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Abstract

We study formal asymptotic expansions of solutions of the fourth-order phase field equation (PFE
for short). Loreti–March [18] obtained the formal asymptotic expansion up to the order ε2 of solutions
of the system of PDE’s equivalent to the PFE. Fei–Liu [12] rigorously prove the convergence of the
approximate solutions of the equivalent system to the PFE. Their approximate solutions are given by
the asymptotic expansion and they present a procedure to determine the coefficient of the order εk

(k P N Y t0u). In this article, we derive the formal asymptotic expansion of solutions of the PFE up to
the order ε4. It is more precise than that by [18] and the coefficient of εk is obtained in a different way
from [12]. In addition the formal asymptotic expansion of the radial solutions of the PFE is discussed.

1 Introduction

In this article we study formal asymptotic expansions of solutions of the following fourth-order phase
field equation (PFE for short):

(1.1) uεt “ ´∆

ˆ

∆uε ´
1

ε2
W 1puεq

˙

`
1

ε2
W 2puεq

ˆ

∆uε ´
1

ε2
W 1puεq

˙

in p0,`8q ˆ RN ,

where N ě 2 and W psq “
1

4
p1 ´ s2q2.

The above equation is the gradient flow of the following functional:

(1.2) Wεpuq :“

$

&

%

1

2ε

ż

RN

ˆ

ε∆u ´
W 1puq

ε

˙2

dx if u P L1pRN q X W 2,2pRN q,

`8 otherwise in L1pRN q,

This functional is introduced by Bellettini–Paolini [2] to study the De Giorgi conjecture simpler (see
also Bellettini–Freguglia–Picenni [1]). It is also understood as an approximation of the Willmore energy
defined by

(1.3) WpΓq :“
1

2

ż

Γ
|H|2dHN´1.

Here Γ is the boundary of an open set in RN , H is the sum of all the principal curvatures (in other
words, (N ´1)-times mean curvature) of Γ with respect to the inner unit normal of Γ and HN´1 denotes

the pN ´ 1q-dimensional Hausdorff measure. Indeed, the term ε∆u ´
W 1puq

ε
is related to the mean

curvature of the level set tx P RN | upxq “ 0up“: tup¨q “ 0u for short) for small ε ą 0 in the phase-field
theory.



In the study of the fourth-order partial differentioal equations (PDE’s for short), we sometimes
consider the equivalent system of the second order PDE’s. For example, we treat the following system
instead of (1.1):

(1.4)

#

ε2uεt “ ∆µε ´
1

ε2
W 2puεqµε,

µε “ ´ε2∆uε ` W 1puεq.

In [18] Loreti and March used the method of matched asymptotic expansion and obtained the formal
asymptotic expansions of a pair puε, µεq of solutions of (1.4) (plus a lower order term) for small ε ą 0
in the case of N “ 2, 3. As a result, they showed that the zero level set Γεptq :“ tuεpt, ¨q “ 0u formally
moves by (1.7) below. Bretin–Masnou–Oudet [5] considered the asymptotic expansions of solutions of
several modified models for (1.1) and (1.2) and derived the motion laws of the zero level sets of solutions
of modified models. They also gave some numerical results (includeing the case (1.1)). Fei–Liu [12]
rigorously proved the convergence of the approximate solutions of (1.4) in L8p0, T ;L2pΩqq in the case
of N “ 2, 3 if the smooth Willmore flow exists. They construct the approximate solutions based on the
asymptotic expansion and present a procedure to determine the coefficient of the order εk (k P NYt0u).

The main purposes of this article are to directly derive the formal asymptotic expansions up to the
order ε4 of solutions of (1.1) and to confirm that the expansions of a pair puε, µεq of solutions of (1.4)
by [18] is also derived from ours. The first motivation of this study is to compare the formal asymptotic
expansions of solutions of (1.1) with that of solutions of the initial value problem of the fourth-order
heat equation:

(1.5)

"

ut ` p´∆q2u “ 0 in p0,`8q ˆ RN ,
up0, xq “ χC0pxq for x P RN ,

where C0 is a given compact set of RN , χC0 denotes the characteristic function for C0. This problem
is used to define a threshold-type algorithm for the fourth-order geometic motions. See Ishii–Kohsaka–
Miyake–Sakakibara [16] for details. In [16] the authors obtained the formal asymptotic expansion up
to the order t3{4 of solutions of (1.5) near BC0. We need a higher order expansion of solutions of
(1.1) than those of [18] and [5] to compare the asymptotic expansion of solutions of (1.1) with that
of (1.5). The second motivation is that the author would like to know the formal asymptotics of the
signed distance function to tΓεptqutě0, which appears in the stretched variable of the expansion near
tΓεptqutě0. The author thinks that the formal asymptotic expansion for the signed distance function
to tΓεptqutě0 suggests the optimal error estimate between tΓεptqutě0 and the Willmore flow. Indeed, in
the case of the Allen–Cahn equation:

(1.6) ut ´ ∆u `
1

ε2
W 1puq “ 0 p0,`8q ˆ RN ,

Ishii [15] obtained the optimal rate of convergence by using the asymptotic expantion of the solution
of (1.6) and that of the signed distance function to tupt, ¨q “ 0u. Based on these facts, we consider the
formal asymptotic expansion of solutions of (1.1) up to the order ε4 and that of the signed distance
function to tΓεptqutě0 up to the order ε2. As for this, in [12] Fei and Liu gives a procedure to define the
coefficients of the order εk (k P N) in the asymptotic expansions for the solution puε, µεq of (1.4) and the
signed distance function to Γεptq. However, the coefficients of εk (k ě 3) of uε are not explicitly given.
In this article we give the coefficients of εk for the solution uε of (1.1) (somehow) explicitly although
we do it up to the order ε4. This is one of the differences between their expansion and ours.

This article is organized in the following way. In section 2, we state our assumptions and the method
of matched asymptotic expansion developed by Cahn–Elliott–Novick-Cohen [9] and Pego [19]. Then
we also introduce the matching conditions between the outer expansion and the inner one. Section
3 is devoted to the formal asymptotic expansion of solutions of (1.1). We give the outer expansion
in subsection 3.1 and the inner one in subsection 3.2. Another difference between the result in [12]
and ours is an application of Bellettini–Paolini [3, Lemma 3.1, 3.2] to choose the coefficients Ui’s in



subsection 3.2 below. In considering the inner expansion, we obtain the following equation:

(1.7) V “ ´∆ΓptqH ´ H|A|2 `
1

2
H3 on Γptq, t ą 0.

Here ∆Γptq is the Laplace - Beltrami operator on Γptq, V (resp, |A|2) is the velocity (resp., the sum of
the squares of all the principal curvatures) of Γptq with respect to the inner unit normal of Γptq. This is
the gradient flow equation of (1.3) and it will be seen that the level set tuεpt, ¨q “ 0u of the solution of
(1.1) formally approximates the motion of hypersurface by (1.7). In subsection 3.3 we treat the case of
the radially symmetric solution of (1.1). We then see that the expansion in the case N “ 3 is different
from the case N ‰ 3. This seems to reflect that all the spheres are stationary solutions of (1.7). In
section 4 we compare between the formal asymptotic expansion of solutions of (1.1) and those of (1.5).

2 Preliminaries

In this section we state our assumptions and the method of matched asymptotic expansion to the
solutions of (1.1).

Before stating our assumptions, we prepare some notations. Fix ε ą 0. Let uε “ uεpt, xq : r0,`8qˆ

RN ÝÑ R be a classical solution of (1.1). For t ě 0, set Γεptq :“ tuεpt, ¨q “ 0u, Ωε
`ptq :“ tuεpt, ¨q ą 0u

and Ωε
´ptq :“ tuεpt, ¨q ă 0u. Denote by dε “ dεpt, xq : r0,`8q ˆ RN ÝÑ R the signed distance

function to Γεptq such that dεpt, ¨q ą 0 in Ωε
`ptq for all t ě 0. Let tΓptqutě0 be a family of compact

hypersurfaces of RN and for each t ě 0, let Dptq be the bounded domain with BDptq “ Γptq and denote
by d0 “ d0pt, xq : r0,`8q ˆ RN ÝÑ R the signed distance function to Γptq such that d0pt, xq ą 0 in
Dptq. We denote by, respectively, Du, D2u, ∆u etc. the gradient, the Hessian and the Laplacian of u
etc. with respect to the variable x. We also denote by, respectively, ut, uz the derivatives with respect
to the variable t and z. Let x¨, ¨y and x¨, ¨yL2 be, respectively, the inner product in RN and that in
L2pRq. Set }f}L2 :“

a

xf, fyL2 for f P L2pRq.
We make the following assumtions.

(A1) For all ε ą 0, puεpt, xq, Duεpt, xq, D2uεpt, xqq ÝÑ Dpuεp0, xq, Duεp0, xq, D2uεp0, xqq as t Ñ 0. In
addition, for any small δ ą 0, there is an ε0 ą 0 such that uεp0, xq » 1 (resp., uεp0, xq » ´1) in
Ωε

`p0qzt|dεp0, ¨q| ă δu (resp., in Ωε
´p0qzt|dεp0, ¨q| ă δu) for all ε P p0, ε0q.

(A2) sup
0ăεă1

Wεpuεp0, ¨qq ă `8.

(A3) For each ε ą 0, Γεptq “ BΩε
`ptq “ BΩε

´ptq for all t P r0, T q and Γεp0q “ Γp0q.

(A4) For each t ě 0, pΓεptq,Ωε
`ptqq ÝÑ pΓptq, Dptqq as ε Ñ 0. Moreover, Γεptq and Γptq are smooth

hypersurfaces for all t ě 0 and they move smoothly with respect to t ě 0.

(A5) dε (resp, d0) is smooth in a neighborhood of
ď

tě0

ttu ˆ Γεptq

˜

resp.,
ď

tě0

ttu ˆ Γptq

¸

and dε satisfies

(2.1) dε “ d0 ` εd, d :“ d1 ` εd2 ` ε2d3 ` Opε3q,

where dl are smooth and bounded functions satisfying dlp0, xq “ 0 (l “ 1, 2, 3).

Remark 2.1. (1) The assumption (A2) will be used to determine U0 below. Besides we are able to
expect that Wεpuεq is an approximation of (1.3), which we will see in Remark 3.3 below.

(2) (A4) implies that Ωε
`ptq is a bounded domain in RN for small ε ą 0 and all t ě 0.

(3) It follows from (A5) and the fact |Ddε|2 “ |Dd|2 “ 1 that

xDd0, Dd1y “ 0, |Dd1|2 ` 2xDd0, Dd2y “ 0, xDd0, Dd3y ` xDd1, Dd2y “ 0.



(4) As for the well-posedness of (1.4), Colli and Laurençot studied in [10] the well-posedness of (1.4)
with a volume constraint fixing the average of u and in [11] that with both volume and area constarints.
In both of the papers they considered (1.4) in a bounded domain.

(5) In (A5), we assume that dε is expanded up to the order ε3. We need the ε3-term in this expansion
to derive the equation for d2. We will see in Step 5 of subsection 3.2 below that the equation for U5

includes both of d2 and d3.

Following the method of matched asymptotic expansion developed by Cahn–Elliott–Novick-Cohen
[9], Pego [19] etc., we look for the outer- and the inner- expansion of the solution of (1.1). As for the
outer expansion away from Γεptq, set

uεpt, xq “ u0pt, xq ` εu1pt, .xq ` ε2u2pt, xq ` ε3u3pt, xq ` ε4u4pt, xq(2.2)

` ε5u5pt, xq ` Opε6q.

On the other hand, since it is known that the width of the transition layer is of order ε (cf. Pego [19]),
we introduce a streched variable z “ dεpt, xq{ε. We seek the inner expansion of uε near Γεptq:

uεpt, xq “ U εpt, x, zq “ U0pt, x, zq ` εU1pt, x, zq ` ε2U2pt, x, zq ` ε3U3pt, x, zq(2.3)

` ε4U4pt, x, zq ` ε5U5pt, x, zq ` Opε6q,

The expansions (2.2) and (2.3) are related by matching conditions (cf. Caginalp–Fife [8, Appendix]):

(2.4) pu0 ` εu1 ` ε2u2 ` ¨ ¨ ¨ qpt, x ` εznq “ pU0 ` εU1 ` ε2U2 ` ¨ ¨ ¨ qpt, x, zq,

for x near Γεptq and εz between Opεq and op1q. Here n “ npt, xqp:“ Ddεpt, xqq denotes the inner unit
normal to Γεptq at x P Γεptq. We use the following notation:

ui,˘pt, xq :“ lim
sÑ˘0

uipt, x ` snq for i “ 0, 1, 2, . . . , 5, t ą 0 and x P Γεptq.

The left-hand side of (2.4) can be expanded in powers of ε as εz Ñ 0 and z Ñ ˘8 as follows:

the left-hand side of (2.4)

“ u0pt, xq ` εpu1 ` zBnu0qpt, xq ` ε2
ˆ

u2 ` zBnu1 `
1

2
z2Bnu0

˙

pt, xq

` ε3
3

ÿ

k“0

1

k!
zkBk

nu3´kpt, xq ` ε4
4

ÿ

k“0

1

k!
zkBk

nu4´kpt, xq ` ¨ ¨ ¨ ,

where Bn is the directional derivative along n. By comparing the both sides of (2.4), the following
conditions appear (cf. [19]).

u0,˘pt, xq “ lim
zÑ˘8

U0pt, x, zq, lim
zÑ˘8

pu1,˘ ` zBnu0,˘qpt, xq “ lim
zÑ˘8

U1pt, x, zq,

lim
zÑ˘8

ˆ

u2,˘ ` zBnu1,˘ `
1

2
z2B2

nu0,˘

˙

pt, xq “ lim
zÑ˘8

U2pt, x, zq,

lim
zÑ˘8

3
ÿ

k“0

1

k!
zkBk

nu3´k,˘pt, xq “ lim
zÑ˘8

U3pt, x, zq,

lim
zÑ˘8

4
ÿ

k“0

1

k!
zkBk

nu4´k,˘pt, xq “ lim
zÑ˘8

U4pt, x, zq, . . .

for t ą 0 and x P Γεptq.

3 Formal asymptotic expansion

This section is devoted to the formal asymptotic expansion of solutions of the PFE (1.1). We give the
outer expansion in subsection 3.1 and the inner one in subsection 3.2.



3.1 Outer expansion

Assume that the solution uε of (1.1) is expanded by (2.2) away from Γεptq. In this subsection we derive
the following:

(3.1) uεpt, ¨q “

"

1 ` Opε6q in Ωε,`ptqzt|dεpt, ¨q| ă δu,
´1 ` Opε6q in Ωε,´ptqzt|dεpt, ¨q| ă δu,

for all t ě 0 and ε ą 0.

We substitute the expansion given by (2.2) the into (1.1). Then we get

5
ÿ

k“0

εkuk,t “ ´

5
ÿ

k“0

εk∆2uk `
1

ε2
∆

#

4
ÿ

l“1

W plqpu0q

pl ´ 1q!

˜

5
ÿ

k“1

εkuk

¸l´1 +

`
1

ε2

#

4
ÿ

l“2

W plqpu0q

pl ´ 2q!

˜

5
ÿ

k“1

εkuk

¸l´2 +

5
ÿ

k“0

εk∆uk

´
1

ε4

#

4
ÿ

l“2

W plqpu0q

pl ´ 2q!

˜

5
ÿ

k“1

εkuk

¸l´2 +#

4
ÿ

l“1

W plqpu0q

pl ´ 1q!

˜

5
ÿ

k“1

εkuk

¸l´1 +

` Opε6q.

Since it is seen that the ε´4-term of (1.1) turns to W 2puqW 1puq “ 0, we have W 2pu0qW 1pu0q “ 0.
Hence we get

p3u20 ´ 1qpu30 ´ u0q “ 0.

By (A1), we have u0 “ ˘1 in Ωε,˘ptqzt|dεpt, ¨q| ă δu. The ε´3-term is given by tW 2pu0qu2u1 `

W 1pu0qW3pu0qu1 “ 4u1 “ 0. Thus u1 “ 0. Similarly, from the εk-terms (k “ ´2,´1, 0, 1) it follows
that u2 “ u3 “ u4 “ u5 “ 0. Therefore we obtain (3.1) for all t ě 0 and ε ą 0.

3.2 Inner expansion

Let uε be a smooth solution of (1.1) represented by (2.3). The purpose of this subsection is to derive
the following expansion near Γεptq:

upt, xq “ U0pzq ` ε2p2|A|2 ´ H2q rU2pzq ` ε3p4|B|3 ´ H3q rU3pzq(3.2)

` ε4U4pt, x, zq ` Opε5q,

z “
dεpt, xq

ε
“

d0pt, xq ` ε2d2pt, xq ` Opε3q

ε
(3.3)

Here U0pzq “ tanh
z

?
2
, rU2 is the solution of (3.22), satisfying (3.4) - (3.6), rU3 is the solution of (3.25)

satisfying (3.4) - (3.6), U4 and d2 are given in Step 4 and 5 below, respectively. The ODE’s (3.22) and
(3.25) are derived in Step 2, 3, respectively. The notations H, |A|2, |B|3 are given after (3.13) below.

Before obtaining (3.2), we give some preliminary observations. Set U “ U ε and d “ dε for simplicity.
We add the following assumption.

(A6) For each z P R,
xDUpt, x, zq,npt, xqy “ 0 for all t ě 0 and x P Γεptq.

Recall that np“ Ddεq is the inner unit normal to Γεptq. This assumption means that Upt, x ` sn, zq »

Upt, x, zq for all t ě 0, x P Γεptq and |s| ! 1. In other words, the behavior of U with respect to the
normal direction is not affected by the variable x, but by the variable z “ dε{ε. See Pego [19, p.266]



for this assumption. As for the matching condition between the outer solution and the inner one, it
follows from the result in the previous subsection that

Upt, x, zq “

"

1 ` Opε6q for z " 1, 0 ă εz ! 1,
´1 ` Opε6q for z ! ´1, ´1 ! εz ă 0.

Combining the matching conditions mentioned in section 2, the outer expansion with this, we can derive
the following:

(3.4) lim
zÑ˘8

U0pt, x, zq “ ˘1, lim
zÑ˘8

Uipt, x, zq “ 0 for i “ 1, 2, 3, 4.

Since uε is a classical solution of (1.1) and we directly treat (1.1), we impose some matching conditions
for the derivatives between the outer solution and the inner one:

(3.5) lim
zÑ˘8

Ui,zzpt, x, zq “ 0 for i “ 0, 1, 2, 3, 4.

In addition, we also need the following conditions:

(3.6) Uipt, x, 0q “ 0 for i “ 0, 1, 2, 3, 4,

because the fact z “ dεpt, xq{ε “ 0 implies that Upt, x, 0q “ 0.
In order to determine the asymptotic expansion of U , we need some preliminary calculations. As

for the inner solution U , we see that

ut “ Ut ` Uz
dt
ε
, Du “ DU ` Uz

Dd

ε
, ∆u “ ∆U `

1

ε
Uz∆d `

1

ε2
Uzz,

where we have used (A6). Moreover we calculate that

∆2u “ ∆2U `
1

ε

#

2xDp∆Uzq, Ddy ` 2∆Uz∆d ` 2xDp∆dq, DUzy ` Uz∆
2d

+

`
1

ε2
t2∆Uzz ` 2UzzxDp∆dq, Ddy ` Uzzp∆dq2u `

2

ε3
Uzzz∆d `

1

ε4
Uzzzz.

Here we have used (A6) again.
As for the nonlinear terms, it is observed that

∆W 1puq “ W3pUq

ˆ

|DU |2 `
1

ε2
U2
z

˙

` W 2pUq

ˆ

∆U `
1

ε
Uz∆d `

1

ε2
Uzz

˙

.

Hence we conclude that

Ut `
1

ε
Uzdt “ ´ ∆2U ´

1

ε

#

2xDp∆Uzq, Ddy ` 2∆Uz∆d ` 2xDUz, Dp∆dqy ` Uz∆
2d

+

(3.7)

´
1

ε2
t2∆Uzz ` 2UzzxDp∆dq, Ddy ` Uzzp∆dq2u

`
1

ε2
rtW 2pUq∆U ` W3pUq|DU |2u ` W 2pUq∆U s

´
2

ε3
pA0Uqz∆d ´

1

ε4
tpA0Uqzz ´ W 2pUqA0Uu

“: I1 ` I2 ` I3 ` I4 ` I5 ` I6,

where A0u :“ uzz ´ W 1puq. Denote by I0 the left-hand side of this equation.
For later use, we expand ∆d0 and its derivatives. Recall that d0 is the signed distance function to

Γptq such that d0pt, ¨q ą 0 in Dptq. Let κj “ κjpt, xq “ κjpt, πpt, xqq (j “ 1, 2, . . . , N ´1) is the principal
curvature of Γptq with respect to the inner unit normal p“ Dd0q and πpt, ¨q is defined by

(3.8) |d0pt, xq| “ |x ´ πpt, xq|, πpt, xq P Γptq for x near Γptq.



Then it is seen by the fact d0 “ εz ´ εd that near Γptq

∆d0 “ ´tH ` ε|A|2pz ´ dq ` ε2|B|3pz ´ dq2 ` ε3|C|4pz ´ dq3 ` ε4|D|5pz ´ dq4u(3.9)

` Op|εpz ´ dq|5q,

Dp∆d0q “ ´rtDH ` εpz ´ dqDp|A|2q ` ε2pz ´ dq2Dp|B|3q ` ε3pz ´ dq3Dp|C|4q(3.10)

` ε4pz ´ dq4Dp|D|5qu ` t|A|2 ` 2εpz ´ dq|B|3 ` 3ε2pz ´ dq2|C|4

` 4ε3pz ´ dq3|D|5uDd0s ` Op|εpz ´ dq|5q,

xDp∆d0q, Dd0y “ ´t|A|2 ` 2ε|B|3pz ´ dq ` 3ε2|C|4pz ´ dq2 ` 4ε3|D|5pz ´ dq3u(3.11)

` Op|εpz ´ dq4|q,

DpxDp∆d0q, Dd0yq “ ´tDp|A|2q ` 2εpz ´ dqDp|B|3q ` 3ε2pz ´ dq2Dp|C|4q(3.12)

` 4ε3pz ´ dq3Dp|D|5qu ` Op|εpz ´ dq|3q

xDpxDp∆d0q, Dd0yq, Dd0y “ ´t2|B|3 ` 6ε|C|4pz ´ dq ` 12ε2|D|5pz ´ dq2u(3.13)

` Op|εpz ´ dq|3q.

Here

H :“
N´1
ÿ

i“1

κipt, xq, |A|2 :“
N´1
ÿ

i“1

pκipt, xqq2, |B|3 :“
N´1
ÿ

i“1

pκipt, xqq3,

|C|4 :“
N´1
ÿ

i“1

pκipt, xqq4, |D|5 :“
N´1
ÿ

i“1

pκipt, xqq5.

(cf. Gilbarg–Trudinger [13, Section 14.6]). Moreover we have used xDf,Dd0y “ 0 (f “ κj ,H, |A|2, |B|3,
|C|4, |D|5, j “ 1, 2, . . . , N ´1) near Γptq because κjpt, πpt, xqq is constant in the normal direction of Γptq

Furthermore, we calculate that

∆2d0 “ ´ rp∆H ´ H|A|2 ` 2|B|3q ` t∆|A|2 ´ p|A|2q2 ´ 2H|B|3 ` 6|C|4ud0(3.14)

` p∆|B|3 ´ 3|A|2|B|3 ´ 3H|C|4 ` 12|D|5qd20s ` Op|d0|3q

“: ´ p∆H ´ H|A|2 ` 2|B|3q ´ εpz ´ dqP1 ´ ε2pz ´ dq2P2 ` Op|εpz ´ dq|3q.

It is observed from the above calculations that

∆ΓptqH “ ´ divpDp∆d0q ´ xDp∆d0q, Dd0yDd0q “ ∆H on Γptq.(3.15)

Remark 3.1. The formula ∆ΓptqH “ ∆H on Γptq is natural. Indeed, recalling that Hpt, xq “

Hpt, πpt, xqq near Γptq and that π “ πpt, xq is defined by (3.8), we see that xDH,Dd0y “ 0 near
Γptq and hence ∆ΓptqH “ divDH .

To select Ui (i “ 0, 1, 2, 3, 4), we divide our considerations into some steps.

Step 1. Choice of U0.

We may assume U0 “ U0pzq from the first condition of (3.4). We apply (A1), (A2), (3.4) and the
fact that the width of transition layer is of order ε to get

Wεpuεp0, ¨qq “
1

2ε

ż

t|uεp0,¨q|ă1u

„

ε∆

"

U0

ˆ

d0p0, xq

ε

˙

` εU1

ˆ

0, x,
d0p0, xq

ε

˙

` ¨ ¨ ¨

*

´
1

ε
W 1

ˆ

U0

ˆ

d0p0, xq

ε

˙

` εU1

ˆ

0, x,
d0p0, xq

ε

˙

` ¨ ¨ ¨

˙ ȷ2

dx



“
1

2ε

ż

Γp0q

ż Opεq

´Opεq

„ "

U0,z

ˆ

d0p0, xq

ε

˙

∆d `
1

ε
U0,zz

ˆ

d0p0, xq

ε

˙*

´
1

ε
W 1

ˆ

U0

ˆ

d0p0, xq

ε

˙˙

´ W 2

ˆ

U0

ˆ

dp0, xq

ε

˙˙ ˆ

U1

ˆ

0, x,
d0p0, xq

ε

˙

` ¨ ¨ ¨

˙

` Op1q

ȷ2

dx ` oεp1q “ ˚.

Here lim
εÑ0

oεp1q “ 0. Set x “ y ` rDdp0, xq and r “ dp0, xq, where y P Γp0q satisfies |dp0, xq| “ |x ´ y|.

Then we see that

˚ “
1

2ε

ż

Γp0q

ż Opεq

´Opεq

„

1

ε

!

U0,zz

´r

ε

¯

´ W 1
´

U0

´r

ε

¯¯)

` U0,z

´r

ε

¯

H ` Op1q

ȷ2

drdHN´1

` oεp1q

“
1

2

ż

Γp0q

ż

R

„

1

ε
tU0,zzpsq ´ W 1pU0psqqu ` U0,zpsqH ` Op1q

ȷ2

dsdHN´1 ` oεp1q.

Here we have used the change of variable s “ r{ε. By (A2), U0 should satisfy

(3.16) A0U0 “ 0 in R.

It is well known that U0pzq “ tanh
z

?
2

is a unique and monotone increasing solution of this ODE

satisfying (3.4) and (3.6) with i “ 0. Hence we choose U0pzq “ tanh
z

?
2
. Note that U0 also satisfies

(3.5).

Remark 3.2. U0, U0,zz are odd in R and U0,z, U0,zzz are even in R.

We look at I6 since the ε´3-term appears only from I6. Indeed, applying Taylor’s theorem to I6
and p3.16q, we see that

I6 “ ´
1

ε3
A1pA1U1q ´

1

ε2

«

5
ÿ

k“2

εk´2A1pA1Ukq

` A1

#

1

2
W3pU0q

˜

5
ÿ

k“1

εk´1Uk

¸2

`
ε

6
W p4qpU0q

˜

5
ÿ

k“1

εk´1Uk

¸3 +

`

$

&

%

W3pU0q

5
ÿ

k“1

εk´1Uk `
ε

2
W p4qpU0q

˜

5
ÿ

k“1

εk´1Uk

¸2
,

.

-

¨

$

&

%

5
ÿ

k“1

εk´1A1Uk ´
ε

2
W3

˜

5
ÿ

k“1

εkUk

¸2

´
ε2

6
W p4qpU0q

˜

5
ÿ

k“1

εkUk

¸3
,

.

-

ff

,

where A1u :“ uzz ´ W 2pU0qu.
Here and in the sequel, we often solve the following ODE:

(3.17) A1u “ f in R,

where f P L2pRq satisfies

(3.18) |f | ď Cp1 ` |z|mqU0,z in R for some C ą 0 and m P N Y t0u.

The following lemma plays an important role in solving (3.32). Note that U0,z satisfies A1U0,z “ 0 in
R, |U0,zz| ď

?
2U0,z in R and that U0,z and U0,zz exponentially decay as z Ñ ˘8.



Lemma 3.1. (cf. Bellettini–Paolini [3, Lemma 3.1, 3.2]) Let f P L2pRq satisfy (3.18). If xf, U0,zyL2 “ 0,
then there exists a solution u P H2pRq of (3.32). Such a solution u is unique up to an addition of cU0,z

pc P Rq. Moreover, if f P H1pRq and fz satisfies (3.18), the solution u satisfies u P H3pRq and

(3.19) |u| ` |uz| ď C1p1 ` |z|m`1qU0,z in R for some C1 ą 0.

Step 2. Choice of U1.

From the above calculations to I6, we get the equation for U1:

(3.20) A1pA1U1q “ 0 in R.

We may consider U1pt, x, zq “ gpt, xq rU1pzq because A1 is a linear operator and does not depend on
the variables t, x. Thus we look for a solution rU1 of (3.20) satisfying (3.4) - (3.6) with i “ 1. Setting
rV1 “ A1

rU1 and applying Lemma 3.1, we have rV1 “ cU0,z (c P R). Hence rU1 satisfies A1
rU1 “ cU0,z in R.

We use the orthogonality condition of Lemma 3.1 to obtain c “ 0 and thus rU1 ” 0 is a unique solution
of A1u “ 0 in R satisfying (3.6) with i “ 1. Therefore we conclude U1 ” 0 and it is a solution of (3.20)
satisfying (3.4) - (3.6) with i “ 1.

Note by the above choice of U1 that

I0 “
1

ε
U0,z

2
ÿ

l“0

εldl,t ` εU2,zd0,t ` Opε2q, I1 “ Opε2q,

I2 “ ´
1

ε
U0,z

2
ÿ

l“0

εl∆2dl ´ εp2xDp∆U2,zq,∆d0y ` 2∆U2,z∆d0

` 2xDU2,z, Dp∆d0qy ` U2,z∆
2d0q ` Opε2q,

I3 “ ´
1

ε2
U0,zz

ÿ

0ďl`mď3

εl`mp2xDp∆dlq, Ddmy ` ∆dl∆dmq

´ U2,zz

ÿ

0ďl`mď1

εl`mp2xDp∆dlq, Ddmy ` ∆dl∆dmq

´ εU3,zzp2xDp∆d0q, Dd0y ` p∆d0q2q ´ 2
ÿ

k“2,3

εk´2∆Uk,zz ` Opε2q,

I4 “ 2W 2pU0qp∆U2 ` ε∆U3q ` Opε2q,

I5 “ ´
2

ε

4
ÿ

k“2

εk´2pA1Ukqz∆d0 ´ 2
3

ÿ

k“2

εk´2pA1Ukqz∆d1 ´ 2εpA1U2qz∆d2,

´ εW3pU0qU2
2∆d0 ` Opε2q,

I6 “ ´
1

ε2

5
ÿ

k“2

εk´2A1pA1Ukq ´
1

2
A1pW3pU0qpU2

2 ` 2εU2U3qq

´ W3pU0qtU2A1U2 ` εpU2A1U3 ` U3A1U2qu ` Opε2q.

Step 3. Choice of U2.

We observe by (3.9), (3.11) and the calculations in the previous step that the ε´2-terms appear
from I3 and I6:

I3 “
1

ε2
p2|A|2 ´ H2qU0,zz `

2

ε
p2|B|3 ´ H|A|2qpz ´ dqU0,zz ` ¨ ¨ ¨ ,

I6 “ ´
1

ε2
A1pA1U2q ´

1

ε

5
ÿ

k“3

εk´3A1pA1Ukq ´ ¨ ¨ ¨ .



Hence we have the equation for U2:

(3.21) A1pA1U2q “ p2|A|2 ´ H2qU0,zz in R.

In the following of this step, we have the solution of this equation under the conditions (3.4) - (3.6)
with i “ 2. Since we may consider U2 “ p2|A|2 ´ H2q rU2 (rU2 “ rU2pzq) by the same reason as in Step 2,
we solve the following equation:

(3.22) A1pA1
rU2q “ U0,zz in R.

Set rV2 :“ A1
rU2. Then rV2 satisfies A1

rV2 “ U0,zz in R. As xU0,zz, U0,zyL2 “ 0 and |U0,zz| ď
?
2U0,z, we

use Lemma 3.1 to show that rV2 “

´z

2
` c0

¯

U0,z (c0 P R) is the solution of this ODE.

Next we solve

(3.23) A1
rU2 “

´z

2
` c0

¯

U0,z in R.

We have c0 “ 0 from the orthogonality condition of Lemma 3.1. Thus we obtain a unique solution rU2

of (3.23) satisfying (3.6). In addition it follows from (3.19) that

(3.24) | rU2| ď C1p1 ` |z|2qU0,z in R for some C1 ą 0.

Hence (3.4) - (3.5) with i “ 2 are satisfied by (3.23) with c0 “ 0 and (3.24). Therefore we obtain the
desired solution U2 “ p2|A|2 ´ H2q rU2 of (3.21) satisfying (3.4) - (3.6) with i “ 2.

Remark 3.3. Now we have U “ U0`ε2U2`Opε3q. Then the energy Wεpuεp0, ¨qq is formarlly calculated
in the following:

Wεpup0, ¨qq “
1

2ε

ż

RN

„

ε∆

"

U0

ˆ

d0p0, xq

ε

˙

` ε2U2

ˆ

0, x,
d0p0, xq

ε

˙

` ¨ ¨ ¨

*

´
1

ε
W 1

ˆ

U0

ˆ

d0p0, xq

ε

˙

` ε2U2

ˆ

0, x,
d0p0, xq

ε

˙

` ¨ ¨ ¨

˙ ȷ2

dx

“
1

2ε

ż

Γp0q

ż Opεq

´Opεq

"

U0,z

ˆ

d0p0, xq

ε

˙

∆d0p0, xq

*2

dx ` Opεq “ ˚.

Set x “ y` rDd0pxq and r “ d0pxq, where y P Γp0q satisfies |d0pxq| “ |x´y|. Then we see by (3.9) that

˚ “
1

2ε

ż

Γp0q

ż Opεq

´Opεq

!

U0,z

´r

ε

¯

Hp0, xq

)2
drdHN´1 ` Opεq

“
1

2

ż

Γp0q

ż

R
tU0,zpzqHp0, xqu

2 dzdHN´1 ` Opεq

“
}U0,z}2L2pRq

2

ż

Γp0q

pHp0, xqq2dHN´1 ` Opεq.

This means that Wε approximates the (}U0,z}2L2pRq
-times) Willmore energy (1.3) (at least formally).

Since we have chosen U2, we can update I3 and I6 as follows:

I3 “
2

ε
p2|B|3 ´ H|A|2qpz ´ dqU0,zz

´
1

ε
U0,zz

ÿ

1ďl`mď3

εl`m´1p2xDp∆dlq, Ddmy ` ∆dl∆dmq

` p6|C|4 ´ p|A|2q2 ´ 2H|B|3qpz ´ dq2U0,zz



´ U2,zz

ÿ

0ďl`mď1

εl`mp2xDp∆dlq, Ddmy ` ∆dl∆dmq

` 2εp4|D|5 ´ |A|2|B|3 ´ H|C|4qpz ´ dq3U0,zz

´ εU3,zzp2xDp∆d0q, Dd0y ` p∆d0q2q ´ 2
ÿ

k“2,3

εk´2∆Uk,zz ` Opε2q,

I6 “ ´
1

ε

5
ÿ

k“3

εk´3A1pA1Ukq ´
1

2
A1pW3pU0qpU2

2 ` 2εU2U3qq

´ W3pU0qtU2A1U2 ` εpU2A1U3 ` U3A1U2qu ` Opε2q.

The following lemma is needed for later use.

Lemma 3.2. Let rU2 be a solution of (3.23). Then rU2 and rU2,zz are odd and rU2,z and rU2,zzz are even
in R.

Proof. Recall that rU2 satisfies

(3.25) A1
rU2 “

z

2
U0,z in R, lim

zÑ˘8

rU2pzq “ 0, rU2p0q “ 0.

Since W 2pU0p´zqq “ W 2pU0pzqq and U0,z is even, rU2 satisfies

rU2,zzp´zq ´ W 2pU0pzqq rU2p´zq “ ´
z

2
U0,zpzq.

Set V pzq :“ ´ rU2p´zq. Then V satisfies (3.25) Thus V pzq “ rU2pzq by Lemma 3.1. As rU2 is smooth,
the assertion of Lemma 3.2 holds.

To have explicit form of rU2, we set rU2pzq :“ v2pzqU0,z and solve the following ODE of v2:

(3.26) v2,zz ´ 2
?
2U0v2,z “

z

2
in R, v2p´zq “ ´v2pzq, |v2pzq| ď Cp1 ` |z|2q for z P R.

Here the second and the third condition follows from (3.24) and Lemma 3.2. We may explicitely solve
(3.26). However we omit the detail since the actual calculations seems to be complicated.

Step 4. Choices of d0 and U3.

The ε´1-terms appear from I0, I2, I3, I5 and I6. As for I2 and I3 we have

I2 “
1

ε
U0,zp∆H ´ H|A|2 ` 2|B|3q ´ t∆2d1 ´ P1pz ´ dquU0,z ´ ¨ ¨ ¨ ,

I3 “
2

ε
p2|B|3 ´ H|A|2qpz ´ d1 ´ εd2qU0,zz

`
2

ε
pxDH,Dd1y ´ xDp∆d1q, Dd0y ` H∆d1qU0,zz ` ¨ ¨ ¨ .

Here we have used d “ d1 ` εd2 ` ε2d3 ` Opε3q. Since A1U2 “
1

2
p2|A|2 ´ H2qzU0,z, we have

pA1U2qz “
1

2
p2|A|2 ´ H2qpU0,z ` zU0,zzq.

Using (3.9) and this equation, we observe that

I5 “
1

ε
tH ` εpz ´ dq|A|2 ` ε2pz ´ dq2|B|3up2|A|2 ´ H2qpU0,z ` zU0,zzq ` ¨ ¨ ¨ .

It is seen by (3.21) that

I6 “ ´
1

ε
A1pA1U3q ´

5
ÿ

k“4

εk´4A1pA1Ukq ´ ¨ ¨ ¨ .



Note that I4 “ Op1q. Consequently we obtain the equation for U3 from the ε´1-term:

A1pA1U3q “ p´dt ` ∆H ` H|A|2 ´ H3 ` 2|B|3qU0,z ` p4|B|3 ´ H3qzU0,zz(3.27)

` 2txDH,Dd1y ´ xDp∆d1q, Dd0y ` H∆d1 ´ d1p2|B|3 ´ H|A|2quU0,zz.

In addition the conditions (3.4) - (3.6) with i “ 3 are imposed. Set U3 :“ U3,1 ` U3,2 and let U3,1, U3,2

satisfy, respectively,

A1pA1U3,1q “ p´d0,t ` ∆H ` H|A|2 ´ H3 ` 2|B|3qU0,z ` p4|B|3 ´ H3qzU0,zz,(3.28)

A1pA1U3,2q “ 2txDH,Dd1y ´ xDp∆d1q, Dd0y ` H∆d1 ´ d1p2|B|3 ´ H|A|2quU0,zz.(3.29)

Based on Lemma 3.1, the following is the solvability condition to find A1U3,1:

xRHS of (3.28), U0,zyL2 “ 0.

It is seen by xzU0,zz, U0,zyL2 “ ´
1

2
}U0,z}2L2 that

xRHS of (3.28), U0,zy “

ˆ

´d0,t ` ∆H ` H|A|2 ´
1

2
H3

˙

}U0,z}2L2 .

Therefore using (3.15) and the fact V “ ´dt, we get

(3.30) xRHS of (3.28), U0,zyL2 “ 0 ðñ V “ ´∆ΓptqH ´ H|A|2 `
1

2
H3.

Hence Γptq moves by (1.7) and (3.28) is reduced to

(3.31) A1pA1U3,1q “ p4|B|3 ´ H3q

ˆ

1

2
U0,z ` zU0,zz

˙

.

Similarly to Step 2, we may assume that U3,1 “ p4|B|3 ´ H3q rU3,1 and we solve the following equation:

(3.32) A1pA1
rU3,1q “

1

2
U0,z ` zU0,zz in R.

Set rV3,1 “ A1
rU3,1 and find a solution rV3,1 of the ODE A1

rV3,1 “
1

2
U0,z ` zU0,zz in R. Lemma 3.1 yields

that rV3,1 “

ˆ

z2

4
` c1

˙

U0,z (c1 P R) is the solution of this ODE.

Next we solve

(3.33) A1
rU3,1 “ rV3,1 “

ˆ

z2

4
` c1

˙

U0,z.

Note that the right-hand side of this equation satisfies (3.18) with m “ 2. It is seen by the orthogonality
condition of Lemma 3.1 that

Bˆ

z2

4
` c1

˙

U0,z, U0,z

F

L2

“ 0 ðñ c1 “ ´
}zU0,z}2L2pRq

4}U0,z}2
L2pRq

.

Thus by Lemma 3.1, we obtain a unique solution rU3,1 of (3.33) with this c1 satisfying (3.6) with
i “ 3. The (3.4) - (3.5) with i “ 3 follow from (3.19) and (3.33). Therefore we conclude that
U3,1 “ p4|B|3 ´ H3q rU3,1 is a solution of (3.28) satisfying (3.4) - (3.6). Note that rU3,1 is even in R by
the same argument as the proof of Lemma 3.2.

In the case of U3,2, we get

U3,2 “ 2txDH,Dd1y ` xDp∆d1q, Dd0y ` H∆d1 ´ d1p2|B|3 ´ H|A|2qu rU2



by a similar way to the case of U2. Here rU2p“ rU2pzqq is the solution of (3.25) satisfying (3.4) - (3.6).
In fact, U3,2 (hence U3) will be determined in the next step since U3,2 includes d1.

We are able to update I0 ´ I6 as follows:

I0 “ U0,zd1,t ` εpU0,zd2,t ` U2,zd0,tq ` Opε2q,

I2 “ ´t∆2d1 ´ pz ´ d1 ´ εd2qP1uU0,z ´ εt∆2d2 ´ pz ´ dq2P2uU0,z

´ εt2xDp∆U2,zq, Dp∆d0qy ` 2∆U2,z∆d0 ` 2xDU2,z, Dp∆d0qy ` U2,z∆
2d0u ` Opε2q,

I3 “ ´2d2p2|B|3 ´ H|A|2qU0,zz ` 2pz ´ d1 ´ εd2qU0,zztxDp|A|2q, Dd1y ` |A|2∆d1u

` 2εpz ´ dq2U0,zztxDp|B|3q, Dd1y ` |B|3∆d1u

` p6|C|4 ´ p|A|2q2 ´ 2H|B|3qpz ´ dq2U0,zz

´ U0,zzt2xDH,Dd2y ` 2xDp∆d1q, Dd1y ` 2xDp∆d2q, Dd0y ` 2H∆d2 ` p∆d1q2u

´ εU0,zz

ÿ

l`m“3

p2xDp∆dlq, Ddmy ` ∆dl∆dmq

´ pU2,zz ` εU3,zzqp2|A|2 ´ H2q ´ 2εpz ´ dqU2,zzp2|B|3 ´ H|A|2q

´ εU2,zz

ÿ

l`m“1

p2xDp∆dlq, Ddmy ` ∆dl∆dmq ` εp8|D|5 ´ 2|A|2|B|3 ´ 2H|C|4qz3U0,zz

´ 2∆U2,zz ´ 2ε∆U3,zz ` Opε2q,

I4 “ 2W 2pU0qp∆U2 ` ε∆U3q ` Opε2q

I5 “ |A|2p2|A|2 ´ H2qpz ´ d1 ´ εd2qpU0,z ` zU0,zzq ´ 2pA1U3qzpH ` εpz ´ dq|A|2q

´ 2pA1U2qz∆d1 ` εpz ´ dq2|B|3p2|A|2 ´ H2qpU0,z ` zU0,zzq

´ 2ε
2

ÿ

l“0

pA1U4´lqz∆dl ´ εW3pU0qU2
2∆d0 ` Opε2q,

I6 “ ´A1pA1U4q ´ εA1pA1U5q ´
1

2
A1pW3pU0qU2

2 q

´ W3pU0qtU2A1U2 ` εpU2A1U3q ` U3A1U2qu ` Opε2q.

Step 5. Choices of d1 and U4.

We note by (3.25) that

´2∆U2,zz ` 2W 2pU0q∆U2 “ ´ 2∆p2|A|2 ´ H2qt rU2,zz ´ W 2pU0q rU2u

“ ´ ∆p2|A|2 ´ H2qzU0,z.

Since U3 satisfies

A1U3 “ p4|B|3 ´ H3q

ˆ

z2

4
` c1

˙

U0,z

` 2txDH,Dd1y ´ xDp∆d1q, Dd0y ` H∆d1 ´ d1p2|B|3 ´ H|A|2quzU0,z,

we get

pA1U3qz “ p4|B|3 ´ H3q

"

z

2
U0,z `

ˆ

z2

4
` c1

˙

U0,zz

*

` 2txDH,Dd1y ´ xDp∆d1q, Dd0y ` H∆d1 ´ d1p2|B|3 ´ H|A|2qupU0,z ` zU0,zzq.

Thus from (3.25) I5 truns to

I5 “ |A|2p2|A|2 ´ H2qpz ´ d1qpU0,z ` zU0,zzq ` p´2|A|2 ` H2qpU0,z ` zU0,zzq∆d1

`

«

p4|B|3 ´ H3q

"

z

2
U0,z `

ˆ

z2

4
` c1

˙

U0,zz

*



´ 2txDH,Dd1y ´ xDp∆d1q, Dd0y ` H∆d1 ´ d1p2|B|3 ´ H|A|2qupU0,z ` zU0,zzq

ff

H

` Opεq.

Besides notice that

W3pU0qU2A1U2 “
1

2
p2|A|2 ´ H2q2W3pU0qz rU2U0,z.

Consequently we have the equation for U4 from the ε0-term:

A1pA1U4q

“ ´U0,zd1,t ´ t∆2d1 ´ pz ´ d1qP1uU0,z ´ 2d2p2|B|3 ´ H|A|2qU0,zz

` 2pz ´ d1qtxDp|A|2q, Dd1y ` |A|2∆d1uU0,zz

` pz ´ d1 ´ εd2q2U0,zzp6|C|4 ´ p|A|2q2 ´ 2H|B|3q

´ U0,zzt2xDH,Dd2y ` 2xDp∆d1q, Dd1y ` 2xDp∆d2q, Dd0y ` 2H∆d2 ` p∆d1q2u

` p2|A|2 ´ H2qU2,zz ´ zU0,z∆p2|A|2 ´ H2q

` p2|A|2 ´ H2q|A|2pz ´ d1qpU0,z ` zU0,zzq ` p´2|A|2 ` H2qpU0,z ` zU0,zzq∆d1

`

«

p4|B|3 ´ H3q

"

z

2
U0,z `

ˆ

z2

4
` c1

˙

U0,zz

*

´ 2txDH,Dd1y ´ xDp∆d1q, Dd0y ` H∆d1 ´ d1p2|B|3 ´ H|A|2qupU0,z ` zU0,zzq

ff

H

´
1

2
p2|A|2 ´ H2q2

!

A1pW3pU0q rU2
2 q ` W3pU0qz rU2U0,z

)

.

Recalling Lemma 3.2 and Remark 3.2, we observe that

x rU2,zz, U0,zyL2 “ 0, xzU0,zU0,zyL2 “ 0, xzU0,zzU0,zyL2 “ ´
1

2
}U0,z}2L2 ,(3.34)

xz2U0,zz, U0,zyL2 “ 0, xU0,zz, U0,zyL2 “ 0,(3.35)

xA1pW3pU0q rU2
2 q, U0,zyL2 “ 6xU0

rU2
2 ,A1U0,zyL2 “ 0,(3.36)

xW3pU0qz rU2U0,z, U0,zyL2 “ 6xzU0
rU2U0,z, U0,zyL2 “ 0.(3.37)

Thus the orthogonality condition in Lemma 3.2 yields the equation for d1:

´ d1,t ´ ∆2d1 ` HxDp∆d1q, Dd0y ´
1

2
H2∆d1 ´ xHDH ` Dp|A|2q, Dd1y

`

"

´P1 ´ 3|C|4 ´
1

2
p|A|2q2 ` H|B|3 ` H2|A|2 ` 2|B|3 ´ H|A|2

*

d1 “ 0.

Since we impose d1p0, ¨q “ 0 in RN , we can take d1 ” 0. Thus the equation for U4 turns to the following:

A1pA1U4q “

"

P1 ` }A|2 ´ ∆p2|A|2 ´ H2qu `
1

2
Hp4|B|3 ´ H3q

*

zU0,z

´ t2p2|B|3 ´ H|A|2qd2 ` 2xDH,Dd2y ` 2xDp∆d2q, Dd0y ` 2H∆d2

´ c1Hp4|B|3 ´ H3quU0,zz

`

"

6|C|4 ` p|A|2q2 ´ H

ˆ

|B|3 ´ H|A|2 `
1

4
H3

˙*

z2U0,zz

` p2|A|2 ´ H2q2
"

rU2,zz ´
1

2
A1pW3pU0q rU2

2 q ´
1

2
W3pU0qz rU2U0,z

*

.

Notice that U3 “ U3,1 because U3,2 “ 0 due to d1 “ 0.



We decompose U4 “ U4,1 ` U4,2 ` U4,3 ` U4,4 and assume that U4,i (i “ 1, 2, 3, 4) satisfies

A1pA1U4,1q “

"

P1 ` t|A|2 ´ ∆p2|A|2 ´ H2qu `
1

2
Hp4|B|3 ´ H3q

*

zU0,z,(3.38)

A1pA1U4,2q “ ´t2p2|B|3 ´ H|A|2qd2 ` 2xDH,Dd2y ` 2xDp∆d2q, Dd0y ` 2H∆d2(3.39)

´ c1Hp4|B|3 ´ H3quU0,zz

A1pA1U4,3q “

"

6|C|4 ` p|A|2q2 ´ H

ˆ

|B|3 ´ H|A|2 `
1

4
H3

˙*

z2U0,zz,(3.40)

A1pA1U4,4q “ p2|A|2 ´ H2q2
"

rU2,zz ´
1

2
A1pW3pU0q rU2

2 q ´
1

2
W3pU0qz rU2U0,z

*

.(3.41)

First we choose U4,1. For this purpose, we set

U4,1 “

„

P1 ` t|A|2 ´ ∆p2|A|2 ´ H2qu `
1

2
Hp4|B|3 ´ H3q

ȷ

rU4,1

and hence rU4,1 satisfies A1pA1
rU4,1q “ zU0,z in R. It follows from (3.25) that A1

rU4,1 “ 2rU2 in R. Since
rU2 is odd (cf. Lemma 3.2) and satisfies (3.23), applying Lemma 3.1 we are able to choose a unique
solution of the equation for rU4,1 satisfying (3.4) - (3.6). Thus U4,1 is determined. Next it follows from
(3.22) that

U4,2 “ ´t2p2|B|3 ´ H|A|2qd2 ` 2xDH,Dd2y ` 2xDp∆d2q, Dd0y ` 2H∆d2

` c1Hp4|B|3 ´ H3qu rU2,

where rU2 is a solution of (3.22) satisfying (3.4) - (3.6).
As for U4,3, set

U4,3 “

"

6|C|4 ` p|A|2q2 ´ H

ˆ

|B|3 ´ H|A|2 `
1

4
H3

˙*

rU4,3.

Then rU4,3 satisfies A1pA1
rU4,3q “ z2U0,zz in R. Looking at the right-hand side of this equation, we

define

rV4,3 “ rV4,3pzq :“

ˆ

z3

6
` c2

˙

U0,z pd0 P Rq.

Then we see that rV4,3 satisfies A1
rV4,3 “ zU0,z ` z2U0,zz in R. As rU2 satisfies (3.25), we observe that

V 4,3 :“ rV4,3 ´ 2rU2 is a solution of
A1V 4,3 “ z2U0 in R.

Next we solve the follwoing equation:

A1
rU4,3 “

ˆ

z3

6
` c2

˙

U0,z ´ 2rU2 in R.

We use the orthogonality condition of Lemma 3.1 to have c2 “ 0 and hence there is a unique solution
rU4,3 of the above equation with c2 “ 0 and it satisfies (3.4) - (3.6). Thus we have determined U4,3.

Finally setting U4,4 :“ p2|A|2 ´ H2q2 rU4,4, we choose rU4,4 as a solution of

(3.42) A1pA1
rU4,4q “ rU2,zz ´

1

2
A1pW3pU0q rU2

2 q ´
1

2
W3pU0qz rU2U0,z “: f0 in R.

Since f0 satisfies xf0, U0,zyL2 “ 0 by (3.45) - (3.37), there is a solution rV4,4 of the equation A1
rV4,4 “ f0

in R by Lemma 3.1. Moreover, the rV4,4 ` c3U0,z (c3 P R) is also a solution of the same equation. By
the fact |f0| ď C4p1 ` |z|4qU0,z for z P R and some C4 ą 0 and Lemma 3.1 we have

|rV4,4| ď C5p1 ` |z|5qU0,z for z P R and some C5 ą 0.



As f0 is odd in R, we can show the oddness of rV4,4 by the same way as the proof of Lemma 3.2.

Next we solve A1U4,4 “ rV4,4 ` c3U0,z in R, that is (3.42). We easily see by the orthogonality

condition of Lemma 3.1 that xrV4,4 ` c3U0,z, U0,zyL2 “ c3}U0,z}2L2 “ 0, which implies c3 “ 0. Therefore

we have a unique solution rU4,4 of (3.42) satisfying (3.4) - (3.6).
Consequently we obtain

U4 “

"

P1 ` p|A|2 ´ ∆qp2|A|2 ´ H2q `
1

2
Hp4|B|3 ´ H3q

*

rU4,1(3.43)

´ t2p2|B|3 ´ H|A|2qd2 ` 2xDH,Dd2y ` 2xDp∆d2q, Dd0y ` 2H∆d2

´ c1Hp4|B|3 ´ H3qu rU2

`

"

6|C|4 ` p|A|2q2 ´ H

ˆ

|B|3 ´ H|A|2 `
1

4
H3

˙*

rU4,3

` p2|A|2 ´ H2q2 rU4,4.

We have the following lemma by the same way as in the proof of Lemma 3.2.

Lemma 3.3. For each i “ 1, 3, 4, rU4,i is odd in R.

To prove this lemma, we use A1pW3pU0q rU2
2 q and W3pU0qz rU2U0,z are odd in R.

From the above result, we can update Ii (i “ 0, 2, 3, 4, 5, 6):

I0 “ εpU0,zd2,t ` U2,zd0,tq ` Opε2q,

I2 “ ´εpd2P1 ` ∆2d2 ´ z2P2qU0,z ´ εt2xDp∆U2,zq, DH ` |A|2Dd0y ´ 2H∆U2,z

` 2xDU2,z, DH ` |A|2Dd0y ´ U2,zp∆H ´ H|A|2 ` 2|B|3qu ` Opε2q,

I3 “ ´2εd2t6|C|4 ´ p|A|2q2 ´ 2H|B|3uzU0,zz

` 2εU0,zzpxDH ` |A|2Dd0, Dd3y ´ xDp∆d3q, Dd0y ` H∆d3q

´ 2εzpU2,zz ` U3,zzqp2|B|3 ´ H|A|2q

` 2εp4|D|5 ´ |A|2|B|3 ´ H|C|4qz3U0,zz ´ 2ε∆U3,zz ` Opε2q,

I4 “ 2εW 2pU0q∆U3 ` Opε2q

I5 “ ´εd2|A|2p2|A|2 ´ H2qpU0,z ` zU0,zzq ´ 2εzpA1U3qz|A|2

´ 2ε
ÿ

l“0,2

pA1U4´lqz∆dl ` εW3pU0qU2
2H ` Opε2q,

I6 “ ´εA1pA1U5q ´ εW3pU0qpU2A1U3 ` U3A1U2q ` Opε2q.

Step 5. Choice of d2.

From the updated Ii’s, the ε-term turns to

A1pA1U5q “ ´ td2,t ` ∆2d2 ` P1d2 ` |A|2p2|A|2 ´ H2qd2uU0,z ` P2pz2U0,zq

` 2U0,zzpxDH ` |A|2Dd0, Dd3y ´ xDp∆d3q, Dd0y ` H∆d3qu

´ r2t6|C|4 ´ p|A|2q2 ´ 2H|B|3u ` d2|A|2p2|A|2 ´ H2qszU0,zz

` 2p4|D|5 ´ |A|2|B|3 ´ H|C|4qz3U0,zz

´ t2xDtp∆ ` 1qp2|A|2 ´ H2qu, DH ` |A|2Dd0y ` 2H∆p2|A|2 ´ H2q

` p2|A|2 ´ H2qp∆H ´ H|A|2 ` 2|B|3qu rU2,z

` 2ztp2|A|2 ´ H2q rU2,zz ` p4|B|3 ´ H3q rU3,1,zzup2|B|3 ´ H|A|2q

´ 2∆p4|B|3 ´ H3qA1
rU3,1 ` 2|A|2p4|B|3 ´ H3qzpA1

rU3,1qz ´ 2HpA1U4qz

´ 2p2|A|2 ´ H2qA1
rU2∆d2 ´ Hp2|A|2 ´ H2q2W3pU0q rU2

2

´ p2|A|2 ´ H2qp4|B|3 ´ H3qW3pU0qp rU2A1
rU3 ` rU3A1

rU2q.



Applying the orthogonality condition in Lemma 3.1, we get the equation for d2:

´ d2,t ´ ∆2d2 ´

"

1

2
P1 ` |A|2p2|A|2 ´ H2q

*

d2 “ F.

Here F depends on H, |A|2, |B|3, |C|4, |D|5 and their derivatives. We omit the detail because the
actual calculations are very complicated.

We solve this equation in p0,`8q ˆ RN under the initial condition d2p0, ¨q “ 0 in RN . Then U4

is determined and the equation for U5 is obtained. We omit the details for U5 because the actual
arguments are harder than those in Step 4.

Consequently we obtain (3.2) and (3.3).

3.3 Radially symmetric case

This subsection is devoted to the formal asymptotic expansion of radial solutions of (1.1).
Assume that uεpt, xq “ uεpt, rq (r “ |x|). Then (1.1) turns to the following:

uεt “ ´∆r

ˆ

∆ru
ε ´

1

ε2
W 1puεq

˙

`
1

ε2
W 2puεq

ˆ

∆ru
ε ´

1

ε2
W 1puεq

˙

(3.44)

in p0,`8q ˆ p0,`8q,

∆r :“
d2

dr2
`

N ´ 1

r

d

dr
.

We also assume (A1) - (A5) mentioned in the beginning of section 2. In these assumptions, we set

Γptq “ t|x| “ ϕ0ptqu, Dptq “ t|x| ă ϕ0ptqu,

Γεptq “ t|x| ď ϕεptqu, Ωε
`ptq “ t|x| ă ϕεptqu, Ωε

´ptq “ t|x| ą ϕεptqu,

dεpt, rq “

3
ÿ

l“0

ε3ϕlptq ´ r ` Opε4q, d0pt, rq “ ϕ0ptq ´ r,

where ϕl (l “ 0, 1, 2, 3) is a smooth and bounded functions and ϕ0p0q “ R0pą 0q, ϕlp0q “ 0 (l “ 1, 2, 3).
We get the outer expantion of the solution uε of (3.44) by the same argument as in subsection 2.1:

For a given δ P p0, 1q,

uεpt, rq “ ˘1 ` Opε6q in Ωε
˘ptqzt|dεpt, ¨q| ě δu

for all t ě 0 and small ε ą 0. We omit the detail.
As for the inner expansion, we suppose that uε is expanded as

uεpt, rq “ Upt, zq “ U0pt, zq ` εU1pt, zq ` ε2U2pt, zq ` ε3U3pt, zq(3.45)

` ε4U4pt, zq ` ε5U5pt, zq ` Opε6q,

z “
dεpt, rq

ε
“

1

ε

˜

3
ÿ

l“0

εlϕlptq ´ r

¸

` Opε3q.(3.46)

We assume N ‰ 3 for the moment and derive the following expansions:

Upt, rq “ U0pzq ´
ε2KN

ϕ2
0ptq

U0,zzpzq ´
ε3pN ` 1qKN

ϕ3
0ptq

rU3,1pzq ` ε4U4pt, rq ` Opε5q,(3.47)

z “
ϕ0ptq ` ε2ϕ2ptq ´ r

ε
` Opε2q,(3.48)

where rU3,1, U4, ϕ0 and ϕ2 will be given in the following arguments.



We calculate that

ut “ Ut `
1

ε
Uz

3
ÿ

l“0

εlϕl,t, ∆ru “
1

ε2
Uzz ´

1

ε

N ´ 1

r
Uz,

∆rp∆ruq “
1

ε4
Uzzzz ´

2

ε3
N ´ 1

r
Uzzz `

1

ε2
pN ´ 1qpN ´ 3q

r2
Uzz `

1

ε

pN ´ 1qpN ´ 3q

r3
Uz,

∆rW
1puq “

1

ε2
`

W3pUqU2
z ` W 2pUqUzz

˘

´
1

ε

N ´ 1

r
W 2pUqUz,

It follows from (3.44), (3.45) and the above calculations that

Ut `
1

ε
Uz

3
ÿ

l“0

εlϕl,t(3.49)

“ ´
1

ε

pN ´ 1qpN ´ 3q

r3
Uz ´

1

ε2
pN ´ 1qpN ´ 3q

r2
Uzz `

2

ε3
N ´ 1

r
pA0Uqz

´
1

ε4
rpA0Uqzz ´ W 2pUqA0U s.

“: J1 ` J2 ` J3 ` J4 .

Denote by J0 the left-hand side of this equation and set KN :“ pN ´ 1qpN ´ 3q. Since it follows from
(3.46) that

r “ ϕ0

„

1 ´

"

´
εpϕ1 ´ zq

ϕ0
´

ε2ϕ2

ϕ0
´

ε3ϕ3

ϕ0

*

` Opε4q

ȷ

,

we see that

1

r
“

1

ϕ0

«

1 ´
εpϕ1 ´ zq

ϕ0
´

ε2

ϕ0

"

ϕ2 ´
pϕ1 ´ zq2

ϕ0

*

´
ε3

ϕ0

"

ϕ3 ´
2pϕ1 ´ zqϕ2

ϕ0
`

pϕ1 ´ zq3

ϕ2
0

*

` Opε4q

ff

,

1

r2
“

1

ϕ2
0

«

1 ´
2εpϕ1 ´ zq

ϕ0
´

ε2

ϕ0

"

2ϕ2 ´ 3
pϕ1 ´ zq2

ϕ0

*

´
2ε3

ϕ0

"

ϕ3 ´
3pϕ1 ´ zqϕ2

ϕ0
`

2pϕ1 ´ zq3

ϕ2
0

*

` Opε4q

ff

.

The arguments in subsection 2.2 also yield that

U0pzq “ tanh
z

?
2
, U1pzq ” 0, U2pt, zq “ ´

KN

ϕ2
0ptq

rU2pzq.

Thus we observe that

J0 “
1

ε
U0,z

2
ÿ

l“0

εlϕ1
l ` εU2,zϕ

1
0 ` Opε2q,

J2 “ ´
KN

ε

1

ϕ2
0

«

´
2pϕ1 ´ zq

ϕ0
´

ε

ϕ0

"

2ϕ2 ´ 3
pϕ1 ´ zq2

ϕ0

*

´
2ε2

ϕ0

"

ϕ3 ´
3pϕ1 ´ zqϕ2

ϕ0
`

2pϕ1 ´ zq3

ϕ2
0

*

ff

U0,zz

´
KN

ϕ2
0

"

1 ´
2εpϕ1 ´ zq

ϕ0

*

U2,zz ´
εKN

ϕ2
0

U3,zz ` Opε2q,



J3 “
2

ε

pN ´ 1q

ϕ0

„

1 ´
εpϕ1 ´ zq

ϕ0
´

ε2

ϕ0

"

ϕ2 ´
pϕ1 ´ zq2

ϕ0

*ȷ

pA1U2qz

`
2pN ´ 1q

ϕ0

"

1 ´
εpϕ1 ´ zq

ϕ0

*

pA1U3qz `
2εpN ´ 1q

ϕ0
pA1U4qz ` Opε2q,

J4 “ ´
1

ε

5
ÿ

k“3

εk´3A1pA1Ukq ´
1

2
A1pW3pU0qpU2

2 ` 2εU2U3qq

´ W3pU0qtU2A1U2 ` εpU2A1U3 ` U3A1U2qu ` Opε2q.

In addition, since

1

r3
“

1

ϕ3
0

„

1 ´
3εpϕ1 ´ zq

ϕ0
´

3ε2

ϕ0

"

ϕ2 ´
2pϕ1 ´ zq2

ϕ0

*

` Opε3q

ȷ

,

we get

J1 “ ´
1

ε

KN

ϕ3
0

«

1 ´
3εpϕ1 ´ zq

ϕ0
´

3ε2

ϕ0

"

ϕ2 ´
2pϕ1 ´ zq2

ϕ0

*

` Opε3q

ff

U0,z

´
εKN

ϕ3
0

U2,z ` Opε2q.

Step 1. Choices of ϕ0 and U3

Comparing the both sides of (3.49) with the use of Ji’s, we have the ε´1-term :

A1pA1U3q “ ´

ˆ

ϕ1
0 `

NKN

ϕ3
0

˙

U0,z ´
pN ` 1qKN

ϕ3
0

zU0,zz `
2KN

ϕ3
0

ϕ1U0,zz.

Here we have used

pA1U2qz “ ´
KN

2ϕ2
0

pU0,z ` zU0,zzq.

Set U3 :“ U3,1 ` U3,2, where U3,1 and U3,2, respectively, solve

A1pA1U3,1q “ ´

ˆ

ϕ1
0 `

NKN

ϕ3
0

˙

U0,z ´
pN ` 1qKN

ϕ3
0

zU0,zz,(3.50)

A1pA1U3,2q “
2KN

ϕ3
0

ϕ1U0,zz.(3.51)

To apply Lemma 3.1, we check the solvability condition. Then we obtain

´

ˆ

ϕ1
0 `

NKN

ϕ3
0

˙

}U0,z}2L2 ´
pN ` 1qKN

ϕ3
0

xzU0,zz, U0,zyL2 “ 0.

By the fact xzU0,zz, U0,zyL2 “ ´
1

2
}U0,z}2L2 , we have the equatioin for ϕ0:

(3.52) ϕ1
0 “ ´

pN ´ 1qKN

2ϕ3
0

Solving this equation under the initial condition ϕ0p0q “ R0, we get

ϕ0ptq “ tR4
0 ´ 2pN ´ 1qKN tu1{4.

Then (3.50) turns to

A1pA1U3,1q “
pN ` 1qKN

ϕ3
0

ˆ

1

2
U0,z ` zU0,zz

˙

.



Hence we obrain

U3,1 “
pN ` 1qKN

ϕ3
0

rU3,1,

where rU3,1 is the solution of (3.33) satisfying (3.4) - (3.6).
As for U3,2, we use the solution of (3.23) satisfying (3.4) - (3.6) to have

U3,2 “
2KN

ϕ3
0

ϕ1
rU2.

U3 will be determined in the next step because U3,2 is includes ϕ1 and it will be chosen in the next step.
Therefore Ji’s (i “ 0, 1, 2, 3, 4) turn to the following:

J0 “
1

ε
U0,z

2
ÿ

l“1

εlϕ1
l ` εU2,zϕ

1
0 ` Opε2q,

J1 “ ´
KN

ϕ3
0

«

´
3pϕ1 ´ zq

ϕ0
´

3ε

ϕ0

"

ϕ2 ´
2pϕ1 ´ zq2

ϕ0

*

ff

U0,z ´
εKN

ϕ3
0

U2,z ` Opε2q,

J2 “ ´
KN

ϕ2
0

«

´
1

ϕ0

"

2ϕ2 ´ 3
pϕ1 ´ zq2

ϕ0

*

´
2ε

ϕ0

"

ϕ3 ´
3pϕ1 ´ zqϕ2

ϕ0
`

2pϕ1 ´ zq3

ϕ2
0

*

ff

U0,zz

´
KN

ϕ2
0

"

1 ´
2εpϕ1 ´ zq

ϕ0

*

U2,zz ´
εKN

ϕ2
0

U3,zz ` Opε2q,

J3 “
2pN ´ 1q

ϕ0

„

´
pϕ1 ´ zq

ϕ0
´

ε

ϕ0

"

ϕ2 ´
pϕ1 ´ zq2

ϕ0

*ȷ

pA1U2qz

`
2pN ´ 1q

ϕ0

"

1 ´
εpϕ1 ´ zq

ϕ0

*

pA1U3qz `
2εpN ´ 1q

ϕ0
pA1U4qz ` Opε2q,

J4 “ ´

5
ÿ

k“4

εk´4A1pA1Ukq ´
1

2
A1pW3pU0qpU2

2 ` 2εU2U3qq

´ W3pU0qtU2A1U2 ` εpU2A1U3 ` U3A1U2qu ` Opε2q.

Remark 3.4. The solution ϕ0 of (3.52) is the radius of a circle or a sphere evolving by the Willmore
flow equation (1.7).

Step 3. Choices of ϕ1 and U4

From the ε0-term, we have the following equation:

A1pA1U4q “ U0,zϕ
1
1 `

3KN

ϕ4
0

pϕ1 ´ zqU0,z `
KN

ϕ3
0

"

2ϕ2 ´ 3
pϕ1 ´ zq2

ϕ0

*

U0,zz

´
KN

ϕ2
0

U2,zz ´
2pN ´ 1q

ϕ2
0

pϕ1 ´ zqpA1U2qz

`
2pN ´ 1q

ϕ0
pA1U3qz ´

1

2
A1pW3pU0qU2

2 q ´ W3pU0qU2A1U2.

We have the following equation by using (3.45) - (3.37), x rU2, U0,zyL2 “ 0 and the orthogonality condition
of Lemma 3.1:

´ϕ1
1 `

pN ` 5qKN

2ϕ4
0

ϕ1 “ 0.

We solve this equation under the condition ϕ1p0q “ 0 to have ϕ1 ” 0. Thus we have

U3 “
pN ` 1qKN

ϕ3
0

rU3,1



and the equation for U4 turns to the following:

A1pA1U4q “ ´
KN

ϕ3
0

"

2N ` 1

ϕ0
` pN ` 1qpN ´ 1q

*

zU0,z `
2KN

ϕ3
0

tϕ2 ´ pN ` 1qpN ´ 1qc1uU0,zz

´
KN

ϕ3
0

"

2N ` 1

ϕ0
`

pN ` 1qpN ´ 1q

2

*

z2U0,zz

`
K2

N

ϕ4
0

"

rU2,zz ´
1

2
A1pW3pU0q rU2

2 q ´
1

2
W3pU0qz rU2U0,z

*

We decomp;ose U4 :“ U4,1 ` ¨ ¨ ¨ ` U4,4 and each U4,i is defined as follows:

U4,1 :“ ´
KN

ϕ3
0

"

2N ` 1

ϕ0
` pN ` 1qpN ´ 1q

*

rU4,1,

U4,2 “
2KN

ϕ3
0

tϕ2 ´ pN ` 1qpN ´ 1qc1u rU2,

U4,3 “ ´
KN

ϕ3
0

"

2N ` 1

ϕ0
`

pN ` 1qpN ´ 1q

2

*

rU4,3,

U4,4 “
K2

N

ϕ4
0

rU4,4,

where rU4,i’s (i “ 1, 3, 4) satisfy

A1
rU4,1 “ rU2, A1pA1

rU4,3q “ z2U0,zz,

A1pA1
rU4,4q “ rU2,zz ´

1

2
A1pW3pU0q rU2

2 q ´
1

2
W3pU0qz rU2U0,z.

Since rU4,i’s are obtained in Step 4 of subsection 3.2, we can determine U4 and Ji’s (i “ 0, 1, 2, 3, 4) turn
to

J0 “ εU0,zϕ
1
2 ` εU2,zϕ

1
0 ` Opε2q,

J1 “
KN

ϕ3
0

«

3ε

ϕ0

"

ϕ2 ´
2z2

ϕ0

*

` Opε2q

ff

U0,z ´
εKN

ϕ3
0

U2,z ` Opε2q,

J2 “
2εKN

ϕ3
0

ˆ

ϕ3 `
3zϕ2

ϕ0
´

2z3

ϕ2
0

˙

U0,zz ´
2εKN

ϕ3
0

zU2,zz ´
εKN

ϕ2
0

U3,zz ` Opε2q,

J3 “ ´
2εpN ´ 1q

ϕ2
0

ˆ

ϕ2 ´
z2

ϕ0

˙

pA1U2qz

`
2εpN ´ 1qz

ϕ2
0

pA1U3qz `
2εpN ´ 1q

ϕ0
pA1U4qz ` Opε2q,

J4 “ ´εA1pA1U5q ´ εA1pW3U2U3q ´ εW3pU2A1U3 ` U3A1U2q ` Opε2q.

Step 4. Choice of ϕ2

Comparing the ε-terms of both sides of J0 “ J1 ` ¨ ¨ ¨ ` J4, we have

A1pA1U5q “ ´ U0,zϕ
1
2 ´

pN ´ 1qK2
N

2ϕ5
0

rU2,z `
3KN

ϕ4
0

ˆ

ϕ2 ´
2z2

ϕ0

˙

U0,z

`
K2

N

ϕ5
0

rU2,z `
2KN

ϕ3
0

ˆ

ϕ3 `
3zϕ2

ϕ0
´

2z3

ϕ2
0

˙

U0,zz

`
2K2

N

ϕ5
0

z rU2,zz ´
pN ` 1qK2

N

ϕ5
0

rU3,1,zz



`
2pN ´ 1qKN

ϕ4
0

ˆ

ϕ2 ´
z2

ϕ0

˙

pA1
rU2qz

`
2pN ` 1qpN ´ 1qKN

ϕ5
0

zpA1
rU3,1qz `

2pN ´ 1q

ϕ0

6
ÿ

k“1

pA1U4,kqz

`
pN ` 1qK2

N

ϕ5
0

tA1pW3pU0q rU2
rU3,1q ` W3pU0qp rU2A1

rU3,1 ` rU3,1A1
rU2qu

As N ‰ 3, the orthogonality condition of Lemma 3.1 yields the ODE for ϕ2.:

ϕ1
2 ´

pN ´ 1qKN

2ϕ4
0

ϕ2 “ ´
L1K

3
N

2ϕ5
0

`
12L2KN

ϕ5
0

`
L4pN ` 1qK2

N

ϕ5
0

`
L2pN ´ 1qKN

2ϕ5
0

´
pL2 ` 4c1qpN ` 1qpN ´ 1qKN

ϕ5
0

`
c1pN ` 1qpN ´ 1q2KN

ϕ4
0

´
2L6pN ´ 1qKN

ϕ4
0

"

2N ` 1

ϕ0
`

pN ` 1qpN ´ 1q

2

*

`
2L7pN ´ 1qK2

N

ϕ5
0

“:
KNM1

ϕ5
0

`
KNM2

ϕ4
0

,

where

L1 :“
x rU2,z, U0,zyL2

}U0,z}2
L2

, L2 :“
}zU0,z}2L2

}U0,z}2
L2

p“ ´4c1q, L3 :“
xz rU2,zz, U0,zyL2

}U0,z}2
L2

,

L4 :“
x rU3,1,zz, U0,zyL2

}U0,z}2
L2

, L5 :“
x rU3,1,zz, U0,zyL2

}U0,z}2
L2

, L6 :“
xpA1

rU4,3qz, U0,zyL2

}U0,z}2
L2

,

L7 :“
xpA1

rU4,6qz, U0,zyL2

}U0,z}2
L2

.

Multiplying both sides of the above equation by
ϕ0

R0
, we see that

ˆ

ϕ0

R0
ϕ2

˙1

“
KNM1

R0ϕ4
0

`
KNM2

R0ϕ3
0

.

By solving this ODE under the condition ϕ2p0q “ 0, we obtain

ϕ2ptq “
2

pN ´ 1q

"

´
M1

ϕ0ptq
log

ϕ0p0q

ϕ1ptq
` M2

ˆ

ϕ0p0q

ϕ0ptq
´ 1

˙*

.

Therefore we are able to determine U4, but we omit the detail. Consequently we obtain (3.47) and
(3.48).

Step 5. The case N “ 3

In the case N “ 3, we have from the above arguments

Upt, rq “ U0pzq ` Opε5q, z “
R0 ´ r

ε
` Opε2q

for all pt, rq P p0,`8q ˆ p0,`8q.

Moreover, we can prove that for any k P N,

Upt, rq “ U0pzq ` Opεkq, z “
R0 ´ r

ε
` Opεk´1q(3.53)

for all pt, rq P p0,`8q ˆ p0,`8q.



4 Some remarks

This section is devoted to the comparison between the formal asymptotic expansion in [18] (cf. [5])
with ours obtained in the previous section. Furthermore we also compare the motion of tΓεptqutgeq0
with that in [16].

4.1 Comparison with the expansion in [18]

In [18] Loreti and March give asymptotic expansions of a pair puε, µεq of solutions of (1.4), which is
equivalent to (1.1). In particular the inner expansions are as follows:

uεpt, xq “ U0pzq ` ε2
ˆ

|A|2 ´
1

2
H2

˙

P2pzq ` Opε3q,(4.1)

µεpt, xq “ ´εHU0,zpzq ` ε2H2Q2pzq ` Opε3q,(4.2)

where z “ dεpt, xq{ε, dεpt, xq is the signed distance function to the set tuεpt, ¨q “ 0u, U0 is the function
obtianed in step 1 of subsection 2.2 and U2 and V2 are the solutions of

P2,zz ´ W 2pU0qP2 “ zU0,z, lim
zÑ˘8

P2pzq “ 0, P2p0q “ 0

Q2,zz ´ W 2pU0qQ2 “ U0,zz, lim
zÑ˘8

Q2pzq “ 0, Q2p0q “ 0,

respectively. Noting that P2 “ 2rU2 which is given in step 3 of subsetction 2.,2, we see that (4.1)
coincides with (3.2) up to the order ε2.

We derive (4.2) from (3.2). For |Ddε| “ 1, we calculate that

´ ε2∆u “ ´U0,zz ´ εU0,z∆pd0 ` ε2d2q

´ ε2p2|A|2 ´ H2qt rU2,zz ´ εrU2,z∆pd0 ` ε2d2qu ` Opε3q,

“ ´U0,zz ´ εU0,zp´H ´ εz|A|2 ´ ε2z2|B|3q

´ ε2p2|A|2 ´ H2qt rU2,zz ` εrU2,zp´H ´ εz|A|2 ´ ε2z2|B|3qu ` Opε3q,

W 1puq “ W 1pU0 ` ε2U2 ` ε3U3 ` ε4U4 ` Opε5qq

“ W 1pU0q ` ε2p2|A|2 ´ H2qW 2pU0q rU2 ` Opε3q.

Thus we have by the equation of (3.25)

µε “ ´ ε2∆u ` W 1puq

“ εHU0,z ` ε2|A|2zU0,z ´
ε2

2
p2|A|2 ´ H2qzU0,z ` Opε3q

“ εHU0,z `
ε2

2
H2zU0,z ` Opε3q.

Since the function zU0,z{2 is the unique solution of A1u “ U0,zz satisfying (3.4) - (3.6), we obtain
Q2 “ zU0,z{2. Notice that ∆d0 “ H in [18] and [5]. Thus the expansion of µε coincides with that in
[18] and [5].

The author considers that we need such a higher order formal expansion as we have obtained in
the previous section when estimating the (optimal) rate of convergence of tΓεptqutě0 to tΓptqutě0. In
particular the expansion dε “ d0 ` ε2d2 ` Opε3q suggests that the rate of convergence of tΓεptqutě0 to
tΓptqutě0 is of order ε2.

Using (3.2), we are able to have the following formal asymptotic expansion for µε, which is more



precise than (4.2):

µεpt, xq “ ´ εHU0,zpzq `
ε2

2
H2zU0,zpzq(4.3)

` ε3
„"

´4|B|3c1 ` H3

ˆ

z2

4
` c1

˙

´ ∆d2

*

U0,z ` p2|A|2 ´ H2qH rU2,z

ȷ

` Opε4q,

Remark 4.1. (1) Assume that there exists a Willmore flow tΓptqutě0 and that it is sufficiently smooth.

Then we are able to define (3.2), (3.3) and (4.3) near
ď

tě0

ttu ˆ Γptq and to expect that (3.2) gives an

approximation to the solution of (1.1) by using Fei–Liu [12, Theorem 1.1]. However we cannot apply
[12, Theorem 1.1] because it requires a higher order approximation than (3.2).

(2) In the case of N “ 3 and radial symmetry, (3.53) suggests that Γεptq :“ tx P R3 | uεpt, |x|q “ 0u

moves slowly. The case N “ 1 seems to be similar although it is not treated in this article. We refer
Bronsard–Kohn [7] and Bronsard–Hilhorst [6], in which the authors consider the slow dynamics for the
Allen–Chan equation and the Cahn–Hilliard equation in one space dimension.

4.2 Comparison the motion of the set tupt, ¨q “ 0u with that by the threshold-type
algorithm with using (1.5)

In section 2 we formally observed that tΓptqutě0 moves by (1.7) in any space dimension. In other
words tΓεptqu approximately moves by (1.7) in any space dimension. Then let us compare the motion
generated by (1.1) with that by (1.5).

Let u “ upt, xq be a solution of (1.5) and define a function Upt, xq and a set Cptq by

Upt, xq :“ upp3aq4t, xq ´ 3upp2aq4t, xq ` 3upa4t, xq ´
1

2
,

Cptq “ tUpt, ¨q ě 0u.

Then by [16] we see that tBCptqu0ďt!1 approximately moves by

V “

$

’

’

&

’

’

%

´∆BCptqH ´ H|A|2 `
1

2
H3 pN “ 2, 3q,

´∆BCptqH ´ H|A|2 `
1

2
H3 ´ 2

ÿ

i,j,k“1,¨¨¨ ,N´1
iăjăk

κiκjκk pN ě 4q

Comparing the equation (1.7) with this, we see that the threshold-type algorithm by (1.5) is somehow
similar to (1.1) for N “ 2, 3 and that it is different for N ě 4.

As for the approximation to the motion by mean curvature, Bence, Merriman and Osher proposed
in [4] a threshold-type algorithm by using the initial value problem for the second order heat equation:

"

ut “ ∆u in p0,`8q ˆ RN ,
up0, xq “ χC0pxq for x P RN ,

where C0 is a given compact set in RN and χC0 is the characteristic function for C0. Vivier pointed
out in [20] that this algorithm is similar to the Allen–Cahn equation (1.6). Actually Leoni [17] and
Goto–Ishii–Ogawa [14] proved the convergence of threshold-type algorithms by applying the method
of the matched asmptotic expantion of solutions of (1.6). Based on these results, the author had a
question whether the algorithm by [16] is similar to the approximation by (1.1). However, these seem
to be different from each other.

However, the (1.1) suggests that we need to modify (1.5) to construct a threshold-type algoritm for
the motion by (1.7) in any space dimension.
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