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Abstract

We study formal asymptotic expansions of solutions of the fourth-order phase field equation (PFE
for short). Loreti-March [18] obtained the formal asymptotic expansion up to the order €2 of solutions
of the system of PDE’s equivalent to the PFE. Fei-Liu [12] rigorously prove the convergence of the
approximate solutions of the equivalent system to the PFE. Their approximate solutions are given by
the asymptotic expansion and they present a procedure to determine the coefficient of the order &*
(k€ Nu {0}). In this article, we derive the formal asymptotic expansion of solutions of the PFE up to
the order €*. It is more precise than that by [18] and the coefficient of €* is obtained in a different way
from [12]. In addition the formal asymptotic expansion of the radial solutions of the PFE is discussed.

1 Introduction

In this article we study formal asymptotic expansions of solutions of the following fourth-order phase
field equation (PFE for short):

(L1) = —A (Am _ ;W’(u€)> + E—le”(ua) (Am - ;W’(u5)> in (0, +o0) x RV,
1 2\2
where N > 2 and W(s) = 1(1 —s7)%.

The above equation is the gradient flow of the following functional:

(1.2) We(u) =4 2¢ €

1 W (u)\”
J (5Au - (u)) dr if ue LY(RN) n W22(RN),
RN
+o0 otherwise in Ll(RN),

This functional is introduced by Bellettini—Paolini [2] to study the De Giorgi conjecture simpler (see
also Bellettini—Freguglia—Picenni [1]). It is also understood as an approximation of the Willmore energy
defined by

(1.3) W) = ;L |23V

Here T is the boundary of an open set in RY, H is the sum of all the principal curvatures (in other
words, (N —1)-times mean curvature) of I" with respect to the inner unit normal of I' and H¥~! denotes

/
the (N — 1)-dimensional Hausdorff measure. Indeed, the term eAu — W)

€
curvature of the level set {x € RY | u(z) = 0}(=: {u(-) = 0} for short) for small £ > 0 in the phase-field
theory.

is related to the mean



In the study of the fourth-order partial differentioal equations (PDE’s for short), we sometimes
consider the equivalent system of the second order PDE’s. For example, we treat the following system
instead of (1.1):

1
(1) i = A = W
pe = —e2Auf + W' (uf).

In [18] Loreti and March used the method of matched asymptotic expansion and obtained the formal
asymptotic expansions of a pair (u®, ;) of solutions of (1.4) (plus a lower order term) for small € > 0
in the case of N = 2,3. As a result, they showed that the zero level set I'*(t) := {u®(¢,-) = 0} formally
moves by (1.7) below. Bretin-Masnou—Oudet [5] considered the asymptotic expansions of solutions of
several modified models for (1.1) and (1.2) and derived the motion laws of the zero level sets of solutions
of modified models. They also gave some numerical results (includeing the case (1.1)). Fei-Liu [12]
rigorously proved the convergence of the approximate solutions of (1.4) in L*(0,7T; L?(£2)) in the case
of N = 2,3 if the smooth Willmore flow exists. They construct the approximate solutions based on the
asymptotic expansion and present a procedure to determine the coefficient of the order e* (k e NuU{0}).

The main purposes of this article are to directly derive the formal asymptotic expansions up to the
order &* of solutions of (1.1) and to confirm that the expansions of a pair (uf, u) of solutions of (1.4)
by [18] is also derived from ours. The first motivation of this study is to compare the formal asymptotic
expansions of solutions of (1.1) with that of solutions of the initial value problem of the fourth-order
heat equation:

(15) u(0,2) = xc, () for z e RY,

{ ug + (=A)?u =0 in (0, +0) x RV,

where Cj is a given compact set of RV, Xc, denotes the characteristic function for Cy. This problem
is used to define a threshold-type algorithm for the fourth-order geometic motions. See Ishii—Kohsaka—
Miyake-Sakakibara [16] for details. In [16] the authors obtained the formal asymptotic expansion up
to the order t3/* of solutions of (1.5) near 0Cy. We need a higher order expansion of solutions of
(1.1) than those of [18] and [5] to compare the asymptotic expansion of solutions of (1.1) with that
of (1.5). The second motivation is that the author would like to know the formal asymptotics of the
signed distance function to {I"*(¢)};>0, which appears in the stretched variable of the expansion near
{T'°(t)}t=0. The author thinks that the formal asymptotic expansion for the signed distance function
to {I"°(t) }+>0 suggests the optimal error estimate between {I'*(¢)};>0 and the Willmore flow. Indeed, in
the case of the Allen—Cahn equation:

1
(1.6) up — Au + ?W’(u) =0 (0,40) x RN,

Ishii [15] obtained the optimal rate of convergence by using the asymptotic expantion of the solution
of (1.6) and that of the signed distance function to {u(¢,-) = 0}. Based on these facts, we consider the
formal asymptotic expansion of solutions of (1.1) up to the order ¢* and that of the signed distance
function to {I'°(¢)};=0 up to the order £2. As for this, in [12] Fei and Liu gives a procedure to define the
coefficients of the order e* (k € N) in the asymptotic expansions for the solution (u®, ;i¥) of (1.4) and the
signed distance function to I'*(t). However, the coefficients of €¥ (k > 3) of u® are not explicitly given.
In this article we give the coefficients of ¥ for the solution u® of (1.1) (somehow) explicitly although
we do it up to the order e*. This is one of the differences between their expansion and ours.

This article is organized in the following way. In section 2, we state our assumptions and the method
of matched asymptotic expansion developed by Cahn—Elliott—Novick-Cohen [9] and Pego [19]. Then
we also introduce the matching conditions between the outer expansion and the inner one. Section
3 is devoted to the formal asymptotic expansion of solutions of (1.1). We give the outer expansion
in subsection 3.1 and the inner one in subsection 3.2. Another difference between the result in [12]
and ours is an application of Bellettini—Paolini [3, Lemma 3.1, 3.2] to choose the coefficients U;’s in



subsection 3.2 below. In considering the inner expansion, we obtain the following equation:
1
(1.7) V = —AryH - H|AP + 5H3 on I'(t), t > 0.

Here Ar is the Laplace - Beltrami operator on I'(t), V' (resp, |A]?) is the velocity (resp., the sum of
the squares of all the principal curvatures) of I'(¢) with respect to the inner unit normal of I'(¢). This is
the gradient flow equation of (1.3) and it will be seen that the level set {u®(t,-) = 0} of the solution of
(1.1) formally approximates the motion of hypersurface by (1.7). In subsection 3.3 we treat the case of
the radially symmetric solution of (1.1). We then see that the expansion in the case N = 3 is different
from the case N # 3. This seems to reflect that all the spheres are stationary solutions of (1.7). In
section 4 we compare between the formal asymptotic expansion of solutions of (1.1) and those of (1.5).

2 Preliminaries

In this section we state our assumptions and the method of matched asymptotic expansion to the
solutions of (1.1).

Before stating our assumptions, we prepare some notations. Fix ¢ > 0. Let u® = u®(¢,x) : [0, 400) x
RY — R be a classical solution of (1.1). For t > 0, set ['*(t) := {u°(t,) = 0}, Q5 (¢) := {u°(t,") > 0}
and QF (t) := {u(t,-) < 0}. Denote by d* = d°(t,z) : [0,+o0) x RY — R the signed distance
function to I'*(¢) such that d*(¢,-) > 0 in Q% (¢) for all ¢ > 0. Let {I'(¢)};>0 be a family of compact
hypersurfaces of RY and for each t > 0, let D(t) be the bounded domain with dD(t) = I'(t) and denote
by do = do(t,z) : [0, +00) x RN — R the signed distance function to I'(t) such that do(t,z) > 0 in
D(t). We denote by, respectively, Du, D?u, Au etc. the gradient, the Hessian and the Laplacian of u
etc. with respect to the variable x. We also denote by, respectively, u;, u, the derivatives with respect
to the variable t and z. Let {-,-) and (:,-);2 be, respectively, the inner product in RY and that in

LA(R). Set | fl12 := \/OFs orz for f e LA(R).

We make the following assumtions.

(A1) For all ¢ > 0, (uf(t, =), Duf(t,z), D*u¢(t,z)) — 3I(u(0,z), Du(0, ), D*u¢(0,x)) as t — 0. In
addition, for any small § > 0, there is an g9 > 0 such that u®(0,z) ~ 1 (resp., u®(0,z2) ~ —1) in
Q= (0)\{|d°(0, -)| < 6} (resp., in Q2 (0)\{|d?(0,-)| < 6}) for all € € (0, p).

(A2) sup W.(u®(0,)) < +o0.

O<e<1

(A3) For each € > 0, I'*(t) = 092%.(t) = 0Q°.(¢) for all t € [0,T") and I'*(0) = I'(0).
(A4) For each t > 0, (I'*(¢), Q5 (t)) — (I'(¢),D(t)) as € — 0. Moreover, I'*(t) and I'(t) are smooth
hypersurfaces for all ¢ = 0 and they move smoothly with respect to ¢t = 0.

(A5) d° (resp, do) is smooth in a neighborhood of U{t} x T°(t) (resp., U{t} X F(t)> and d° satisfies
t=0 £>0
(2.1) d® = do+ed, d:=dy + edy + e%d3 + O(?),
where d; are smooth and bounded functions satisfying d;(0,z) =0 (I = 1,2, 3).

Remark 2.1. (1) The assumption (A2) will be used to determine Uy below. Besides we are able to
expect that W, (u®) is an approximation of (1.3), which we will see in Remark 3.3 below.

(2) (A4) implies that Q% (¢) is a bounded domain in RY for small ¢ > 0 and all ¢ > 0.

(3) Tt follows from (A5) and the fact |Dd®|> = |Dd|? = 1 that

(Ddy, Ddy) = 0, |Ddy|? + 2Ddy, Ddy) = 0, {Ddg, Dds)y + {Ddy, Ddy) = 0.



(4) As for the well-posedness of (1.4), Colli and Laurencot studied in [10] the well-posedness of (1.4)
with a volume constraint fixing the average of v and in [11] that with both volume and area constarints.
In both of the papers they considered (1.4) in a bounded domain

(5) In (A5), we assume that d¢ is expanded up to the order £3. We need the e3-term in this expansion

to derive the equation for do. We will see in Step 5 of subsection 3.2 below that the equation for Us
includes both of ds and ds.

Following the method of matched asymptotic expansion developed by Cahn—Elliott—Novick-Cohen
[9], Pego [19] etc., we look for the outer- and the inner- expansion of the solution of (1.1). As for the
outer expansion away from I'*(t), set

(2.2) u (t, ) = ug(t, ) + eur (t, .x) + e2ua(t, ©) + 3uz(t, ) + e*uy(t, v)
+ eus(t, ) + O(e9).

On the other hand, since it is known that the width of the transition layer is of order e (cf. Pego [19]),
we introduce a streched variable z = d°(t, z)/e. We seek the inner expansion of u® near I'*(¢):

(2.3) u(t,x) = US(t,x,2) = Up(t, x,2) + eUy(t, x, 2) + eUa(t, x, 2) + 3Us(t, 2, 2)
+ e Uy (t, z, 2) + 9Us(t, z, 2) + O(£°),
The expansions (2.2) and (2.3) are related by matching conditions (cf. Caginalp—Fife [8, Appendix]):
(2.4) (uo + euy + 2ug + - )(t,x + ezn) = (Up + €Uy + €2Us + - -+ )(t, z, 2),

for x near I'"“(t) and ez between O(e) and o(1). Here n = n(t,z)(:= Dd®(t,z)) denotes the inner unit
normal to I'“(¢) at = € I'°(t). We use the following notation:

ui +(t,x) = Sl_i)rgrloui(t,x +sn) fori=0,1,2,...,5, t >0 and z € I°(¢).

The left-hand side of (2.4) can be expanded in powers of € as €z — 0 and z — 0 as follows:

the left-hand side of (2.4)

1
= ug(t,z) + e(uy + 20quo)(t, ) + 2 <U2 + 20nu1 + 2z28nu0> (t,z)

4
+ée3 Z kaku;g w(t,z) + &t Z kaﬁm_k(t,:ﬁ) +
ik

where 0y is the directional derivative along n. By comparing the both sides of (2.4), the following
conditions appear (cf. [19]).

uo,+(t,x) = lim Up(t,z,z), lim (u1+ + 20nuo+)(t,z) = lim Uy(t, z, 2),

z—+00 z—Fo0 z—F0

L o .
h]gr1 (uz,+ + 20nu1 + + 5% 8nu07+> (t,x) = zllgloo Us(t,z, 2),

P
3

Jm Z 2ol gy () = A Us(t,z,2),

lim 3 lzka Ug—p 4+ (t,x) = lim Uy(t,z, 2)

z—to0 EUCORTT ’ -+

for t > 0 and = € I'°(¢).

3 Formal asymptotic expansion

This section is devoted to the formal asymptotic expansion of solutions of the PFE (1.1). We give the
outer expansion in subsection 3.1 and the inner one in subsection 3.2.



3.1 Outer expansion

Assume that the solution u of (1.1) is expanded by (2.2) away from I'*(¢). In this subsection we derive
the following:

i 110 in Qe (O\{J=(1.0)] < 5},
(3.1) wih) = { S14 O in - (O\{Ja=(t )] < 5},

forall ¢t > 0 and € > 0.

We substitute the expansion given by (2.2) the into (1.1). Then we get

Since it is seen that the e *-term of (1.1) turns to W”(u)W'(u) = 0, we have W"(uo)W'(ug) = 0.
Hence we get

(3ud — 1)(ud — ug) = 0.
By (A1), we have up = +1 in Q.4 (¢)\{|d°(t,-)| < &}. The e 3-term is given by {W”(ug)}?u; +
W (ug)W" (ug)uy = 4u; = 0. Thus uy = 0. Similarly, from the e¥-terms (k = —2,—1,0,1) it follows
that ug = us = ug = us = 0. Therefore we obtain (3.1) for all t > 0 and € > 0.

3.2 Inner expansion

Let u® be a smooth solution of (1.1) represented by (2.3). The purpose of this subsection is to derive
the following expansion near I'(t):

(3.2) u(t,z) = Up(2) + €2(2|A]> — H*)Us(2) + 3(4]B)® — H*)Us(2)
+ e*Uy(t, z, 2) + O(e°),
d°(t,x) _ do(t,x) + e2dy(t, ) + O(e?)

(3.3) 2= 5

Here Up(z) = tanh %, Uy is the solution of (3.22), satisfying (3.4) - (3.6), Us is the solution of (3.25)

satisfying (3.4) - (3.6), Uy and ds are given in Step 4 and 5 below, respectively. The ODE’s (3.22) and
(3.25) are derived in Step 2, 3, respectively. The notations H, |A|?, | B|? are given after (3.13) below.

Before obtaining (3.2), we give some preliminary observations. Set U = U¢ and d = d° for simplicity.
We add the following assumption.

(A6) For each z € R,
(DU (t,z,z),n(t,x)y =0 forallt >0 and x € I'°(¢).

Recall that n(= Ddf) is the inner unit normal to I'*(¢). This assumption means that U(¢,z + sn, z) ~
U(t,z,z) for all t = 0, z € I'<(t) and |s| « 1. In other words, the behavior of U with respect to the
normal direction is not affected by the variable x, but by the variable z = d®/e. See Pego [19, p.266]



for this assumption. As for the matching condition between the outer solution and the inner one, it
follows from the result in the previous subsection that

1+0(%  forz»1, 0<ez«l,
14+ 0(e%) for 2 « =1, —1 « ez < 0.

U(t,z,2) = {

Combining the matching conditions mentioned in section 2, the outer expansion with this, we can derive
the following:

(3.4) lim Uy(t,z,z) ==+1, lim Ui(t,z,2) =0 fori=1,2,3,4.

z—=+00 z—=+00

Since uf is a classical solution of (1.1) and we directly treat (1.1), we impose some matching conditions
for the derivatives between the outer solution and the inner one:

(3.5) lim Uj..(t,z,z) =0 fori=0,1,2,3,4.

z—=+00

In addition, we also need the following conditions:
(3.6) Ui(t,z,0) =0 fori=0,1,2,3,4,

because the fact z = d°(¢t,x)/e = 0 implies that U(¢,x,0) = 0.
In order to determine the asymptotic expansion of U, we need some preliminary calculations. As
for the inner solution U, we see that

d Dd 1 1
wg = Uy + Uzz’f, Du=DU +U.—, Au = AU + gUzAd + 5 U,

where we have used (A6). Moreover we calculate that
A%y = AU + i{2<D(AUz), Dd) + 2AU,Ad + 2{D(Ad), DU, + UZA%z}

1 2 1
+ ?{QAUZZ +2U..(D(Ad), Dd) + U.,.(Ad)?} + SUneAd + U

Here we have used (A6) again.
As for the nonlinear terms, it is observed that

1 1 1
AW (u) = W"(U) <|DU2 + €2U§> + W"(U) <AU +ZU:Ad + 82Uzz> .
Hence we conclude that

1 1
(3.7) Up+ ZUzdy = = AU — 6{2<D(AUZ), Dd) + 2AU,Ad + 2{DU,, D(Ad)) + UZAZd}

{2AU.. + 2U..(D(Ad), Dd) + U..(Ad)*}
[{(W"(U)AU + W"(U)|DU|*} + W"(U)AU]

2 1
— S5 (A0U):Ad = {(Aol). — W(U) AU}
=L+ 1o+ Is+ Iy + I5 + I,

where Agu := u,, — W/(u). Denote by Ij the left-hand side of this equation.

For later use, we expand Ady and its derivatives. Recall that dj is the signed distance function to
I'(t) such that do(t,-) > 0in D(t). Let k; = k;(t,z) = K;(t,7(t,z)) (j = 1,2,..., N —1) is the principal
curvature of I'(t) with respect to the inner unit normal (= Ddp) and 7 (t,-) is defined by

(3.8) |do(t,z)| = |z — 7(t,x)|, w(t,x) e ['(t) for x near I'(t).



Then it is seen by the fact dy = ez — ed that near T'(¢)

(3.9) Ady = —{H +¢|AP’(z = d) + €|B]*(z — d)* + £°|C|" (2 — d)° + €'[DP’ (= — )"}

+O(le(z = d)|”),

(3.10) D(Ado) = ~[{DH + ¢(2 — d)D(|AP) + *(= — d)’D(|B]*) + *(z — d)*D(IC[*)
+et(z = )*D(DP)} + {|AP + 2¢(2 — d)| B + 3¢*(2 — d)*|C[*
+4¢%(z — d)*| D"} Ddo] + O(le(= — d)]°),

(3.11) (D(Ado), Ddoy = —{|A]” + 2¢| BI* (= — d) + 3¢?|C[*(z — d)* + 4¢*|D°(= — d)°}

+O(le(z — d))),
(3.12) D({D(Ady), Ddoy) = —{D(|A]*) + 2¢(z — d)D(| B]*) + 3¢°(= — d)*D(|C")
+4¢°(2 = d)’D(IDP)} + O(le(z — d)I)
(3.13) (D(D(Ady), Ddyy), Ddoy = —{2| B® + 6¢|C|*(2 — d) + 12¢*|DP°(= — d)*}

+O0(le(z = d)P).
Here
N-1 N-1 N-1
= ) walta), [P i= Y sl ), 1B = X (salt, )
z—]\l{_l =1 N =1
‘C|4 = Z (Ri(tax))47 ’D|5 = Z (Hi<t7 x))E)
=1 i=1

(cf. Gilbarg-Trudinger [13, Section 14.6]). Moreover we have used (Df, Ddyy = 0 (f = ;, H,|A|?,|B|?,
|IC|%, |DJ%, j =1,2,...,N—1) near I'(t) because x;(t, m(t,z)) is constant in the normal direction of I'(t)
Furthermore, we calculate that
(3.14) APy = — [(AH — H|A]? +2|BP*) + {A|A]” — (|A]*)? — 2H|BJ* + 6/C|*}do
+ (A[BF = 3|AP|BI® — 3H|C|* + 12|D[*)dg] + O(|do|*)
— (AH — H|A? +2|B]?) —e(z — d)P, — €*(z — d)*Py + O(|e(z — d) ).

It is observed from the above calculations that
(315) AF(t)H = — le(D(Ado) - <D(Ad0),Dd0>Dd0) =AH on F(t)

Remark 3.1. The formula ApyH = AH on I'(t) is natural. Indeed, recalling that H(t,z) =
H(t,m(t,z)) near I'(t) and that m = m(¢,z) is defined by (3.8), we see that (DH, Ddy) = 0 near
['(t) and hence Ay H = div DH.

To select U; (i = 0,1,2,3,4), we divide our considerations into some steps.

Step 1. Choice of Uj.

We may assume Uy = Up(z) from the first condition of (3.4). We apply (A1), (A2), (3.4) and the
fact that the width of transition layer is of order € to get

W, (u€(0,-)) = 21€L|u6(0,-)<1} [5A{UO (W) +elUy (0,95, dO(g’m)> + .. }

= éw’ <Uo <d°(2x)> +el; <0,x, dO(g’x)> +- > ]Zdw




L (42 ()
(o (42)) e 4 (49)) 1 02

2
+ O(l)} dx 4 0-(1) = =.

Here lin% 0:(1) =0. Set x = y +rDd(0,z) and r = d(0, x), where y € I'(0) satisfies |d(0,z)| = |z — y|.
e—
Then we see that

* = L(O f { Usex (£) = W' (U ()} + Vas () H + O(l)rdrdi}CN_l

—i—o<E

- f j [ttt - Wit >>}+Uo,z<s>H+0<1>rdsdafN1+oe<1>.

Here we have used the change of variable s = r/e. By (A2), Uy should satisfy

(3.16) AoUp =0 in R.
It is well known that Uy(z) = tanh% is a unique and monotone increasing solution of this ODE
satisfying (3.4) and (3.6) with ¢ = 0. Hence we choose Uy(z) = tanh——. Note that Up also satisfies

75
(3.5).

Remark 3.2. Uy, Uy, are odd in R and Up ., Up ... are even in R.

We look at I since the e 3-term appears only from I. Indeed, applying Taylor’s theorem to Ig
and (3.16), we see that

1 —
Iﬁ .Al(ﬂ,lU —[Z&k .Al(.AlUk)
k=2

+A1{;W’” (Zi] 1Uk>2+ —WwW(ty) (Zz—:k 1Uk> }

5

5 2
_ g _
+ W (o) Y. F U + 5W(4>(U0) <Z ek 1Uk>

k—1 € m k k
;;15 AU, — 5W (;15 Uk> - —W (2 £ Uk> ]

where Aju := u,, — W (Up)u.
Here and in the sequel, we often solve the following ODE:

(3.17) Aju=f inR,
where f € L?(R) satisfies
(3.18) lfl <CA+[2/™)Up. inR for some C >0 and me N u {0}.

The following lemma plays an important role in solving (3.32). Note that Up ., satisfies A;Up, = 0 in
R, |Up,z2| < \/iUQZ in R and that Up . and Up .. exponentially decay as z — +o0.



Lemma 3.1. (cf. Bellettini-Paolini [3, Lemma 3.1, 3.2]) Let f € L*(R) satisfy (3.18). If {f, Uy )2 = 0,
then there exists a solution u € H*(R) of (3.32). Such a solution u is unique up to an addition of cUp .
(c e R). Moreover, if f € HY(R) and f. satisfies (3.18), the solution u satisfies u € H3(R) and

(3.19) lul + us| < C1(1+ 2| Up. in R for some Oy > 0.

Step 2. Choice of U;.

From the above calculations to I, we get the equation for Uy:
(320) .Al (.AlUl) =0 inR.

We may consider Uy (t,z,2) = g(t,z)U(2) because A; is a linear operator and does not depend on
the variables ¢, z. Thus we look for a solution_ U, of (3.20) satisfying (3. .4) - (3.6) with ¢ = 1. Setting
V1 AlUl and applying Lemma 3.1, we have V1 = clUy,, (c € R). Hence U1 satisfies ﬂlﬁl = clUp . in R.
We use the orthogonality condition of Lemma 3.1 to obtain ¢ = 0 and thus ﬁl = ( is a unique solution
of Aju = 0 in R satisfying (3.6) with ¢ = 1. Therefore we conclude U; = 0 and it is a solution of (3.20)
satisfying (3.4) - (3.6) with ¢ = 1.

Note by the above choice of U; that

*Uozz:édlt-i-éngdot—l-O( ) = 0(82),
=0

1
Iy = ——U, Z e A2dy — e(2AD(AU,.), Ady) + 2AU; , Ady
=0
+ 2(DUs,., D(Ady)) + Ua . A%dy) + O(£?),

1
Iy = —— oz > éP(AD(A)), D) + AdiAdy)

0<l+m<3
~ Uz Y, €F™XD(Ad), Ddy) + AdiAdy,)
0<l+m<1
— eUs .- (2(D(Adp), Ddo) + (Adg)?) =2 > " AU .. + O(e?),
k=2,3
I = 2W”(U0)(AU2 +eAU;) + O(e 2)
Is Z " 2(AUL) . Ady — 2 2 eF2(ALUL) . Ady — 26(A1Us) . Ads,

k 2 k=2
— eW"(Up)U2Ady + O(?),

1 g 1
Is=—-5 DA AT - §ﬂ1(W’”(U0)(U22 + 2eU,U3))
k=2
— W (Up){U2A1Uz + £(U2A1Us + UsA1Uz)} + O(?).

Step 3. Choice of Us.

We observe by (3.9), (3.11) and the calculations in the previous step that the £~2-terms appear
from I3 and Ij:

1

Iy = 5 (2A]* = H*)Up,=. + - (2\313 H|AR) (2 — D)Ugos + -~
1 5

Is = A1 (A1Up) — = Z AL (AU —

(7)



Hence we have the equation for Us:

(3.21) A1 (A1Us) = (2|A? — H*)Up .. inR.

In the following of this step, we have the solution of this equation under the conditions (3.4) - (3.6)
with i = 2. Since we may consider Us = (2|A|? — H?)Us (Uz = Us(2)) by the same reason as in Step 2,
we solve the following equation:

(322) Al(ﬂlﬁg) = U(),zz in R.

Set Vs := A;Us. Then Vy satisfies AV = Uo,z» in R. As (U, Up yr2 = 0 and |Up ..| < \/§U0,Z, we
use Lemma 3.1 to show that 172 = (g + co) Uop,» (co € R) is the solution of this ODE.

Next we solve

(3.23) AUy = (g + c0> Uo. inR.

We have ¢y = 0 from the orthogonality condition of Lemma 3.1. Thus we obtain a unique solution Us
of (3.23) satisfying (3.6). In addition it follows from (3.19) that

(3.24) Uy < C1(1 + |2|*)Up,. in R for some Cy > 0.

Hence (3.4) - (3.5) with i = 2 are satisfied by (3.23) with co = 0 and (3.24). Therefore we obtain the
desired solution Uy = (2|A]* — H?)Us of (3.21) satisfying (3.4) - (3.6) with i = 2.

Remark 3.3. Now we have U = Uy+£2Us+O(g3). Then the energy W, (u®(0, -)) is formarlly calculated
in the following:

1 d d

— [z—:A{UG <0(0’$)> + 20U, <0,:1:, 0(0,&0)) + - }

2e Jrn €

_EW/ Uo ©0.2) +&%Uy O,x,do(o’x) 4. 2al:v
(50 (B2 e {0 B2 ) |
e (89} s -

Set x = y+rDdy(z) and r = dy(x), where y € I'(0) satisfies |dyp(z)| = |z —y|. Then we see by (3.9) that

Ws(u(()? ))

™

O(e) 2
f f UOZ - H(O,x)} drdH N1 + O(e)
O(e)

f J{UOZ H(0,2)}? dzdHN = + O(e)

2))2dHN L + O(e).

This means that W, approximates the (||Up_.|? T2(R —tlmes) Willmore energy (1.3) (at least formally).
Since we have chosen Us, we can update I3 and Ig as follows:
2 3_
1
— Uz > s”m*l(z@(ml), Dd)> + AdiAd,y,)

1<i+m<3

+ (6|CI* = (|A*)* = 2H|B|)(z — d)* U,z



— Uz Y. ET™(AD(A), Dd) + AdiAdyy,)

0<l4+m<1

+2c(4| DI — |AP| B — H|C|*) (2 — d)*Uo,z.

— eUs..:(2(D(Adg), Ddo) + (Adg)®) =2 ). ¥ ?AU.. + O(€?),
k=2,3

m\._.

5
Z AL (AU — fﬂl(W’”(Ug)(UQ + 2eULU3))

- W”’(Uo){U2A1U2 + e(UpA Uz + Uz A Us)} + O(£2).
The following lemma is needed for later use.

Lemma 3.2. Let (72 be a solution of (3.23). Then 172 and (72,% are odd and (72,2 and (72,“2 are even
mn R.

Proof. Recall that ﬁQ satisfies

~ oz . o~ N
(3.25) AlUQ = §U07Z m R, zEIJ_rnoo UQ(Z) = 0, UQ(O) =
Since W”(Up(—z)) = W"(Up(z)) and Uy, is even, Uy satisfies

~ ~ z

U27zz(—2) — W”(UQ(Z))UQ(—Z) = —§U07Z(Z).

Set V(z) := —Us(—z). Then V satisfies (3.25) Thus V(z) = Us(z) by Lemma 3.1. As U, is smooth,
the assertion of Lemma 3.2 holds. O]

To have explicit form of Us, we set Us(z) := v2(2)Up,, and solve the following ODE of vs:
(3.26) V2,22 — 2V2Ugva,, = % in R, va(—2) = —va(2), |va(2)] < C(1+ |2[*) for zeR.

Here the second and the third condition follows from (3.24) and Lemma 3.2. We may explicitely solve
(3.26). However we omit the detail since the actual calculations seems to be complicated.

Step 4. Choices of dy and Us.
The e~ !-terms appear from Iy, I, I3, Is and Is. As for I» and I3 we have
1 _
= ~Uo(AH - HIA? +2|B)*) — {A%dy — Pi(2 — d)}Up, — -+,
2
I3 = g(2yB|3 — H|A]*)(z — d1 — ed2)Up,z

2
+ g(<DH, Dd1> — <D(Ad1),Dd0> + HAdl)UO’ZZ 4+
= 1
Here we have used d = dy + edy + £2d3 + O(£3). Since A Uy = §(Z|A|2 — HQ)ZUO,Z, we have
1
(-A]_UQ)Z = 5(2|A|2 — H2)(Uo,z + ZUO,zz)'
Using (3.9) and this equation, we observe that

1 _ _
Iy = —{H + e(z — d)|A]* + (2 — d)?*| B’} (2|A)* — H*)(Uo» + 2Up »2) +

It is seen by (3.21) that

5
Is =—7A1 (AiUs) = D e A (AU —
k=4



Note that Iy = O(1). Consequently we obtain the equation for Us from the e~ -term:

(3.27) A1(A1U3) = (—dy + AH + H|A> — H? + 2|B]*)Uy.. + (4|B]® — H?)2Up ...
+2{(DH, Ddy) — {D(Ady), Ddp) + HAdy — d1(2|B]* — H|A|*)}Up....

In addition the conditions (3.4) - (3.6) with ¢ = 3 are imposed. Set U3 := U3 + U3 2 and let Us 1, Uz 2
satisfy, respectively,

(3.28) A1(A1U31) = (—doy + AH + H|A> — H? + 2|B]*Uy . + (4| B]? — H®)2Up .,
(3.29) A1(A1Us2) = 2{(DH, Ddy) — (D(Ady), Ddo) + HAdy — d1(2|B]* — H|A]*)}Up. ...

Based on Lemma 3.1, the following is the solvability condition to find AUs ;:

(RHS of (3.28),Up..)z2 = 0.

2, that

1
It is seen by (zUp ,-,Up z)r2 = —§HU0,z

1
(RHS of (3.28),Up..) = (—dw +AH + H|AP? - 2H3> 1Uo,2 |32
Therefore using (3.15) and the fact V' = —d;, we get
1
(3.30) (RHS of (3.28),Up.)p2 = 0 <=V = —ApyH — H|A]* + 5H?n

Hence I'(t) moves by (1.7) and (3.28) is reduced to

1
(3.31) A1(A1Usq) = (4| B]* — H?) (2U0,Z + zUo,zz> :
Similarly to Step 2, we may assume that Us; = (4|B]*> — H 3)(73,1 and we solve the following equation:

~ 1
(3.32) .Al(.AlU371) = §U07z + ZU07ZZ in R.

~ ~ ~ ~ 1
Set V31 = A1U3 and find a solution V31 of the ODE AV31 = §U0,Z + 2Up .. in R. Lemma 3.1 yields
2

that 173,1 = ZZ + cl> Uop,» (c1 € R) is the solution of this ODE.

Next we solve

(3.33) AUz = V31 = (4 + C1> Vo,

Note that the right-hand side of this equation satisfies (3.18) with m = 2. It is seen by the orthogonality
condition of Lemma 3.1 that

2 |2Uo,: 7
<<Z + Cl) Uo,z, Uo,z> =0<=c = —752(1@-
4 L2 4HU0,Z |L2(R)

Thus by Lemma 3.1, we obtain a unique solution 173,1 of (3.33) with this ¢; satisfying (3.6) with
i = 3. The (3.4) - (3.5) with i« = 3 follow from (3.19) and (3.33). Therefore we conclude that
Usy = (4|BJ® — H3)ﬁ3,1 is a solution of (3.28) satisfying (3.4) - (3.6). Note that (7371 is even in R by
the same argument as the proof of Lemma 3.2.

In the case of Us 2, we get

Usy = 2{(DH, Dd,) + (D(Ady), Ddo> + HAd, — dy(2|B|? — H|A]*)}U,



by a similar way to the case of Uy. Here Uy(= Us(2)) is the solution of (3.25) satisfying (3.4) - (3.6).
In fact, Us 2 (hence Us) will be determined in the next step since Us 2 includes d;.
We are able to update Iy — Ig as follows:
Iy = Uy .dy s + e(Upoday + Usodoy) + O(€2),
Iy = —{A%dy — (2 — dy — edo) P Uy, — e{A%dy — (2 — d)* P2 }Up
— e{2(D(AUs,;), D(Adp)) + 2AUs . Adg + 2{DUs ,, D(Ady)) + Uz . A2dg} + O(?),
Iy = —2d5(2|B]* — H|A|*)Upz» + 2(2 — di — ed2)Up .. {(D(|A[*), Ddy) + |A]* Ady }
+2¢(2 — d)*Up..{(D(|B|*), Dd1) + | B]*Ad;}
+ (6|1 = (|AP*)? = 2H|BP) (2 — d)*Upz
— Up,2{2(DH, Ddy) + 2{D(Ady), Ddy) + 2{D(Ady), Ddy) + 2HAd> + (Ady)?}

— el Y. (AD(Ad), Ddy) + AdiAd,y,)
I+m=3

— (U sz + €Us.22) (2| A2 — H?) — 2e(2 — d)Us.. (2| B> — H|A]?)
— el Y. (AD(Ad), Dy + AdiAdy,) + e(8|D|° — 2|AP?| B — 2H|C[*)2*Up ..
l+m=1
—2AUs ., —2eAU3 ., + 0(52),
Iy = 2W"(Up)(AUs + eAU3) + O(£?)
Is = |APQ2|A]? — H?)(2 — dy — ed2)(Up » + 2Up2») — 2(A1U3).(H + e(z — d)|A]*)
— 2(A1lh),Ady + e(z — d)?|BP(2|A]* — H?*)(Uo. + 2Up )
— 2 i(A1U4_l)ZAdl — eW"(Up)U3 Ady + O(e?),
1=0
Is = —A1(AL1Uy) — eA1(AUs5) — %Al(W’”(UO)UZ?)
— W™ (Up){UaA1Us + £(UaA1Us) + UsA1Us)} + O(£2).
Step 5. Choices of d; and Uy.
We note by (3.25) that
—2AUs,.. + 2W" (Ug) AUy = — 2A(2|A]> — H?){Uy,. — W' (Up) Uz}
= — AQ2|A* — H?)2Uy....
Since Uj satisfies

2
A1U3 = (4|B|3 — H3) <Z4 + Cl> U07Z

+2{(DH, Ddy) — {D(Ady), Ddo) + HAdy — dy(2|B|* — H|A|*)}2Uj..,

we get

(A1Us), = (4| B — H?) {;Uo,z + (f + 01> Uo,zz}
+2{(DH, Dd,) — (D(Ad,), Ddo) + HAdy — dy(2| B — H|A]")}(Uo,. + 2Up...).
Thus from (3.25) I5 truns to
Is = |APQIAP — H*) (2 — d1)(Uo» + 2Up 2.) + (—2|A]* + H*)(Up. + 2Up ..)Ady

3 3 z 22
v @isp - 1) v+ (5 ) v




—2{(DH, Ddy) — {D(Ady), Ddp) + HAdy — d1(2|B]* — H|A*)}(Up» + 2Up..) | H

+0(e).

Besides notice that ]
W (Uy)Ug AUy = 5(2\14]2 — H?2W"(Up)zUsUp....

Consequently we have the equation for Uy from the e%-term:

A1 (A1Uy)
= —Up,dis — {A%dy — (2 — d1) P }Up . — 2d2(2| B> — H|A[*)Uo...
+2(z — d1){{D(|A]*), Ddy) + |A]*Ady }Up ..
+ (2 — dy — ed2)*Uo == (6|C[* — (|A]*)* — 2H|BJ?)
— Up..{2({DH, Ddg) + 2(D(Ady), Dd1) + 2{D(Ady), Ddo) + 2HAdy + (Ady)?}
+ (2|A]? — H)Us . — 2Up . A(2|A* — H?)
+ (2|A? — HY)|AP (2 — d1)(Uo ., + 2Uo.z2) + (—2|A* + H?)(Uo,» + 2Up ..)Ady

3 3 z 22
+ (4‘3’ _H) §U0,2+ Z+Cl UO,zz

—2{(DH, Ddy) — {D(Ady), Ddo) + HAdy — dy(2|B|* — H|A|*)}(Up. + 2Up..) | H

1 ~ ~
— 5 @IAP = B2 { A (W (U0)TF) + W (U0)=02Uh.. |

Recalling Lemma 3.2 and Remark 3.2, we observe that

(334) B0, Un 1 = 0, (a0 :To >z = 0, eUpesliosyis = —3[Uos [,
(3.35) (2200 22, Up o yp2 = 0, Upzy Updp2 = 0,

(3.36) A (W (U0)T3), U zyp2 = 6UoU3, A Up ) p2 = 0,

(3.37) (W™ (Up)2UsUs ., Up 212 = 6(zUgUsUs -, Up 2 2 = 0.

Thus the orthogonality condition in Lemma 3.2 yields the equation for dy:
—dy s — A%dy + H(D(Ady), Ddg) — %HQAdl —(HDH + D(|A|*), Ddy)
T {—pl 310 — %(\AF)Q - H|BI® + HYA]2 + 2|BJ — H\A|2} dy = 0.
Since we impose dy (0, -) = 0 in R", we can take d; = 0. Thus the equation for Uy turns to the following:

1
Ay (A1Uy) = {Pl + AP = A2IA]2 — H?)} + 5H(4|By3 — H3)} 2Up

—{2(2|B|? — H|A|*)dy + 2(DH, Ddy) + 2{D(Ady), Ddy) + 2H Ady
—c1H(4|B|? — H)}Up ...

1
+ {6\C|4 +(AP)?2—H (|B|3 — H|AP? + 4H3> } 22Up 2
~ 1 ~ 1 ~
+ (2|4 — H*)? {Um — 5Al(W”’(Uo)Ug) — 2W”’(Uo)zU2U0,Z} :

Notice that Uz = Us 1 because U3 > = 0 due to di = 0.



We decompose Uy = Uy 1 + Uso + Us g + Uy g and assume that Uy; (i = 1,2, 3,4) satisfies

(3.38) Ay (A1Ug1) = {Pl +{|A? — AQ2IA]? — H?)} + %H(4|B|3 - Hs)} 20z,

(3.39) A1 (A1Us2) = —{2(2|B]* — H|A|*)dy + 2{DH, Ddg) + 2{D(Ads), Ddg) + 2HAdy
— et H(4|B]? — H3*)}Uy ...

(3.40) Agﬂﬁqu{mcﬁ+QAPf_JJQBP_fﬂm2+iHﬁ}z%hu,

(3.41) AL (A1Uss) = (2]A]2 — H?)? {ﬁm - %Al(W’”(UO)ﬁQQ) - ;W’”(Uo)zﬁzUo,z} .

First we choose Uy 1. For this purpose, we set
1 ~
Up1 = [Pl +{|A]? = A2JA> — H*)} + 5H(4|B|3 - H3)} Usa

and hence [74,1 satisfies Al(ﬂlffu) = 20Uy, in R. Tt follows from (3.25) that A117471 = 20, in R. Since
Us is odd (cf. Lemma 3.2) and satisfies (3.23), applying Lemma 3.1 we are able to choose a unique
solution of the equation for Uy ; satisfying (3.4) - (3.6). Thus Uy is determined. Next it follows from
(3.22) that

Uso = —{2(2|B|* — H|A|*)dy + 2{DH, Dds) + 2{D(Adz), Ddp) + 2HAds
+ e H(4B)? — H*)\Us,

where Uy is a solution of (3.22) satisfying (3.4) - (3.6).
As for Uy 3, set

1 ~
Usa = {sict + (apy — 1 (1B — AP + 1) } 0

Then 174,3 satisfies Al(ﬂll}473) = zQUo,ZZ in R. Looking at the right-hand side of this equation, we

define
3

~ ~ z
Vi =Via(z) = (6 + 02) Up. (doeR).

Then we see that 174,3 satisfies A11~/4,3 = 20Uy, + 22U07zz in R. As ﬁg satisfies (3.25), we observe that
7473 := Vi3 —2U; is a solution of

A1Vis =2°Uy inR.
Next we solve the follwoing equation:

3

-Alfj4,3 = <Z6 + 02> Vo, — 2U, in R.

We use the orthogonality condition of Lemma 3.1 to have ¢o = 0 and hence there is a unique solution
Uy 3 of the above equation with co = 0 and it satisfies (3.4) - (3.6). Thus we have determined Uy 3.
Finally setting Uy 4 := (2|A\2 — H2)2U474, we choose Uy 4 as a solution of

~ ~ 1 ~ 1 ~
(3.42) .Al(.AlU4,4) = U2,zz — §.A1(W”/(U0)U22) — §W”/(U0)ZU2U0’Z =: f() in R.

Since fo satisfies {(fo, Up )2 = 0 by (3.45) - (3.37), there is a solution ‘74,4 of the equation A11~/4,4 = fo

in R by Lemma 3.1. Moreover, the V4 + c3Up . (c3 € R) is also a solution of the same equation. By
the fact |fo| < Cu(1 + |2|*)Up, for z € R and some Cy > 0 and Lemma 3.1 we have

[Vial < Cs5(1 4 |2/°)Up. for z € R and some Cs > 0.



As fp is odd in R, we can show the oddness of 17474 by the same way as the proof of Lemma 3.2.

Next we solve A1Usq = 17474 + ¢3Up,, in R, that is (3.42). We easily see by the orthogonality
condition of Lemma 3.1 that <‘~/4,4 + c3Up.2, Up zpr2 = c3l|Uo, -
we have a unique solution (}474 of (3.42) satisfying (3.4) - (3.6).

Consequently we obtain

|%2 = 0, which implies ¢35 = 0. Therefore

1 ~
(3.43) Uy = {Pl + (JA2 = A)(2JAP? — H?) + 5H(4]B|3 — H3)} U

— {2(2|B|® — H|A|?)dy + 2{DH, Ddy) + 2{D(Ady), Ddy) + 2H Ady
— e H(4|B)? — H*)\U,
¥ {6|C\4 T (APR? - H <\B|3 — H|AP + iﬂ?’) } Uis
+ (2|A]” = H*)’Usa.
We have the following lemma by the same way as in the proof of Lemma 3.2.
Lemma 3.3. For each i =1,3,4, (74,7; is odd in R.

To prove this lemma, we use Al(W”’(UO)I}%) and W”’(Uo)zﬁgUo,z are odd in R.
From the above result, we can update I; (i = 0,2,3,4,5,6):

Iy = e(Upoda + Usndo ) + O(e?),

Iy = —&(da Py + A%dy — 22Py) Uy, — e{2(D(AUs,,), DH + |A|*Ddp) — 2HAU, ,
+2(DUs,,, DH + |A|?Ddy) — Us ,(AH — H|A* + 2|B>)} + O(e?),

I3 = —2ed2{6|C|* — (|A]*)*> — 2H|B|*}2Up.....
+ 2eUp .. ((DH + |A? Ddy, Dd3) — (D(Ads), Ddo) + HAd3)
—2e2(Us . + Us,.) (2| B> — H|AP)
+2¢(4|DP° — |APB? — H|C|M23Uy 2o — 2eAUs3.., + O(£%),

Iy = 2eW"(Uy) AU3 + O(?)

Is = —edg| AP (2|A]* — H*)(Uo» + 2Up 2) — 262(A1U3),|AJ?

— 2 Y. (AUsy)Ady + W (Ug)Us H + O(?),
1=0,2

Ig = —eAq (A1U5) — 6W/”(U0)(U2.A1U3 + Ug.AlUQ) + 0(62).

Step 5. Choice of d,.
From the updated I;’s, the e-term turns to

A1(A1Us) = — {doy + A%dy + Pyda + |A]P(2|A]? — H?)do} Uy, + P2(2°Up )
+ 20Uy ..((DH + |A]?Ddy, Dd3) — {D(Ads), Ddo) + HAd3)}
— [2{6|C|* — (|A]*)* — 2H|B|*} + da| AP* (2| A]* — H?)]2Up .-
+2(4/D” — [A]?|BJ* — H|C[")2*Ug -
—{2D{(A +1)(2|A> — H?)},DH + |A|>*Ddy) + 2HA(2|A|*> — H?)

+ (217 — H*)(AH — H|A]” + 2|B[*)} Uy

+22{(2/A]* — H*)Uyo. + (4B — H*)Us ..} (2|B]® — H|A]*)
— 2A4|BP? — H)AUs 1 + 2|AP(4|B® — H)2(A1Us1). — 2H (A Uy).
— 2(2|A> = H*) A UsAdy — H(2|A]> — H2)*W"(Uy)U3
— (2|AP? = H?)A| B> — HW" (Uy)(U.A1Us + UsA1Us).



Applying the orthogonality condition in Lemma 3.1, we get the equation for ds:
1
—dat — A2dQ - {2P1 + |A|2(2|A|2 — HQ)} dy = F.

Here F' depends on H, |A|%, |B|3, |C|*, |DJ® and their derivatives. We omit the detail because the
actual calculations are very complicated.

We solve this equation in (0, 4+00) x RY under the initial condition da(0,-) = 0 in RY. Then Uy
is determined and the equation for Us is obtained. We omit the details for Us because the actual
arguments are harder than those in Step 4.

Consequently we obtain (3.2) and (3.3).

3.3 Radially symmetric case

This subsection is devoted to the formal asymptotic expansion of radial solutions of (1.1).
Assume that u®(¢t,x) = u®(¢,r) (r = |z|). Then (1.1) turns to the following:

1 1 1
(3.44) uj = —A, (Arus — 52WI(UE)> + ?W”(ua) (Arua - €2W'(u€)>
in (0,+00) x (0, +0),
> N-1d
PN S
dr? rdr

We also assume (A1) - (A5) mentioned in the beginning of section 2. In these assumptions, we set

I(t) = {lz] = ¢o(t)}, D(t) = {|z] < do(t)},
I=(t) = {lz| < ¢° (D)}, Q5 (1) = {lz] < ¢ ()}, Q2 () = {[] > ¢ (1)},

3
d*(t,r) = Y Ei(t) —r + O(e"), do(t,r) = ¢o(t) =,
=0
where ¢; (I =0,1,2,3) is a smooth and bounded functions and ¢¢(0) = Ro(> 0), ¢;(0) =0 (I = 1,2,3).

We get the outer expantion of the solution u® of (3.44) by the same argument as in subsection 2.1:
For a given § € (0,1),

u(t,r) = 214+ 0% in QL (E)\{|d°(t, )| = &}

for all £ > 0 and small € > 0. We omit the detail.
As for the inner expansion, we suppose that u® is expanded as

(3.45) uf(t,r) = U(t, 2) = Up(t, 2) + eUp(t, 2) + e2Ua(t, 2) + 3 U3(t, 2)
+ eUL(t, 2) + 9Us(t, 2) + O(e9),
I3 r 3
(3.46) z= d (? ) _ é <2 el (1) — 7“) +0(e).
1=0

We assume N # 3 for the moment and derive the following expansions:

62 53 ~
(347)  Ultyr) = Ug(2) - Q%I((;;Uo,zxz) - Wvg,mz) + Uyt r) + O(),
(3.48) 5 — QZ)O(t) + 52¢2(t) - + O(€2>,
13

where (7371, Uy, ¢ and ¢o will be given in the following arguments.



We calculate that

3
1 1 1N-1
up=Up + =U: > 'y, Dju= U, — =
3 e

Uz,
1=0 "
1 2 N-—-1 1 (N—-1)(N-3 1(N—-1)(N -3
Ar(Aru) = jUzzzz - 737Uzzz + 7( )g )Uzz + *( ):(5 )U27
€ € € r € r
/ 1 " 2 " IN -1 "
AW (u) = 2 (W vz +w (U)UZZ) I wh(U)U,,
It follows from (3.44), (3.45) and the above calculations that
1 3
(3.49) Ur + —U. Dl
=0
1(N—-1)(N-3) 1 (N—-1)(N-3) 2 N-—-1
= —— Uz - 5 Uzz 3 AU z
€ r3 g2 r2 * e r (Aol)
1
— gj[(AOU)ZZ - W"(U)AU].

= J1+Jo+J3+ Jy
Denote by Jy the left-hand side of this equation and set Ky := (N — 1)(/N — 3). Since it follows from

(3.46) that
o]

we see that

1_1[1_e<¢1—z>_i{¢2_«m—z>2}

o ¢o %o o b0
_ Z:) {¢3 B 2(¢>1QZOZ)¢2 N (¢1¢—%Z)3} o],
*ij&B*M%;fwz+%@gﬁﬁ}+O@“l
The arguments in subsection 2.2 also yield that
Us(z) = tanh%, Ur(2) = 0, Us(t,2) — —qf%@(z).

Thus we observe that
1 2
Jo = —Uos ) €'d) + el + O(?),
1=0

J2__KN1[_2(¢1—2) _5{2@_3((1?1—2)2}

e &5 b0 b0 b0
22 B3(¢1—2)¢2  2(¢1 — 2)3}
0% {¢3 b0 " o Vo,

K % (g — K
_qsév{l_g(;()Z)}UZZz_ 67NU3zz+O(52)7



o K R | R

2(N —1) e(p1 — 2e(N —1) 2
" b0 {1 % b0 (Arlla). + O(),
1

5
= Z AL (ALU) — 7A1(W"’(Ug)(U2 + 2eULU3))

)}(‘AIU3)Z +

m

— W (Uo){U2A1U2 + e(Ua A Us + UsA1Us)} + O(€2).

In addition, since

o[- Ees B, M o)

P ®o % ¢
we get
_ 1Ky 3e(gp1 —2) 3¢ { _ (¢>1Z)2}
Ji= 2 ey 1 - ™ . b2 - +0(e”) | Vo,
EKN
———=U,.+ 0O
5 +0(£).

Step 1. Choices of ¢y and Us
Comparing the both sides of (3.49) with the use of J;’s, we have the e !-term :

NK N+ 1)K 2K
-Al(-AlUB) = - <¢,0 + ¢3N) UOz - wZUO,zz + 3N ¢1U0 zz:
0 0 0

Here we have used

K
(A1U3), = 202 (UOZ + 2Up 22).
0

Set Uz := Us 1 + Uz 2, where Us 1 and Us 2, respectively, solve

NK N+ 1K
(3.50) A1(AUs 1) = — <¢6 e N) Uo,z — (¢3)NZU0,ZZ,
0 0
2K
(3.51) A1 (A Us) = 3N $1U0 2.

To apply Lemma 3.1, we check the solvability condition. Then we obtain

. NK
_(¢°+ ¢>8N>

1
By the fact (zUp .., Upz)r2 = —§HU07ZH%2, we have the equatioin for ¢q:

(N + 1)Ky
%

<ZU0 22, U0 z>L2 = 0.

(N-1)Ky
20

Solving this equation under the initial condition ¢o(0) = Ry, we get

(3.52) ¢ = —

Po(t) = {Ré —2(N — I)KNt}1/4,

Then (3.50) turns to

N+ 1)K
A1 (A U31) = w < U, + 2Uy zz> .
0



Hence we obrain
(N +1)Kn ~
U1 = ————

%
where Us ) is the solution of (3.33) satisfying (3.4) - (3.6).
As for Us 9, we use the solution of (3.23) satisfying (3.4) - (3.6) to have

3,15

2K ~
Uszo = 73N¢1U2~
0

)

Us will be determined in the next step because Us 2 is includes ¢ and it will be chosen in the next step.
Therefore J;’s (i = 0,1,2,3,4) turn to the following:

2
1
Jo==Uo: Y &g} + eUs 0 + O(”
0= "_Uoz 2,1+ el + O(e7),

=1
_ _Ex _3(@—2)_38{ _2(¢1—Z>2} _ €Ky 2
=g [ b 2T g J|TorT g Vre T O,
_ _En|_ 1, M}_?e{ 361 — 2)¢ 2(¢1—z)3}
=g [ % {2¢2 - P L I e B O
N Kif; {1 _ 21— 2) } Us.so EKQN Us... + O(2),
0 %o 0
QAN-1)[ (p1—2) ¢ _(¢1—Z)2}]
Ja = oo [ ®o oo {¢2 ®o al).
2(N —1) {1 e Z)}(AlUg)z N 2e(N 1)(A1U4>Z L o),
®o o o
5
Ji=— > U (A UR) — %Al(W’”(UO)(UQQ + 2eUsUs3))
k=4

— W"(Up){UpA1Us + e(Us A Us + Us A Us)} + O(£2).

Remark 3.4. The solution ¢y of (3.52) is the radius of a circle or a sphere evolving by the Willmore
flow equation (1.7).

Step 3. Choices of ¢; and Uy

From the £°-term, we have the following equation:

Y
A1) = Uy + 258 = 90 + EX {20 - 30— b
ol o3 %o
BT e AN
¢0 ¢0
+ 22 ). - S0 O)03) - W W)Ul

We have the following equation by using (3.45) - (3.37), (Us, Uop,.)r2 = 0 and the orthogonality condition

of Lemma 3.1:
(N + 5Ky

203
We solve this equation under the condition ¢1(0) = 0 to have ¢; = 0. Thus we have

—¢) + ¢1 = 0.

(N+1)KN~

Us = Us,1
o



and the equation for Uy turns to the following:

AT = — qu;f {2”;5:1 +(N+1)(N - 1)} U+ 22N () (N £ DV — 1o ee
0 0

CKn f2N+1  (N+1H)(N-1)] ,
¢0{ %0 + 9 }ZUOZZ

K ~ 1 ~ 1 ~
¢N {Ug,zz — §A1(W’”(U0)U22) — 2W”’(Uo)zUzUO,Z}
0

We decomp;ose Uy := Uy 1 + -+ - + Uy and each Uy, ; is defined as follows:

Ky (2N +1 -
Uy = —— { + (N +1)(N - 1)} Uiz,
¢0 d)O
2Ky

Us = 3 {¢2 — (N + 1)(N — 1)1 }05,

Ky (2N+1 (N+D)(N-1)) ~
Uss = —q%{ o + 5 U3,
Uss = N, As
¢4

where 1747Z~’s (1 =1,3,4) satisty
AUs1 = Uy, Ay(A1U43) = 22Up 2z,
~ ~ 1 ~ 1 ~
A1(A1Us4) = Us s — 5Al(W”’(UO)Ug) — 5W’”(Uo)ngUo,z.

Since (7472‘78 are obtained in Step 4 of subsection 3.2, we can determine Uy and J;’s (i = 0,1,2,3,4) turn
to

Jo = Uy z(]5,2 + eUs z¢6 + 0(52),

Kn | 3¢ 222 5 B

e [% {@ %0 }+0(5 ) |Vo ¢>o g Uz HOE,

2Ky 3zpg 227 ) 2Ky _eKy
Jo = ng <¢3 ¢0 ¢% 2z ng ZUZ,zz ¢0 US zz +O( )

2e(N —1) < 2)
Jy= == — — .
3 pY P2 %o (A1U2)
w(ﬂl%)z + M(A1U4)Z + 0(52)7

ol b0
J4 = —E.A1(.A1U5) — E.Al(W”IUQU3) — EW”/(UQ.AlUg + U3.A1U2) + 0(52).

Step 4. Choice of ¢9
Comparing the e-terms of both sides of Jy = J; + - -+ + Jy4, we have

N —-1)K? 3K 222
A1(A1Us) = — Up 5 — @sz a <¢2 - > Uo,-

263 K ®o
KN ZKN ( 32¢9 2z3>
U2 2 ¢3 - UO 2z
Qbo ¢0 ¢0 ¢0
2K% N+ 1)K? ~
+ ZUQ 22 w 3,1,zz

P %



_ 2 -

2(N +1)(N — 1)Ky
+ 5
o
(N +1)K%
%
As N # 3, the orthogonality condition of Lemma 3.1 yields the ODE for ¢o.:
(N-1)Kn L1K3,  12LsKy  Ly(N +1)K%  Lo(N - 1)Ky
T oot 27 T 5 T 5 T 5 + 5
2¢0 2¢0 Qbo ¢0 2¢0
(Ly 4+ 4c1)(N + 1)(N — 1)Ky
%
ci(N +1)(N—-1)2Ky
+ 4
%o
2Lg(N-1)Ky (2N +1 (N+1)(N-1) 2L7(N —1)K%
— 1 + + =
¢o ¢0 2 ¢o
KnM,  KxM,
= 5+ I
o oy

2N — 1)
%

6
Z(.AlUg,l)z + Z(A1U4,k)z
k=1

{\Al(WW(Ug)(NJQﬁgJ) + W”’(Uo)(ﬁz./llﬁgJ + (7371.A1(72)}

¢ —

where

. <62,Za UO,Z>L2 L HZU072| %2 (: _401) L3 o <z[72,221 U072>L2
T 10,2

Ll = 2 1=
HUO,Z”%2 ’ HUO,z |%2

La = <ﬁ3,1,ZZ7UO,Z>L2 Ie = <ﬁ3,1,zzaU0,z>L2 L <(~A1ﬁ4,3)z7U0,z>L2
4 .= U D) , L5 = U P} y L6 = U p) )
100,17 [Uo.17 10,17
Lnm ((A1Us6)-, Vo) p2
1T,

9

2
L2

|2
L2

Multiplying both sides of the above equation by %, we see that
0

<¢>0¢2>, _ EnM; | KnM,
Ry Ry Rod3

By solving this ODE under the condition ¢2(0) = 0, we obtain
_ 2 M $0(0) <¢0(0) B >}
)= o i o e 2 (e 1) -

Therefore we are able to determine Uy, but we omit the detail. Consequently we obtain (3.47) and
(3.48).

Step 5. The case N =3
In the case N = 3, we have from the above arguments

_Ro—?"

U(t,r) = Up(z) + O(e°), = +0(e?)

for all (¢,7) € (0, +0) x (0, +00).

Moreover, we can prove that for any k € N,

Ro—r

(3.53) U(t,r) = Up(z) + O(eX), 2 = +O0(eFh

for all (¢,7) € (0, +0) x (0,400).



4 Some remarks

This section is devoted to the comparison between the formal asymptotic expansion in [18] (cf. [5])
with ours obtained in the previous section. Furthermore we also compare the motion of {I'*(%)}sseq0
with that in [16].

4.1 Comparison with the expansion in [18]

In [18] Loreti and March give asymptotic expansions of a pair (u®, u°) of solutions of (1.4), which is
equivalent to (1.1). In particular the inner expansions are as follows:

(4.1) u (t, ) = Up(z) + €2 <|A|2 - ;H2> Py(2) + O(£%),
(4.2) pe(t,x) = —eHUy »(2) + 2H?Qq(2) + O(e3),

where z = d°(t,z)/e, d°(t,x) is the signed distance function to the set {u®(t,-) = 0}, Uy is the function
obtianed in step 1 of subsection 2.2 and Us and V5 are the solutions of

P27zz — W”(U())Pg = ZUQ7Z, lig-loo PQ(Z) = O, PQ(O) = 0

Q2.2: — W"(Up)Q2 = Uy 2, le}foo Q2(2) =0, Q2(0) =0,

respectively. Noting that P, = 2(72 which is given in step 3 of subsetction 2.,2, we see that (4.1)
coincides with (3.2) up to the order £2.
We derive (4.2) from (3.2). For |Dd°| = 1, we calculate that

—&?Au = ~Up,,, — elUp A(dp + €%da)
— 2(2|AP — H){Us... — eUs . A(dg + £%da)} + O(%),
= Uy, —€Up.(—H — ez|A? — 222|B®)
— 2(21AP — H){Us... + eUs.(—H — ez|A]> — €222 B]®)} + O(&?),
W'(u) = WUy + €2Us + €3U3 + £*U4 + O(°))
= W'(Up) + 2(2|A]> = HHW"(Uo)Us + O(£®).

Thus we have by the equation of (3.25)
pe = —2Au+ W (u)
2
— cHUy. + €2|Al22Up . — %(2|A|2 — H%)2Up. + O(e%)
g? .
=eHUp, + EH%UO,,Z +0(?).

Since the function zUj /2 is the unique solution of Aju = Up, .. satisfying (3.4) - (3.6), we obtain
Q2 = zUp /2. Notice that Ady = H in [18] and [5]. Thus the expansion of ;° coincides with that in
[18] and [5].

The author considers that we need such a higher order formal expansion as we have obtained in
the previous section when estimating the (optimal) rate of convergence of {I'c(t)}i=0 to {I'(¢)}t=0. In
particular the expansion d. = dgy + £2dy + O(e®) suggests that the rate of convergence of {Tc(t)};>0 to
{T'(t)}+=0 is of order £2.

Using (3.2), we are able to have the following formal asymptotic expansion for px, which is more



precise than (4.2):

2
(4.3) pe(t,x) = —eHUy (%) + %HQzUO’Z(z)

2 ~
+ & [{—4|B|301 + H? <Z4 + 01) — Adg} Uo.. + (2|AP — H2)HU27Z]

Remark 4.1. (1) Assume that there exists a Willmore flow {I'(¢)};>0 and that it is sufficiently smooth.
Then we are able to define (3.2), (3.3) and (4.3) near U{t} x I'(t) and to expect that (3.2) gives an

t=0
approximation to the solution of (1.1) by using Fei-Liu [12, Theorem 1.1]. However we cannot apply

[12, Theorem 1.1] because it requires a higher order approximation than (3.2).

(2) In the case of N = 3 and radial symmetry, (3.53) suggests that ['*(¢) := {z € R? | u°(¢, |z|) = 0}
moves slowly. The case N = 1 seems to be similar although it is not treated in this article. We refer
Bronsard—Kohn [7] and Bronsard-Hilhorst [6], in which the authors consider the slow dynamics for the
Allen—Chan equation and the Cahn—Hilliard equation in one space dimension.

4.2 Comparison the motion of the set {u(t,-) = 0} with that by the threshold-type
algorithm with using (1.5)

In section 2 we formally observed that {I'(¢)};>0 moves by (1.7) in any space dimension. In other
words {I'c(t)} approximately moves by (1.7) in any space dimension. Then let us compare the motion
generated by (1.1) with that by (1.5).

Let u = u(t,z) be a solution of (1.5) and define a function U(¢,x) and a set C(t) by

Ut ) = u((3a)', ) — 3u((2a)*, 2) + Su(a’t, z) — %
Clt) = (Ut ) = 0.

Then by [16] we see that {0C(t)}o<t«1 approximately moves by

1
—NoewH — H|AP + - H? (N =2,3),

V = _A(?C(t)H — H|A‘2 + §H3 -2 Z Hi/{j/{k (N 2 4)

Comparing the equation (1.7) with this, we see that the threshold-type algorithm by (1.5) is somehow
similar to (1.1) for N = 2,3 and that it is different for N > 4.

As for the approximation to the motion by mean curvature, Bence, Merriman and Osher proposed
in [4] a threshold-type algorithm by using the initial value problem for the second order heat equation:

up = Au in (0, 400) x RN,
u(0,2) = xc,(x) for x € RV,

where Cj is a given compact set in RN and X, is the characteristic function for Cy. Vivier pointed
out in [20] that this algorithm is similar to the Allen-Cahn equation (1.6). Actually Leoni [17] and
Goto—Ishii-Ogawa [14] proved the convergence of threshold-type algorithms by applying the method
of the matched asmptotic expantion of solutions of (1.6). Based on these results, the author had a
question whether the algorithm by [16] is similar to the approximation by (1.1). However, these seem
to be different from each other.

However, the (1.1) suggests that we need to modify (1.5) to construct a threshold-type algoritm for
the motion by (1.7) in any space dimension.
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