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010 y(r)ooDOooooood

00 j(r) (000 J(r)00000000000000000,0000000
0000000000000000000000.0000000 $%={re¢
Clim(r) >0}0000000000,%00 SL,(Z)000000000, 0

ood
() =it (4 e stata)

cT +d

000000 iec000100000000,000¢=e> 000000
00'00 (¢-00)0

. I — .
J(7) :5—|—ch(]
n=0

O0000.000C0000000ooooooooooooooon, j(n
gobob 4400000040 o0o.

HO0O SLy(Z) 000000000 000000 ((-OO00OO0DOODOODO)
000000 j(nOOO0ooooooooo. 00, SLy(Z)yobooo, 00
ooooO0o0o0oooooOO0ooO0O0O0oooD jy(npooooo j/(npooooo
0000000002 0000000,0000000000000000
0000000000000000 SLy,(Z)OODOoOoo3m, j(r)0ooo
ggboobbboooo. bobbuobboooooobbbbodoboo
gogdbobououobougoobobooobobobboodg. ogo
00000000 j(r)0 Dedekind* 0000 00000000000O,00

1Jean Baptiste Joseph Fourier (1768.3.21—1830.5.16)

00000000000 j = Ej/Aj — 1728 = E3/A,j'(= 5% = ¢3) =
—E}Es/AD, Ey = (7)2/§(j — 1728), Eg = —(j')*/7*(j — 1728).

S00000,0000000000,00000200000000000000000
oooooooooo.

4 Julius Wihelm Richard Dedekind (1831.10.6—1916.2.12)

5Schreiben an Borchardt iiber die Theorie der elliptischen Modulfunktionen, Journal fiir
die reine und angewandte Mathematik, Bd. 83, S.265-292 (1877), 00O 10 174-201 00O
a.



8 010 j(-)OOODOODOOOOO

gbobobobbobogilcobd,bobbdbbodoooobbobo
giiougbogboodg,bogobobobboooboobbobod
goggooog.

0000000 j(r)DO0OD0OO0O0O0 e 0000000,0000000O0
0000.00,¢000000000000000j(rn)0000(@MOOO
0000) 0000000 (0bo0)00boo000o0, 00000000
godob,bbuooagbboobboboooaobobo.

gugbdoooooob,ooboobooboboobbbbbbobboan
gooooo.

400000 k000, E(r)0,¢-0000000 10000000000
00O0oo0oooooson

1 1
By(r) = 2 Z (et + d)¥

c,dEZ
(c,d)=1

— - E e

n=1 d|n

00 (B, 00000070),A(r)000000,0000

1
A(T) = ——
(7) = 171
000. Eu(r), A(r)0, SLy(Z)DO00,000000 k 12000000
0000000. A()D icc00D00 00000000000, 00 ¢00
000o0o0o0ooo

(E4(r)® — Eg(7)?)

A(r) = q]J(—gm*
n=1
= ¢ — 24¢% + 252¢° — 1452¢* 4 4830¢° — - - -
O00000000.0000000000000 j(r)0

j(r) = Egg;

(1.1)

SFerdinand Gotthold Max Eisenstein (1823.4.16—1852.10.11)
"Jakob Bernoulli (1654.12.27—1705.8.16)



godbgb.ogbboobuodbbb e, 00000b0n:

1 o0
Jg(r) = —+ 744 + cnq", (e =1, cog = T44).
(7) . ; (e 0 )
Ey(r) = 14240572 (3, *)¢"0000000000000,000 A(r) =
quo:l(l—q”)MDD A(T)_IDDDDDDDDDDDDDD,anDDDD
00.0000000000000000083.

n Ch | M Cn
—1 1115 126142916465781843075
0 744 | 16 593121772421445058560
1 196884 | 17 2662842413150775245160
2 21493760 | 18 11459912788444786513920
3 864299970 | 19 47438786801234168813250
4 20245856256 | 20 189449976248893390028800
) 333202640600 | 21 731811377318137519245696
6 4252023300096 | 22 2740630712513624654929920
7 44656994071935 | 23 9971041659937182693533820
8 401490886656000 | 24 35307453186561427099877376
9 3176440229784420 | 25 121883284330422510433351500
10 22567393309593600 | 26 410789960190307909157638144
11 146211911499519294 | 27 | 1353563541518646878675077500
12 874313719685775360 | 28 | 4365689224858876634610401280
13 | 4872010111798142520 | 29 | 13798375834642999925542288376
14 | 25497827389410525184 | 30 | 42780782244213262567058227200

00,00 j(r)OOODOOOOOOOOOOOODODDOOOOODOOOOO
goood.

oo A
1 2y (=D" 2y, (1) 2
Cn = E {t(n/——r ) — t(dn —r) + 1 t(16n —r )}.

4
reZ

8000000000 Pari-GP (Ver.2) 00 j(r)000000000000000, ellj
0000000000000, 00000000 (9000 (1710)00000000
0000000000.00,000000000000000000000000000,
Pari 00 j(r)0 000000, »(r)000 (00000 50000)00000,00
j(r) = 224(27)* n(r)*® +2193n(27)** /n(7)** +n(r)*! /n(2r)** +2°30 00000000
oooooo.



10 010 j(-)OOODOODOOOOO

000 t(d)DO00000,d>0000000,000 —dO0 CMO (0200
00)00 j(r)—74400 (DO0O0OD0OO00OO0O0OOOODOCOOO)OOOO
O000. 000000 §3.10000. d<—-1000 t(d)=000000
0,000000000000.0000,t(d000D0000000O000O
0000d0o00o0o0o0ooo0oUoo.0oo,000o0d, e, 0CMO (ODODO
000)000000000000000O0000O0O0O0000OoooOO,c,
godobobooogboobod.

000000000000 (0000000)0000, 00 Petersson®
(1932) O Rademacher'® (1938) 000D 0D (00000, 00000000
0)0OOODODOOO0O. 000 ¢, 00000%"00000000000000
g,ggobbodubgobbogd.gbuobouogoboo,gooon
0000000000000,000000%0000000000.

00 1.0.1 (Petersson 1932, Rademacher 1938)

o= %; Sk(n;;_l)fl(%ﬁ) (n>1).

000 |
Spn,~1) = Y Fmhh

h,h!  (mod k)
hh/=1 (mod k)

000D0D0DOooOo®oooooo 10o0oooog,
i x/22m+l
—m l(m 4+ 1)!

0(00000)0000o0o0.

9Wilfried Hans Henning Petersson (1902.9.24—1984.11.9), 0 00 Hecke, 0 00 Maass
ugoo.

0Hans Rademacher (1892.4.3—1969.2.7)

H¥riedrich Wilhelm Bessel (1784.7.22—1846.3.17)

12H. Petersson, Uber die Entwicklungskoeffizienten der automorphen Formen, Acta
Math. 58 (1932), 169-215.

H. Rademacher, The Fourier coefficients of the modular invariant J(7), Amer. J. Math.
60 (1938), 501-512.

13Hendrik Douwe Kloosterman (1900.4.9—1968.5.6). 000000 . 00000 Leiden.
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000000000000000000000000000000000,0
00000000000000000. Rademacher 100, 00000 ¢,
0000,000000000000000 SL(Z)00000 (j(r)000)
000000000% 00,00000000n—00000240000
000000 (¢2)=2000). 0000000 j(r)00 j(r)—-720000
0000000000000000000000%%.

I N A A
0000000000000 oD, jJ(nooooooooooooooo™
gogobboooooboan.

4 The Fourier series and the functional equations of the absolute modular invariant J(7),
Amer. J. Math. 61 (1939), 237-248.

1500, j(1) — 720 = OLeeen(T)/A(7), 00 j(r) — 720 =Atkin 0000000D0OOOO
a.






13

020 j(r)00

000000 o0o00o0ooooooooooooooon.

00000000000000000000000.0000
0000000,000000000000000000000
00000000,00000000000000000000
00000000000000000000 modular 00000
000000,000000000000000.0000000
000000, (5.00000)

Gauss’0 000000000 DOODOOODOO000000O, 0000
(0,0000000000%0000000000000000000 20
Ooooooooooo,jy (000000 0. 0000000 ooooooog
O,j(r)000C0C0O00O0O0O0O0OD00O0O0O0O0O0O0OD0OOO (0O 110 386
O00). 000 5000000000000 DO,0D00DOODO0OOO 200
00 “summatorische Function® (j(r) 000000000 D)0000O0
0,0SL,(Z2)000000 (0000000 O0OO0D0D0DDOOO)ODODOUODOO
000000000, Gauss OO OODOODDOOODDODDODODODODODO
ggo.

11875.4.21—1960.2.29

2Carl Friedlich Gauss (1777.4.30—1855.2.23)

310 V2000000000000 “000000007”000000000 Gauss O
0000000 (1.19814023473... 000000 « O 2folﬁdx|]|]ﬂ[||] ooood

oo0ooooooooog),00000 ‘00000000’ 0o000DU0oUOOo,0Ooo
0000000000 0O0000. GaussOODOOOOO IN(2)0OOOOOOO, 1866 O
00000 IO 4rr7,478000)00,00000000000000D0O0,000000O
0000, Fricke 0000000 19000000 VIIIO (1056000)000000000O0O
goooooo.

4Gauss 000 0000000D0DO0,000 David A. Cox O Gauss and the Arithmetic-
Geometric Mean, Notices of the American Mathematical Society 32 (1985), 147-151 0 O
goopoooooooog.

‘00000000000.00,00000000000000000,000 kO00OO
ogodo cO0bobooooooboo,o0oobooboo.ooogo.
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00 Hermite®O , 1859 000070000 j(r)0000 (1.1) 000000
O0o0oob,0bq0o0goo3000oooo. oobooo,o0on
001968840 000 1968800 000 00O. 00 O00O0O0ODOODODO,O00
00000000000 1968400 00000000% 000,00000
gues4ddgooooooobooboooboboooooooooon,
00000 Weber?D 1900 O, Encyklop. d. math. Wissensch. I C 6 O O [
0 “Komplexe Multiplikation” 0 7210000000000 . Greenhill*t
018880000200 Hermited 196880 0 D00 OO0 ODOOODOOO,
0000000 000000000000 bbO0obO0oo0o0o0ooooo.

O00000D0D00000,Hermite D, 0000000000,

J(ER=E) = 2183350000000

™1 — 884736743.9997775 . . .

000,0000000000000000000000 —67,—163000
000000,000¢V®0000001200900000000000.
(00

e™v 18 = 262537412640768743.9999999999992500725971 . . .

000.) 000000 100200000000000000000 200
00 j(r000000oooo0oooooo0ooooooooooo, o
00000 j000000000000000000000 (Pick!®, Weber)
gogogbobobooob,obbooabbboobobo.bb,boogoan

6Charles Hermite (1822.12.24—1901.1.14)

"Sur la Théorie des E’quations Modulaires, Comptes Rendus XLVIII, XLIX (1859), O
0110 3882000.0000 VIIIO

800 196884000000 Moonshine 00 000000000 OODOO.

9Heinrich Martin Weber (1842.5.5—1913.5.17)

10John Mckay 0000000 , H. Weber, Elliptische Functionen und Algebraische Zahlen
(Vieweg, Braunschweig, 1891) 0000000 O0O0O0OO0O. 0000000, 00000
0000000000ooooooD,sr20000 1968840 00000000O0O.

1 Alfred George Greenhill (1847.11.29—1927.2.10)

12 Complex multiplication moduli of elliptic functions, Proc. London Math. Soc. 19
(1888), 301-364. 0 O p. 307.

13Georg Alexander Pick (1859.8.10-—1942.7.26). 0000 ,0000000000000
0000000000 (00000000 +00000000 /2—-1)000. Einstein O
gooooooboo, 0000000000 oooooogd
goboobooooobooboooobuooobo. bobooooboboooa.
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00000000 0o“oooo,00000000.

000000 (A)0,000000000,600 SLy(Z)0000000
000000000 Dedekind O Klein® 000000. 0000000
0000000000000 00000000000. 000000, Klein
00000, Dedekind 0000, 0000000. 0000000000,
Dedekind 0 0000000 00000000.0000000,00000
000,3000000000000000000000000000000
0000000000000, 00000000000000000000
0000000000000,

000000 ¢, 0000000000, Berwick® O 1916 00 ¢; 00
00000, 000 Herbert Zuckerman 0 1939 00 ¢, 002, OO van
Wijngaarden®' 0 1953 00 c100o D00 O02000000.

148, Lang: Elliptic Functions, Second Edition, Graduate Text in Mathematics 112,
Springer-Verlag, 1987.

D.A. Cox: Prime of the form z? + ny?, John Wiley & Sons, 1989.

S.G. Vladut: Kronecker’s Jugendtraum and modular functions, Gordon and Breach,
1991.

J.H. Silverman: Advanced Topics in the Arithmetic of Elliptic Curves, Graduate Text
in Mathematics 151, Springer-Verlag, 1994.

15Felix Christian Klein (1849.4.25—1925.6.22)

16R. Dedekind: Schreiben an Herrn Borchardt iber die Theorie der elliptischen Modul-
funktionen, Jour. fiir die reine und angew. Math. 83 (1877) 265-292, 0 O 10 174-201.

F. Klein: Uber die Transformation der elliptischen Funktionen und die Auflésung der
Gleichungen fiinften Grades, Math. Annalen 14 (1878/79), 0O 30 13-75.

"0poOoo0oO0o0O000000OO0O0000,0000000000000O00O0000
oooo.

8William Edward Hodgson Berwick (1888.3.11—1944.5.13)

9 An invariant modular equation of the fifth order, Quarterly Journal of Mathematics
47 (1916), 94-103.

20The computation of the smaller coefficients of J(7), Bulletin of the American Mathe-
matical Society 45 (1939), 917-919.

21 Adriaan van Wijngaarden (1916.11.2—1987.2.7), 000000, 0000O0O0OODO
000ooo0oooooooooooooooooooo.

220n the coefficients of the modular invariant J(7), Indagationes Math. 15 (1953),
389-400.



16 020 j(r)00

c, 0000000000000 Lehmer 000 000000. OO 1942
oooo*oooo

It is only in recent years, however, that some attention has

been paid to the coefficients in the Fourier series for J.

0000, j(r)0 Hecke 000000000000 O0O0DOO0OOOOOOO
gboooobo,bbbodabo

E#+1mod5000 £k20mod25 000 ¢ =0modb5

FO mod490 00000 OO0 2¢ + cry2 = ¢ mod 7

OOoooOoOooaog.
000 Joseph Lehner 0 1949 0, American Jowrnal 0 000000002
oooo0,000 a,n>1000,

n=0mod 2000 ¢, =0 mod 2",
n=0mod 3*000 ¢, =0 mod 3%*"3,
n=0mod 5000 ¢, =0 mod 5*™,
n=0mod 7000 ¢,=0 mod 7%

O00n>101<b<30000
n=0mod 11°000 ¢, =0 mod 11°

OoO00O00D0O0oOoDbOo.

O0000O0DoDoDooogo, O. Kolberg, M. Newman, A.O.L. Atkin,
Atkin-J.N. O'Brien, 0000, 000000000000, 00000000
oooooooo.

23Derrick Henry Lehmer (1905.2.23—1991.5.22). 1914 00O 10006721 00000000
0000000 Derrick Norman Lehmer 00O .

2 Properties of the coefficients of the modular invariant J(7), Amer. J. Math. 64 (1942),
488-502.

25 Diwisibility properties of the Fourier coefficients of the modular invariant j(7), Amer. J.
Math. 71 (1949), 136-148. O 0O Further congruence properties of the Fourier coefficients
of the modular invariant j(7), O 373-386.
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00, Mahler 0000000000000000000O0000O, O
0,000 20000 (j(r)O 4(2r)0000)00,¢ 000000000
000000%. 000 ¢, e,63,05 (,0000)000000,n0 mod 40
0ooooo

k—1

Cqr, = Copt1 T Z CjCok—j + (Ci —cx)/2,
j=1
k 2k—1 k—1
Cak+1 = Cog43 T Z CjCok—j+2 1 Z (=1)cjcan—; + Z CjCak—4j
j=1 j=1 j=1
— oot + (Goyy — Cryn) /2 + (cy, + car) /2,
k
Cik42 = Coky2 + Z CjCok—j11,
j=1
k+1 2k k
Cak+3 = Cogya T Z CjCok—j+3 T (_1)jcjc4k—j+2 + Z CiCak—45+2
=1 j=1 j=1
—CaCari1 — (Coppr — Cong1)/2
O, 0000000000OODOOO. OO0,
c = 3+ (cd—c1)/2
864299970 + (1968842 —196884)/2
= 20245856256,
Cg — C4 -+ C1C2
20245856256 + 196884 - 21493760
= 4252023300096,
C7 = Cg+ CiCq+ CoC3 — C1C5 + CoCy + C1Cy — CoCy — (C§ — 63)/2

= 4252023300096 + 196884 - 20245856256 — 196884 - 333202640600
+21493760 - 20245856256 + 196884 - 21493760
—(864299970% — 864299970) /2

= 44656994071935,

26Kurt Mahler (1903.7.26 — 1988.2.25)
2"On a class of non-linear functional equations connected with modular functions, J.

Austral. Math. Soc. 22 (Ser. A) (1976), 65-120.




18 020 j(r)00

0o.
c00000000000,000, j(r)Es(r) =—q£j(r)E(r)0000
0000000000000

n—1

n_+]r:£:<%(5040501——i)——24Oi0301——iD

1=—

Cp =

(000 ox(m) =Y ,d)000000,00 Mahle 0000000000
c,000000.

O00,j(r)00000000000000000O0O0 “Moonshine” OO
goobboooobob.boooooooboog.
gobooooooobbog,bbb

246,320 .59 .76.112.13%.17-19-23-29-31-41-47-59-71
= 808017424794512875886459904961710757005754368000000000

(08x10%)0000000.000,260000000000000,00
000000000. 0000,000000000000, 00 1968830
0000000,0000000000000000000. 00 1968830
j(r)0 ¢0D00 10000 19688400 10000000000000000
00000 John Mckay, 00000000 Dedekind 00000 101000
197800000002, 000 John Thompson 0, ¢ 0000000000
00000000000000000000,00000000000 n0
00 ¢ 0000000000000000000000000000000
0000000®000. 0000000000000000000000
1, 196883, 21296876, 842609326,... 0000000,

c1 = 196884 =1 + 196883,
cy = 21493760 = 1 + 196883 + 21296876,
cg = 864299970 =2 -1+ 2196883 + 21296876 + 842609326

28Dedekind 0000000 18770 60 120000000. Mckay OO ODOODOODO
12000, Gottingen 0O 0OO0O0OOO. (DO0OO0OOOUOOO,00000,0000000
0j(r)O000O0O0000D0OO0OO0,0000000D00O0OOOO))

29 Some numerology between the Fischer-Griess Monster and the elliptic modular func-
tion, Bull. London Math. Soc. 11 (1979), 352-353.



19

O0o0ooooooo. gooobobog, 0d Mckay-Thompson OO 0O,
John Conway (0 OO John O )0 Simon Norton O OO “Monstrous Moon-
shine” 00 00O0*0000,0000000000000000000O0O
O00,000000000, Conway 0000 Richard Borcherds O 0O O 0O
O0000000%. 00000000000000000000%0003%,
Oooooooos3

30 Monstrous Moonshine, Bull. London Math. Soc. 11 (1979), 308-339.

31 Monstrous moonshine and monstrous Lie superalgebras, Invent. Math. 109 (1992),
405-444.

200000 oooooo,0000 (1999).

300000000,0000510 10 (1999).

¥oenoo
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030 00 A(0O0DOO0)O
00

O00000,00 810 ¢(d)0000000O000O0 AODDOOODODOO
00,820 00000000000. 0000000000 ZagierdOQd
(83200 Z)UU00O0O,0000000000O00DOOO ADODOODO
oo0.00b00O00DbO0OO00OD AODODODOobObObobODOooboboog,
Dooobobooobooboobo.obzboooooooobo.

3.1 U00Oooooboogod

D0D0000000 QX,Y)=aX?>+0XY +c¢Y? (0000000, O
000 (a,b,c) =1 0000000)0000,00000 b2 - 4dac (< 0)
0 dise(Q), 00 Q(X,Y) O SLy(Z) 000 (v= (%)) € SLy(Z)D O OO
(X,Y)— (X,Y)yOO0D0)0 [QI000. Q=aX?+bXY +cY?000,

_ —b+ 4/disc(Q)
2a

OéQ.

00000,0 jleg) 0 [QDOODODO. OO,

3, QU aX?+XY+Y?DOODOODOOO SLy(Z)D O,
we:=42 QO aX*+Y%)DDOO0000 SLy(Z)D DO
1, 000,

gog.

00 3.1.1d>0,d=0000 3 (mod4) 000,

td) = 3 wiQo(aQ) ~ 744,
Q]

disc(Q)=—d



22 030 00 A@QOOOO0)OOO

00000,0000 —<0(000000000)00000000 SLy(Z)
OoO000O00oo00,O00, o0,

£(0) = 2, t(—1) = —1,

0000 d(d<-1000 d=10002 mod4)00000 t(d) =00
0o.

0000,0000000000000200 H(d)D,000d>0,d=00
00 3 (mod 4) 000,

o= Y

w
Q] Q

disc(Q)=—d

00 H(0)=—-4 (00 H(d)=000000,000000000. t(d)0
000 HdDODODOOOODODOO 10 j(r)-744000000000000
0000,00000000000000000000000

000 -d000000020000000 A(-d)000. Q0000 —d
000000000,000000000000, j(ag)d h(-d)00000
000000,00000000000000000 Q0000 j(ag)0DO
D000 j()D QOO0O0O00D0000. 000,—d000000000,
—3,-4000000, t(d)0 j(ag) — 744 (dise(Q) = —d)00000000.

0D00000000,4d)0000000000000,0000 (000
00000,00000000000000)00000

D tdn—r?) = 0, (3.1)

reZ

D r*t(dn—r?) = —48003(n). (3.2)

reZ

000 o3(n)0 n>0000 Y,,d n=0000

=1((=3)000.0

1
386 (=

ooooo
t(dn — 1) = —24003(n) — Y r’t(4n—1?),

2<r<vAn+1

t(dn) = -2 Z t(4n — r?),

1<r<v/4n+1

Leopold Kronecker (1823.12.7—1891.12.29)
2 Adolf Hurwitz (1859.3.26—1919.11.18)



3.1, gbobooooobobd 23

00000,00000000,n=0,1,2,...00000000 t(d)000
000000, (000000000000.)

000, n=000000000 t(-1)=-1.00000000 t(0) =
—2.t(-1)=2.0000,n=1,2,3000

t(3) = —24005(1) — 2%t(0)
= 240 —4-2
= 248,
t(4) = —2-(6(3) +£(0))
= —2.(-248+2)
= 492,
t(7) = —24003(2) — (2°t(4) + 3%*t(—1))
= —240-9 — (4-492 —9)
= —4119,
t(8) = —2-(t(7) +t(4) +t(=1))
= —2.(—4119 +492 — 1)
= 7256,
t(11) = —24003(3) — (2%(8) + 3%t(3))
= —240-28 — (47256 +9 - (—248))
= —33512,
t(12) = —2-(t(11) +t(8) +t(3))
= —2-(—33512 4 7256 — 248)
= 53008.

00000000 0ODOO0U0O0O0O HEQOoDooDooOd
H(4n —1?) = d”
Z (4n —r°) Zmax(,d)

rcZ dn
Z(n —r*)H(4n —1r?) = Z min(d, 2)3
reZ din

O0000,H(dDOODOO0D0O0OO0DO0OO00O0O. 0000020000000
000000000000000000000, Dickson® 0040 NIOO VI

3Leonard Eugene Dickson (1874.1.22 — 1954.1.17)
4History of Theory of Numbers, 1923, Chelsea [ 1992.
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00 0000000000000. 00000000000 t(d)00000
goobodooooobuoboooooo.

000 t(d)0 H(d)OOOd<10000000000.

d | H(d) t(d) | d| H(d) t(d)
-1 — —1| 51 2 —5541103056
0] —% 2| 52 2 6896878512
3 : —248 | 55 4 —13136687601
4 : 492 | 56 4 16220381536
7 1 —4119 | 59 3 —30197680312
8 1 7256 | 60 4 37017882624
11 1 —33512 | 63 5 —67515206970
12 . 53008 | 64 I 82226601996
15 2 —192513 | 67 1 —147197952744
16 3 287244 | 68 4 178211037024
19 1 —885480 | 71 7| —313645814923
20 2 1262512 | 72 3 377674773768
23 3 —3493982 | 75 I —654403831496
24 2 4833456 | 76 4 784073551152
27 : —12288992 | 79 5| —1339190286960
28 2 16576512 | 80 6 1597178431536
31 3| —39493539 | 83 3| —2691907586232
32 3 52255768 | 84 4 3196800943968
35 2| —117966288 | 87 6| —5321761716339
36 2 153541020 | 88 2 6294842638512
39 4| —331534572 | 91 2 | —10359073015248
40 2 425691312 | 92 6| 12207820353536
43 1| —884736744 | 95 8 | —19874477925452
44 4| 1122626864 | 96 6| 23340149127216
47 5| —2257837845 | 99 3 | —37616060991672
48 2| 2835861520 | 100 2| 44031499225500

gogboooogoobobobooodan.

0000000 G.H. Cresse.
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OO0 A 0000000000

Cn = % Z {t(n —r?) — (_1in+rt(4n —r) + (_i)rt(IGn — 7‘2)} .

reZ

ud 312 00googdboob,gboobobobooo,gggogno 4
goboooooboooboobbbh:

Cp = % {Zt(n —rh) + Z ((—1)"t(4n — r*) — t(16n — 7“2))} :

reZ r>1,odd

00000 tdU0D0O00O0D0 ¢, 000000000 0ODODODOOOO,

6 = 26(0) — £(3) — £(15) — £(7)
— 2% 2 (—248) — (—192513) — (—4119)
= 196884,
¢ = % (6(7) + t(—1) — £(31) — 6(23) — £(7))
—(b(—1) — 6(31) — £(23)) /2
— (=1 — (—39493539) — (—3493982)) /2
= 21493760,
¢ = % (6(3) + 26(—1) — (1) — £(3) — 6(47) — £(39) — 6(23) — t(—1))
—(b(—1) — £(11) — 6(47) — £(39) — £(23)) /3
(—1 — (—33512) — (—2257837845) — (—331534572) — (—3493982)) /3
= 864299970.

3.2 Zagier OO OO AOOO

0000000t 000000000000 0000OOO00DOOO0OO
000,000000000%C00000.00000000000000
gogbobobbobt. ooobooodobobybobobbboododon
OO0 ADDOOODODO.

5Don Zagier, Traces of singular moduli, Max-Planck-Institut fiir Mathematik Preprint
Series 2000 (8), Theorem 1
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g(r) = Y td)g’ (g=€"")

d>—1
d=0,3(4)

1
= —— 42— 248¢% +492¢* — 4119¢" + 7256¢° — - - -

q
00000000g(r)0 (4000000 300000000000. g(r)
0 9000000000000000.00000000000
_ E4(4T)91 (T)

n(4r)®

0000. 000 6i(1) = 3,.4(-1)"¢" 0 Jacohi’ 00000 D0OO,
n(r) = qu [[2°,(1—¢*)0 Dedekind 000000000,

g(r) =

00 3.21 000000000000000000000 Y. H(d)¢ODOoOO
0000000008 000,t(d0000 —74400000000000
O000000000.000 4(r)—7440 t(d)000000D00O0OODOO
ggboodogu,goooooob.

o000 Z2z00000000D0,0000AO0DDOO.

o0 A0D0OO
00o0o0o0oo f(nooooooo 0,0

e =5 (G + 1 + 152 4 1 (5D

00000.0000000000 f=>a,q"000

f|U4 - Z a'4nqn

00O0.0, f(-)00000000rM000000000000000, €
My(Z),det(y) > 0000 f(y7r)0 TN~y 'TyO000000000000, O

"Carl Gustav Jacob Jacobi (1804.12.10—1851.2.18)

S0Oooo0 I'y(4)DOOOOOOODOOOOOOOOOooOooOoO. D. Zagier: Nombres
de classes et formes modulaires de poids 3/2, C. R. Acad. Sci. Paris Ser. A-B 281 (1975),
no. 21, Ai, A883-A886 0 0 0.
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0000000000000000000000. 00 f|JU,0 f(r+1)00
0D000.00,f000,0000000000000000000000
000000, fu,0000000000000000000000000
0O00.000,00000,

F(r) = g(r)6o(r) :

00000.000 6(1) =3,.2¢" 0 Jacobi 0000, (00 F(r)0, D
00000000000 00000000000000000000000
00.000,000¢(r)0,E(r)000000000000000000
000,0000000000000000000000 ¢,0 t(d)0000
0000000000,00000000000000000000000
000,00000000000000000.0000,00000000
0§530000.) 00,6, 000 :000,00 200 F(r)00DO 20,
$0000,0000000,000000000000000000000.
oo0oooooooooo,

9(D0(r) = (D)X a") = Y g

deZ reZ d,reZ

= > (D tln—r*))g",

n€eZ reZ

gmoi(r) = > (D (=)t —r))q",

n€eZ reZ

(901U (r) = D O (=1)t(4n —r)q",

neZ reZ

GO +5) = S (- 1)tn — )",

nez reZ

(90 UD)(T) = > (D (=1)t(16n —r*))q"

n€eZ reZ

BV 5+ @)

F(r) = Z {Z (t(n —r?) — (_14)n+rt(4n —r?) + (_41)Tt(16n - 7“2)) } q"

000.00000000000000000000 (00000 ¢'oon
000000, ¢Ooooo00000000uooooon.) ne, 00000,

1 d .

F(r) = ﬁgﬂ(ﬂ
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guobobbou,bodbuuboobbgdgboubboobbob,bod
gobobbooooooo. ggogg,uubgooobob 20000,
ggbobbouobogbuoboooboa,booobbobbobodooad,
0000000000000 00°WM0000000O0OOOOO OO0
gboobooobb.

00,0031200000000000000. % 4t (4n—r*) =000,

D (=1t(an—1?) = D t(an—1) = > t(4n—1?)

reZ rieven r:odd

ood,n0d4n00n0g

> (=1)t(16n — %) = —4 Y t(16n—1?)

reZz r>1,0dd

goooboboobooo.

‘00000000000000000,0000000 Riemann-Roch 0000000
00000.0000000000000000000000,¢'%° 0000000000
00000 (Mathematica 0 Pari-GP 00O 0).
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140 Zagier U 00O 0O O[O

0000000 2000000, 000000, 00td00000o0o0n
(3.1),(32) 0000000000000 000O0O0O. D0DO0OOOOODOO
ggoboogoooooo.

00 Z 0OD0ooO0o0O»e>00000000000.

D tdn—r?) = 0, (4.1)

reZ

S rt(dn —1%) = —4800;(n). (4.2)

reZ

000 o3(n) = >y, @ (n>0), 03(0) = 555

00 4.0.2 00 Z0O0O0O ZOo0ODpooo.

oo DDDDDDDl,fDP0(4)DDDDDDDDD/€+%DDDDDD
oooooo,
(f6o)|Us D OO [f,60)|Us

0 SL,(Z)DODODOO0OOOOoO0 k+1, k+300000000000.00
O0u,0000000000,]f,6)]0 “Rankin-Cohen bracket” 0 00 0 00O
gogogbooodan,

1

[1,60](7) = (k -+ ) F(r)6(r) — 3 7'(r)o(7)

¢#)000000.000000,00 30 f=3,_,0d)q

(f00)|Us =0, [f,00)|Us=E(r)00DDO

M. Eichler-D. Zagier: The Theory of Jacobi Forms, Birkh&user, 1985, Theorem 5.5 0
0.0000000000000D00DO000D0DO,00000.
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gbogbuogogbobb.bbooogobooobbood

Zb(4n—r2):O, ZTQb(4n—T2):O'3(n)DDDD

reZ reZ
gboodb. oo, ggoggboooooobobo,bbobooooooog
o00000o0o0oo,00000 zoooo Zooooooooo. OO,
00 fO000 —Ey(47)0y(7)/n(4r)°0 0000, 000 Ty@4)oDoooo 2
gooooooboboooob hOnpDOo0OO0bOOODODOO0ODOD. OO0,
00o00ooooo t(@)0o000,000000000000. 00000
gooboooboboobooboooboo,

Z t'(4n —r?) =0 Z r*t/(4n — r?) = —48003(n)

reZz reZ

O00.000000¢(d000000000,00 ¢(d)00oooooon
000,00000000000000.0000g(rn)=f(rn)0O00.0O
000 zZ0000 Z000000Do0oooo. U

00 z 000
0000 (0000)00000000 ¢,(X,Y)0

¢.(X,j(r) = ] (X-jMom)

MGF\MTZ

- I((0)

0<b<d

D0002000000000000. 000 M,000000 2020
00000000 ,000000 MO -MOOOOODOODODODODODOO,
I'= PSLy(Z). '\M, 0000 ad=n,0<b<d00 (¢4)000000.
00 MOOOOOOO(DDOODODODOO0O01000)000000000

o(xX,j(r) = ]I (X —j (“Td* b))

ad=n
0<b<d
(a,b,d)=1

0000 ®X,Y)DOODODO0O0D00O00D00o0ooooo. oooooo

0,(X,Y) =[] 9%,(X.Y)
f2n
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0o,
oo,00o00 —d (d>0,d50,3m0d4)DDD,DDDDDDDDD
0 0Hg(X)O
. 1/w
HaX) = [ (X~ jlag)™

Q]
disc(Q)=—d

D0000. QUDOOD -d00000000000000000000
00.000,d/300000000 XY300OO00OOoo,d00000000
(X —1728)/?000000,0000000000000. 0000000
oo.

Hy = X1/3,

Hy = (X —1728)"2

H; = X 4+ 3375,

Hs = X — 8000,

Hyu = X + 32768,

Hi = XY3(X —54000),

His = X?+191025X — 121287375,

Hig = (X —1728)Y2(X — 287496),

Hi = X + 884736,

Hay = X2 —1264000X — 681472000,

Has = X°+3491750X2 — 5151296875X + 12771880859375,

Hoy = X7 —4834944X + 14670139392,

Hor = XY3(X +12288000),

Hos = X — 16581375,

Hy = X34 39491307X? — 58682638134.X + 1566028350940383,

Hyy = X —52250000X + 12167000000,

Hys = X2+ 117964800X — 134217728000,

Hss = (X —1728)Y2(X? — 153542016 X — 1790957481984),

Hyy = X*+4331531596X° — 429878960946.X 2

+109873509788637459.X + 20919104368024767633,
Hp = X2 —425692800X + 9103145472000.
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gboobbobobbbobuobbobobooobbbbobooa,bodan
gooood.

ot 403 n0000000000

nOO04000O04gn

¢, (X,Y)

H 24 H4n—7‘2 (X)
— :|: ' n
X-Y \/ﬁ

YoX Hr2 <4 Hyp (X) .

0D00000000000. 000000 20000000,000000
00000O0.000 DA.CxO0D02000000.
000000 Y, ,t@n—r2)=0000000. 00, Hy(j(r)0 ¢-00

reZ

oooooo,
Ha(i(r) = [ (¢ +744 = j(ag) + Og)/"e
Q]
dise(Q)=—d
= II (@' Gilag) - 44)g + O(¢?)) /"
Q]
dise(Q)=—d
= ¢ "D —t(d)g+ O(g?)).
00,0000
. . o ) faT+b
(itr)ir) = TT1I (Jm iy ( . ))
d—1
= [T Tl = ¢+ 0"
ad=n b=0
= J[@*-a0a+0")
= = [ a0 - ¢+ 0™
= £ [[ o1 -cq+06™).
ad=n

2Primes of the form 2 + ny?, John Wiley & Sons, 1989, §13, Theorem 13.4. 000 O
ooo e,000000 (@%DDDDDD)DDD. 000000000, modify0000O
goooo.
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000 ¢=e>/? e,0 a—d=+1000 (000000 4p+1000000
0000)100000000.0000,,00000000,®,(j(7),5(1)) =
+ L can Hinr2(§(7)) O —q logDDD 0000O000,00000000

Ooooo
Z H(4n —r?) = Z max(a, d)
r2<dn ad=n
gdo
2 4 1=000
Stn—ry =0 0T |
o 0, in+1£000.

n+1=r000a="51,d="2000a=" d="5) t(-1) = -1
0000000000000 (0000,00000 0000000000
000000,4n+10000000,¢-1)00000. 0000000
0000,t0)0000) Y, Lt@n—r*)=0000.
n000000,4n+10000000,

P, (X,Y) ) — (a,d)—1) 2
[ S ——, = q ad=n MaxX\Q, (1 _|_ O(q ))
( X =Y |y x/lx=j)
0o
T Haore () = HsG ()P M)
r2<4
g *3(1+ T44q + O(¢)** - ¢ /2(1 — 984q + O(¢*))"/?
0o

Hr2<4n ,}_(471—7“2 (](7—)>
Hr2 <4 H47r2 (] (T))
— (S Hn=r)=203112) (1 (37 t(dp — 1?) + 4)q + O(?)).

r2<4n

gbobooooobod

Z 4n—7“ Zmaxad

r2<dn ad=n

000
> t(an—1?) +4=0

r2<dn
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0o00. HO0)=-4, ¢(0)=20000000,

—13

ZH(4n —r?) = Z max(a, d)

reZ ad=n

Zt(éln —7r%) =0

reZ

gon

ooooooooo.
0D0+d00000000000,0000000000000. 000
00000 Zagiee 000%000. 00,00 4.030002,0000000
D000000,00000000000000.

Ha(j(7)) 0 —q4-log0 000000 Ag(r)0 00

Adﬂzz—q%k%HAﬂﬂ)

gt 404 n000000000O00O00O.0000

EA(r)E(r) B 1~y aa
AG) 2, T —d0rer) 3 2 (M) Ao,

r2<4n

MeT\M,,

000 T = PSLy(Z), M,0 3000000000000, M= (2%) €M,
000 (EyM) (1) :=n3(cr +d) *Ey(MT).
00 000 SL,(Z2)0002000000000000,40c000,00

gog,0obbobooooooobbiboboooon.dboonn Zagier
goooo. U

0D00000¢00010000000000.00
Eq(7)Eo(7)
A(7)
MOOOOOO0OO0OO0D0O00000000000000 (%)), ad=n, 0<
b<dODODODOODO,G=e/1000.0000

= é (1 —240g + O(¢?)) .

i(7) _j(aTC;— b)
= q*l — Cd*bq*a/d + O(q>0)
et (=Gl O(h) a<d000O
} {—Cd_bq_“/d (1=t +O(¢g>/%), a>d0D0DO.

3 Traces of singular moduli, MPI preprint series 2000 (8), §4 Proposition.
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oo
n3d74E4(aTJ-b)

g;jﬁ%ﬁﬁ?ﬂ

0<b<d
_ oy mA00.s os(1)6' g/ )
ad=n,a<d q_l (]' - <-d_bql_a/d + O(q>1))
0<b<d

I Z n3d_4(1 + 240 221 o3 (@')Cébqia/d)
2 TG G+ O

0<b<d

= Z?W%@M%Z%WWW%HXEWMWWWWO

i< = =
- Y Tﬁd%@¢”%1+iM0§:0ﬂ0@%”“)<P+§:Cf¢@“‘”+49@>wﬂ)-
ad=n, a>d i=1 j=1

0<b<d

D00 1(1-240¢+0(¢) 00000000000 ¢000000000,
00,e<d00 0000,

(142403 " o3()¢Pg™ (1 + ) ¢ /D)
i=1 j=1
1

= 240 Y s ()P (00(0) = o

i,j=0

)

00000 1. (000,0 Y wnwa 0OODO OO0O0DOOO

0<b<d

_ _ _ n
Z n3d* = Z a*d™t = Z mm(a,a)3

ad=n,a<d ad=n,a<d ad=n,a<d
0<b<d 0<b<d

000000,H(dDOOOO0000000000000.) 00 ¢0000
000000000000. j4(i—j)a/d=100,i=;000 j=1.1i%#j
000 a/d=(1-j)/(i—j)=0G-1)/(G—14),d>a>100000,;#0
00i=0, a/d=(j—1)/j,000 j=0,0 a/d=1/i.
1)i=j=100 240q.
2)i=0000,aj=d(j—1)00j0d00000, 5 #d00 YpepuC’’ =
000000, =d000000000,0000a=d—-1,4n+1 =
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4d(d—1)+1=(2d—1)%. 00O

4 —ib i(l-a n\3 rl—1)\°
Z nPd=4¢ P /d):<g> q= (—| |2 ) q (4n+1=1?).
0<b<d
3)j=0000,d=ai0,id00,i#d00000 Yy, (P =000
O,i=d, a=1,0000d=n, a=1000000,0000 24005(n)q.
0oo,

(1 —240q + O(¢?))

% Z n3d_4(1 + 240203(2)C3bqw/d) (1 +ZCCl—jbqj(1—a/d) +O(q>1)>
i=1

ad=n, a<d
0<b<d

= (1-240g + O(¢*))

=

J=1

0, 4n+1#£00
x | 1+240q + 24003(n)q + O(¢™t) + 3
('”2_) q, 4n+1=r?
, in+1+#00,

= 1+ 24003(n)g+O(¢”") +

[r|—1 3 _ 2
( 5 ) q, 4dn+1=r-.

00 e>d00000.a/d>100000 ¢000000000000
qO 00, ¢gvigle/d=) = 2=/dgp0Qg, 0000 (i+5+1)a/d=3+200
0.000,a/d=0(+2)/(i+j+1)>1004i=0, a/d=(+2)/(j+1)
D000000,00000 j+1d00 j+1=d000000. 00000
O0a=d+10,0004n+1=00000000.0000

- a d—1)b _(d—1)(a/d—
Z n3d 4Cdbq /dC((i )q(d 1)(a/d—1)
0<b<d

3 1\?
e EE: 713d74q2 = (E%) q2 e (lflét——) q2 (4n/+‘1 Z:TZ).

0<b<d

00000, q0000

in+14£00,
3 3
|T|_1> — ('”;1) (=n—1r?), 4dn+1=1r2

24003(n) + (
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obooob 4040000 ¢ ODOOOO

% Z (n —r*)t(4n — r?) = 24005(n) +

r2<4n

{Q in+1+400,

n—r? 4dn+1=r1r2
t(dn—1?) =t(-1)=-10,n0 -, 0000000000

> (n = r*)t(4n — r?) = 48003(n)

reZ

gobon. U
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[1 50 Borcherds U [0 []
Zagier [ ][]

Borcherds 0 00 Kac-Moody Lie 0000000000 O,o(R)OO0OO0O
000000000000'0,00000000000 SLy,(Z)DOoOoooa
000000000 000O0ODOO000OO0. 00, SLy(Z)0 000 Borcherds
o0o0ooooOooooO zoooooooooooooOooooooooo.
0000 Z0O Borcherds 00000000 OO0OOODO.

5.1 Borcherds [ [ [

gogobooga.

1
M5, = ly4)0OoOoO,00 /{:+§,DDDD5§DDD,DD
1
ioo,O,—§DDDDDDDDDDDDD,

My = MP9,000,00i0000000000 Z a(n)q"
n>—oo
(q=e*")00000,(-1)*n#0,1 (mod4) 000
a(n) =0,0 000 (“Kohnen’s plus space”),
M™rHNZ) = M™T000000000 e(n)0 Z00O0O0O0O0O0.

k+3 k+3
ooo,
= 11 1 4
hi=) Hdq¢" = -+ +56"+¢d ++¢" +-¢%+- -
s 12 737 T2 3

L Automorphic forms on Osi22(R) and infinite products, Invent. math. 120 (1995),
161-213.
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000. Hd)DOODODDODOOOOOOD0OO0O0O0000000000000. O
ooo,

00 B (Borcherds) M{'}ST’JF(Z) >f=> s wan)¢ 000 scQO fh
Ugqunoboabg,

Ui(r) =g [J(1 =) (q=e)
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0000, U(7)0 SLy(Z)00, 00 «(0), 00000000000000
00. ¥(r)00000000000000 CMOOOOO0O0,00000
—D(<0)0CM 000000 Y, ,a(—2D) (000, —*D <0000 f0O
00000000000000)000000.

0000,00000 f00000000000000,0000000 Im(r)
000000000000000000. 000000000000000
00000000000, 00, SL(Z)00,0000000000000
00000, ¢0000000,00000=1,000000000000
D00D0D CMODOOOOO00000000000 MeerMppooan,
00 f~ %000 MY Z) 0000 MY 0p0000ooo,
nooo,
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000.00,0000000000,
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0000 s=00,00000000040
E4(7') _ (1 _ q)7240(1 _ q2)26760 o

gogd.bogooboooboboooon.

0000 BO Zagier 000 Z2O000000000,00,00 f— Wy
gooobboodoag.ooboo MTGT’+DDDDDDDDDD,DDDDDD
2

go.
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00 511000 d>0, =0,3 (mod4) 000 icc00 ¢-000 fy =
¢‘+0(0000000 fbe M™H(Z2)DOOO0DO000,0000 f,0
2

Mrto cooooooo.
2

ggbobogouogbogbobooobobbg,

foo= 1420+2¢"+0-¢"+0-¢°+ - (= o)

fs = ¢ —248q+26752¢" — 85995¢° 4 1707264¢" + - - -

fi = ¢t +492¢ + 143376¢* + 565760¢° + 184730004 + - - -

fr = q 7 —4119¢ + 8288256q* — 52756480q° 4 57347727364 + - - -

fs = ¢ °+7256¢ + 26124256¢" 4+ 190356480¢° + 29071392966¢° + - - - .

ugd bOooooboobod.

00 5.1.21) 004000 100000000 6(7) =3,cz¢” =1+2q+
2¢*+---000 (000000).
i) M "O000 jcc000000000000O0OOO.
2

DDDDDD,M?”’JFDDD@'OODD ¢-Ubooubbbobobooagn
2

000000,04d0000000000 f,0000000000000.0
000,00 f,=6,000,

1 By(47)

fs=13 A(47)

<6E6(4T)90(T)’ — %EG(ALT)’@O(T)) — 880o(7)

ooo (= qd%,Ek(T) =1- é—’; > ok—1(n)g™). OO0 (6Es(1)0(1) —
TEs(47)'0y(7)) 000000000 Rankin-Cohen bracket O, 000, f, g
00000004 (0000000000000, [f,g]:=kfd—1fg000
0000 k+(+2000000. 000 f/)0000000,00000
gg200000b0boboooobooboo,20bbobddoougooaao
0000000000000 bobob0oobuogoOg Rankin-Cohen
bracket 00000000, 000, j(4r) =q 4+ 744+ O Ty(4) O weight
00000000000,000 f, 0 j4r)000000D0DOOOOOO
00000.000, 00000 £j4r)0000,0000 00000
00000000 ¢ "+0(q)00000000000. O000OO0O0O0.
00 My = Cli(n)](fo, f5) (Cli(47)] 00 rank 200000)0000
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