.
From Egs. (3.32)-(3.34), this effect is expressed as the
integral along the propagation path of length d. For brevity,
hereafter we use the shorthand notation for integrations
along the path, as well as for integrations over wave-vector

Space:
d 3
L=l =]
K 0

When the background magnetic field is stochastic, the
resulting Stokes parameters also become stochastic quan-
tities. We thus calculate the expectation values and var-
iances of the Stokes parameters with respect to the
ensemble of magnetic-field realizations. The expectation
value Exp[O] and variance Var[O] of an observable O with
respect to this ensemble are written in terms of the bracket

(---) as

Exp[O] = (0),

(4.2)

Var[0] = ((0-(0))?) = (0%) -

Since the Stokes parameters are written as functions of the
magnetic field in Egs. (3.31)-(3.34), computing their
statistical properties reduces to evaluating the correlation
functions of the magnetic field. Specifically, the expect-
ation values of the Stokes parameters depend on two-point
correlation functions of the magnetic field, whereas com-
puting their variances generally requires four-point func-
tions. Under the Gaussian assumption for the magnetic
field, however, the four-point functions factorize into
products of two-point functions through Wick contractions,
and hence the calculation ultimately reduces to evaluating
only the two-point correlations. As shown in Appendix A,
the expectation values and variances of the Stokes param-
eters are obtained as

Exp[l — I|(®) = a, Var[l = [|(w) = 3(&* + f* + 7> = &) =5+ +717),

Exp[Q](w) =0, Var[Q(0) =5 (o = f* + 7> + &) = 5(a* = +77), (4.4)
Exp[U](w) = 0, Var[U](w) =31 (a® = 2 + 7> + &%) =5 (o = f* + %),

Exp[V](w) = =5, Var[V](w) = L (@ + 2 = 7> + &) = L (@@ + p2 = 1),

where a, f3, v, and ¢ are defined as the following integrals over wave-vector space:

o) = (22" [T 5 Pt

<%>2 A T(k,: )k, Py (k).
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1+k2
”PB(k)

e () o
5(w) (g“”> /jk w)k.P (k) = 0.

In these expressions, the integral kernels Z and [J are

(4.5)

given by

2
I(kz;a))E/ o—i(T(@)—k.)(s=s') — /e—i(H(w)—kz)A‘ , (4.6)
T (ko) = M / o-illl0)—k)s / i) Hk)s  (4.7)

All these integrals depend on the photon angular frequency
o through Tl(w) = |mg — m3|/(2w) + ycvpo. Note that
both kernels Z and 7 are real functions. Furthermore, the
kernel J is an even function with respect to k_, and this is
why the integral 6 vanishes identically. Performing the
integration over s, these kernels reduce to

(a.p.7.0) < {

respectively.

T(ks;0) = [20]81[;(_9(‘,{(]?2’);”)/ 2)}2’ (4.8)
. [2dsin(0(k;@)/2)] [2dsin(0_(k,; )/2)
e e ¥ Tl
(4.9)
where
0. (ks ) = (I(w) £ k,)d. (4.10)

The four quantities a, f3, y, and 0 arise from the computation
involving the two-point function of the magnetic field and
constitute the basic building blocks of the result. The origin
of the four patterns can be understood based on whether the
two magnetic-field components in the two-point function
are identical or different, and whether the coordinate
integrals yield the kernel Z or J. These two choices
uniquely determine the pattern. More specifically,

magnetic-field components: (same, different, same, different),
kernel type: (Z,Z,J.J),

The power spectra Pg(k) and P,p(k) depend only on the magnitude of the wave vector due to the assumption of
statistical isotropy. Thus, the four integrands in Eq. (4.5) are rotationally symmetric in the k,-k, plane, and we can reduce

the number of integration variables to obtain

2 foo
Zary / dkP .5 (k)Cy(T1d, kdl),
0

2 (o
y = <@ / dkPy(k)C, (11d, kd),
4 0
2 o
5= <M> / dkP .5 (K)C5(T1d, kd). (4.11)
4 0
Here, C;’s (i = a, f, y, 6) denote convolution kernels that depend on Ild and kd, and are given by
I [2sin(6_/2)]%21+ 22
C,(Nd, kd) = (kd)? / PAELLICRE
A | 2
I [2sin(6_/2)]?
Cy(11d, kd) = (kd)? / dz % z.
-1 L _ ]
1 [2sin(0,/2)] [2sin(6_/2)] 1 + 22
= 2 +
¢, (11d. kd) = (kd) /_1 S [ - 'z,
I [2sin(6,/2)] [2si 2
C(S(Hd’ kd) — (kd)z/ dZ Slné +/ ) |: Slﬂé —/ ):|Z — 0’ (412)
-1 L + i —
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with

0. =(w)d £ kd-z. (4.13)
The integration over z can be carried out analytically, but
the resulting expressions are rather lengthy; for clarity, we
compile them in Appendix B. We emphasize that the same
integral kernels also appear in graviton-photon conversion
(see Ref. [52]), indicating that the kernel structure derived
here is not specific to the axion-photon system, but is
shared by other systems in which light particles convert into
one another via a background magnetic field.

The four integrals described thus far completely deter-
mine the behavior of the Stokes parameters. As seen from
Eq. (4.4), the expectation value of the conversion proba-
bility 1 — I takes nontrivial values and is determined solely
by the integral a. Furthermore, in the case of helical
magnetic fields (P,z # 0), the expectation value of the
circular polarization V also becomes nontrivial and is
described solely by the integral . On the other hand, the
expectation values of the linear polarization components Q
and U vanish due to the statistical isotropy of the magnetic
field. The variances of the Stokes parameters are given by
specific combinations of the squares of the four integrals a,
p, v, and 6. The variances of the intensity, linear polarization,
and circular polarization involve negative contributions from
the terms proportional to &%, 47, and y?, respectively.

C. Consistency relations

In this subsection, we discuss consistency relations
among the statistical quantities that follow from
Eq. (4.4) independently of the specific forms of the
magnetic-field power spectra. First, we immediately obtain

Var|Q] = Var[U]. (4.14)
Note that, while this equality reflects the statistical rota-
tional symmetry in the x-y plane and is rather trivial, the
appearance of nonzero variances itself is a nontrivial
consequence in the axion-photon system: in the case of
the graviton-photon system (see Ref. [52]), the correspond-
ing quantities vanish identically.

We obtain another relation by eliminating y through the
combination Var[1 — I] + Var[V] and expressing « and  in
terms of the expectation values of / and V,

Var[l — 1] + Var[V] = Exp[l — I]*> + Exp[V]®. (4.15)

We obtain yet another relation as follows: We eliminate o
and f and express the integral y in terms of the variances of
[ and V as y?> = Var[l — I] — Var[V]. Alternatively, y can
also be written by combining the variances of Q and
U with the expectation values of [ and V as
y* = Var|Q] + Var[U] — Exp[l — I]*> + Exp[V]*. Equating
these two expressions for y> leads to

Var[l — I] + Exp[l — 1]?

= Var[Q] + Var[U] + Var[V] + Exp[V]*. (4.16)
This relation can also be obtained directly by taking an
ensemble average of Eq. (3.35), which can be rewritten as

(1=12) =(Q*+ U*+V?). (4.17)

The set of the above three relations, Egs. (4.14)—(4.16),
can be equivalently rewritten as

Var[Q] = Var[U],
Var[l — I] = Var[Q] + Exp[V]%,

Exp|[l — I]> = Var[Q] + Var[V]. (4.18)
We call the set of three equations consistency relations
in the axion-photon system. If the magnetic field
follows Gaussian statistics and the Born approximation
is valid, statistical analysis of the Stokes parameters for
initially unpolarized photons propagating through the
magnetic field should reproduce these relations. This
can be achieved by repeatedly measuring the photons
that survive photon-to-axion conversion. Under the
above assumptions, these relations hold independently
of the specific forms of the magnetic-field power
spectra.

V. NUMERICAL ANALYSIS

In this section, we consider typical forms of the
magnetic-field power spectra Py(k) and P,p(k), and we
numerically evaluate the resulting Stokes parameters of
photons affected by conversion into axions. Specifically,
we show how the Stokes parameters discussed in Sec. IV
behave as functions of the photon angular frequency .
Below, we examine the behavior of the following quantities
separately: the integral kernels C,, Cy, and C,; the integrals
a, p, and y, obtained by convolving the kernels with the
power spectra; and the expectation values and variances of
the Stokes parameters.

A. Kernels C,, C4, and C,

The dimensionless integral kernels C,, C4, and C, are
givenin Eq. (4.12). In Fig. 1, we show the behavior of these
kernels as functions of kd for several representative values
of I(w)d, while Cy is omitted, since it vanishes identically.
Note that these kernels are independent of the specific
forms of the magnetic-field power spectra, and thus provide
a universal basis for evaluating the response of the axion-
photon system across different magnetic-field ensembles.

Let us summarize several key properties of the kernels
observed in Fig. 1 by considering the two cases I1d < 1 and
I1d > 1 separately:
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FIG. 1. Convolution kernels C,, C - and C, with various values of
I1(w)d are shown as functions of kd. The black, red, green, and blue
curves correspond to IT(w)d = 0.1, 1, 10, and 100, respectively. The
dashed curves indicate that the kernel takes negative values.

(1) Ild < 1: In this case, the kernels C, and C, converge
to the same functional form and become indepen-
dent of Ild. In contrast, the magnitude of the kernel
Cﬂ increases linearly with Ild. For all kernels, a
transition in the power-law scaling occurs around
kd = O(1). Their behaviors are C,(~C,) « (kd)*
and Cy (kd)? in the infrared region (kd < 1), while
Cy(=C,) xxkd and C4z = const. in the ultraviolet
region (kd = 1).

(2) IId > 1: In this case, each kernel changes its
behavior around kd = O(1) and kd ~Ild. For C,
and Cﬂ, their behavior is similar to the case of Ild <
1 in the region kd Z Ild, whereas in the region kd <«
I1d these kernels are strongly suppressed. On the
other hand, C, is suppressed over the entire range of
kd compared to the case of I1d < 1. This suppression
becomes stronger as Ild increases. In the infrared
region (kd < 1), the kernels behave as C,(~ Cy) x
(kd)* and Cj « (kd)*. In the region 1 < kd <11d,
nontrivial modulations are observed. In particular, in
the ultraviolet region (kd = 1), the kernel CY exhibits
oscillatory changes in the sign depending on the
value of Ild.

B. Integrals a, §, and y

Next, we numerically evaluate a, 5, and y in Eq. (4.11),
obtained by convolving the kernels C,, C4, and C, with the
magnetic-field power spectra Pg(k) and P,p(k). For
illustration, we adopt the following forms of the power
spectra from Ref. [50]:

PB(k) = PB* X " s (51)
(B)" m=-t >k
) ng =3 (k<k)
PaB(k) - PaB* X n s
(ﬁ ah, nah*_%v (k>k*)
(5.2)

where Pp, and P,p, denote the peak amplitudes of the
symmetric and antisymmetric components of the power
spectra, respectively, and k, is the characteristic wave
number of the magnetic field. The indices n; and n, (n,
and n,;,) specify the scale dependence of Py (P,3) in the
infrared and ultraviolet regimes, respectively.

In the following, we focus on the maximally helical
magnetic field with Py, = P,p. as a concrete example.
(For the nonhelical case Pz, =0, see Appendix C.) In
Fig. 2, we show the profiles of the integrals «a, f, and y
(from top to bottom), plotted in both log-linear (left
column) and log-log (right column) formats as functions
of II(w)d for several values of k,d. On the vertical axes of
each panel, we show each integral normalized by two
different scales: on the right axis, we use the typical
amplitude g3, Pp.kid/167%, while on the left axis, we
use a combination of physical quantities normalized by
their typical values. For the latter, B, is the characteristic
magnetic-field strength at the peak scale k, [50]:
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FIG. 2. Integrals a (top), # (middle), and y (bottom) with the magnetic field power spectra (5.1) and (5.2) are plotted. The black, red,
green, and blue curves correspond to the cases k.d = 0.1, 1, 10, and 100, respectively. In each panel, the upper horizontal axis is the

dimensionless variable Il(w)d, and the lower horizontal axis is ® in units of @ = (|m3— mgl\ /2cmp)t, where
(jm2 - mgl\)% =10"" eV, 2ycmp = 1072, and d = 100 Mpc are used. The orange dashed line represents @ = w,,. The right vertical
axis is the value of a, f3, or y normalized by gEWPB* k2d /167> For 5, we set P, = Pp,, assuming the maximally helical case. The left
vertical axis is the value of a, 3, or y normalized by giyr,lO‘lz Gev-t = (Gayy /10712 GeV™1)2, B2 = (B, /nG)?, dgg mpe = d/100 Mpc,
and A,ype = 4./Mpc. In each row, the left and right panels show the same quantity: the vertical axis is linear in the left, but logarithmic in
the right. In the bottom-right panel, the dashed curves indicate that y takes negative values.

photon angular frequency w are shown on the upper and
(5,3) lower axes in each panel, respectively. Note that [1(w)d is a
function of @ given by

kng*

7[2

B,

In addition, we define the characteristic correlation length
of the magnetic field as A, = 2z/k,. Regarding the hori- H(w)d = (
zontal axes, the dimensionless variable I1(w)d and the

|m2 —m

2
pll

d, 5.4

om +)(CMBCU> (5.4)
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which is parabolic in @ when plotted on a logarithmic scale,
unless m, = my. Thus, II(w)d takes its minimum value,

(weq)d = ) 25cmp|ma — my|d, at

mg — m§1| B

2¢cmB

‘1
mg; —my |\
I x100 eV | ——2°
© (10—22ev2

2cms\ 2
Accordingly, when the integrals a, f, and y are plotted as
functions of w, the curves fold at the point ® = w¢,. In
Fig. 2, we use a representative set of parameter
values, [mg —mpy| =107 eV?, 2ycyp = 107, and

Cl)eq =

(5.5)

d =100 Mpc, for illustration. The point @ = @, is indi-
cated by the orange dashed line in each panel. The angular
frequency @ on the lower horizontal axis is expressed in
units of Weg and the axis is folded at w = Weq-

From Fig. 2, we observe several key properties of the

integrals a, f, and y:

(1) In the case of k.d < 1, the overall amplitude of the
integrals a, #, and y monotonically decreases as k,d
decreases. The behavior of these integrals qualita-
tively changes around Ild = O(1). In the region
Ild > 1, a and f approach the same functional form,
while y is smaller. The frequency dependence is
estimated as @ = 8  (T1d)~>/3, while y « (I1d)~2 in
this region. In the region Ild < 1, on the other hand,
a and y approach the same form, while f is
suppressed. The frequency dependence is
a =y = const., while f « I1d in this region.

(2) In the case of k.d > 1, Ild =~ k.d provides a charac-
teristic scale for all three integrals, @, f, and y.
Moreover, I1d = O(1) serves as an additional char-
acteristic scale specific to y. In the first region
(Ild > k,d), a and p approach the same form
a = « (T1d)~>/3, while y approaches y « (I1d)~2.
In the second region (k,d > I1d > 1), a is dominant
over the other two integrals. In the third region
(1> 11d), a and y approach the same functional
form, while S is suppressed.

C. Expectation values and variances of Stokes
parameters

As shown in Eq. (4.4), the expectation values and
variances of the Stokes parameters I, Q, U, and V are
expressed in terms of the integrals a, f#, and y. In Figs. 3-5,
we present the behavior of the Stokes parameters as
functions of Il(w)d for several values of k,d. Note that
we selectively present the Stokes parameter Q as a
representative of linear polarization, since the parameter
U exhibits an identical statistical structure. In each panel,
the thick black curves show the expectation values

Exp[l — 1], Exp[Q], and Exp[V], while the gray shaded
regions represent the standard deviations /Var[l — 1],

Var[Q], and /Var[V]. The three bands correspond to
the standard deviations scaled by factors of (1, 1/ \/E
1/4/100), illustrating how the statistical uncertainty
decreases as the number of independent measurements
increases. These shaded regions model a situation in which
photons are observed from multiple, nearly identical
sources located in different directions. In this case, the
only differences among the observations arise from differ-
ent realizations of the magnetic field, and thus the variance
decreases inversely with the number of observations.
Accordingly, the three bands can be interpreted as corre-
sponding to approximately 1, 10, and 100 independent
observations.

For the expectation values of the Stokes parameters, not
only the intensity / but also the circular polarization V can
acquire nontrivial values, which are determined solely by
the integrals a and pJ, respectively [see Eq. (4.4)].
Accordingly, the behavior of the black curves in
Figs. 3 (Exp[l —I]) and 5 (Exp[V]) directly reflects these
integrals shown in Fig. 2. The nontrivial expectation value
of the circular polarization V originates from the helical
component of the magnetic-field power spectrum, P,z. By
contrast, as shown in Eq. (4.4), the expectation values
of the linear polarizations Q and U vanish identically,
as a consequence of the statistical isotropy of the mag-
netic field.

In contrast, the variances are determined by combina-
tions of the integrals a, f3, and y, as shown in Eq. (4.4), and
hence their behavior is somewhat more complicated. Let us
summarize their key properties:

(1) The variance of 1 — I is determined by the combi-
nation § (a? + % 4+ y?). In the case of k.d <1, its
behavior changes around Ild = O(1): In the fre-
quency range I1d > 1, o® and $° contribute to the
variance in the same order, but y? is suppressed,
and thus the variance becomes of the same order
as the square of the expectation value,
e+ +72) (@ + ) ~ o = Expll - 11
In the range Ild < 1, however, y*> grows and
reaches a2, but > becomes suppressed, and hence
the variance finally reaches the square of the expect-
ation value, §(a? + >+ y*) m1(? +7?) > a* =
Exp[l — I]? as I1d — 0.

In the case of k,d> 1, on the other hand, a
nontrivial structure appears in the intermediate range
(k.d>Tld > 1). In this range, the variance is
N>+ +7*)~1a% and hence the variance
and the expectation value satisfy Var[l —/]~
1Exp[l — I]?, which means that the variance in this
range is smaller by a factor of 2 than that in the
range Ild <« 1.
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Conversion probability P,_, = 1 — I with the maximally helical (P,p. = Pp,) magnetic-field power spectra (5.1) and (5.2) is plotted for

k.d = 0.1, 1, 10, and 100 from top to bottom. In each panel, the black line represents the expectation value Exp[1 — /], and the shaded bands represent
the standard deviations /Var[l — 1], \/Var[l = 1]/10, and /Var[l — 1]/100. The upper horizontal axis is the dimensionless variable IT(w)d, and the
lower horizontal axis is @ in units of we, = (|m2 — m12)1|/2)(CMB)% with (|m?2 — m]2)1|)% =10"" eV, 2ycmp = 1072, and d = 100 Mpc. The orange
dashed line indicates @ = w,y. The right vertical axis is 1 —/, normalized by g?WPB*kgd/l&rZ. The left vertical axis is 1 —/, normalized by
giwvm,,z Gev-1 = (Gay, /10712 GeV1)2, B2 = (B, /nG)?, dyo0 wipe = d/100 Mpc, and A,y = 4, /Mpc. In each row, the left and right panels show the
same quantity: the vertical axis is linear in the left, but logarithmic in the right.
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FIG. 4. Stokes parameter Q (linear polarization) of photons with the maximally helical (P, 3, = Pp,) magnetic-field power spectra
(5.1) and (5.2) is plotted for k,d = 0.1, 1, 10, and 100 from top to bottom. In each panel, the black line represents the expectation value

Exp[Q] = 0, and the shaded bands represent the standard deviations /Var[Q], \/Var[Q]/10, and \/Var[Q]/100. The upper horizontal

axis is the dimensionless variable Il(w)d, and the lower horizontal axis is @ in units of we, = (|m3 —m§1|/2;(CMB)%, with
1

(Jm2 - mgl\)z =10"" eV, 2ycup = 1072, and d = 100 Mpc. The orange dashed line indicates @ = w,,. The right vertical axis is

Q normalized by g2, Pp.k?d/16x°. The left vertical axis is Q normalized by giw 10-2 Gev-! = (Gayy /10712 GeV1)2, B s = (B, /nG)?,

d 00 mpe = d/100 Mpc, and A,ppe = 4,./Mpc. In each row, the left and right panels show the same quantity: the vertical axis is linear in
the left, but logarithmic in the right.
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FIG. 5.

Stokes parameter —V (circular polarization) of photons with the maximally helical (P,5, = Pp,) magnetic-field power spectra (5.1) and (5.2)

is plotted for k,d = 0.1, 1, 10, and 100 from top to bottom. In each panel, the black line represents the expectation value —Exp[V], and the shaded bands
represent the standard deviations /Var[V], 1/Var[V]/10, and 1/Var[V]/100. The upper horizontal axis is the dimensionless variable IT(w)d, and the
Y2 =10"" eV, 2yemp = 107#2, and d = 100 Mpc. The orange
dashed line indicates @ = w,q. The right vertical axis is —V normalized by gngB*k%d /16x% The left vertical axis is —V normalized by
giwvlo_,z Gev-i = (Gayy /10712 GeV™1)2, B = (B, /nG)?, dygg mpe = d/100 Mpc, and 2,yppe = A, /Mpe. In each row, the left and right panels show the
same quantity: the vertical axis is linear in the left, but logarithmic in the right.

lower horizontal axis is @ in units of we, = (|mg — my|/ 2yemp)? with (jm2 — m
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(2) The variance of Q is determined by the combination
1(a* = >+ 7?). In the case of k,d < 1, only Ild =
O(1) appears as a characteristic scale: In the
frequency range Ild > 1, the variance becomes
3@ = +7) my(a® =) ~a® = Exp[l - I]%,
while in the range I1d < 1, the variance approaches
3@ =g+ x5 +7?) > a® =Exp[l - I?
as [ld — 0.

In the case of k.d > 1, in addition to the scale
IId = O(1), a new characteristic scale Ild ~ k.d
appears. In the intermediate range (k.d > I1d > 1),
the variance takes the form %(0!2 -+~
1a? = 1Exp[l — I]?, which indicates that the vari-
ance in this range is reduced compared to that in the
range Ild <« 1, similarly to 1 — 1.

(3) The variance of V is determined by the combination
1(a® + p* = y?). In the case of k.d < 1, the variance
Var[V] is comparable to the square of the expect-
ation value Exp[V]? in the entire frequency range.

For k,d>1, in the intermediate range
(k,d > Tld > 1), the variance is dominated by o,
and thus it is roughly constant with respect to I1d,
while it decreases in the range [1d < 1 due to the
negative contribution from —y?.

Before concluding this section, we comment on the
relative sign between the circular polarization parameter V
and the helicity of the background magnetic field P,p,. In
our definition, positive signs of V and P, correspond to
right-handed helicity [50]. Figure 5 shows that the photon
circular polarization V that appears after propagation is
opposite to the helicity of the background magnetic field
P .. This behavior can be understood in the rest frame of
the produced axion. In this frame, the two participating
photons must have opposite spins to produce a spin-zero
particle (axion), and hence photons with the same helicity
as the background photon tend to get converted into the
axion. Thus, starting from an unpolarized ensemble (equal
numbers of right- and left-handed photons), the conversion
selectively removes photons with the same helicity as the
background magnetic field when the latter contains an
antisymmetric (helical) part.

VI. DISCUSSION AND CONCLUSIONS

In this work, we have investigated the conversion of
photons into axions in the presence of stochastic magnetic
fields, with particular attention to the cosmological mag-
netic environments expected in the Universe. When pho-
tons propagate in a magnetized region, the axion-photon
coupling induces oscillations between these degrees of
freedom. If the magnetic field is stochastically realized, the
randomness of the magnetic-field structure plays a crucial
role in shaping the statistical properties of the resulting
photon signals. Therefore, a statistical framework becomes
essential to describe the conversion process, which we have

developed in the present work. Following this framework,
we derive the formulas for the expectation values and
variances of observables associated with photons affected
by the conversion, using ensemble averages over Gaussian
magnetic-field realizations. Furthermore, by including the
possible helical component of the magnetic field, we
provide a more complete description of the axion-photon
conversion than has been developed in earlier works
[40,41]. This improvement extends the range of situations
to which our formalism can be applied, thereby enhancing
the prospects for axion searches that exploit photons
propagating through cosmic magnetic fields as a probe.

In Secs. II and III, we review photon propagation in
several relevant situations and derive the propagation
equations for the axion-photon system. We then solve
them using the Born approximation. To describe the photon
polarization state, we introduce the Stokes parameters and
study how initially unpolarized photons are affected by the
conversion into axions.

In Sec. IV, we derive expressions for the expectation
values and variances of the photon Stokes parameters in
terms of the magnetic-field power spectra, assuming a
Gaussian magnetic field and an initial state given by
unpolarized photons. As shown in Eq. (4.4), these quan-
tities are compactly expressed in terms of four basic
components: a, 5, y, and 6, where ¢ vanishes identically.
Each component is expressed as a convolution of the
magnetic-field power spectrum with its own kernel [see
Eq. (4.11)]. We find that the expectation value of
the intensity / becomes a nonzero signal, and that of the
circular polarization V also becomes nonzero when
the magnetic field has a helical component, whereas the
expectation values of the linear polarizations Q and U
vanish. In contrast, we find that the variances of all Stokes
parameters, /, Q, U, and V, are nonzero, even when the
initial photon state is statically unpolarized. We also obtain
a set of three consistency relations (4.18) among the Stokes
parameters. One difference we find between these results
and those in the graviton-photon system investigated in
Ref. [52] is that, in the latter system, the linear polarizations
Q and U are not generated from unpolarized gravitons for
any background magnetic field, and thus only one con-
sistency relation is obtained.

In Sec. V, using the magnetic-field power spectra given
by Egs. (5.1) and (5.2) as a specific model, we examine the
behavior of the Stokes parameters as functions of the
parameters in this system. The parameters are the effective
mass difference between the axion and the photon IT =
I, =10, = [mg — m}|/(20) + ycmpw  (with  the  axion
mass m,, the plasma-induced photon mass my, the
CMB-induced susceptibility ycyp, and the angular fre-
quency of the waves w), the propagation distance d, and the
typical wave number of the magnetic field k,. Among
these, two dimensionless combinations Ild and k,.d can be
constructed, which characterize the axion-photon system
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and the background magnetic field, respectively. In
Sec. VA, we first show the behavior of the convolution
kernels. In Sec. VB, we numerically investigate the
dependence on Ild (or the angular frequency w) of the
integrals «, 3, and y for various values of k,d. Note that,
since TI(w)d is a nonmonotonic function of w, all the
integrals generally possess a folding structure with respect
to w. Using these results, in Sec. V C, we show the behavior
of the expectation values and variances of the Stokes
parameters /, Q, and V. (The behavior of U is the same
as that of Q.) Note that the Stokes parameters inherit the
folding structure with respect to w from the integrals a, f3,
and y. We find that the expectation value of the conversion
probability Exp[1 — I] changes its behavior from increasing
with oscillation (large I1d) to constant (small I1d) at [1d =
O(1) for k,d < 1, whereas it changes from increasing
(large I1d) to constant (small I1d) at [1d = k.d for k.d > 1
(see Fig. 3). On the other hand, the variance Var[l — /]
shows a more curious @ dependence. Specifically, we find
that the particular frequency range 1 <Ild < k.d has a
standard deviation relatively smaller than the expectation
value (see the bottom panels of Fig. 3). Thanks to the
smaller variance, this frequency range can be favorable for
observing signatures of the conversion. For the linear
polarization @, we find that the expectation value
Exp[Q] trivially vanishes for the entire frequency range,
while the variance Var[Q] does not. For k.d < 1, the
behavior of the latter changes at Ild = O(1), while for
k.d > 1, an additional scale Id ~ k,d appears (see Fig. 4).
For the circular polarization V, we find that the expectation
value —Exp[V] appears with a peak structure for any value
of k.d. For k.d < 1, it appears around Ild = O(1), while
for k.d > 1, it shifts to I1d ~ k,d. The variance Var[V] in
the case of k.d > 1 again shows a richer structure in the @
dependence (see Fig. 5).

As shown in the fourth row (k,d = 100) of Figs. 3-5, for
representative values of the system parameters B, ~ nG,
k. ~Mpc™!, d~100 Mpc, |mg —my|~107%* eV?, and
Gayy ~ 10712 GeV~!, nontrivial signals appear in the
Stokes parameters within a specific frequency region,
107 weq S @ < 10wy, corresponding to @ ~ 10 MeV-
10 TeV. Especially, toward both ends of this region, the
conversion probability reaches its maximum. A notable
peak structure in the circular polarization also emerges
there when the magnetic field is helical. There are several
possible sources of photons belonging to this frequency
region. For example, such high-energy photons may
originate from active galactic nuclei jets [53], gamma-
ray bursts [54], pulsar wind nebulae [55], supernova
remnants [56], star-forming galaxies [57], and so on (for
reviews, see Refs. [58,59]). The arrival rate of TeV-scale
photons decreases steeply with energy due to the extra-
galactic background light attenuation [46]. Consequently,
high-energy photons that have successfully avoided this
attenuation and propagated over long distances through the

cosmological magnetic field may provide a potential probe
for axions.

We conclude by mentioning several possible directions
for future work. First, it would be worthwhile to generalize
the initial polarization state. In the present paper, we
assumed unpolarized photons as the initial condition;
however, if the initial state possesses a nontrivial polari-
zation, it may affect the resulting observables. Second, it
would be valuable to develop a formulation that applies to
multiple magnetic-field domains. Although the present
analysis assumes a single domain described by a single
set of magnetic-field power spectra, realistic cosmological
magnetic fields are expected to consist of many domains
with varying orientations and coherence lengths. Third, for
sources at high redshift, cosmic expansion can leave
interesting imprints in the amplitude/polarization structure.
Finally, it would be interesting to extend our framework to
the case of axion dark matter. When both a magnetic field
and an axion field act as background fields, the polarization
of photons propagating through them may be modified not
only by conversion but also by additional axion-induced
phenomena such as birefringence. We leave these studies
for future work.
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APPENDIX A: CALCULATIONS OF THE
EXPECTATION VALUES AND VARIANCES

As shown in Eq. (3.31), assuming that the initial photons
are unpolarized and adopting the Born approximation, the
Stokes parameters of the photons affected by conversion
into axions are expressed as

1
I1=1 —Ea,
1
Q - _§b9
U = —Re|c],
V = Im]c], (A1)

where a, b, and c are given by
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o= (%) [ M B ). (5) + 85186

In this appendix, we compute the expectation values and
variances of the Stokes parameters with respect to an
ensemble of magnetic fields characterized by the two-
point function (4.1). Since photons are assumed to
propagate along the z axis and the magnetic fields are
statistically isotropic, rotational symmetry in the x-y
plane holds. Accordingly, in the following calculations,
we can use the relation IAci = l%% = (IAC)ZC + lAci)/Z =
(1 —k%)/2 when performing integrals in the wave-vector
space.

1. Calculations of the expectation values

We first compute the expectation value of a. Using
Eq. (4.1), it is evaluated as

@=(%) [ emmome)

< > |:/ e~ M(s—s) eikl(s—s’)]%x]}y
k

)
/

_ _,-<9“2”> kI(k s )k, P (k) = —ip,

Ya 2 —ill(s—s'
= (%) [ e (518,050 43,608, 5)
Yayy 2 i ! i ! 2 _72
- (e / ¢TI / e =) (2~ K2 = R2) Py (k)
5,8 k )

’ 72
_ o Gar\? ik (s—s") | LT Kz
_<2)/k</e (k)

:2(%)2/1(1(@;@)(1zkz)PB(k) 2a.  (A3)

In the last line, we used the kernel Z(k_; @) defined in
Eq. (4.6). This result, together with Eq. (A1), indicates that

Exp[l —I] = a. (A4)

The expectation value of b is evaluated as

)= (22) [ e B, 6)8,(5) - B,(98,(5)

2 ~ ~
_ (%) / M=) / 0= (<R 4 R2)Py(k)
5,5’ k

0, (AS)

from which we immediately obtain

Pylk) +i /k T(ks w)k. <k>}

which shows that (c) is purely imaginary. Combining this with Eq. (A1), we obtain

Exp[U] =0,

Exp[Q] = 0. (A6)
The expectation value of c¢ is evaluated as
/ —ill(s— s)/ ik, (s—s' k PaB(k):|
k
P,
(A7)
Exp[V] = . (A8)

2. Calculations of the variances

Next, we compute the variances of the Stokes parameters.

Var[l] = (I?) = (I)* = ({(a®) -

(a)?)/4. Using the definition of @ in Eq. (A2), we can compute (a’

The variance of the intensity [ is given by
) as

@)= (") ([ ememom) + 8608,61) )
= (%) ([ emermoms ) ([ emnon ) )

115037-20



AXION-PHOTON CONVERSION IN STOCHASTIC MAGNETIC ... PHYS. REV. D 113, 115037 (2026)

() ([ emernome) ([ om0, )))

EII+12+I3+I4. (Ag)

From rotational symmetry in the x-y plane, the first and fourth terms are equal, and likewise for the second and third terms.
Thus, the expression simplifies to

(@) =2(I, + I). (A10)

In the following, we set g,,,/2 = 1 for simplicity. Since the magnetic field is assumed to be Gaussian, both /; and /, can be
decomposed into products of the two-point function. Specifically, /; can be written as

I, = / e—il'[(s—s’+s”—s”’) <BX(S)BX(S/)BX(SH)BX(S”'»
s S! S// SW

_ / —ill(s—s"+s"—s")
= e
s ‘/ T// Y///

X [(By(s)By(s")) (By(s")By(s")) + (By(s)By(s"))(By(s')By(s")) 4 (Bx(s)B.(s"))(By(s)B.(s"))]
= A, + Ay + As. (A1)

The first term is evaluated as

“:[ e M) (B (5)BL(s')) (Bu(s") B(s"))

A ‘// s

= [ (1 1 =R Py Py
kK Js

/]

_ A , I(k ;ﬂ(k;;w) (1 *;’3) <1 +2k2> Py(k)Py(K)
::Mjwmezﬁyw@r=f- (Al2)

The second term is evaluated as

A2 — [ e—il‘l(s—s’+s”—s”’) <Bx(S)BX(S”)> <BX(S/)BX(SW)>

! H 11

/ / oM )k (1= 1) (1 = R2) P (k) Py (K)
kkl s ‘,/ S” s,///
_ _ 14+ &2\ /14 k2

_ ﬂhmﬁ%&m( ﬁ( ﬁmwwaw

kK 2 2

1+ k2 2

:[ j(kz;a))( 3 Z)P,;(k)] =2 (A13)

k

Here, J (k.; ) is defined by
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Tkso) = / e'i(“'kz>s/ e Mk = T (ks 0), (A14)

and J(k.; @) denotes its absolute value, given in Eq. (4.7). The last term in Eq. (A11) becomes

Ay = / e~Ts=545"~5") (B (5)B,(s")) (B,(s')B,(s")) = A; = .

S/ S” s

Therefore, I, is expressed as
I, =2a% +y. (A15)

The integral I, in Eq. (A9) can be decomposed as

I, = / e~ M(s—s'+s"=s"") <Bx (S)BX (S/)By (s”)By (S”'))
s i

§,80,8

_ —ill(s—s"+s"—s")
= e
s, ‘/ T// ‘/”

X [(B(s)B.(s")) (B, (s")By(s")) + (B.(s)B,(s"))(B(s')B,(s")) + (By(s)B,(s"))(Bx(s)B,(s"))]
=B, + B, + B;. (Al6)

Performing calculations analogous to those for A, A,, and I, =a® = &8 + . (A20)
A3, we obtain

1432 > Substituting Egs. (A15) and (A20) into Eq. (A10), we
B, = {/ T(k a))< Z)PB(k)} =a?, (Al7)  obtain (a®) = 2(3a® + * + y* — 6%). Combining this with
k {(a) = 2a from Eq. (A3), we find
’ 2 1 1
= | [ sokpat] =g 1)y L)~ (@P) = L (@ + 2+ 7 ). (A21)
2
By = { / T (kz;a))fczpaB(k)} = p~ (A19) We proceed to consider the variance of the Stokes
k parameter Q, which is given by Var[Q] = (b?)/4 from
Egs. (A1) and (AS). Using the definition of b in Eq. (A2),
Thus, I, is expressed as | we can compute (b?) as
b2 = Gayy 4 =ill(s=s")[ B B.(s' B B.(s' :
() = (Lo B, ()B, (') = By(5)B, ()]
:Il —12—I3+14
=2(I, - I,). (A22)

Here, we used I, I, I3, and 1, defined in Eq. (A9), together with the relations /; = I, and I, = I3, in the same manner as in
Eq. (A10). Using Eqgs. (A15) and (A20), we obtain

varlQ] = 1 (07) = 3 (@~ + 7 + ) (A23)

Finally, we consider the variances of the Stokes parameters U and V. To this end, we evaluate the square of
c=-U+iV as
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2= (U*-VH)—-iUV), (A24)
lc> = U* + V2. (A25)
From these expressions, it follows that
Var[U] = (U?) - (U)? =%[<ICIZ> + (Re[c?])] = (Re[c])?, (A26)
Var[V] = (V?) = (V) = % [(lef?) = (Re[¢?])] = (Imle])*. (A27)

Using the definition of ¢ in Eq. (A2) and Gaussianity of the magnetic fields, (c¢?) and {|c|*) are expressed as

<C2> — / " e—iH(s—s’+s”—s’”) <Bx(s)By(s/)Bx(s//)By(S///)>

_ —ill(s—s"+s"—s")
= e
S S/ S// s///

X {(BX(S)B,V(S’))(BX(S”)By(S’”» + (B (s)By(s"))(By(s")B,(s")) + <Bx(s)By(sm>><By(sl)Bx<s”)>:|
=C,+C, +C;, (A28)

() = [ e o B (5)B, ) By )8, ()

‘/ ‘// "

— / e~ M(s—s'=s"+s")
s s/ S// s///

x [(BX(S)B,V(S’»<BX(S”)By(S’”)> + (B.(5)By(5"))(By(5") By (s")) + <BX(S)B,V(S’”)><By(S’)Bx(S”)>}

We again set g,,/2 = 1 for simplicity. Each term can be evaluated as

C1= €= =Dy == [ Tk okeputi)| = s (A30)
e.=[ [ o (55 ] =2, (a31)
b= [ [1hion ("5 ) utw)] = (A3
D= [ [ Fks o pu] - . (a3)

Accordingly, we obtain (c?) = —2f? + y?, which is real. In addition, (|c|*) = * + a® + §°. Combining these results with
(c) = —ip from Eq. (A7), we find the variances of U and V as

Var[U] = = (a? = > + 7> + &), (A34)

l\)l'—‘

Var[V] = = (a* + > = > + &°). (A35)

[\)\'—‘
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APPENDIX B: EXPRESSIONS FOR THE CONVOLUTION KERNELS

In this appendix, we summarize the analytical expressions for the convolution kernels in Eq. (4.12), obtained after

integration over z:

C,lx=1Md,y=kd) = ———
( ) y(x—yz)

+(x* +y?) cos(x — yz) = (x — yz) sin(x — yz) = x* = xyz — y* + y*2’]

Cs(x =Tld,y = kd) = —

[2x(x — yz)(Ci(Jx — yz|) = In(|]x — yz)) + (x* 4+ y*)(x — yz)Si(x — yz)

1
C,(x =Td,y = kd) = gy (x> + y?) cos x(Ci(|x + yz|) = In(|x + yz[) = Ci(|x = yz|) + In(|x — yz))

(B1)
2 .
~ [0 =y2)(Cillx = yzl) = In(lx = yz[))
+ x(x — yz)Si(x — yz) + xcos(x — yz) — x] :1_1 , (B2)
o (B3)

+(x% + y?) sinx(Si(x + yz) — Si(x — yz)) + 2x(yz cos x — sin(yz))]

APPENDIX C: NONHELICAL CASE

In this appendix, we show numerical results for the case
of a nonhelical magnetic field P,z = 0. In Figs. 6-8, we
present the behavior of the Stokes parameters /, Q, and V as
functions of II(w)d for various values of k.d, similarly to
Figs. 3-5. The black lines represent the expectation values,
while the gray bands correspond to the standard deviations

V/Var[l = 1], /Var[Q], and /Var[V]. The three different
bands are for (1, 1/4/10, 1/4/100) times the original one,
respectively.

One observes that Fig. 6 remains almost unchanged from
Fig. 3. This is because both the expectation value Exp[l —
I] and the variance Var[l —I] are dominated by the
integrals @ and y, which are determined by the power
spectrum Pp, not by P,p. Figure 7 also remains qualita-
tively unchanged from Fig. 4. In contrast, Fig. 8 behaves
quite differently from Fig. 5. The main difference is that the
expectation value of V vanishes in Fig. 8, since it is
determined solely by f. On the other hand, the variances
Var[Q] and Var[V] remain nonzero, because these are
largely determined by « and y.
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FIG. 6. Conversion probability P,_,, = 1 — I with the nonhelical (P, = 0) magnetic-field power spectrum [Eq. (5.1)] is plotted for k,d = 0.1, 1, 10,
and 100 from top to bottom. In each panel, the black line represents the expectation value Exp[l — /], and the shaded bands represent the standard

deviations +/Var[l — 1], y/Var[l —1]/10, and /Var[l — I]/100. The upper horizontal axis is the dimensionless variable IT(w)d, and the lower
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*

the same quantity: the vertical axis is linear in the left, but logarithmic in the right.
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FIG. 7. Stokes parameter Q (linear polarization) of photons with the nonhelical (P53, = 0) magnetic-field power spectrum [Eq. (5.1)] is plotted for

k.d = 0.1, 1, 10, and 100 from top to bottom. In each panel, the black line represents the expectation value Exp[Q] = 0, and the shaded bands represent
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