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Abstract

In view of the large scale of the nonmarket home sector in both developed and
developing economies, in this paper we construct an open economy model with home
production. We discuss both long-run and short-run impacts of fiscal policies such as
income tax, consumption tax and government spending on factor allocation, capital
formation and the current account. The main purpose of the paper is to elucidate
the role of home production in an open economy environment. We show that in our
framework both fiscal policy and the rate of substitution between market and home
goods may affect the dynamic behavior of the economy. As a result, introducing home
production may alter the effects of fiscal shocks on key variables in the economy. We
confirm this fact by examining various policy experiments both in the short run and
long run.
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1 Introduction

Production activities within households are substantial. Time and resources devoted to
home production account for a considerable portion of the total resources devoted to pro-
duction, even in advanced countries. According to Eisner (1988), in the United States an
estimate of home produced output relative to measured gross national production is in the
range of 20 to 50 percent. Wrase (2001) reports that a married couple in the US, on aver-
age, devotes 25 percent of discretionary time to unpaid home production and 33 percent of
discretionary time to work in the marketplace for pay. Because of the nonmarket property
of the home sector, an immediate question is whether the inclusion of this home sector
affects the usual predictions of public policy.

The idea that home production may play a relevant role in macroeconomics has gen-
erated a large number of recent studies focusing on how households’ production activities
affect business cycles, macroeconomic policy performance and long-term economic growth.!
Most of this literature has suggested that introducing a home production sector into oth-
erwise standard macroeconomic models improves the models’ ability to explain observed
data. For example, Benhabib et al. (1991) and Greenwood and Hercowitz (1991) show that
the introduction of home production into standard real business cycle theory significantly
improves the performances of the calibrated models. The intuition behind this is that
the incorporation of a home sector into the standard one-sector real business cycle model
brings about the possibility of substitution between market and nonmarket production over
time. Therefore, relative productivity differentials between the two sectors may enhance
volatility in market activity. Furthermore, the substitution between home and market
commodities at a given date, not just at different dates, affects the size of fluctuations
induced by productivity shocks.? As for an explanation of the observed economic devel-

opment facts, Parente et al. (2000) illustrate that, by adding a home production sector

'The idea that the home sector acts parallel to the market sector originates from Becker (1965).
2The empirical work of McGattan, Rogerson and Wright (1997) claims that the elasticity of substitution
between home and market goods is very high.



to the neoclassical growth model, international income differences can be well accounted
for even when differences in policies are relatively small. This is because, in the presence
of household production, fiscal policy affects not only capital accumulation, but also the
shares between market and nonmarket activities.

Inspired by the work of Parente et al. (2000), the first objective of this paper is to
explain economic development facts. Rather than numerical analysis, as in Parente et al.
(2000), we aim to analysis this problem theoretically. Furthermore, this paper aims to
explain diverse fiscal policy effects illustrated in existing empirical studies. We show that,
depending on the factor intensity ranking between the market and home sectors, right
opposite policy effects can be obtained.

There is a huge body of public policy literature. In the framework of a small open econ-
omy, public policy, in particular fiscal policy and government spending, has been explored
intensively.? We are particularly interested in resource allocation between the market and
home sectors. Though there are existing studies that consider labor—leisure choice, rig-
orous public policy analysis that includes a nonmarket home sector is rare.? It has been
shown in the field of macroeconomics that the nonmarket household production sector is
a meaningful addition to the business sector in explaining observed economic fluctuations
and development facts.” Although recently there have been studies in the field of inter-
national real business cycle models incorporating home production into the models (see,
for example, Raffo, 2006), comprehensive studies of home production activity in an open
economy framework are still rare. This paper contributes to the literature in this area.

The main findings of this paper are as follows. When income taxation does not change
the factor intensity ranking between the market and home sectors, the model economy
exhibits standard results. However, in the case that taxation on capital and labor incomes

changes the factor intensity ranking between the market and home sectors, then different

3 Among others, see Brock (1996) and Turnovsky (1997) and the references in these papers.

* A recent study by Hu and Mino (2005) considers analytical policy investigation in an endogenous growth
model with home production.

 Among others, see Benhabib, Rogerson and Wright (1991), and Parente, Rogerson and Wright (2000).



policy predictions from the standard models occur. In the steady-state analysis for given
initial conditions, similar to analyses in the existing literature, there is one and only one
steady state in the model economy that is locally saddle-point stable. However, as opposed
to the existing small open economy literature, this paper finds that fiscal policy and the
magnitude of the rate of substitution between market and home goods consumption affect
the stability conditions of the steady state. Long-run policy effects are investigated analyt-
ically. We show, in general, that how endogenous variables change, following expansion in
government spending or in the tax rate, depends on the ranking of factor intensity between
the home and market sectors.

The analytical method that we adopt is in line with that of the dependent economy
models® in international macroeconomics.” While “nontraded” goods are the focus of these
studies, our interests lie in identifying the implication of the “nonmarket” sector in a small
open economy. Because a nonmarket sector is isolated from taxation, the incorporation of
a home production sector leads to asymmetry between sectors that play an important role
in determining the policy effects.

The rest of the paper is arranged as follows. Section 2 lays out the model. The dynamic
system and stability analysis of the model are reported in Section 3. Section 4 is devoted
to long-run policy analysis, and Section 5 reports transitional dynamic results when shocks

occur. Finally Section 6 concludes the paper.

2 The model

Consider a small open economy that faces an integrated capital market. There are three
kinds of agents: firms, households and a government. Firms produce a consumable capital
good using capital and labor. Households, as factor owners, supply capital and labor either

to the factor markets to earn rent and wages, or to the home sector for producing nonmarket

b According to Salter (1959), a dependent economy is an economy that is a price taker on world markets,
but also produces nontraded goods for domestic use.
"In this respect, see Turnovsky (1997, ch. 4) for a detailed discussion.



home goods, which are utility promoting. It is worth noting that it is the assumption of
home production that distinguishes this study from most of the existing contributions in
the literature. The central government levies a flat rate of income tax in order to finance
its spending. To isolate the taxation effects, we assume the government repays the income
after its spending to households in a lump sum form (tax or transfer depending on the
relative size of government income and spending).

We assume that market goods and capital are tradable internationally, while home
goods can be consumed only at home. Labor cannot move across borders; however, agents
can choose to work in the marketplace or to stay at home engaging in nonmarket produc-
tion. Both market and home goods need capital and labor as inputs. Both market and
homemade goods are preference promoting, while only market goods can be reinvested in
the domestic capital stock or in the world credit market. Furthermore, all markets are

competitive.

2.1 Production

We specify the production functions in Cobb-Douglas form as follows:
Vi = A K2 LE%mand Yy, = ApKph Ly,

where variables with subscripts “m” and “h” represent the market sector and home sector,
respectively. A; represents total factor productivity, and Y}, K; and L; are output, capital
and labor in sector j (j = m,h), respectively. x; = K;/L; represents the capital/labor
ratio in sector j (j = m,h).

Market competition implies equalization between rental rates and marginal production

in the market sector. That is:

8Ym _ am—1 _ _ am
R = K, Amomzy™ Tand w = oL, Ap (1 — ap) ™, (1)



where R and w are the (gross) rental rate and wage rate, respectively.

2.2 Households

Setting aside population growth and normalizing the number of households to unity, for
given factor prices and world interest rate, the representative household maximizes its

lifetime utility as follows:

(0. ]
/ u(Cm, cp,m)e”Pldt,
0

where ¢, and c¢j, are consumption of the market and home goods, respectively, and n
is pure leisure time. Market goods for consumption ¢, could be domestically produced
or imported. In order to concentrate on fiscal policy, we omit tariffs and assume that
the domestically produced market good is the same as the imported good. We assume
households own capital and labor. Suppose that each household owns one unit of labor at
each moment of time, and denote aggregate capital as K. Then households allocate capital
between the market and home sectors: K, + Kp = Ly,xm + Lpxp, = K, and allocate time
between market work, L,,, home work, Ly, and leisure n =1 — L., — Ly,
Following Benhabib, Rogerson and Wright (1991), we specify momentary utility as

1/e

w(ems cn,n) = loglucy, + (1 — p)c] = + ~vlogn,

where —o0o < ¢ < 1 is the parameter expressing the rate of substitution between market
and homemade goods, with ¢ > 0 and v > 0, and where c¢p, represents the proportion
of home products for which close market substitutions exist. Because we do not consider
trade policy in this paper, there is no need to distinguish domestic-made and imported
market goods. Recognizing that some home activities (for example, sleep) have less market
substitutes, we specify leisure and consumption in a log-additive form.

Facing a unified international capital market, the representative agent allocates his total

income to goods consumption, physical capital investment and foreign assets investment.



Denote B as the value of the economy’s net claims on the rest of the world. Therefore, the

flow budget constraint of the representative household is

B=(1—-7t)REm+ (1 = )Wl +1*B — (1+ 7¢)cm — (1) + T, (2)

where 7, 7; and 7. are tax rates on market capital income, labor income and consumption,
and T is a lump sum transfer (or tax) from the government. Because the model economy
considered here is small and faces a perfect international credit market, then it takes the
world interest rate r* as exogenous.

To retain nondegenerate dynamics, we introduce a capital adjustment cost for capital
accumulation. This is reflected in the function ¢, which satisfies ¢’ > 0 and ¢” > 0. That
is, to achieve a unit increase in physical capital stock, more than one unit of input is needed,
and the larger the investment is, the more input per unit of investment is needed.

On the other hand,

K=1I. (3)

The current value Hamiltonian of the representative household is

H w(em, ch,n) + pB + K + MY, — cn)

= loglucs, + (1 — w)¢5]"/¢ +~log(1 — Ly — L) + p[(l — 7)) RKyp,
(1= )Wl + (1= 7)rB = (L4 7e)em — (1= 7)6(1) + T

+ql + MNAR(K — Kp)® Ly~ — ).

The representative household maximizes its lifetime utility by choosing ¢, ¢n, L, Lp,



K, and I. At the interior solution, the first order conditions at each point of time are

pcyy !
= (1 4
LLC%L+(1—,LL CZ p( +TC)7 ( )
A-wd )
pcg, + (1 —p)es,
i
I S—— - 6
1— L, — Ly p( Tl)wa ( )
B a
—————— = A1 — ap)Apz}*" 7
1— Lm I Lh ( ah) Ry, ( )
p(1—7K)R = )\Ahozhmzh_l, (8)
p¢'(I) = g, (9)
and the intertemporal conditions are
p=plp—r"), (10)
q=qp—p(l—Tk)R, (11)
while the transversality conditions are
lim pBe ' =0 = lim gKe . (12)
t—o0 t—o0

Notice that (10) and (11) can be rearranged to express arbitrage conditions between

the foreign asset and capital investments.

Py *:pandg—kg(l—Tk)R:p
p qa q

2.3 The government

For the time being, we assume the government keeps its budget balanced at each point

in time by transferring the gap between its income and expenditure to households in a



lump-sum form. That is, for a given government spending G we have
T=71,RK,, + TTwLy, + TcCpy — G.

2.4 Market equilibrium

In equilibrium, households consume all the homemade goods, that is:
Y, = cp. (13)
In addition, complete employment in factor markets implies
n=1—Ly, — L, Lyntm + Lpx, = K. (14)
For the economy as a whole, the current account is
B = RKp + WLy + 7B — ¢y — ¢(I) — G. (15)

When the economy produces more output than domestic demand, it exports goods to gain
ownership of foreign capital, which improves its current account. On the other hand, the

trade deficit leads to a financial deficit and worsens its current account.

3 Equilibrium analysis

3.1 The dynamic system

Note firstly, it must be assumed that p = r* in order that the economy has a steady state.
Thus (10) shows that p stays constant over time. That is, a small country, when facing a

constant world interest rate, has this rate as its time preference rate as well.



>From (4) and (5), we have ¢, = ¢ (A, p;7¢), cn = cn(\, p; T¢) and

ail a2 de, dlp(1 +7¢)]

a1 a2 dep, d\

where

s, [ucs, + (1= (1 = £)es)

ail = 3
[pes, + (1 — p)e5]
—u(l = e—1 e—1
als — a9 = M( /“L)Ecm ch .
[es, + (1 — p)c5)
oy — —(1 = p)e5 2 [p(l — )5, + (1 — p)cs)

[1es, + (1 — p)es)?

and the determinant of the coefficient matrix is

P = (1 = )5

D1 = anage — a12a21 = 2
(g, + (1= n)c;]

> 0.

Then
a2 ai12
dem = Z22dip(1+70)] — 22
om = 2dip(1+ 7o) - P2
ail a2
den = 2ax— 2241+ 7.
ch D Dld[p( +7¢)]
and
Ocn _ an _ pcp+ (L= p)(1—e)c
N T D (-pi-og
Iem _ @12 _ E0mCh
oN Dy (1—¢)

10



Lemma 1. (Market and home goods consumption)

. ocm, L ocm, ocm,

sign [(9)\] = sign|e], o <0, . <0 (16)
8ch . 8Ch . 8Ch
N < 0, sign [8})] = sign [¢], o7 >0 (17)

That is, an increase in one’s consumption price lowers the consumption of these goods.
The effect of this price change on the consumption of the other good depends on the rate
of substitution of these two goods. For example, when ¢ < 0, that is, the market good
consumption is complementary to the home good consumption, then the price increase in
the home good will lower the consumption of the market good as well.

Similarly, from (6)-(8), we have x,,, = (N, p; Tk, T1), Th = Tp(\, p; Tk, T1), Which sat-

) ) (2) )

isfies

and

P(1 = 70) Ao (1 — am) 28 ™t —AApon (1 — ap)ap™ ! dm,
(1= ) A (am — Dagr =2 —AApap(an — 1y~ dxp,

Ap(1—ap)zp™d\ — Ap (1 — a2zl d[p(1 — 77)]

Apapzi* HN — Apaamdp(1 — 1]
where the determinant of the coefficient matrix is

1—7)xm —2x
_D2 = pAmam(]_ — am)w?nm72)\Ahah(]. _ Oéh)fl:;;_:h_2 ( l) h
—(1—=7) 1

= pApan(l— am)mf,{"_z)\Ahah(l — ah)xf;h*z (1= 7))zm — (1 —7k)zn] .

11



That is, sign[Ds] =sign[(1 — 77)xmm — (1 — 7)zp] . Thus

ApxphdA
AMpap (1 — ah)xzh_2

dr, = Dy —Amx%{"_l[(l — am)(1 = 7))@ + amap (1 — 7)]dp
+pAm(1 - am)m%mdﬁ +pAmamx%1m71$hd7'k
and
[(1 — Tl)Ahahmmxzh_l + (1= 7,)An(1 — o)™ | dX
PAmam (1 — apy ) zdm =2
dry = Do _(1 - Tl)(l - Tk)Am;U?‘nmdp + p(l - Tl)Amamm?ndek

+p(1 — 7)) A (1 — a2 dry.

Notice that

. I —m . Om Qp, .
sign | { § Tm —Tp| = sign - = sign [, — ap)

1—am 1—Oéh

ien [ ] . Qm 1 —7g ap,
s1en | xr — X = Ssign — .
it Lm h & 1—am, 1—7 1—ay

That is, sign[(1 — 77)@m — (1 — 7)xp] represents the pretax capital/labor ratio ranking

between the market and home sector, while sign[z,, — x| represents the market and home
sector capital/labor ratio after the taxation. The above calculations provide the effect of
the consumption price change on the capital /labor ratios in the market and home sectors.

Define ¢,,, and g?)m as the pretax and after-tax capital/labor ratios in the market sector,

and ¢, as the capital/labor ratio in the home sector. That is,

oy < O 11— __ap
d)m_l—am’d)m_(l—am)(l—n)’Qsh_l—ah'

12



Lemma 2. (Capital/labor ratios) For j =m,h

PO K RO K7 IS e/ RN e B _
51gn[ m] = S1gn[ 8p} = sign [am] —mgn[ ar, | = Sen [Pm — n]
xpm  _ (_zm\(_ 1
313 B D Qm — O '

Proof See Appendix.

That is, how these ratios respond to a consumption price change depends on the capi-
tal/labor ratio ranking between the market and home sectors. For example, if the market
good is relatively capital intensive, then a price increase in the home good raises the cap-
ital/labor ratios in the two sectors, while a price change in the market good sector will

decrease these ratios.

8R] _ Oz,

Because R = Apamzgyr ! and w = Ap (1 — )z, we have sign[$E] = —sign[2m] |

sign[%—f] :sign[ég”—;”] and * = \,p, T, 7;. Using Lemma 2, the following factor price results

can be derived.

Lemma 3. (Rental rate, wage rate)

d
—sign [aﬂ = sign [aﬂ = sign [¢,, — ¢p)
0 0
sign {al)lj = —sign [;}ﬂ = sign ¢, — &3]

and

R_,_pa]%:R(l_CY’l)_
8]7 Om — Qp

In words, when the market sector is relatively capital intensive (a;, > ap), an increase
in the price of the market good (p) raises the return rate to capital (R) and lowers the
wage rate (w), while an increase in the implicit price of the home good (\) has the opposite

effect on them.

>From (6) and the factor market equilibrium conditions (14), we have L; = L;(K, A\, p; T, 71),

13



that is:

(1 —n)wh—K

L, = , (19)
Th — Tm
I — K—-—(1-n)xy, (20)
Th — Tm
and n =n(\, p; Tk, 71)
n=1—Ly—Ly= 7 . (21)

p(1 — 7)) Am (1l — am)zm™

Lemma 4. (Labor and leisure time)

on| 0
sien [ 5| = sl ol sien |57 | = signfon, - )
OLy, ] ~
sign [8; = sign |Gy, — 6 sien [, — o)
OLy | ~ OLm,
—sign [8[: = sign [gbm — gbh} = sign [GK}

Proof. See Appendix.

It is worth noting that capital and labor income taxation can affect the factor intensity
ranking between the market and home sectors. That is, sign [&m — ¢h} may be different
from sign[¢,,, — ¢]. While this factor-intensity reverse force does not disturb the house-
holds’ choice of market and home good consumption and factor prices, it can affect the
labor time allocation between sectors. For example, in the standard models without home
production, sign [QNﬁm — ¢h] =sign[¢,,, — ¢p,] always. Therefore, an increase in the home
goods price will lead to a corresponding increase in home work time. However, when
income taxation is distorted sufficiently that sign [(}ﬁm — qﬁh] = —sign|¢,, — @3], then an

increase in the home goods price will lead to less home work time.

14



Lemma 5. (Outputs)

.oy . ~ . . oY
s1gn _78>\ ] = S1gn |:¢m - ¢h:| sign [¢m - (;Sh] = —sign |: 8)\ :|
. oYy, . ~ .
sign a—ph = —sign [¢m - ¢h} sigh (¢, — &3
. [oYy] T | m
sign _7(9[:_ = —sign [¢m - ¢h} = —signh [ K }

Proof. See Appendix.

Similarly to the previous result, it depends on the before-tax and after-tax factor in-
tensity ranking as to whether an increase in the good price can raise the output of this

good or not.

Lemma 6. (Implicit price of the home good) If sign {g})m - d)h} =sign|¢,, — @], then

sign [aa[);} = sign [qﬁm — (,/)h} .

If sign [(Nﬁm - th} = —sign[¢,, — ¢,] and @,, — ¢y, is close to 0, then
. oxN| . T
sign [M(] = —sign [¢m — ¢h} .

Proof. See Appendix.

In summary, from (11), (9) and (3),

g=qp—p(l— Tk)Amamxmam_la (22)
s (411 Q
K= (¢ )(p% (23)

15



together with the equilibrium condition in the home sector
0="Y,—cn, (24)
we obtain the dynamic system with respect to K, g, A of the model economy.

3.2 The steady state

Notice that p is constant. From K =0 and q=0,

a/p = ¢'(0), (25)

Gp = p(1 — 7)) Amamazm (N, p)om L. (26)

>From the above relations and Y3 (K, A, p) = cn(A, p), we can derive the steady-state values
of K, g and A, which are denoted with barred notations.
Let B = 0 in (15) and substituting K and § into it, we obtain the steady-state value

of B and B. Similarly, we can get the steady-state values of other variables.
Proposition 1 For any given p, a unique steady state (K, B, ¢m, ¢hy Lim, Ly, q) exists.

Proof. From (25), ¢ = p¢’(0). Then, combining the above result with (26), we obtain

= Amaum (1 — Tk)] o 27
= | 27
Hence am
- . U e
C pAn(1 —an)(1 = 7)) | Amam (1 — 71) ’
Substituting Z,, into (18) obtains
o = On [Amam(l - Tk)] = 28
g p¢'(0) ' (#)

16



Therefore, from (8), the relative price of the home good is

l—ayp
am(l—ap)

Tl l—ap
[Amm] <¢’h > (1—7) 7 (1 = rg) Toam

Ap= o
Apaplpg'(0)] T=om

Substitute A/p = ¥ into (4) and (5); then

= LGN T D0 o)
m p (1_7#)1/(5_1)(1+TC)5/(8_1)7§8/(1_5)+1

_ 1 1

Chp = pq)[(1#“)1/(5_1)(1+TC>6/(5_1)'I_}5/(1_6) + 1]- (30)

Notice that for a standard model (with no home production considered), that is = 1, we

have ¢, = 0 and ¢, = p~ %

From
K-1-n)znm\ o
and (15), we obtain
= xh/xm -1 —ap - 8 T,
RK=an[1+ A ) ch*(Amu—am))pu—rl)}’ (31)

B Ti*[am +o(¥(q/p)) — AmLmTom + G}

where 9 is the inverse function of ¢'.

17



3.3 Stability analysis

To investigate the local stability of the steady state, let us linearize the dynamic system

(22)-(24) in the neighborhood of the steady state. This yields

K 0 0K /dq 0 K-K
¢ | = 0 p —p(1 — 71)OR/OA q—q (33)
0 OY,/0K 0  9Y,/0\— dcp/ON A=\
where .
oK 1, _
— == >0 34
9 pw (@/p) (34)

in view of ¢’ = 1/(¢") > 0. The eigenequation of the coefficient matrix in the above linear
system is

X*=px+D=0

where

D= =pll =9y oK ag

AR OY, OK , [(9Y, e
N  ON )

Proposition 2 (i) If sign | 6,, — &) =signlé,, — o], or (ii) sign|d,, — 6p ]| =—sign[6,, — o)

and @me — ¢y, 15 close to 0, then the steady state is locally saddle-point stable.

Proof. Note first that 9K /0q > 0 always. From Lemmas 3 and 5, we know sign[d.R/d\|=—sign|@,, —
¢p,] and sign[dY}, /0K |=—sign[¢,,—dy]. On the other hand, dcy, /AN < 0 and sign[dY}, /ON] =sign[¢,, —
oy, lsign[ ¢,,, — ¢p] from Lemmas 1 and 5; then if sign[g,, — ¢,] =sign[ ¢,, — ¢, OY5/ON —

Ocp,/ON > 0, and (OR/ON)(0Yy/OK) > 0, therefore D < 0. If sign[¢,, — ¢5,] = —sign|

G — Op], because (AR/ON)(8Y;,/OK) < 0 now, in order for D < 0, Y}, /X — ey, /X must

be negative, which can be ensured when d¢p, /O is dominated by 0Y} /0. This is case when

b, — ¢y, is sufficiently close to 0. O

It is worth noting that, unlike the standard model without home production, the sta-

bility of the steady state depends on the ranking of the capital/labor ratio between the

18



market and home sector. In the case that taxation does not affect the ranking of the two
sectors, the saddle-point stability of the steady state can be assured. However, when the

post-tax capital/labor ratio ranking is reversed an additional condition is needed.

3.4 Current account and the determinant of p

Although p is constant over time, it is endogenously determined. In the following, through
the dynamic analysis of the current account, the condition p must satisfy can be derived.

Recall the national budget constraint in (15) and take (12) into consideration; then we
have

By + / [RK 4 WLy — ¢ — ¢(I) — Gle™™dt = 0.
0

This means that a net creditor country cannot run trade surpluses permanently; at some
point it must run a trade deficit in order for the above relation to be satisfied. Under a given
government spending G, this relation does not necessarily hold, because both production
and consumption are determined by market forces. Therefore, in addition to the optimal
conditions, the above relation adds an extra constraint to the economy. This additional
constraint determines what value p should take.

To determine this endogenously determined constant, we rely on the linearized dynamic
system (33). Having indicated the saddle-point stability of the steady state,® there must
be a stable eigenvalue because K is predetermined. The stable eigenvalue of the system
(33) is

le[p—\/pz—élD] < 0.

2

The stable saddle path on the K — g plane can be expressed as

K — K = al(Ko — f()ext,

q—q=as(qo — q)e",

$Our discussion below is confined to this case only, which we think is economically meaningful.

19



where (a1, a2)? is an eigenvector of x. Let a; = 1; we get ag = X/%l/]l. Because gy can be

chosen freely, we can express the stable saddle path as

K- K = (Ko — K)ex, (35)
[ X _ K
1=0= 7 /p(K K). (36)

>From (15),
B = Yin(K,\p) + 1B — em(\p) — ¢<w<%>>-

Thus, in the neighborhood of (K, g, B), the above relation can be approximated by
B=r(B-B)+AK - K) (37)

where

A=

Y <8Ym acm) oA

JE— — — /7
oK o o) ok Xoap)

Notice that, given the saddle-point property of the system, the first and third terms on the
right-hand side of the above expression are positive, while the second term has the same
sign as [—v/(K)] because c,,(v(K)) > 0. It appears that A > 0 is likely to be the case at

least when sign[z,, — zp]=sign|a,, — ap] < 0.

Lemma 7. (i) If ¢, — &y >0, ¢, — ¢, >0and e < 0ore~0, A>0; (i) if b, < by,
GO < @p, and —e is sufficiently large, A < 0; (i) if <Z>m > by O < Phs (Bm — ¢, >~ 0 and
e>0o0re~0,A>0.(iv) ¢y, < Opy b > ¢p, and @, — b, ~ 0, A < 0.
Proof. Notice that —x¢'(q/p) > 0 always.

Case (i) ¢,, > ¢, and ¢, > ¢p,; then Y ,,/OK > 0, Y, /JOX > 0, and ON/OK > 0.
Because sign[0cy,/0A|=signle] (—oo < e < 1), as long as € < 0 or € ~ 0, we have A > 0.

Case (ii) ¢,, < ¢y, and ¢,, < ¢y; then Y, /JOK < 0, dY ,, /A > 0, and dN/OK < 0.For
sufficiently large —e, we have A < 0.

Case (iii) ¢,, > ¢y, and ¢, < ¢; then dY,, /0K > 0, Y, /OX < 0, and if in addition
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G — Op, =0, ON/OK < 0. As long as € > 0 or € ~ 0, we have A > 0.
Case (iv) ¢,, < ¢5, and ¢,,, > ¢; then 0Y ,,, /0K < 0, Y, /X < 0, and if in addition
b, — ¢y, ~ 0, IN/OK > 0. Hence, A < 0. O

The solution of (37) is

— * — 1 *
(Bt—B)e_Tt:C+A(KO_K)(X_T*)6(X_T )t7 (38)

where C is a constant, given by

C = (Bo — B) —A(KO—K)<X_1r*>.

On the other hand, the transversality condition in (12) means C' = 0 in (38), so that

BO—B:A(KO—I_{)<X_1T*>. (39)
>From Subsection 3.2, we know that B = B(p) and K = K(p). For given K, and By,
substitute these expressions into the above relation, which is a unitary equation of p, from
which the value of p = p(Ky, Bp) can be determined.

We emphasize that the steady state to which the economy converges depends upon the
initial conditions. The transition pattern is determined by the adjustment of the implicit
price of the home good in terms of the market good p. As opposed to the corresponding
closed economy, there is no room for a small economy to adjust its interest rate to achieve
a unique steady state. Instead, the initial conditions affect the destination of the economy

in the long run.
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4 Long-run policy effect

To obtain the long-run effect of policy changes, by differentiating (15), (22)-(24) and (39)

around the steady state (K,q, \, B, p), we have

0 1pd(0) 0 0 ~¢/(0)/ps"(0) | (K
0 0 —p(1 —7£)OR/ON 0 —(1—7k) (R+ pOR/Op) dq
oYy /0K 0 OYy/ON — Dep JON 0 0Yy/Op — Ocp,/Op d\
Y ¢'(0) Yy _ Ocp * Y 8cm ¢'(0)* =
R L) A~ DA r D~ T e 0) aB
LA/ (x—17) 0 0 -1 0 | dp
0
p|(1— Tk)a—R — Rl dri+p(1— Tk)g—fldn
= —dr), — Phdr, + dr,
dG — Pmdr), — 6Ym dri + 5 ‘%m 2 dr,
0
from which
op 1 oY, OR p(1 = 74)
G ~ Apd'(0) 0K ar” F
can be derived. Because sign[%@] = —sign [&m — gbh} and s1gn[‘9R] = —sign[o,, — o1l ,

and the determinant of the coefficient matrix of the above system A < 0 from the stable

condition, then

sen | 9| = =sien [6, = 0] sen 0~ 1]

oG
Here
0 0.

0 —p( =T p9(0) ~ (1—7p) (R+p%E)

N ov; oYy _ den oYy _ dey

pd” (0) oK A T oA p ~ op

8Ym + OYm _ Ocm OYm _ Ocm

X 1‘* oA oA Op op °
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4.1 Effects of government spending expansion

>From (40) and noticing that p¢’(0)/(1 — 7x) = R, we obtain

N )
Ox _ p¢'(0) = (1 —7¢) (R+pOR/Op) Op _  OR/Op Op
oG p(1 = 75)OR /O 0G ~  OR/ONOG

and

oYy, 0K oYy, ey, oYy, dey, ) op
o\ O\

e a9 0G| oG

0B _ (A )oK

oG \x—r) 0G’
Capital level and net foreign assets. If sign [(Eﬁm — (;Sh} =sign[¢,,, — &), € > 0 and ém
R ¢y, then % > 0. Only in the case that q~bm — ¢, >0, ¢, — Py, >0 and € =0, is an

unambiguous result, g—g <0, derived.

Proof. Notice that under the stable condition in Proposition 2
. [0V Oy . [ .
sen | = G| = sign [ - ] sign 0, - .

On the other hand,

0Y; oc .

T gy < O itsien 6= o] =signfo, — o) and £>0
0Y; Oc .

T gy > O ifsien [0 = 0] = —sign[o, — ) ande <0

and

0 op
sign [—ﬂ = sign |9, — 0 . sign [ag] = —sign |9y, — 6] sign [0, — O]

0K
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Hence,

() ¢y > ¢, and ¢, > ¢,. Then —M >0 and & < 0. If in addition € > 0, we have
%L; 8Ch < 0. From the sufficient stable condition in Prop051t10n 2, we know % — % > 0.
Hence 2 % > 0.

(ii) ¢y, > ¢, and ¢, < ¢,. Then —% >0 and & > 0. If in addition ¢ < 0, we have
%L; - % > 0. From the sufficient stable condition in Proposmon 2, we know % — % < 0.
Hence agn[aK} =7.

(iii) ¢,,, < ¢, and ¢,,, < ¢p,. Then —% <0 and Z < 0. If in addition £ > 0, we have
%L; - % < 0. From the sufficient stable condition in Proposmon 2, we know % — % > 0.

Hence > 0.

(iv) gbm < ¢y, and ¢,, > ¢;,. Then —% <0 and Z > 0. If in addition £ < 0, we have

85; h ach > 0. From the sufficient stable condition in Proposmon 2, we know % — % < 0.
Hence s1gn[gg} =7.

~From Lemma 7, we know A > 0 if ¢, — ¢, > 0, ¢,,, — ¢, > 0 and € ~ 0. That is, we

have now % < 0. This is the only case for which the sign of % can be determined. [J

Market and home goods consumption. (i) If sign [&m —th] =sign|o,, — ¢p] and
€ < 0, then an increase in government spending lowers households’ market and home
goods consumption. (ii) If sign [(Z)m - d),l} =-sign[p,, — ¢p,] and € < 0, then an increase in
government spending lowers households’ market and home goods consumption.

The results here can be understood by inspecting the following calculations (i = m, h).

oc; %875\_'_86@8])
oG OXOG  Op OG

9ci (_OR/Op\ | 0Oci) Op
ox \_oRr/ox) " ap [ oG

The statement in case (i) describes the usual results, while those of case (ii) are new to the

home production model. If income taxation distorts the economy sufficiently so that the

factor intensity ranking between the market and home sectors is reversed, then when the
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substitution rate between the home good and market good is small (¢ < 0), in the long
run government spending increase causes the market good price to increase. Therefore,
the demand on home consumption should increase. In the case that € < 0, even facing a

higher p, households’ market good consumption still can increase.

Factor prices. An expansion in government spending does not affect the factor intensity

i the market sector, hence leaves the factor prices unaffected.

0Ty, _ %075\+8$7m@ _ [Gwm <3R/8p) N &vm} op
oG oN 0G ~ Op OG o\ OR/O\ dp | 0G
B [&cm <_8xm/3p> N 8xm} @
O\ 0%y [ON op | 0G

Labor time allocation. An increase in government spending G causes leisure time n to

increase if sign [(Eﬁm — ¢h] =sign[o,, — &), and leisure time to decrease if sign [c}ﬁm — d)h} #sign[é,, — dp) -
The effects on the work time allocation between market and home work of this increase in

G are generally ambiguous. In the case that sign {q%m — qSh} =sign|p,, — ¢p), € > 0 and (Eﬁm

X @y, sign|0Lp,/0G]=—sign|[0Ly, /0G| =sign[¢,, — &y] .

Notice that %f—é” =0 and Bn(gg’p) < 0; then

on op ~
sen || = —sien | 96| = sign [3, - ] sign [0~ 4],

>From the expressions of L,,, Ly in (20) and (19)

OL,, B Oxp, [0z, on 1/zm 0K
0G  Oxp)Orm, — 1 <_8G>  Oxp )0z, — 1 0G
oL, 1/zm  OK 1 on
G  Oxp/0xym —10G  Oxp)Orm, — 1 <_8G>

25



4.2 Effects of taxation shocks

Similarly to the above analysis, we can investigate the effects of taxation shocks. Taking

the change in the consumption rate as an example, from (40) we have

p _ p(1 —7¢) OR [0Y}, Ocyy  Ocp (0¥ A
0T¢ B Ap(b”(()) o\ | OK 0T, 01, \ OK X —1*

a ., 9D
or. ¢(0)8TC
OX ([ OR/op\ 0p
ore OR/OX) 07,

and

Yy, 0K ey, B |:<8Yh 8ch) n (8Yh 8Ch> 85\:| op

0K 0T, 0T, Op Op o\ o\ ) O1.| OT¢
OB B A 0K
ore X —r*) Ore

As long as the effect of 7.’s change on p is clear, we can derive the effect of 7.’s change on
other variables. However, from Lemma 7, we know 9Y,, /0K and r*A/(x —r*) always have
opposite signs. Except for numerical calculations, it is generally impossible to determine
the sign of 0p/07.. In the following, we will assume that r*A/(x — 7*) is dominated by
Y., /OK (this is at least the case when z,, ~ xj); then we have the following results.
Shadow price of wealth p. An increase in the rate of consumption tax raises p if
sign [g})m — gbh} =sign|o,, — &), and lowers p if sign {q?)m - th] = —sign|o,, — &) -

Notice that %CT’: <0, g%’; <0, sign[%ﬂ :—sign[%il’(”] =-sign [g{ﬁm — gzﬁh} and sign[a—R] =

oA
—sign[e,,, — ¢p,] - When r*A/(x — r*) is dominated by 0Y,,/0K, we have

sign [ o } = sign |9, — 0 sign [6,, — ).

Tec
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Market and home goods consumption. (i) If sign [qu - qﬁh] =sign|o,, — ¢p] and € <
0, then an increase in the rate of the consumption tax lowers market. (ii) If sign [ism — gbh} =-

sign[o,, — ¢p,] and e < 0, then an increase in the rate of the consumption tax raises home

goods consumption.

>From (i = m,h)

0¢; B Oc; 1)) Oc; Op Oc;
or. 537’6 +87p870 0T¢
{3@ <_8R/8p) +8q}8ﬁ+ de,
orx \“arjox) " op oG T or.

the above results can be obtained.

Factor prices: An increase in the rate of the consumption tax does not affect the factor

intensity in the market sector, leaving the factor prices unaffected.

O%m 0%y OX n Oxm Op [&vm ( 8R/8p> N axm] op

Ore O\ Ore ' Op 01e | ON \_ OR/OX ap | o7
[0z, B 0% /Op N 0Ty | OD
N o\ 0%y [ON Op | 07

Capital level and net foreign assets. If sign [(}Sm — th] = —sign[o,, — ¢p], € <0, e =0
and J)m ~ ¢y, then g—fi < 0. In the case that g~bm — ¢ <0 and ¢, — ¢, > 0, we have
98 <.

Notice that under the stable condition in Proposition 2

Y, 0
Sign |:8Ah - ac)ilj| = Sign |:¢m - ¢h] Sign [qu - ¢h] .
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On the other hand,

aYh 6ch — = — o

aip — 87]9 < 0, if S1g1 |:¢m - ¢h:| = sign [(;Sm - ¢h] and € >0

Yy,  Ocy e ~ o

aip — 87p > 0, if S1g1 |:¢m - ¢h] = —Ssign [¢m - ¢h] and € <0
and

: Y] . op . T .
s [22] = s b ] s [ 2] = s [ ] scn 6 ]

Hence,

() ¢,, > ¢p, and ¢, > ¢,. Then %llg < 0 and 88713 > 0. If in addition € > 0, we have

%lp” 8ch < 0. From the sufficient stable condition in Proposition 2, we know % — % > 0.
Hence gK ?.

(ii) ¢, > ¢, and ¢, < ¢,. Then % < 0 and @ < 0. If in addition € < 0, we have

%lp” — % > 0. From the sufficient stable condition in Proposition 2, we know % — % <0.

If addltlonally, € ~ 0 so that g—i’; is close to 0, then g—fc < 0.

(iil) ¢,, < ¢y, and ¢,, < ¢,. Then %LI? > 0 and @ > 0. If in addition € > 0, we have

Yy,
dp

know %L; — % > 0. Hence 8K 70

(iv) ¢, < ¢y, and ¢, > ¢;. Then % > 0 and @ < 0. If in addition € < 0, we have

8Ch > 0. From the sufficient stable condition in Proposition 2, we know % — aﬂ <0.

— 8ch < 0. From the sufficient condition of a stable steady state in Proposition 2, we

Yy,
dp

If addltlonally, € ~ 0 so that g—i’é is close to 0, then g—f_{c < 0.
Examining the above cases for A, we find from Lemma 7 that only in case (iv) do we
have a clear sign for A : A < 0. Hence, 3% < 0. This is the only case where the sign of %

can be determined. [
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5 Transitional dynamics

For showing the transitional dynamics of the economy, we use an increase in government
spending as an example. The analysis of other shocks can be accomplished in a similar
way. Based on the linearized dynamic system (33), we know that, around the steady state,

the stable equilibrium path takes a shape similar to S5’ in Figure 1.

(CASE I): 0p/0G < 0.

When a sudden increase in G occurs, p jumps up immediately. Because ¢ must move
in the same way as p in view of (25), then ¢ decreases. On the other hand, Proposition 3
shows K will move to a higher level. Then this shock results in a rightwards shift of the
stable arm on the K — ¢ plane, to 5157 for example. Because the K — ¢ dynamic system
is complete, moving patterns of other variables can be derived, except those of B, which
we will examine below.

In view of (38), the relation between B and K around the steady state can be illustrated
as X X’ in Figure 2, which is negatively sloped on the K — B plane. An increase in G lowers
B and raises K in the long run. This corresponds to a right downward movement along

locus X X'.

(CASE II): 9p/dG > 0.

As for the above case, a similar analysis can be made.

6 Concluding remarks

Including the home sector into a standard small open neoclassical growth model, in this
paper, we explored the equilibrium dynamics and policy effects of the model economy ana-
lytically. We found that the nonmarket home sector and fiscal policy asymmetry together
play an important role in determining the equilibrium property and policy effects of the
model economy. We also show that the rate of substitution between home and market

goods consumption can affect the above analysis.
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We found also that a solely theoretical study has limitations in understanding the
complete effects of policy. For some parameter ranges, we have to rely on numerical

calculations to determine the exact effects. This numerical study is left for the future.

Appendix

A.1 Proof of Lemma 2

>From the expression of dx,, in Section 3.1, the definition of Do and the relation

1—
(1= 7)1 — ap) = ( ah) am (1 = 7g)zh,
ap,
we have
O _ _—1A 22 N Apan (1 — o)z 2[(1 = o) (1 = 71)Zm + aman (1 — 73)]
op Dy T hQh h)Tp, m T)Tm T AmTh Tk

- a)

A.2 Proof of Lemma 4

>From Lemma 2

Qm Tm 617 am<am - OCh) ‘

1 +£8$m —ay,

On the other hand, from n = n(\, p; 7x, 7;) in (21)

@ —YOQm (1/am + p/xm : 8:1:m/(9p)
Op Ap(1 — am) (1 —7) pRro
Yyan/(am — an)
Ap(1 = am) (1 — 7)p2apm”

A.3 Proof of Lemma 5
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>From Y, = Aij(K, )\,p)x?j()\,p),j =m,h,

Ah K Tm «
Y, = — —(1=-n)=" h
4 1 —2m/xn [:vh n) xh} Th
Y = 1-n)th 2 pam
Th/Tm — 1 [( n)xm :L‘m:| T
then
oYn _ < Ap ) = w};rm (—5%)
o 1 —xm/xp (1 ah)Kz,;iZh—l%L; n (1—n)ah;c:ah*1xm %L)?
oYy, Ap, ap—1 on an—20Th
Sh_ [ 2h P11 —ap)K 1- n=20%h
Op (1 - JIm/mh> {xmxh Ip (= an) K+ on(l = mjm] ), Op
and
mSm o]
Yo ( A, ) 2 (-5%)
o\ xh/mm —1 +(1 _ Oém)KIﬁ:n_l C{’gi;\n + (lfn)am;i:xmam—l %Ef)r\n
oY'p . Apzp® Y, . A xm ™
0K — xp—xm OK — xp—xm

A.4 Proof of Lemma 6
Totally differentiating the two sides of Y3 (K, A, p) = cn(A, p), we obtain

oA oYy, (ayh 8ch>

0K~ OK'\ ax  ax

If sign [(})m - d)h} =sign[¢,,, — ¢p,), then 0Y},/ON — Ocp/ON > 0; hence sign[0\/0K] =
—sign[0Y},/0K] =sign [&m — ¢h} . If sign [qgm — qﬁh] = —sign[¢,, — ¢4], as long as ¢,, — ¢y,
is sufficiently close to 0, dcp, /O will be dominated by 0Y} /0, that is Y, /OA—0c /ON < 0.
Then in this case, sign[0\/0K| =sign[0Y,/0K| = —sign [g?)m — gzﬁh} .
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