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Induced Scattering of Strong Waves in Pair Plasmas

Masanori Iwamoto! 2" * and Kunihito Ioka?

! Graduate School of System Informatics, Kobe University,
1-1 Rokkodai-cho, Nada-ku, Kobe 657-8501 Japan
2Yukawa Institute for Theoretical Physics, Kyoto University,
Kitashirakawa-Oiwakecho, Sakyo-Ku, Kyoto 606-8502, Japan

We study induced (stimulated) scattering of linearly polarized, strong electromagnetic waves in
pair plasmas, which is crucial for understanding the propagation of fast radio bursts (FRBs). Mag-
netars are the most promising progenitors of FRBs, and FRBs propagate through the magnetar
wind and successfully escape before being significantly scattered. We revisit the steady-state so-
lution of linearly polarized electromagnetic waves in pair plasmas with arbitrary amplitude, and
demonstrate that the nonlinearity is characterized by the nonlinearity parameter aowpe/wo rather
than the dimensionless amplitude ao, where wp. is the electron plasma frequency and wq is the wave
frequency in the frame in which the plasma is at rest when the wave fields vanish. We follow the
time evolution of the steady-state solution for the linear regime aowpe/wo < 1 by performing one-
dimensional particle-in-cell simulations, and show that the conventional linear analysis of induced
scattering assuming ao < 1 is applicable even for ap > 1 when the Lorentz boost due to the plasma
motion in the incident wave is considered. The saturation level is controlled by aowo/wpe, which
corresponds to the ratio of the wave energy to the plasma energy, and the incident wave is hardly

scattered for apwo/wpe > 1. We discuss the application of our results to FRBs.

I. INTRODUCTION

Strong electromagnetic waves are ubiquitous in the
universe, with fast radio bursts (FRBs) being the most
prominent example. FRBs are millisecond-long bright
flashes of radio waves, mostly from extragalactic dis-
tances [1-3]. Some FRBs are known to burst repeatedly,
and such repeating FRBs often show the high degree of
linear polarization [4-6]. Magnetars are the most likely
progenitors of repeating FRBs [7-11]. The mechanism
by which FRBs are generated in magnetars remains a
topic of debate, and numerous theoretical models have
been proposed, including coherent curvature radiation in
the magnetosphere [12-17], an expanding fireball [18, 19],
fast magnetosonic waves via reconnection [20-22], and
relativistic magnetized shocks in pair (electron-positron)
plasmas [23-29] or electron-ion plasmas [30-33], among
others. In all of these models, FRBs must propagate
through plasmas surrounding their sources and success-
fully escape. The radio waves are strong in the sense that
the normalized wave electric field, called the strength pa-
rameter, exceeds unity,

€E0
MeCWo

apg = >1 (1)

for distances from the source R < 1013cm [34], where
e and m, are the electron charge and mass, Ey is the
amplitude of the wave electric field, and wg is the wave
frequency. Such strong waves inevitably suffer from in-
duced (or stimulated) scattering ! [35, 36], which could

* m-iwamoto@people.kobe-u.ac.jp

1 Induced scattering and stimulated scattering are essentially the
same process and are terms often used interchangeably.

33 hinder their propagation and constrain the emission re-
st gion [37-45]. On the other hand, the effect of induced
scattering on FRB propagation remains controversial, es-
s pecially for ag > 1 [46-48].

s7 One of the main challenges in studying induced scat-
tering in FRBs lies in the analytical intractability of the
self-consistent equations for linearly polarized electro-
w0 magnetic plane waves with arbitrary amplitude, even in
a unmagnetized plasmas [49-54]. Although a similar prob-
2 lem has been addressed in the context of pulsars [55-57],
a3 it has received little attention in FRBs. Previous analyses
of linearly polarized electromagnetic waves in pair plas-
mas [58, 59] were limited to the regime ag < 1, where rel-
ativistic effects are negligible and the steady-state solu-
tion can be expressed solely in terms of elementary func-
s tions. Recently, Ref. [60] studied the stability of wave
packets and demonstrated that nonlinear effects remain
negligible when the nonlinearity parameter is sufficiently
smaller than unity,
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s2 where wy, is the plasma frequency and wy is the wave fre-
s3 quency in the frame in which the plasma is at rest when
s the wave fields vanish. This behavior arises because, in
ss this regime, the plasma current can be approximated as
s a linear function of the vector potential. Since the FRB
frequency is sufficiently high wy > wp. [61], the condition
58 QoWpe /Wo < 1 can be satisfied and the linear treatment
so can remain valid for ag > 1. This result implies that the
previous studies on induced scattering can be extrapo-
a lated to the regime ag > 1 when agwpe/wo < 1.

&2 In this paper, we revisit the self-consistent equations
of linearly polarized electromagnetic waves with arbi-
trary amplitude and study the steady-state solution. We
65 also perform particle-in-cell (PIC) simulation and fol-
e low the time evolution of the steady-state solution for
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apwpe/wo < 1. This paper is organized as follows. In 10 satisfying wg/ko > ¢. The basic equations are then writ-
Section II, we derive the self-consistent equations follow- 104 ten as

ing the previous studies and investigate the parameter
dependence of the solution. Section I1I describes our sim-
ulation results. We compare them with the linear anal-
ysis of induced scattering and discuss the saturation. In
Section IV, we apply our results to FRBs. We finally
summarize our results in Section V.

II. ANALYTICAL FORMULATION

A. Basic Equations

We derive the self-consistent equations for linearly po-
larized electromagnetic waves with arbitrary amplitude
following previous works [49-54, 56, 57]. Throughout
this paper, unless explicitly specified, we use the frame
in which the plasma would be at rest in the absense of the
incident electromagnatic wave and refer to this frame as
the laboratory frame. Basic equations are the relativis-
tic, cold two-fluid equations and Maxwell equations in
the laboratory frame,

0
~ (v2ne) + V- (yenzvy) =0,

ot
Ouy o, € v

W—&—(Ui-V)ui—imec E—l—?xB ,  (4)
V.-E =4mp, (5)
V-B=0, (6)

10B

E=--2"
V x T (7)

4 10F

B="j4+-2
V x cj+c8t’ (8)

p=e(yeny —y-n-), (9)
J=e(ypnivy —y-n_v_),

where the plus (minus) index denotes positron (electron),
v4 is the particle three velocity, u+ = y1v4 /cis the four
velocity normalized by the speed of light ¢, and v4 =
1/y/1—[v£]?/c® = /14 |[uL]? is the particle Lorentz
factor. Unless otherwise stated, all unprimed fluid and
field quantities are evaluated in the laboratory frame,
except that ni denotes the proper density measured in
the local plasma rest frame. The density measured in
the laboratory frame is therefore yini. We consider a
monochromatic plane electromagnetic wave propagating
in the x direction with a superluminal phase velocity,
linearly polarized in the y direction. We assume that all
physical quantities can be expressed as a function of the
phase,

¢=UJOt—I€0$L’, (11)
where ky and wy denote the wavenumber and frequency
of the incident electromagnetic wave in the laboratory
frame, respectively. We consider a superluminal wave
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d
@[(H — Bgugx)ns] =0, (12)
dug+ eB uy+
— P = :t 1
(’Yi BguLi) d¢ Mo Cwo 5 ( 3)
duy4 eEyyy  eB ug+
— " ==+ — , (14
(7 Byuzz) do (mecwo MeCWy (14)
dB, dE,
=B,—¥ (1
dE, _ _4ﬂecvs(n+uy+ —N_Uy_) (16)
d¢ wo ’
where
C]{io
= — 17
ﬁg wo ’ ( )
1 wo
Vg = = : (18)
! \/1 - 52 Vwg — k2

The parameter ¢f, corresponds to the velocity of a ref-
erence frame moving relative to the laboratory frame, in
which the spatial dependence of both particle and field
variables vanishes [53]. This velocity can be interpreted
as the group velocity of the wave [57]. It is convenient to
introduce the normalized electric field y = E, /Ey, where
the wave electric field E), is assumed to take the maxi-
mum value Fy at ¢ =0, i.e. y =1at ¢ = 0. Since we can
set Y=y =Y, Up = Upy = Up—y Uy = Uy = —Uy_,
and n =ny =n_ [54], v, ug, uy, and n are expressed in
terms of y,

2

aaq
7214‘70(1—2!2)» (19)
2
up = @(1 — ), (20)
)
thy = o / ydg, (21)
0
2 —1
n=n, [1 +2a- yﬂ , (22)
where
_ wg _w%—chg (23)
272w2, w2,
473
S 24
04(12 ( )

The parameter ag is the strength parameter defined
above and is Lorentz invariant. The value of v at ¢ =0
can be chosen arbitrarily [53]. Here, we choose v =1 at
¢ = 0, so that the proper density at this phase is equal to
the reference density ng of the plasma in the absence of
the electromagnetic wave. The reference electron plasma
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frequency is defined from this density as

4mnge?

(25)

Wpe =
p Me

Throughout this paper, wy. denotes this reference plasma
frequency and is not redefined in Lorentz-transformed
frames. This definition of ng and wy. is consistent with
that used in Ref. [60].

Eq. 21 represents the conservation law of canonical
momentum. The parameters o and 3, originate from
the plasma dispersion, and Eqgs. 19, 20, and 21 describe
the motion of test particles in transverse electromagnetic
waves when these factors are neglected [62]. The nor-
malized electric field y is determined from the differential
equation with the boundary condition y = 1 at ¢ = 0 2,

<dy)2 (e )
d¢ (1-y?+aq/2)*

The dispersion relation follows from the fact that the
phase shifts by 7/2 after a quarter-cycle,

a?al
2
Ty

(26)

1 1 T
——dy = —.
/0 [dy/da] ™ ~ 2 @7)

By substituting Eq. 26 into this dispersion relation, one
can find
aag 2E(m) — (1 —m)K(m)
A 2/m
where m = 1/(1+4¢) and 0 < m < 1. K(m) and E(m)

are the complete elliptic integral of the first and second
kind with modules m,

; (28)

oS

dy

! 1
/0 V=) (1 —my?)

z 1
/ 1w
0 v1—msin®6

1 — my?

(30)

3
/ V1 — msin® 6d6.
0

Our final set of equations consists of Eqgs. 19, 20, 21,
22, 26, and 28 for a given normalized amplitude a¢ and
frequency wo/wpe.

2 Eq. 26 is equivalent to Eq. 83 of Ref. [53], but is written with
a different dependent variable and frame convention. Ref. [53]
writes the equation in the frame where the spatial dependence
vanishes, and uses the transverse four-velocity component n (uy
in our notation). Here, we use the normalized electric field y =
E,/Ey, which is related to uy by Eq. 21.
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B. Steady-State Solution

We demonstrate that the steady-state solution of lin-
early polarized electromagnetic waves is controlled by the
nonlinearity parameter agwp./wo and that the linear ap-
proximation holds for agwpe/wo < 1. Here, wy is mea-
sured in the laboratory frame, while wp is the reference
plasma frequency defined from ng. Therefore, agwpe/wo
is not Lorentz invariant and it should be understood
as the nonlinearity parameter defined in the laboratory
frame.

Considering Eqs. 23 and 24, the coefficient aag /v, is

expressed as
32 s
() (=)
q wWo

By substituting this into Eq. 28 and using ¢ = (1—m)/m,
we obtain
>2

m[2E(m) — (1 —m)K(m)]* 1 (W)4 (aowpe
(32)

(1—-m)3 T 2\2 wo
indicating that m (and thus ¢) can be expressed as a
function of the nonlinearity parameter aowpe/wo. For
m < 1, K(m) and E(m) can be expanded as

aag

(31)

Vg

™

K(m):/; (1—|—;msin29> =" (1+7), @3)
E(m)g/();T (1—;msin29> 40 = g (1—%). (34)

By substituting these into Eq. 32 and keeping the lowest-
order of m, we obtain

1 w 2
~ _ pe
me o (ao wo) . (35)
The validity condition m < 1 now becomes
a2 < 1. (36)
wo

On the other hand, for 1 —m <« 1, K(m) and E(m) can
be expanded as [63],

K(m) ~ lrlél—%ln(l—m)7 (37)
E(m) ~ 1+ln42*1(1_m)_3(1_m)1n(1_m).(38)

Keeping the lowest-order of 1 — m, we obtain

_2
w 3
Qg pe .
wo

The validity condition 1 —m < 1 can be rewritten as

(39)

8
l—me~ —
T3

w
P> 1.

ap (40)

]



o One can find the wave electric field y after determining
1 the solution of Eq. 32. By substituting Eq. 31 into Eq.

172 26, we obtain
<dy)2 — e ¢ (1—y*)(1—y*+9)
d¢ wo 4v2 (1 —y®+4q/2)?

173 This demonstrates that y is well-characterized by the
s nonlinearity parameter agwpe /wo. For agwpe /wo < 1 (i.e.
ws g = (1 —m)/m > 1), we consider the zeroth order of
s agwpe /wo and Eq. 41 can be written as

dy

dd)_i\/l_yz'

177 Note that y? < 1 is satisfied by definition. This derivative
s equation is easily solved for the boundary condition y = 1
179 at ¢ =0 y

(41)

(42)

Yy = cos . (43)

10 For agwpe /wo > 1 (i.e. ¢ = (1 —m)/m < 1), the zeroth-

11 order equation is expressed as
dy 2

— =4—.

6 =% (44)

12 The periodic solution is given by

) =2¢+4dn+1 if2nm < ¢ < (2n+ ),
Y 26-4n-3 if@n+Dr<é<2n+ ),
(45)
183 where n = 0,1,2,... is an integer. We have numeri-
184 cally determined m from Eq. 32 and solved Eq. 41.
18s Fig. 1 shows the numerical solutions for y at various
166 values of agwpe/wo: 1071 (yellow), 1 (green), 10 (blue),
w7 102 (magenta), and 10® (red). The steady-state solution
188 asymptotically approaches the linear one y = cos ¢ for
189 Qowpe/wo K 1. For agwpe/wo > 1, the wave electric
100 field has a sawtooth-like profile, which is consistent with
w1 previous studies [51, 52]
The parameter o can be determined from the solution
103 of Eq. 32 as well. Considering a%/’yg = 4/qa and q =
w (1 —m)/m, Eq. 28 is rewritten as

192

1—m
(1 —=m)K(m)]*

“= (92 2E(m) — (46)

105 This demonstrates that « also depends solely on the non-
s linearity parameter aowpe/wo. We retain the lowest-order
w7 of m when agwpe/wo < 1 (i.e. m < 1),

2
3 3 w
m 1= Zme1— 2 (a2 47
a 5™ 1 (ao wo) , (47)
ws and 1 —m when agwpe/wo > 1 (ie. 1 —m < 1),
1 (W)2(1 ya T (e B (48)
a~ = (= —m)~ —(a .
4\2 2\

AgWhe /Wy

1072
— 10!
— 1

E,/Ey

4

FIG. 1. The wave electric field y = E,/FEp as a function of
the phase ¢. The color indicates the numerical solutions for
different values of the nonlinearity parameter aowpe/wo. The
black dashed lines correspond to the analytical asymptotic
solutions for agwpe /wo <K 1 and apwpe /wo > 1.

19 Fig. 2 shows the numerical solution a as a function of
200 QoWpe/wo in the red solid line and the asymptotic solu-
201 tions in the dashed black lines. In the limit agwpe/wo <
202 1, the parameter a asymptotically approaches unity
203 @ = 1, thereby recovering the linear dispersion relation
204 w(z) = 2w§e + CQk'g.

100 10! 102 103

ApWpe / wo

10-1

102

1073

FIG. 2. The parameter o = (wi — chg)/wa,e as a function
of the nonlinearity parameter aowpe/wo (red solid line). The
black dashed lines correspond to the asymptotic solutions for
aowpe /wo < 1 and apwpe /wo > 1.

25 The Lorentz factor v, can be determined from Eq. 23
206 after the dispersion relation « is obtained. One can find

2
142 (aowPe) ],
8 wo

(49)
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for apwpe /wo < 1, and

1
wo Wpe g
T (ao ,
T3 Wpe wo

for apwpe/wo > 1. When aowpe/wo < 1, the Lorentz
factor 7, is approximately equal to wq/ \/iwpe at the low-
est order. This is the same as the group velocity Lorentz
factor of the wave packet in Ref. [60], indicating that our
treatment is consistent with the wave packet analysis in
the linear regime.

In the vacuum limit, wp./wy — 0, which corresponds
to apwpe/wo — 0 for fixed ag, the plasma feedback on
the electromagnetic wave is absent, and the waveform is
prescribed as y = cos ¢. In this limit, « =1 and 84 =1,
and Egs. 19-21 reduce to

~

Yg (50)

2
1+ % sin? ¢,

= 1

g 5 (51)
ag o

U = o sin” @, (52)

Uy = G sin @. (53)

For ag < 1, these equations further give the usual non-
relativistic quiver orbit.
The nonlinear feedback of the plasma on the electro-
magnetic wave is mediated by the plasma current,
Jy = 2encuy,. (54)
For agwpe/wo < 1 (ie., ¢ > 1), Eq. 22 gives n ~ ng at
leading order. The conservation of canonical momentum
(Eq. 21 ) then implies u, = eA,/mcc, where A, is the
vector potential, so that the current reduces to
Jy = 2engcuy, < A, (55)
Hence, the source term in Maxwell’s equation remains
linear in the wave amplitude, and the plasma response
reduces to the test-particle limit. In particular, no ad-
ditional amplitude-dependent coupling is generated be-
tween the wave and the plasma, so the waveform does
not undergo nonlinear distortion. Nonlinear feedback is
therefore negligible for agwpe/wo < 1. We thus conclude
that the steady-state solution of linearly polarized elec-
tromagnetic waves is controlled by the nonlinearity pa-
rameter agwpe/wo, and that the linear treatment remains
valid in this regime, consistent with Ref. [60].

C. Induced Scattering

Induced scattering can be understood as a parametric
instability, which has been studied through the stabil-
ity analysis of plasma waves [64-68]. Linearly polarized
electromagnetic waves traveling through unmagnetized
pair plasmas are subject to stimulated Brillouin scatter-
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ing (SBS) 3. SBS is often referred to as induced Comp-
ton scattering when kinetic effects are important, as is
always the case for unmagnetized pair plasmas [69]. Pre-
vious studies [58, 59] evaluated the linear growth rate
of SBS I' = Im w; and the wavenumber of the scat-
tered wave ki under the assumption that the incident
wave is weak ap < 1 and the plasma temperature is
non-relativistic. We assume that the SBS operates in
a frame where the averaged longitudinal moment van-
ishes, and that the linear analysis of SBS remains valid
in this center-of-momentum frame. The drift velocity vp
of the center-of-momentum frame relative to the labora-
tory frame is given by [70]

- 2(1— (y?))/2

op = Sl _ Broad( =2
(v 14aagl—(y*)/2

with Egs. 19 and 20. This dirft velocity depends not

only on the nonlinearity parameter agwpe/wo but also
on ag itself. Here (---) denotes an average taken over a
time interval much longer than the wave period but much
shorter than the SBS growth timescale. Note that this
drift velocity is different from the averaged three veloc-
ity c{u, /7). One can find (y?) ~ 1/2 for agwpe/wo < 1
and (y?) ~ 1/3 for agwpe/wo > 1 with Egs. 43 and
45, respectively. In the center-of-momentum frame, we
assume that the maximum growth rate I', . and the cor-
responding wavenumber kj ... can be derived from the
linear theory [58, 59],

I T Wpe 2

“max _ [ T “pe ) - 57
wp 32e <a0 wo ) ﬁcho’ &7

!

S = (1= 2Buo), (58)
0

for the weak coupling regime Bino > (aowpe/wh)?/>.
Here the primed quantities are defined in the center-
of-momentum frame and Bipo = VkpTo/mec? < 1 is
the initial thermal velocity defined by the proper tem-
perature Ty. Note that ag is Lorentz invariant and
wpe is defined by the reference density ng. The nega-
tive wavenumber indicates the backward scattering. For
Beno < (aowpe/w{))Q/ 3, which is the strong coupling
regime [65], they are given by

2
| A V3 Wpe \ 3
/! = 2 (a() pl ) ) (59)
Wo wo
!
1,max
T{Ja = -1, (60)

The strong-coupling scaling (agwpe/wh)?/? is closely con-

nected to the scaling recently discussed for pair plasmas

3 We refer to this process as “stimulated” Brillouin scattering
rather than “induced” Brillouin scattering, as the former term
is more widely used in the literature.
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302

by Ref. [71]. These results indicate that the SBS is
well characterized by the nonlinearity parameter in the
center-of-momentum frame. We also assume that the lin-
ear theory can be extrapolated to the regime ay > 1 as
long as the nonlinearity parameter is sufficiently small,
agwpe/wo < 1. Since the incident wave strongly drives
the plasma in the 4z direction for ag > 1 and the Lorentz
boost effect due to vp is not negligible (see Eq. 56),
the maximum growth rate 'y« in the laboratory frame
should satisfy the Lorentz transformation [72]

r
F/ — max
max ’yD(l _ /Bg/BD) ? (6]‘)
where
Bp = UTD, (62)
! (63)

i

Here we have assumed that the back-scattered wave has
a phase velocity of wy/k; ~ —wp/ko in the laboratory
frame. The wavenumber of the back-scattered wave sat-
isfies

kll max — VD (1 + /BD) kl,max~
, Bg

(64)

The Lorentz transformation of the frequency and
wavenumber of the incident wave is given by

wi = vp(1 — ByBp)wo, (65)

k6 =7D (1 — %;) k().

We finally obtain the maximum growth rate and the
wavenumber of the scattered wave in the laboratory

(66)

frame as
Twmax [ 7 wpe ) 1
wo  \ 32 (ao wo ) B2 (67)
kl max ﬂg B BD
2 = - ]_ — 2 s 68
ko B, ¥ pp L 2Pm) (68)

for the weak coupling regime and

Fmax 3 e % 4

mee = 2 (a) o - Byl (69
kl,max _ﬁg_ﬂD

ko B, ho (70)

for the strong coupling regime. When apwpe/wo < 1 and
wo =~ cko are satisfied, one can find

By —Bp a3\~
7BZ+ﬁD ~ (1+2> , (71)

a2\ "2
vp(1 — B¢Bp) =~ (1 + 20> (72)
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These equations indicate that both the growth rate and
the wavenumber of the scattered wave in the simulation
frame depend not only on the nonlinearity parameter
aowpe/wo but also on the incident wave amplitude ag
through Sp and vp, except for the maximum growth rate
in the weak coupling case (Eq. 67). In the above anal-
ysis, we neglect relativistic mass effects associated with
the rapid quiver motion of the particles. This approx-
imation is justified in the regime agwpe/woy < 1, where
the wave dynamics is well approximated by the linear so-
lution and the SBS growth timescale is much longer than
the incident wave period, i.e., I'nax < wo, so that a sec-
ular description is well defined. When this condition is
not satisfied, relativistic mass effects become important,
which can significantly reduce the instability [36]. We
perform numerical simulations to test the above analy-
sis.

III. KINETIC SIMULATIONS

A. Simulation Setup

We use a fully kinetic PIC code, WumingPIC [73]. The
simulation setup is based on previous studies [58, 59]
and the physics of SBS is fully captured. We consider
one-dimensional (1D) spatial domain in the z direction
and the periodic boundary condition is applied for both
particles and fields. All three components of fields and
velocities are tracked in our simulations. The simula-
tion frame corresponds to the laboratory frame in Sec-
tion II. We initially introduce a strong wave as described
below. The wave amplitude and frequency are given
as (ao,wo/wpe) = (0.05,5), (0.1,10), (1,100), (2,200),
and (4,400). wp is defined in the simulation frame.
We focus on the linear regime agwpe/wo < 1, and fix
agwpe/wo = 0.01 throughout this study. The initial
wavenumber kg is numerically determined by the disper-
sion relation (Eq. 28). The wavelength of the incident
wave is resolved by 200 computational cells, A\g = 200Az.
The time step is set as At = Az/c. Our code employs an
implicit Maxwell solver, which is not constrained by the
CFL condition. The size of simulation domain is set as
L, = 100\g. The initial spatial profiles of wave electric
field E, = Eyy(¢ = —kox) and magnetic field B, = 3, E,
are numerically determined by the self-consistent equa-
tion, Eq. 26.

Particle motion must be consistent with the wave
fields. Egs. 19, 20, and 21 indicate that the bulk Lorentz
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factor 4 and bulk four velocity @ at t = 0 satisfy

aa2
7= 1+ 1= [y(@=—kox)?},  (73)
o= NN o= ko), (1)
—kox
By o= [ o, (75)
i, = 0. (76)

We generate Maxwellian particles with a thermal spread
Bino in the plasma rest frame, and then compute the par-
ticle Lorentz factors and four velocities in the simulation
frame by performing the inverse Lorentz transformation.
We carry out our simulations for both strong- and weak-
coupling cases: Pigro = 0.01 and 0.1, respectively. As
described in Section IIC, increasing the thermal veloc-
ity moves the system from the strong-coupling regime to
the weak-coupling regime. The weak-coupling regime is
particularly sensitive to kinetic effects, including Landau
damping. The growth rates and corresponding wavenum-
bers used in our comparison are derived from a fully
kinetic treatment of SBS and therefore include finite-
temperature effects. The fully kinetic PIC method also
self-consistently captures these kinetic effects in the nu-
merical results.

The Debye length in units of Az is Ap/Azx
(100/7) Beno(wo/wpe ), which ranges from ~ 1.6 to ~ 1273
for the parameters used here. Thus, the stability condi-
tion Az < Ap is satisfied. The same numerical resolution
was tested in Ref. [59], where SBS in pair plasmas was
shown to be accurately captured.

The particle position in the simulation frame is deter-
mined by the laboratory density N, which is related to
the incident electric field as (see Egs. 19 and 22),

1+ aad(l— yz)/Qn
1+2(1-42)/g

Since the laboratory density depends on both ay and
wo/wpe, we evaluate it for each set of parameters. Fig. 3
shows an enlarged view of the initial spatial profile of the
laboratory density, normalized by the averaged density
No = (N). For agwpe/wo < 1 (i.e., ¢ > 1), one can find

2
N02<1—|—(10>no

for the zeroth-order of agwpe/wo. We distribute particle
positions accordingly to represent the density profile. To
ensure adequate resolution of the density fluctuations,
the averaged number of particles per species per cell is
set to NoAxz = 100.

N =~n= (77)

(78)

B. Linear Stage

We first focus on the linear stage of the wave evolu-
tion and verify our assumption in Section IIC. Fig. 4
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FIG. 3. Enlarged view of the initial spatial profile of labo-
ratory density N, normalized by the average density Ny, for
various combinations of (ag,wo/wpe). The case (ag, wo/wpe) =
(0.05,5) (yellow) is overlapped by (0.1, 10) (green) and indis-
tinguishable in the plot.

shows the time evolution of the power spectrum of the
Poynting flux S, normalized by its initial value Sy for
(@, wo/wpe) = (0.1,10) (left) and (2,200) (right). The
initial thermal velocity in the proper frame is B¢,0 = 0.1
(weak coupling) in both cases. We perform a spatial
Fourier transform of S, at each snapshot and distin-
guish between oppositely propagating wave components
(ky > 0 and k, < 0), following the method described in
Ref. [58]. The back-scattered waves (k, < 0) are gener-
ated by SBS for both cases, and the absolute wavenumber
of the fastest-growing mode for ag = 2 (left) is smaller
than that for ag = 0.1 (right), which is due to the Lorentz
boost effect as discussed in Section II C. The theoretical
prediction given by Eq. 68 (blue lines) is indeed consis-
tent with the simulation results.

Fig. 5 shows the time evolution of the Poynting flux
S, in the simulation frame associated with the fastest-
growing mode kuyax for Bipo = 0.1 (left) and Bipo = 0.01
(right), for various combinations of (ag, wo/wpe): (0.05,5)
(yellow), (0.1,10) (green), (1,100) (blue), (2,200) (ma-
genta), and (4,400) (red). The maximum growth rates
for Bino 0.1 are independent of ag, whereas those
for Bino = 0.01 decrease with increasing ag. The black
dashed lines represent exponential growth with the the-
oretical maximum growth rate oc e?I=ax! where T'jax
is calculated from Egs. 67 and 69. The linear growth
rates are well reproduced by the theoretical predictions
for both Bino. We also checked the density perturba-
tion as a consistency check. The density spectrum shows
power around the wavenumber expected from the match-
ing condition, ksps = ko —Fk1,max. On the other hand, the
saturation levels vary significantly depending on the com-
bination of (ag,wo/wpe). The saturation behavior will be
discussed in detail in the next section.

Figure 6 shows the maximum growth rate (top) and
the corresponding wavenumber (bottom) of the scattered
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FIG. 4. Time evolution of the power spectrum of the Poynting
flux for (ao, wo/wpe) = (0.1, 10) (left) and (2, 200) (right). The
initial thermal velocity in the plasma rest frame is Bino = 0.1
in both cases. The blue lines represent the theoretical fastest-
growing modes (Eq. 68).

wave as a function of ag for S0 = 0.1 (red circles) and
Bino = 0.01 (blue circles). In the weak coupling regime
(Btno = 0.1), the maximum growth rates are independent
of ag, whereas they decrease with increasing ag in the
strong coupling regime (Btno = 0.01). In both cases, the
wavenumbers of the backscattered wave approach zero as
ag increases. These behaviors are well explained by the
theoretical predictions from Eqs. 67 and 68 for the weak
coupling regime (Byp0 = 0.1), and Eqgs. 69 and 70 for the
strong coupling regime (Bin0 = 0.01). The theoretical
predictions are represented by dashed lines in the cor-
responding colors, and they are in good agreement with
the simulation results. The agreement between the sim-
ulation results and theoretical predictions confirms that
the ag dependence of the growth rate and wavenumber
is due to the Lorentz boost effect. This result indicates
that the linear analysis of SBS is extrapolated to the
regime ag > 1 as long as the nonlinearity parameter is
sufficiently small, apwpe/wo < 1.

A recent related study of strong electromagnetic
waves in unmagnetized pair plasmas found a scattered-
wavenumber scaling consistent with our result, while the
growth-rate behavior is treated in a different setup [74].
In particular, the related study considers wave packets
rather than plane waves, and does not address the weak-
coupling regime considered here. Developing a compre-
hensive theory that connects these complementary cases
is an important subject for future work.
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C. Nonlinear Stage

We now discuss the nonlinear stage of SBS. The satu-
ration levels of the fastest-growing modes (Fig. 5) tend to
decrease with increasing ag while keeping the nonlinear-
ity parameter agwpe /wo constant for both By, indicating
that the incident waves are less affected by SBS for larger
ap. Fig. 7 shows the time evolution of the incident Poynt-
ing flux Sy (ko) (solid lines) and scattered Poynting flux
35, (dashed lines) for Bipo = 0.1 (left) and Bipo = 0.01
(right). The scattered Poynting flux 65, is defined as the
sum of the Poynting fluxes over all scattered modes,

(79)
ka#ko

The color represents the results for various combinations
of (agp,wo/wpe) , following the same convention as in Fig.
5. For (ag,wo/wpe) = (0.05,5) (yellow) and (0.1, 10)
(green), a significant fraction of the incident Poynting
flux is dissipated, and the scattered Poynting flux be-
comes comparable to the incident flux by the end of the
simulation for both values of B;59. As ag increases, the
incident Poynting flux is less affected by SBS, and the
scattered Poynting flux decreases. This behavior can be
explained as follows.

The incident wave energy is dissipated via Landau
damping of the acoustic-like modes and subsequently
converted into plasma kinetic energy. When the incident
wave energy is sufficiently large, it requires a consider-
able amount of time to transfer a significant fraction of
this energy to the plasma. The ratio of the incident wave
energy density to the electron rest mass energy density
is given by

Eg wo 2
—_— = . 80
4ngmec? (Cbowpe> (80)
For the cases (ag,wo/wpe) = (0.05,5) (yellow) and

(0.1,10) (green), this ratio is smaller than or compara-
ble to unity. Consequently, the incident wave energy is
dissipated relatively quickly, and SBS effects become sig-
nificant within the simulation timescale. In contrast, for
(a0, wo/wpe) = (1,100) (blue), (2,200) (red), and (4, 400)
(magenta), this ratio is much larger than unity, meaning
that the incident wave energy is hardly converted into
plasma energy during the simulation. This argument
qualitatively explains the dependence of the saturation
levels; thus, the energy ratio agwo/wpe likely governs the
saturation behavior of SBS. Note a different combination
of parameters from the nonlinearity parameter aoWpe / wo.

Although the incident wave is less affected by SBS at
larger ratio agwo/wpe, the plasma is more significantly
modified in this regime. This occurs because, when wave
energy dominates (apwo/wpe > 1), even the dissipa-
tion of a small fraction of the incident energy is suffi-
cient to perturb the velocity distribution substantially.
Figure 8 shows the time evolution of the longitudinal
four-velocity u, distribution in the simulation frame for
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The color represents the results for B0 = 0.1 (red) and
Btho = 0.01 (blue). The theoretical predictions from Egs.
67, 68, 69,and 70 are shown by the dashed lines.

s (@g,wo/wpe) = (0.1,10) (left) and (2,200) (right) with
so2 Bepo = 0.1. Landau damping of the acoustic-like modes
so3 excited by SBS results in the formation of a plateau in
soa the wu, distribution, which is a characteristic feature of
s0s SBS-induced heating reported in previous studies [67].
s The development of such a plateau triggers the satura-
so7 tion of SBS because the resonant coupling, which de-
sos pends on the gradient of the velocity distribution func-
s00 tiom, is reduced as the distribution flattens [44, 45]. For
si0 the (ag, wo/wpe) = (0.1,10) case, a distinct plateau forms
su at early stages around u, ~ 0.1, which is comparable to
si2 the initial thermal velocity S0 = 0.1, as in the previous
s studies [44, 45]. This plateau subsequently expands to-
» ward both larger and smaller u,. In the nonlinear stage,
s scattered waves trigger secondary SBS, further modifying
s the distribution.

In contrast, for the (ag,wo/wpe) = (2,200) case, the
initial velocity distribution is heavily influenced by the
incident wave; consequently, a standard Maxwellian dis-
tribution is not observed in the simulation frame even
at wot = 0. While particles are initialized with a
s2 Maxwellian distribution (B¢po = 0.1) in the plasma rest
s23 frame, the large-amplitude incident wave (ag > 1) signifi-
cantly shifts the distribution in the simulation frame (see
Eq. 20). Although the Landau damping process is more
complex in this case because of the relativistic oscillatory
motion of the particles, the wu, distribution is nonetheless
significantly modified by SBS, with the high-energy tail
s extending to extremely large u, at later times. The in-
set in the right panel of Fig. 8 shows the corresponding
s particle energy spectra on a log-log scale, demonstrat-

5

puid

5

iy

5.

=2

5

=2

517

518

519

520

521

524

525

526

o
]
53

]

530



10

Bino =0.1 Bino = 0.01
10°
——
\/o\ o
1 . v .y
10 E /// E ’,I/
U? /! !
~ _ (ag, wo/wpe) / H
510 2 | ! I ! L
Eg (0.05,5) H !
1
— ] !
510-31 (0.1,10) ; ] ! [
N — (1,100) ! !
> (2 200) I’ e I’ p—
- 5 - / -~
<€ 10745 / : ! -
— — (4,400) ] e 1 o
c/§2 Y J ! A
7 Py Pt J’_——-
1075 ¥4 / PESERN R H ”~ Pl L
/f [l // h ,\,0 "/
,/’ / ,’ - II " ,-—” —=="
e R e Y BV R
10 6 dz===zo il cccaaaa Y AR A T AN S RIS SRR A AN PR e 3
10! 102 103 104 10! 102 103 104
wot wot

FIG. 7. Time evolution of the incident Poynting flux S (ko) (solid lines) and scattered Poynting flux 65, (dashed lines) for
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manner as Fig. 5.

s ing significant energy gain. However, a clear power-law ss estimated as

s33 distribution or a distinct hot component is not observed

s by the end of the simulation under the present physical
[75-77]). These results demon-

s conditions (cf. Refs.
s36 strate that particle heating becomes more pronounced as sz The electron number density in the wind rest frame is

s37 Qpwo/wpe increases, even when the backreaction on the

s incident wave remains small.

IV. DISCUSSION

539

540
sa The radio pulses propagate through the magnetar wind,
s22 and the laboratory (simulation) frame in our analysis cor-
se3 responds to the frame where the magnetar wind is at rest
s prior to the arrival of the pulse. Note that the large-
ses amplitude incident waves drive the plasma in the wave
s propagation direction (see Eq. 56). Given that the typ-
se7 ical frequency of FRBs is vops ~ 1 GHz in the observer
s frame [2], the incident wave frequency in the wind rest

si9 frame is given by

TVobs
Ywind

7 -1 -1
~ 3 x10 Vobs,9 Vswind 2 rad s™°,

wo =

sso where Yyind ~ 102 is the Lorentz factor of the mag-
ssu netar wind [26], Vobso = Vobs/10° Hz, and Yyind2 =

Q/10°.

s Ywind/10%. Hereafter, we use the notation Q,

(81)

3 -1 p-1
ao ~ 20LGp0 4oVops otz - (82)

N S o
~ 10 N3gYyina 2Rz cm™,  (83)

ngoy= -————5—
8T Vwina R3¢

sss where N ~ 109 571 is the particle flux of the magnetar

s50 wind [26]
We discuss the implications of our results for FRBs. so plasma frequency in the wind rest frame is then given by

Note that N is still uncertain. The electron

11
Wpe ~ 2 x 10° N3297wi?1d,2R;21 rad s~ (84)

s 'The nonlinearity parameter is estimated as

-2

- (85)

wpﬁ 1071 L% N% -2 %
~ obs,422V39Y6bs,9Vwind, 2

ao

Wo
ss2 This indicates that linear SBS analysis remains applica-
ses ble for R ~ 10'2 cm despite the large amplitude ag > 1.
see Assuming that the thermal velocity of the magnetar wind
ses is controlled by adiabatic expansion and Compton heat-
ses ing by X-rays emitted from the magnetar [61], we esti-

s67 mate

_1
ﬁtho ~ 10_3R122- (86)

ss3 The isotropic radio luminosity of FRBs is Lgps
554 2cyfvindEgR2 ~ 10*2 erg s™', where R is the distance se Thus, the strong coupling regime is relevant at R ~ 102
s from the magnetar, and thus the strength parameter is s cm, where the plasma temperature does not significantly
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affect the SBS growth rate or wavenumber. The linear
growth timescale of SBS is given by

1 1 2
— —6r3 v 3,—1 .3
TSBs = ~3x10 Lobs,42N39 Z/obs,Q,)/wind,Z 5, (87)

max
We use Eqgs. 69, 72, 81, 82, and 85 to derive the above
estimate. We compare 7sgg with the time duration of
the characteristic timescale of FRBs. The time duration
of the radio pulse in the wind rest frame Tpuise is

-1
Tpulse = 2'-)/windTobs ~ 2 x 10 Ywind,2Tobs,—3 S, (88)

where Tops ~ 1073 s is the observed pulse duration. The
dynamical time in the wind rest frame is

Tdyn = ~2x 107" Rigvgias S (89)

2’Ywindc
Since Tpuise S Tayn for R 2= 102 cm, the relevant
timescale for the growth of SBS during the FRB propa-
gation is Tpuise. The pulse duration is much longer than
the linear growth timescale: Tpuse > TgBs, indicating
that SBS can grow during the FRB propagation in the
magnetar wind.

Regarding nonlinear evolution, the saturation level of
SBS is characterized by the ratio of the incident wave
energy to the rest mass energy, agwo/wpe as discussed in
Section III C. This ratio for FRBs is estimated as

wo spd b
~3x10 Lobs,42N39 ’}/wind,Z’
wpe

ap (90)

which is comparable to the largest value in our simu-
lations, apwo/wpe = 1600. For such a large value of
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apwo/Wpe, the incident wave is barely affected by SBS
by the end of our simulation,
WoTend ~ 6 x 10%. (91)
On the other hand, the characteristic FRB timescale in
units of wy is given by
WoTpulse ™~ 6 x 106 Vobs,9Tobs,—3- (92)
Although woTpuise significantly exceeds the simulation
duration wgTenq, several factors likely suppress the dissi-
pation rate in realistic astrophysical scenarios. First, our
periodic boundary conditions prevent scattered waves
from escaping the interaction region, which may lead to
an artificial enhancement of SBS growth and energy dis-
sipation. In actual FRB propagation, scattered waves
naturally escape from the pulse region, while the leading
edge of the incident wave continuously encounters unper-
turbed plasma. Consequently, the growth of SBS is lim-
ited by the convection of scattered waves, thereby reduc-
ing the net dissipation rate of the incident pulse. We plan
to address these propagation effects in future work using
open-boundary simulations, following Ref. [74]. Second,
SBS is known to be suppressed for broadband incident
waves [42, 58], a state characteristic of FRB signals. Fur-
thermore, the filamentation instability [61, 78, 79], which
is not captured in our current 1D model, typically grows
faster than SBS [58]. Since filamentation is relatively in-
sensitive to Landau damping [59], it may further inhibit
the SBS energy loss channel. In addition, as plasma
heating progresses, the system may transition from a
strong coupling to a weak coupling regime, where the SBS
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growth rate is significantly lower. Finally, for ag > 1, the
ponderomotive force can trigger bulk acceleration of the
magnetar wind. An increase in the wind Lorentz factor
~Ywind effectively shortens the dynamical timescale Tgyn
in the wind rest frame, such that the SBS cannot grow
sufficiently during the FRB propagation. Therefore, we
conclude that FRBs can propagate through the magne-
tar wind at R > 10'2 ecm without substantial energy loss
for our fiducial parameters, even if the signals undergo
spectral or temporal modifications.

V. SUMMARY

We have investigated the induced scattering of linearly-
polarized, large-amplitude electromagnetic waves in un-
magnetized pair plasmas using analytical theory and PIC
simulations. Our results demonstrate that the steady-
state solution is governed by the nonlinearity parame-
ter apwpe/wo rather than ag itself. In the regime where
agwpe/wo < 1, the plasma current follows the test-
particle limit, allowing the solution to remain essentially
linear even for ag > 1.

We showed that the linear growth rate and wavenum-
ber of SBS in the simulation frame depend on both
aowpe/wo and ap, a consequence of the Lorentz boost
from the incident-wave-driven bulk motion. PIC simu-
lations confirm that conventional linear theory can be
extrapolated to the ag > 1 regime, provided the nonlin-
earity parameter remains small. Furthermore, the SBS
saturation level is found to be controlled by the energy
ratio agwo/wpe. When agwo/wpe > 1, incident wave dis-
sipation is minimal despite significant particle heating via
Landau damping.

Applying these results to FRBs in magnetar winds, we
find that ag ~ 20 and agwpe/wo ~ 1071 at R ~ 10'% cm
for our fiducial parameters. These values indicate that
linear SBS analysis remains applicable for FRBs, and
the growth timescale of SBS is much shorter than the
pulse duration. However, the saturation level of SBS is
expected to be low due to the large value of agwo/wpe ~
103, suggesting that FRBs can propagate through the
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magnetar wind without substantial energy loss, even if
they undergo spectral or temporal modifications.

In this work, we neglect the effects of the background
magnetic field, an approximation that remains valid in
regions far from the magnetar. In highly magnetized
plasmas wy > wp., where wy is the cyclotron fre-
quency, the nonlinearity parameter is effectively defined
by aowr /wo rather than agwpe/wo [41, 60]. Under the
condition agwr, /wy < 1, the incident wave can be treated
within a linear framework; consequently, linear analyses
of induced scattering in magnetized pair plasmas [42—45]
might remain applicable even for ay > 1. The influ-
ence of the background magnetic field on the propagation
of large-amplitude waves will be investigated in a future
publication.
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