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The Private Provision of Public Goods:
Neutrality, Efficiency, Equity and Population∗

Jun Iritani and Shin-ichi Yamamoto

Graduate School of Economics, Kobe University,
2-1, Rokkodai-cho, Nada-ku, Kobe, 657-8501, Japan

1 Introduction

The models of private provision of public good establish a remarkable theorem. It is the
neutrality theorem stating that the total supply of public good as well as the allocation
of private good in the equilibrium remains intact even when income redistributions are
made (see Warr (1982), (1983), Kemp (1984) and Bergstrom-Blume-Varian (1986)). We
call this property as the neutrality property. The common equilibrium concept in the
theorem is the ‘Nash equilibrium’. A key tool exploited in the theorem is the lump-
sum income redistribution1. Suppose that there exists an equilibrium and that an income
redistribution is made. Then, each consumer can choose the same amount of consumption
as before and contribute to the public good by the original contribution level plus the
difference in his incomes as far as his new contribution to the public good is not negative.
This is the essential fact which makes the neutrality property hold. The size of possible
income redistributions thus depends on the original equilibrium allocation in the neutrality
theorem. Otherwise, some individual’s new contribution to the public good would be
negative. Therefore, income redistribution must be determined quantitatively or locally.
To be more precise, the income redistribution employed in the neutrality theorem satisfies
the followings:

(i) the income of each non-contributor to the public good remains intact,

(ii) the sum of incomes of contributors to the public good is constant, and

(iii) a contributor’s income is allowed to vary by the redistribution up to the amount
that the sum of original amount of his contribution and the difference between the
new income and the original income is not negative.

∗We are grateful for helpful suggestions and valuable comments to professors T. Kishimoto (Kobe
University), K. Urai (Osaka University), H. Nagatani (Osaka University), T. Miyakawa (Kobe University),
T. Kamo (Kyoto Sangyo University), P.H. Nguyen (Kobe University), Y. Fujii (Kyoto University) and Y.
Sahashi (Osaka Prefecture University). This research was financially supported by MEXT (Grant-in-Aid
for Exploratory Research, KAKEN 14653012) in 2002-2003.

1It must be noted that Bernheim (1986), Andreoni (1988), Boadway-Pestieau-Wildasin (1989a) and
Andreoni-Bergstrom (1996) utilized the other tools such as taxation on goods, subsidy on the contribu-
tions to public good, and the government contribution to public good.



Bergstrom-Blume-Varian (1986) presented the most general neutrality theorem based on
the income redistribution satisfying (i), (ii) and (iii).

In this paper, we will offer a new neutrality theorem, Theorem 4 which depends only
on properties (i) and (ii) but not on the property (iii), i.e. not on the position of original
equilibrium allocation. In this sense, our neutrality theorem is qualitative or global. Saijo-
Tatamitani (1995) also tried to present their own global neutrality theorem. Their main
objective, however, is to reformulate the model in a setting of the theory of mechanism
design. In fact, their neutrality theorem depends on the position of original equilibrium
and thus it is a local result.

Our theorem has many influential implications beyond the theorem itself. By using
the theorem, we can show the keen trade-off relation between the equality of income
distribution and the efficiency of allocation. To show this, firstly we construct a finite
number of income redistributions in each equilibrium of which the neutrality property
holds. Secondly, at the final income redistribution, the neutrality property still holds
and all except one individual are non-contributors to the public good. Thirdly, we show
in Theorem 5 that the strict Pareto improvement can be attained by a further income
redistribution from low income individuals (i.e., non-contributors) to one high income
individual (one contributor). The resulting inequality of income distribution is very high.

The possibilities of Pareto improvements of Nash equilibria have been scrutinized by
Warr (1982) and Boadway-Pestieau-Wildasin(1989b). They, however, assumed that the
government subsidized the contributions to public good by a constant rate. In short, they
showed that the more efficient equilibrium could be attained by introducing distortional
subsidy. And thus, their discussions have nothing to do with the equity nor with the
inequality of income distribution. It is Itaya-de Meza-Myles(1997) who pointed out that
a dilemma might exist between equity and efficiency in two person model. Their result
is that unequal income redistribution increases social welfare although one individual
becomes worse off. On the other hand, our result is stricter, that is, every individual’s
welfare is improved by an extremely unequal income redistribution.

Finally, we focus on the relation between the inefficiency of Nash equilibria and the
population. In this paper, we are interested in the question whether a Nash equilibrium
is near to some Pareto efficient allocation as the population grows. We shall show in
Theorem 6 that the ratio of the total public good in a Nash equilibrium to that in a
Lindahl equilibrium under any income distribution tends to zero as the population tends
to infinity. In details, first we show that the total public good in a Nash equilibrium can
not exceed some finite number as population increases and secondly the total public good
in a Lindahl equilibrium under an arbitrary given income distribution tends to infinity.

McGuire(1974) showed that the total amount of privately provided public good in-
creased and converged to a finite number as the population increased under the assump-
tion that preferences of individuals were identical and both the private and the public
goods were normal. Andreoni(1988) dealt with the case where preferences of individuals
were heterogeneous. His results are that the ratio of contributors to non-contributors

2



converges to zero and the total level of public good increases and converges to a finite
number as population increases under the setting that income distribution remains intact.
Olson(1965) showed that the difference between the amount of public good in Pareto ef-
ficient allocation and that of privately provided public good increased as the population
grew. It should be noted that he considered one particular Pareto efficient allocation.
The results developed so far are the subset of our findings in the sense that individuals
can be heterogeneous and that many kinds of efficient allocations are in our scope.

This paper is organized as follows. In section 2, we define notations and Nash equilib-
rium and establish some basic results on demand functions and Nash equilibria. Section
3 is devoted to neutrality theorems. Due to our neutrality theorem, a set of income distri-
butions where the neutrality property holds is a closed connected polyhedron. We discuss
the possibilities of Pareto improvements in Nash equilibria in section 4 and finally the
relation between the inefficiency of Nash equilibria and population size in section 5.

2 The Model

Denote the number of individuals by n and the index set of individuals by N
def
= {1, 2, . . . ,

n} 2. An individual i’s utility function is represented by ui : (xi, G) ∈ R
2
+ �→ ui(xi, G) ∈ R,

where xi and G are the amount of private good of the individual i and public good

respectively3. Let I
def
= (I1, . . . , In) be an income distribution each component of which is

positive. A list E(I)
def
= (N, (ui(·, ·), Ii)i∈N) is an economy. Producing one unit of public

good requires one unit of private good. The price of private good is unity.

We assume:

Assumption 1 Utility function ui(xi, G) is continuous, increasing, quasi-concave in R
2
+,

strictly increasing and strictly quasi-concave in R
2
++, for i ∈ N .

Given a list of all the individuals’ contributions to the public good (g̃1, g̃2, . . . , g̃n) ∈ R
n
+,

we consider a maximization problem for each i:

max
xi,gi

ui

(
xi, G̃−i + gi

)
subject to xi + gi = Ii, gi � 0, (1)

where G̃−i
def
=

∑
j∈N\{i} g̃j, i ∈ N . Denote the solution to (1) by (xi(Ii, G̃−i), gi(Ii, G̃−i)),

i ∈ N .
Let us consider an artificial maximization problem:

max
xi,G

ui

(
xi, G

)
subject to xi + G = Yi, (2)

2The symbol “def=” implies that the left hand side is defined by the right hand side.
3The sets R, R

�
+ and R

�
++ are the set of real numbers, � dimensional non-negative vectors, and �

dimensional strictly positive vectors respectively.
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where Yi is a positive constant. This problem turns out to be very useful afterwards
when we study the properties of solution to problem (1). The solution to problem (2)
is denoted by (ξi(Yi), φi(Yi)), where the values of ξi and φi correspond to the amount of
consumption good and the total public good respectively. (xi(Ii, G̃−i), gi(Ii, G̃−i))i∈N and
(ξi(Yi), φi(Yi))i∈N are continuous demand functions under Assumption 1 if the solutions
are unique.

Now, we shall establish useful relations on the solutions to two problems (1) and (2).

Lemma 1 Let Ỹi = Ii + G̃−i, G̃−i
def
=

∑
j �=i g̃j, i ∈ N for a given n-tuple (g̃1, g̃2, . . . , g̃n),

and we obtain the following relations under Assumption 1:

(a) ui(ξi(Ỹi), φi(Ỹi)) � ui(xi(Ii, G̃−i), G̃−i + gi(Ii, G̃−i)),

(b) strict inequality holds in (a) if (ξi(Ỹi), φi(Ỹi)) �= (xi(Ii, G̃−i), G̃−i + gi(Ii, G̃−i)),

(c) gi(Ii, G̃−i) = 0 if (ξi(Ỹi), φi(Ỹi)) �= (xi(Ii, G̃−i), G̃−i + gi(Ii, G̃−i)),

(d) (ξi(Ỹi), φi(Ỹi)) = (xi(Ii, G̃−i), G̃−i + gi(Ii, G̃−i)) if gi(Ii, G̃−i) > 0,

(e) ξi(Ỹi) � xi(Ii, G̃−i) and G̃−i + gi(Ii, G̃−i) � φi(Ỹi).

Proof. (a) The pair (xi(Ii, G̃−i), G̃−i + gi(Ii, G̃−i)) satisfies

xi(Ii, G̃−i) + {G̃−i + gi(Ii, G̃−i)} = Ii + G̃−i = Ỹi.

This completes the proof of (a).

(b) Due to Assumption 1 and the positivity of Ii, for any λ satisfying 0 < λ < 1 we
obtain,

ui(λξi(Ỹi) + (1 − λ)xi(Ii, G̃−i), λφi(Ỹi) + (1 − λ)(G̃−i + gi(Ii, G̃−i)))

> ui(xi(Ii, G̃−i), G̃−i + gi(Ii, G̃−i)). (3)

The pair (λξi(Ỹi) + (1 − λ)xi(Ii, G̃−i), λφi(Ỹi) + (1 − λ)(G̃−i + gi(Ii, G̃−i))) satisfies

λξi(Ỹi) + (1 − λ)xi(Ii, G̃−i) + λφi(Ỹi) + (1 − λ)(G̃−i + gi(Ii, G̃−i)) = Ỹi.

This implies that

ui(ξi(Ỹi),φi(Ỹi))

� ui(λξi(Ỹi) + (1 − λ)xi(Ii, G̃−i), λφi(Ỹi) + (1 − λ)(G̃−i + gi(Ii, G̃−i)).

Therefore we have the inequality.
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(c) Suppose that φi(Ỹi) � G̃−i then the pair (ξi(Ỹi), φi(Ỹi) − G̃−i) satisfies the budget
constraint in the problem (1). This contradicts the result in (b). Therefore we have
φi(Ỹi) < G̃−i. Hence define λ∗ as

λ∗φi(Ỹi) + (1 − λ∗)(G̃−i + gi(Ii, G̃−i)) = G̃−i.

Suppose that gi(Ii, G̃−i) > 0, then obviously 0 < λ∗ < 1. By simple calculation, we have

λ∗ξi(Ỹi) + (1 − λ∗)xi(Ii, G̃−i) = λ∗(Ii + G̃−i − φi(Ỹi)) + (1 − λ∗)(Ii − gi(Ii, G̃−i))

= Ii − λ∗φi(Ỹi) − (1 − λ∗)(gi(Ii, G̃−i) + G̃−i) + G̃−i

= Ii.

Hence substituting λ∗ into the inequality (3), we have

ui(Ii, G̃−i + 0) > ui(xi(Ii, G̃−i), G̃−i + gi(Ii, G̃−i)).

This contradicts the fact that the pair (xi(Ii, G̃−i), gi(Ii, G̃−i)) is the solution to problem
(1). And thus we have gi(Ii, G̃−i) = 0.

(d) This is straightforward from (c).

(e) By the constraints of two problems, we see

ξi(Ỹi) + φi(Ỹi) = xi(Ii, G̃−i) + gi(Ii, G̃−i) + G̃−i = Ỹi > 0, gi(Ii, G̃−i) � 0.

Consequently, one of the inequalities in (e) is true when the other holds. Hence, it suffices
for us to show ξi(Ỹi) � xi(Ii, G̃−i). Now suppose that ξi(Ỹi) < xi(Ii, G̃−i) were true. We
have

φi(Ỹi) − G̃−i = xi(Ii, G̃−i) − ξi(Ỹi) + gi(Ii, G̃−i)

� xi(Ii, G̃−i) − ξi(Ỹi) > 0.

Furthermore the equality ξi(Ỹi) + φi(Ỹi) − G̃−i = Ii holds. The individual i can choose
the pair (ξi(Ỹi), φi(Ỹi) − G̃−i) in the problem (1). By (b), it holds that

ui(ξi(Ỹi), φi(Ỹi)) > ui(xi(Ii, G̃−i), gi(Ii, G̃−i) + G̃−i) � ui(ξi(Ỹi), φi(Ỹi)).

This is a contradiction.

Definition 1 [ Nash Equilibrium ]
An allocation (x∗

i , g
∗
i )i∈N is a Nash equilibrium in an economy E(I) when

G∗
−i

def
=

∑
j �=i

g∗
j , g

∗
i = gi(Ii, G

∗
−i), x

∗
i = xi(Ii, G

∗
−i), for each i ∈ N.
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Let (x∗
i , g

∗
i )i∈N be a Nash equilibrium in an economy E(I). Define a set of individuals

contributing to the public good as J
def
= {i ∈ N | φi(Y

∗
i ) > G∗

−i} and define Y ∗
i = Ii +

G∗
−i, i = 1, 2, . . . , n. Due to (a)–(e) above, we have

x∗
i = xi(Ii, G

∗
−i) = ξi(Y

∗
i ) and g∗

i = gi(Ii, G
∗
−i) = φi(Y

∗
i ) − G∗

−i, ∀i ∈ J,

x∗
i = xi(Ii, G

∗
−i) = Ii, and g∗

i = gi(Ii, G
∗
−i) = 0, ∀i ∈ N \ J

J = {i ∈ N | g∗
i > 0}.

We introduce a new assumption:

Assumption 2 Both the private and the public goods are normal goods for each individual
i ∈ N , i.e. ξi(Yi) and φi(Yi) are strictly increasing functions with respect to Yi.

The existence and the uniqueness of Nash equilibrium were shown under the Assumptions
1 and 2 by Bergstrom-Blume-Varian(1986). They are stated as follows:

Theorem 1 [ Unique Existence of Nash Equilibrium ]
A Nash equilibrium (x∗

i , g
∗
i )i∈N exists in an economy E(I) under Assumption 1. The Nash

equilibrium is unique under Assumption 2.

Here we show that the Nash equilibrium is continuous with respect to the income
distribution.

Theorem 2 [Continuity of Nash Equilibrium]
Suppose that a Nash equilibrium (x∗

i , g
∗
i )i∈N exists uniquely in an economy E(I), I ∈ R

n
++

and that utility functions (ui)i∈N satisfy Assumption 1, then the function I �→ (x∗
i , g

∗
i )i∈N

is continuous with respect to income distribution I ∈ R
n
++.

Proof. Let Iν def
= (Iν

1 , . . . , Iν
n) ∈ R

n
++, ν = 1, 2, . . . be a sequence of income distributions

converging to I
def
= (I1, . . . , In) ∈ R

n
++. Denote by (xν

i , g
ν
i )i∈N the Nash equilibrium

corresponding to an economy E(Iν). Since the sequence of Nash equilibria is in a compact

set ([0, s] × [0, ns])n, s
def
= sup{Iν

i | ν = 1, 2, . . . , i ∈ N }, an accumulation point of the
sequence exists. Let (x̄i, ḡi)i∈N be an accumulation point. Then there exists a subsequence
(xν′

i , gν′
i )i∈N of (xν

i , g
ν
i )i∈N which is convergent to (x̄i, ḡi)i∈N . Let (xi, gi) be an element of

the budget set defined as:

Bi =
{
(xi, gi) ∈ R

2
+ | xi + gi = Ii

}
.

Define θ
def
= xi/(xi + gi) and we can see that for sufficiently large ν ′

xi = θ(xi + gi) = θ(Ii − Iν′
i ) = 0, if θ = 0,

xi = θ(xi + gi) > θ(Ii − Iν′
i ), if θ > 0,

gi = (1 − θ)(xi + gi) > (1 − θ)(Ii − Iν′
i ), if θ < 1,

gi = (1 − θ)(xi + gi) = (1 − θ)(Ii − Iν′
i ) = 0, if θ = 1,

6



since Iν′
i converges to Ii. Therefore, we have

x̃ν′
i

def
= xi + θ(−Ii + Iν′

i ) � 0, g̃ν′
i

def
= gi + (1 − θ)(−Ii + Iν′

i ) � 0.

The pair (x̃ν′
i , g̃ν′

i ) satisfies x̃ν′
i + g̃ν′

i = Iν′
i . And thus, we have

ui

(
xν′

i ,
∑

j∈N\{i}
gν′

j + gν′
i

)
� ui

(
x̃ν′

i ,
∑

j∈N\{i}
gν′

j + g̃ν′
i

)
.

Due to the continuity of ui(·, ·), the above inequality implies

ui

(
x̄i,

∑
j∈N\{i}

ḡj + ḡi

)
� ui

(
xi,

∑
j∈N\{i}

ḡj + gi

)
.

This inequality holds for any (xi, gi) ∈ Bi and for any individual i ∈ N . Then the accumu-
lation point (x̄i, ḡi)i∈N is a Nash equilibrium in an economy E(I). We can apply the same
discussion as above to all the accumulation points in the sequence (xν

i , g
ν
i )i∈N , ν = 1, 2, . . . .

This together with the uniqueness of Nash equilibrium implies that the accumulation point
exists uniquely. Then the sequence (xν

i , g
ν
i )i∈N , ν = 1, 2, . . . converges to (x̄i, ḡi)i∈N . This

establishes the continuity of Nash equilibrium.

3 Neutrality Theorems

The purpose of this section is to establish a new neutrality theorem. There are well known
neutrality theorems in this field. The most general theorem was given by Bergstrom-
Blume-Varian (1986) which could be rewritten here as:

Theorem 3 [ Quantitative Neutrality Theorem ]

Suppose that Assumption 1 holds. Assume that the set of contributors J
def
= {j ∈ N | ĝj >

0} is not empty in a Nash equilibrium (x̂i, ĝi)i∈N of an economy E(Î), Î ∈ R
n
++. Let ε be

a positive real and let a set of income distributions be:

Eε(Î)
def
=

{
I ∈ R

n
++

∣∣∣ |Ij − Îj| < ε, ∀j ∈ J,
∑
j∈J

Îj =
∑
j∈J

Ij , Ii = Îi, ∀i ∈ N \ J

}
.

Then an allocation of private goods and total supply of public good in a Nash equilibrium
remain intact for any economy E(I), I ∈ Eε(Î), when ε is sufficiently small and when
the Nash equilibrium is unique for any income distributions.

It is noteworthy that the set Eε(Î) depends on the position of original Nash equilibrium
(x̂i, ĝi)i∈N . In fact, the fact that Ij < Îj − ĝj for some j ∈ J and for I ∈ Eε(Î) implies
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Ij < x̂j and thus the neutrality does not hold. This indicates that the theorem holds
qualitatively or locally.

Let (x̂i, ĝi)i∈N and (x̃i, g̃i)i∈N be Nash equilibria for two economies E(Î) and E(Ĩ)
respectively. Define two sets of contributors as

Ĵ
def
= { i ∈ N | ĝi > 0 } and J̃

def
= { i ∈ N | g̃i > 0 }.

And denote by (xi(I), gi(I))i∈N a Nash equilibrium in an economy E(I), I
def
= (I1, . . . , In).

Define G(I)
def
=

∑
i∈N gi(I). We need two lemmas.

Lemma 2 Suppose that Assumptions 1 and 2 hold. And assume that Ĵ ⊃ J̃ for two

income distributions Î
def
= (Î1, . . . , În) ∈ R

n
++ and Ĩ

def
= (Ĩ1, . . . , Ĩn) ∈ R

n
++. Then we have

that

if
∑
i∈Ĵ

Îi �
∑
i∈J̃

Ĩi then G(Î) � G(Ĩ). (4)

Furthermore, we have

if
∑
i∈Ĵ

Îi <
∑
i∈J̃

Ĩi then G(Î) < G(Ĩ). (5)

Proof. Define

Ŷi
def
= Îi +

∑
j �=i

gj(Î), Ỹi
def
= Ĩi +

∑
j �=i

gj(Ĩ), i ∈ N.

By Lemma 1, it follows that

φj(Ŷj) = G(Î) =
∑
i∈Ĵ

Îi −
∑
i∈Ĵ

ξi(Ŷi), ξj(Ŷj) = xj(Î), j ∈ Ĵ

φj(Ỹj) = G(Ĩ) =
∑
i∈J̃

Ĩi −
∑
i∈J̃

ξi(Ỹi), ξj(Ỹj) = xj(Ĩ), j ∈ J̃ .

First assume that
∑

i∈Ĵ Îi �
∑

i∈J̃ Ĩi and G(Î) > G(Ĩ) were true. It holds that

φj(Ŷj) > φj(Ỹj) for any j ∈ J̃ since J̃ ⊂ Ĵ . The normality of public good implies that

φj(Y ) is a strictly increasing function with respect to Y . This implies that Ŷj > Ỹj for
any j ∈ J̃ . Furthermore, ξj(Y ) is a strictly increasing function with respect to Y . Then
we obtain

0 <
∑
i∈J̃

Ĩi −
∑
i∈Ĵ

Îi +
∑
i∈J̃

(
ξi(Ŷi) − ξi(Ỹi)

)

�
∑
i∈J̃

Ĩi −
∑
i∈J̃

ξi(Ỹi) −
∑
i∈Ĵ

Îi +
∑
i∈Ĵ

ξi(Ŷi) = φj(Ỹj) − φj(Ŷj) < 0, j ∈ J̃ .
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This is a contradiction. Therefore we have G(Î) � G(Ĩ).
Obviously, almost the same discussion made in proving (4) can be applied to establish

(5).

Lemma 3 Suppose that Assumptions 1 and 2 hold. Let (xk
i , g

k
i ) be a solution to a problem

max
xi,gi

ui(xi, G
k
−i + gi) subject to xi + gi = Ik

i , gi � 0, xi � 0, k = 1, 2.

Assume that g1
i = 0, I2

i � I1
i and G2

−i � G1
−i. Then we have g2

i = 0 .

Proof. Define Y k def
= Ik

i + Gk
−i, k = 1, 2. We distinguish two cases. One case is that

Y 2 > Y 1 and the other is that Y 2 � Y 1.
[Case 1: Y 2 > Y 1] Contrarily assume that g2

i > 0. Then we have

I2
i � I1

i = x1
i � ξi(Y

1) < ξi(Y
2) = x2

i < I2
i .

The second inequality follows from the inequalities (e) of Lemma 1 and the third from
the assumption of normal goods. This is a contradiction.
[Case 2: Y 2 � Y 1] Due to the assumption of normal good, we have φi(Y

2) � φi(Y
1).

Assume that g2
i > 0 and we have

φi(Y
2) > G2

−i � G1
−i � φi(Y

1).

The third inequality follows from g1
i = 0 and (e) in Lemma 1. This is a contradiction.

We are now fully equipped to develop a new theorem.

Theorem 4 [ Qualitative Neutrality Theorem ]
Suppose that Assumptions 1 and 2 hold. Assume that in economies E(Î) and E(Ĩ)

qualitative relations:

J
def
= Ĵ = J̃ ,

∑
i∈J

Îi =
∑
i∈J

Ĩi > 0, and Îj = Ĩj, ∀j ∈ N \ J,

hold. Then the allocation of private good and the amount of public good of a Nash equi-
librium in the economy E(Î) is identical with those in E(Ĩ) and furthermore with those in
an economy E(λÎ + (1 − λ)Ĩ) for any λ satisfying 0 � λ � 1.

Proof. The sufficient condition of Lemma 2 is satisfied, that is,

J̃ ⊂ Ĵ and
∑
i∈Ĵ

Îi �
∑
i∈J̃

Ĩi.

9



Therefore G(Î) � G(Ĩ). Similarly we have G(Ĩ) � G(Î). These imply that G(Ĩ) = G(Î).
In other words, we have φi(Ŷi) = φi(Ỹi) for any i ∈ J . Due to the normality of public
goods, it implies that Ŷi = Ỹi. Lemma 1 leads us to xi(Î) = ξi(Ŷi) = xi(Ĩ) = ξi(Ỹi). In
short, we have

Ŷi = Ỹi, G(Î) = G(Ĩ), xi(Î) = xi(Ĩ), ∀i ∈ J. (6)

Furthermore, it is easy to see

xi(Î) = xi(Ĩ) = Ĩi, gi(Î) = gi(Ĩ) = 0, ∀i ∈ N \ J. (7)

This completes the first assertion.
Let λ be a real satisfying 0 � λ � 1. Consider an economy E(λÎ + (1 − λ)Ĩ). Define

xλ
i

def
= xi(Î),

Iλ
i

def
= λÎi + (1 − λ)Ĩi,

gλ
i

def
= λgi(Î) + (1 − λ)gi(Ĩ), i ∈ N.

We shall show that the allocation (xλ
i , g

λ
i )i∈N is a Nash equilibrium in an economy E(λÎ +

(1 − λ)Ĩ). For any i ∈ N , it follows that

Y λ
i

def
= Iλ

i +
∑
j �=i

gλ
j

=λ(Îi +
∑
j �=i

gj(Î)) + (1 − λ)(Ĩi +
∑
j �=i

gj(Ĩ))

= λŶi + (1 − λ)Ỹi = Ŷi.

Hence, by Lemma 1 we have for any i ∈ J

φi(Y
λ
i ) = φi(Ŷi) = G(Î),

ξi(Y
λ
i ) = ξi(Ŷi) = xi(Î).

Furthermore, by (6) and (7) it holds that for i ∈ J

φi(Y
λ
i ) −

∑
j �=i

gλ
j = G(Î) −

(
λ(G(Î) − gi(Î)) + (1 − λ)(G(Ĩ) − gi(Ĩ))

)

= λgi(Î) + (1 − λ)gi(Ĩ) = gλ
i .

This implies that the pair (xi(Î), gλ
i ) is the optimal choice for i ∈ J when a list (gλ

j )j∈N

of the provision of public good is given.

10



Let us consider the individual i /∈ J . Since his income is Iλ
i = Îi and the sum of

contributions to the public good by all other individuals is equal to G(Î), Lemma 3
implies that his optimal choice is (Iλ

i , 0).
The above discussions show that the allocation (xλ

i , g
λ
i )i∈N is a Nash equilibrium in an

economy E(λÎ + (1 − λ)Ĩ). Furthermore, it is clear that

xλ
i = xi(Î) ∀i ∈ N,

∑
i∈N

gλ
i = G(Î).

Let us examine implications of the theorem. Consider economies E(I)’s where an
income distribution I is in the set:

S
def
=

{
I ∈ R

n
+

∣∣∣ ∑
i∈N

Ii = c

}
, c is a positive constant.

Let (xi(I), gi(I))i∈N be a Nash equilibrium in an economy E(I), I ∈ S. Let J(I)
def
= { j ∈

N | gj(I) > 0 } be the set of contributors. Now define a set of income distributions where
all the individuals are contributors as

Z
def
= { I ∈ S | J(I) = N }.

The qualitative neutrality theorem establishes the convexity of the set Z. Let Î be an
income distribution in the boundary of Z relative to S. The continuity of Nash equilibrium
with respect to income distribution implies that the allocation of private good and the
total amount of public good at Î are the same as in Z and that the set J(Î) of contributors
is a proper subset of N . And thus we have

closure of Z =
{

I ∈ S | (xi(I))i∈N = (xi(Î))i∈N ,
∑
i∈N

gi(I) =
∑
i∈N

gi(Î)
}
.

Again by the new theorem, closure of Z is a closed convex polyhedron.

Here we have to stress that the assumption of normal goods is indispensable for the
qualitative neutrality theorem. Let us demonstrate this by an example. Figure illustrates
two person economy where the public good is normal for the individual 1 but not normal
for the individual 2. Lines AA and BB are original budget lines of type (2) of the
individuals 1 and 2 when an income distribution is (I1, I2). Points E1 and E2 exhibit a
Nash equilibrium. At the Nash equilibrium only the first individual is a contributor to
the public good. Let (Ĩ1, Ĩ2) be an income distribution near (I1, I2) satisfying Ĩ1 < I1,
Ĩ2 > I2 and Ĩ1 + Ĩ2 = I1 + I2. Points E1 and E2 constitute a Nash equilibrium if the
difference of two income distribution is sufficiently small. Under every income distribution
α(Ĩ1, Ĩ2) + (1 − α)(I1, I2), 0 < α < 1, a Nash equilibrium is attained at E1 and E2, where

11



all the consumers contribute to the public good. Let us redistribute incomes Ii, i = 1, 2

from the individual 2 to the individual 1. And we obtain an income distribution (I ′
1, I

′
2)

def
=

(I1 + ∆I, I2 −∆I) where a new equilibrium is attained at F1 and F2. In this equilibrium,
the individual 2 is a non-contributor to the public good. Let an income distribution
(Î1, Î2) be in a vicinity of (I ′

1, I
′
2) and satisfy Î1 < I ′

1, Î2 > I ′
2 and Î1 + Î2 = I ′

1 + I ′
2. At

the income distribution (Î1, Î2), a Nash equilibrium is attained at F1 and F2 where all
the individuals contribute the public good. Two Nash equilibria {E1, E2} in E(Ĩ) and
{F1, F2} in E(Î) satisfy the sufficient condition in Theorem 4 except the normality and
attain the different amounts of public good. Therefore the neutrality theorem does not
hold. This implies that the assumption of normal goods is indispensable for Theorem 4.

——————————————
FIGURE IS AROUND HERE.
——————————————

4 Efficiency and Equity

We show in this section that the Pareto improvement of Nash equilibrium in the strict
sense is possible by making the income distribution more unequal. Throughout the sec-
tion, we assume that Assumptions 1 and 2 are true.

Let Î
def
= (Î1, . . . , În) ∈ R

n
++ be an income distribution. Assume that J(Î) = N .

Denote a Nash equilibrium in an economy E(Î) by (x̂i, ĝi)i∈N . Let the total amount of

public good be Ĝ
def
=

∑
i∈N ĝi.

Let us consider income redistributions based on a given income perturbation ∆I:

∆I
def
= (∆I1, ∆I2, . . . , ∆In), ∆I1 + ∆I2 + · · ·+ ∆In = 0, ∆I1 > 0. (8)

Due to the quantitative neutrality theorem, a half line H
def
= { Iµ def

= Î + µ∆I | µ > 0 }
meets the set Z

def
= { I ∈ R

n
+ | ∑

i∈N Ii =
∑

i∈N Îi, J(I) = N }, i.e. Z ∩ H �= ∅.
Furthermore we know that an equilibrium allocation of the private good and the total
supply of public good are identical with (x̂i)i∈N and Ĝ in every economy E(I) satisfying
I ∈ Z ∩ H . Define

s
def
= sup{ µ ∈ R+ | Î + µ∆I ∈ Z }. (9)

Denote a Nash equilibrium in an economy E(Is) by (xs
i , g

s
i )i∈N .

We need the following extra assumptions:

Assumption 3 A utility function ui(xi, G) is continuously differentiable on R
2
++ and

∂ui

∂xi
(xi, G) > 0 if (xi, G) ∈ R

2
++, i = 1, . . . , n.

12



Assumption 4 ui(0, G) = ui(xi, 0) = inf{ui(x̃i, G̃) | (x̃i, G̃) ∈ R
2
+}, ∀(xi, G) ∈ R

2
+,

i = 1, . . . , n.

We can easily see that Ĝ > 0 due to Assumptions 3 and 4.
We obtain the two following lemmas:

Lemma 4 Suppose that Assumptions 1, 3 and 4 are true and that G > 0. Then the
marginal rate of substitution mi(xi, G) defined by

mi(xi, G)
def
=

∂ui(xi, G)/∂G

∂ui(xi, G)/∂xi

, (xi, G) ∈ R
2
++,

satisfies

lim
xi→0+

mi(xi, G) = 0, ∀i ∈ N.

The proof of Lemma 4 is trivial.

Lemma 5 Suppose that Assumptions 1, 3 and 4 hold. Then we have
(1) Is /∈ Z,
(2) mi(x

s
i , G

s) = 1 , xs
i = x̂i, ∀i ∈ N, and Gs = Ĝ,

(3) Is
i > 0 , ∀i ∈ N.

Proof. (1) Assume contrarily that Is ∈ Z. Then it holds that

gs
i > 0, ∀i ∈ N.

The continuity of Nash equilibria implies that for sufficiently small ε > 0

∃Ĩi ∈ R++ : |Ĩi − Is
i | < ε =⇒ g̃i > 0, ∀i ∈ N,

where (g̃i)i∈N denotes a list of contributions to the public good at the Nash equilibrium
in an income distribution Ĩ = (Ĩ1, . . . , Ĩn). This contradicts the definition of s.

(2) Let µ be any real number such that 0 < µ < s. Then we have

∃µ̃ > 0 : µ < µ̃ < s and I µ̃ ∈ Z.

Applying the qualitative neutrality theorem to Î and I µ̃ leads us to

Gµ̃ = Ĝ, xµ
i = x̂i, gµ̃

i > 0, mi(x
µ̃
i , Gµ̃) = 1.

Obviously, µ̃ tends to s as µ → s. And thus we obtain by the continuity of marginal rate
of substitution and Nash equilibria

Gs = Ĝ, mi(x
s
i , G

s) = 1, xs
i = x̂i.
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(3) It suffices for us to show xs
i > 0. By (2) we can see that Gs = Ĝ > 0 so that there exists

some i ∈ N satisfying gs
i > 0. Therefore J(Is) �= ∅. Furthermore it is clear that Is

i > 0 if
i ∈ J(Is). Lemma 4 together with the fact that mi(x

s
i , G

s) = 1 for all i ∈ N \ J(Is) due
to (2) leads us to

xs
i = Is

i > 0 , ∀i ∈ N \ J(Is).

We are ready to establish the following theorem of Pareto improvement:

Theorem 5 [ Pareto Improvement of Nash Equilibrium ]
Suppose that Assumptions 1, 2, 3, and 4 hold. Furthermore, assume that there exists some
Nash equilibrium (x̂j , ĝj)j∈N at an income distribution (Î1, . . . , În) ∈ R

n
++ in which every

individual contributes to the public good, i.e. ĝi > 0 for any i ∈ N . Then there exists

some income distribution Ĩ
def
= (Ĩ1, . . . , Ĩn) ∈ R

n
++ satisfying (i) that Ĩ is in the boundary of

the set Z and that (ii) only one individual (individual 1) contributes to the public good in
the equilibrium. Moreover, the Nash equilibrium resulting from a new income distribution
(Ĩ1+(n−1)d, Ĩ2−d, . . . , Ĩn−d) for sufficiently small d > 0 is Pareto superior to (x̂i, ĝi)i∈N

in the strict sense, when φ′
1(Ĩ1) > 1/(n − 1). 4

Proof. Lemma 5 (2) implies that there exists an income redistribution ∆I, ∆I1 > 0
satisfying:

xs
i = x̂i, Gs=

∑
i∈N

gs
i =

∑
i∈N

ĝi = Ĝ, mi(x
s
i , G

s) = 1,

ui(x
s
i , G

s) = ui(x̂i, Ĝ), ∀i ∈ N.

We make use of further income redistribution ∆I ′ if the cardinality of J(Is) is larger than
or equal to two. ∆I ′ is defined as:

∆I ′
i �= 0 if i ∈ J(Is), ∆I ′

i = 0 if i /∈ J(Is),
∑

i∈J(Is)

∆I ′
i = 0, ∆I ′

1 > 0.

Thus we can repeat the same procedure as exploited in the proof of Lemma 5 (2) to obtain
J(Ĩ) = {1} in an economy E(Ĩ) with an income distribution Ĩ = (Ĩ1, . . . , Ĩn). Denoting a
Nash equilibrium at Ĩ by (x̃i, g̃i)i∈N , we have

x̃i = x̂i, ∀i ∈ N, Ĩi = x̃i = x̂i, ∀i ∈ N \ {1}, G̃
def
= g̃1 =

∑
i∈N

g̃i =
∑
i∈N

ĝi = Ĝ,

mi(x̃i, G̃) = 1, ui(x̃i, G̃) = ui(x̂i, Ĝ), ∀i ∈ N.

4For the differentiability of φ1 we need an additional assumption that the Jacobian derived from the
necessary conditions of maximization problem doesn’t vanish.
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Therefore it is true that

x̃i = x̂i = Ĩi, ∀i ∈ N \ {1}, mi(x̃i, G̃) = 1, ∀i ∈ N, Ĝ=G̃=g̃1.

Now we redistribute incomes further. That is, we decrease each income of every individual
in N \ {1} by d > 0 and increase individual 1’s income by (n − 1)d. We can make every
individual’s income be positive by a suitable choice of d since Ĩj > 0 for all j ∈ N . Let
(x∗

1, G
∗) be a solution to problem:

max
x1,G

u1(x1, G) subject to x1 + G = Ĩ1 + (n − 1)d.

The inequality G∗ > G̃ holds since the public good is a normal good for the individual 1.
Let us consider the problem of individual i( �= 1) stated as:

max
xi,gi

ui(xi, G
∗ + gi) subject to xi + gi = Ĩi − d.

By Lemma 3, the individual i maximizes his utility at (xi, gi) = (x̃i − d, 0){= (Ĩi − d, 0)}.
Therefore, an allocation ((x∗

1, G
∗), (x̃2 − d, 0), . . . , (x̃n − d, 0)) is a Nash equilibrium at an

income distribution (Ĩ1 + (n − 1)d, Ĩ2 − d, . . . , Ĩn − d).
By the differentiability of u1(·, ·), there exists a function o1 satisfying

u1(x
∗
1, G

∗) − u1(x̃1, g̃1) = (x1 − x̃1)
∂u1

∂x1
(x̃1, g̃1) + (G∗ − g̃1)

∂u1

∂G
(x̃1, g̃1) + o1(x

∗
1, G

∗, x̃1, g̃1)

=
∂u1

∂x1
(x̃1, g̃1) × ((x∗

1 − x̃1) + (G∗ − g̃1)m1(x̃1, g̃1)) + o1(x
∗
1, G

∗, x̃1, g̃1)

=
∂u1

∂x1
(x̃1, g̃1) × ((x∗

1 − x̃1) + (G∗ − g̃1)) + o1(x
∗
1, G

∗, x̃1, g̃1)

=
∂u1

∂x1
(x̃1, g̃1) × (n − 1)d + o1(x

∗
1, G

∗, x̃1, g̃1) > 0.

for sufficiently small d > 0 5. Similarly, for j ∈ N \ {1} we have

uj(x̃j − d, G∗) − uj(x̃j , G̃)

= (x̃j − d − x̃j)
∂uj

∂xj
(x̃j , G̃) + (G∗ − G̃)

∂uj

∂G
(x̃j , G̃) + oj(x̃j − d, G∗, x̃j , G̃)

=
∂uj

∂xj
(x̃j , G̃) × (G∗ − G̃ − d) + oj(x̃j − d, G∗, x̃j , G̃).

5The function o1(x1, G, x̃1, g̃1) satisfies a property: o1(x1,G,x̃1,g̃1)
‖(x1−x̃1,G−g̃1)‖ → 0 as (x1, G) → (x̃1, g̃1), where

‖ · ‖ is the norm in R
2.
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Taking the fact that G̃ = φ1(Ĩ1) and G∗ = φ1(Ĩ1 + (n − 1)d) into consideration, we have
for sufficiently small positive d

G∗ − G̃ − d = (n − 1)d × φ′
1(Ĩ1) + oφ1(Ĩ1, (n − 1)d) − d

=
(
(n − 1)φ′

1(Ĩ1) − 1
)
d + oφ1(Ĩ1, (n − 1)d) > 0,

since φ′
1(Ĩ1) > 1/(n − 1). Therefore, we have

uj(x̃j − d, G∗) − uj(x̃j , G̃) > 0, ∀j ∈ N \ {1}.

The role of individual 1 in Theorem 5 can be played by an arbitrary individual, partic-
ularly by the individual who earns the highest income. This implies that a strict Pareto
improvement can be attained by making income distribution more unequal. This shows a
keen contrast between the efficiency of allocation and the equality of income distribution.
We have to remark on Itaya-de Meza-Myles (1997) as an antecedent to our result. They
show the dilemma by using a symmetric social welfare function in two persons economy.
They establish a concurrence of a rise in the value of social welfare and a fall of income
equality. They do not show, however, Pareto improvement of allocation which is shown
in this paper. We also learn that their result is not applicable when the social welfare is
Rawlsian, whereas any individualistic welfare will increase in our result.

5 Efficiency and Population

In this section, we consider how the total supply of public good in a Nash equilibrium
relative to that in a Pareto efficient allocation varies as the number of individuals increases.

Let E(Î)
def
= (N, (uj, Îj)j∈N) be an economy with a given income distribution Î

def
=

(Î1, . . . , În) ∈ R
n
++. We define k-fold economy Ek(Î)

def
= (Nk, (uj, Îj)j∈Nk) of E(Î) as

the one in which k number of economies E(Î) is contained, where Nk def
= N × K and

K
def
= {1, 2, . . . , k} 6. That is, the number of individual i represented by (ui, Îi) is k. In

this paper, we consider an expansion of population by an increase in k.
On the other hand, it is well known that any Pareto efficient allocation in E(Î) can

be attained by a Lindahl equilibrium with a suitable income distribution7. Let I
def
=

(I1, I2, . . . , In) be an arbitrary fixed income distribution satisfying
∑n

i=1 Ii =
∑n

i=1 Îi. We

are interested in the amount of public good of a Nash equilibrium in Ek(Î) relative to
that of Lindahl equilibrium in Ek(I).

6It is true that we ought to write an element of Nk as (i, j), i = 1, . . . , n, j = 1, 2, . . . , k, where
u(i,1)(·, ·) = u(i,j)(·, ·) and I(i,1) = I(i,j) hold for any j = 2, . . . , k and i = 1, . . . , n. We, however, simply
write it as i ∈ Nk for simple exposition.

7See Foley (1970) in details.
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We need an additional assumption which is stated as in the following:

Assumption 5 It holds that for an arbitrary positive income Ii, limG→∞ mi(Ii, G) =
0, ∀i ∈ N .

We denote the sum of contributions of public good except i by G−i. A sufficient
condition for an individual not to contribute to the public good is:

mi(Îi, G−i) < 1.

By Assumption 5 there exists an infimum of a set { G−i | mi(Îi, G) < 1 if G > G−i }. Let
the infimum be Gu

−i. We can assume that Gu
−1 � Gu

−2 � · · · � Gu
−n by renumbering the

indices of individuals if necessary.
Our final theorem is stated as follows:

Theorem 6 Let an economy E(Î) satisfy Assumptions 1, 2, 3, 4 and 5. The total supply
of public good in a Nash equilibrium of Ek(Î) relative to that in a Lindahl equilibrium of
Ek(I) converges to zero as k tends to infinity, where I ∈ R

n
++ and

∑n
i=1 Ii =

∑n
i=1 Îi. The

total amount of public good in Nash equilibrium never exceeds some finite value when the
population grows. On the other hand, the total amount of public good in Lindahl equilib-
rium for an arbitrary fixed income distribution has no upper bounds when the population
grows.

Proof. Let (xE
i , gE

i )i∈N be a Nash equilibrium in economy E(Î). First, we will show that

the total supply of public good GE def
=

∑
i∈Nk gE

i never exceeds Gu
−n. Let us define:

Jk def
= {i ∈ Nk| gE

i > 0}, Y E
i

def
= Îi + GE

−i, i ∈ Nk,

GE
−i

def
=

∑
j∈Nk\{i} gE

j , i ∈ Nk, Y u
i

def
= Îi + Gu

−i, i ∈ Nk.

It holds from the properties (d), (e) in Lemma 1 and the definition of Y u
i that

xE
i = ξi(Y

E
i ), ∀i ∈ Jk,

xE
j � ξj(Y

E
j ), ∀j ∈ Nk \ Jk,

Îh = ξh(Y
u
h ), ∀h ∈ Nk.

Assumption 2 implies that

Y E
i < Y u

i , ∀i ∈ Jk,

Y E
j � Y u

j , ∀j ∈ Nk \ Jk,

since xE
i < Îi, ∀i ∈ Jk and xE

j = Îj , ∀j ∈ Nk \ Jk. Therefore, we have

GE = gE
i + GE

−i = φi(Y
E
i ) < φi(Y

u
i ) = Gu

−i, ∀i ∈ Jk,

GE � φj(Y
E
j ) � φj(Y

u
j ) = Gu

−j, ∀j ∈ Nk \ Jk.
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This implies that

Gu
−j � GE < Gu

−i � Gu
−n, ∀i ∈ Jk, ∀j ∈ Nk \ Jk.

Denote Lindahl equilibrium in Ek(I) by (((pk
i )i∈N)k

f=1, ((x
k
i , G

k)i∈N)k
f=1), where pk

i is
the Lindahl tax price for the i-th individual8. Now, it is clear that

n∑
i=1

kpk
i = 1 (marginal cost of the public good is unity.)

Hence, pk
ik

def
= min{pk

i |i ∈ N} � 1/nk. Let k tend to infinity. We obtain that one of the
tax prices tends to zero. There exists an individual, say j ∈ N , whose tax price is the
minimum pk

j = pk
ik

in infinite times, since N is finite. The pair (xk
j , G

k) is the solution to
maximization problem:

max uj(xj , G) subject to xj + pk
j G = Ij , where pk

j � 1

nk
.

for infinite number of k. By Assumptions 1 and 4, we have

Gk → ∞ as k → ∞.

The discussion made above leads us to

lim
k→∞

total supply of public good at a Nash equilibrium in k-fold economy

total supply of public good at a Lindahl equilibrium in k-fold economy
= 0.

This theorem implies that the amount of privately provided public good relative to
that of an efficient allocation is very poor when the population is huge. We know, however,
that actually there are many privately provided public goods. We can interpret these facts
as implying that the models on the private provision of public good are not necessarily
pertinent to describing an economy with large population.

8Note that there exist k individuals to each i ∈ N , but their initial endowment and utility function
are identical, so one doesn’t need to change the allocation and tax price among them.
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