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Abstract

In this paper, we derive asymptotic theorems for the Petrin (2002) extension of the Berry, Levinsohn, and
Pakes (BLP, 1995) framework to estimate demand-supply models with micro moments. The micro moments
contain the information relating the consumer demographics to the characteristics of the products they
purchase. With additional assumptions, the extended estimator is shown to be CAN and more efficient than
the BLP estimator. We discuss the conditions under which these asymptotic theorems hold for the random
coefficient logit model. We implement extensive simulation studies and confirm the benefit of the micro

moments in estimating the random coefficient logit model.
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1 Introduction

Some recent empirical studies in the industrial organization and marketing extend the framework proposed
by BLP (1995, henceforth BLP (1995)) and try to integrate the information on consumer demographics
to the utility functions in order to make their models more realistic and convincing. For example, Nevo’s
examination on price competition in the ready-to-eat cereal industry (Nevo 2001) uses individual’s income,
age and a dummy variable indicating the individual has a child or not in the utility function. Sudhir (2001)
includes household’s income to model the U.S. automobile demand in the study of competitive interactions
among firms in different market segments. The background behind these is that public sources of information
such as Current Population Survey (CPS) and Integrated Public Use Microdata Series (IPUMS) are widely
available. Those sources give us information on the joint distribution of the U.S. household’s demographics
such as income, age of household’s head, and family size.

In the analysis of the U.S. automobile market, Petrin (2002) goes further and tries to link demographics
of new-vehicle purchasers to the vehicles they purchased. Specifically, given a purchasing pattern such as
“buying a minivan,” he proposes to match the model-predicted average consumer’s demographics with the
average consumer’s demographics from Consumer Expenditure Survey (CEX) automobile supplement in
the GMM estimation. Petrin’s framework presupposes the market information on the population average,
which is readily accessible through public sources.?> He claims that “the extra information plays the same
role as consumer-level data, allowing estimated substitution patterns and (thus) welfare to directly reflect
demographic-driven differences in tastes for observed characteristics (page, 706, lines 22-25).” His intention,
it seems, is to reduce the bias associated with “a heavy dependence on the idiosyncratic logit “taste”
error” (page 707, lines 5-6). If so, his contention that a source of his idea is from Imbens and Lancaster
(1994) is unfortunate, because Imbens and Lancaster use micro moments to improve the efficiency.*

Petrin adds the set of functions of the expected value of consumer’ demographics given specific product
characteristics consumers choose (e.g., expected family size of households that purchased minivans) as ad-
ditional moments in the GMM estimation, where the original moment conditions used in BLP (1995) are
orthogonal conditions of the unobserved quality £; and the unobserved cost shifter w; with the correspond-
ing instrumental variables z? and z§ for product j. To evaluate the additional moments, individuals are

sampled from the population. So Petrin’s additional moments are sample average over individuals, while

3Berry, Levinsohn, and Pakes (2004), on the other hand, uses detailed consumer-level data, which include not only individuals’
choices but also the choices they would have made had their first choice products not been available. Although the proposed
method should improve the out-of-sample model’s prediction, it requires proprietary consumer-level data, which are not readily
available to researchers, as the authors themselves acknowledged in the paper: the CAMIP data “are generally not available to

researchers outside of the company” (page 79, line 30).

4The efficiency argument in the Tmbens and Lancaster’s (1994) estimation is basically supported by that of maximum
likelihood estimate (MLE), but this is not the case for Petrin’s approach; BLP framework does not use any distributional
assumption on the product-level error terms (§; and w;) other than mean independent condition and thus the functional form

of the score functions are unknown.



BLP moments are over products.

It should be noted that these new moments are subject to the simulation and sampling errors in the
BLP estimation. This is because the expectations of consumer demographics are evaluated conditional on
the product characteristics (X, €), where the £ includes the simulation and the sampling errors induced
through the BLP’s contraction mapping. In addition, the additional market information itself contain
another type of sampling error. This is because the additional market information is typically an estimate
for the population average demographics obtained from the sample of consumers (e.g., CEX sample) and
this is separate from the one from which the observed market share s™ is calculated. This error also affect
the evaluation of the new moments. In summary each of the four errors (the simulation error, the sampling
error in the observed market shares, the sampling error induced when researcher evaluates the additional
moments, and the sampling error in the additional information itself ) as well as the stochastic nature of
the product characteristics will affect the evaluation of the additional moments. The estimator proposed by
Petrin appears to assume that we are able to control the impacts from the first four errors. Moreover, it
is not apparent if Petrin samples another set of individuals to evaluate additional moments, independent of
those used to simulate the market shares of products. Unfortunately, Petrin (2002) does not provide any
asymptotic theorems for the estimator.

We write this paper to generalize the GMM estimator extended by Petrin (2002) and provide the con-
ditions under which this estimator not only has the CAN properties, but is more efficient than the original
BLP estimator. We assume the econometrician samples two sets of individuals independent of each other,
one to simulate the market share of products and the other to evaluate the additional moments, in order
to avoid intractable correlations between the two sets of individuals. We also assume the given additional
information on demographics of consumers are calculated from the sample independent of these two sam-
ples. We follow the rigorous work of Berry, Linton, and Pakes (2004) (hereinafter, BLP (2004)) in which the
authors presented the asymptotic theorems applicable to the random coefficient logit models of demand in
BLP (1995). Then we implement extensive simulation studies and confirm the benefit of the micro moments
in estimating the random coefficient logit model.

This paper is organized as follows. In section 2, we operationalize the Petrin’s extension to the BLP
framework which utilizes the additional micro moments and define the sampling and simulation errors in
the GMM objective function. In section 3, we provide assumptions for these errors and the structure of the
product space to follow and then give the outline of the proofs of the asymptotic theorems for the extension.
In section 4, we derive rates at which the numbers of two distinct samples (one to calculate the observed
market shares and the other to compute the additional information data) and the number of simulation
draws must grow relative to the number of products in the market to guarantee our asymptotic theorems
to hold for the random coefficient logit model. Results from the extensive Monte Carlo experiments are
presented in section 5. Finally, in section 6, we give concluding remarks and briefly discuss the case where

the two samples, one is used for simulating market shares of products and other is from which the additional



information is derived, are correlated. Detail of the proofs are given in appendix.

2 System of Demand and Supply with Micro Moments

In this section, we give precise definition to the product space, refocusing the estimation procedure of BLP
framework in combining the demand and the supply side moment conditions, and construct the additional
moment conditions which relate consumer demographics to the characteristics of products they purchase.
Since our approach extends BLP (2004), notations and the most of definitions are kept as identical as possible

to those in BLP (2004).

2.1 Demand Side Model

The discrete choice differentiated product demand model formulates that the utility of consumer ¢ for prod-
uct j is a function of demand side parameters 64, observed product characteristics @, unobserved (by the
econometrician) product characteristics §;, and random consumer tastes v;;. Given the product characteris-
tics (z;,&;) for all (J) products marketed, consumers either buy one of the products or choose the “outside”
good. Each consumer makes the choice to maximize his/her utility. Different consumers assign different
utility to the same choices because their tastes are different. The tastes follow the distribution PP°.
Although most product characteristics are not correlated with the unobserved product characteristics
& €R,j=1,...,J, some of them (e.g., price) are. We denote the vector of observed product characteristics
x; = (x};,x5;) where xy; € K1 are exogenous and not correlated with &;, while xo; € R are endogenous
and correlated with §;. We assume the set of exogenous product characteristics (z1;,§;),j = 1,...,J are
random sample of product characteristics of size J from the underlying population of product characteristics.
Thus, (x1;,§;) are assumed independent across j, while @o; are not in general across j since they are

endogenously determined in the market as functions of others’ and its own product characteristics. The ;’s

are assumed to be mean independent of X1 = (x11,...,217)" and to have a finite conditional variance as
(1) E[§|X1] =0 and sup E[&?lwlj} <o
1<5<J

with probability one. The set of observed product characteristics for all the products is denoted by X =
(1,...,25).

The conditional purchase probability ¢;; of product j is a map from consumer ¢’s tastes v; € R, a
demand side parameter vector 84 € ©4, and the set of characteristics of all products (X, €), and is thus
denoted as 0,;(X,&,v;;04). BLP (1995) framework generates the vector of market shares, o(X,&,04, P),

by aggregating over the individual choice probability with the distribution P of the consumer tastes v; as

0,(X.£,04,P) = / 04y (X, €01 0)dP(1,)



where P is typically the empirical distribution of the tastes from a random sample drawn from P°. Note
that these market shares are still random variables due to the stochastic nature of the product characteristics
X and €. If we evaluate 0;(X, €, 64, P) at (92, 9), where 02 is the true value, we have the “conditionally
true” market shares s° given the product characteristics (X, £) in the population, i.c., o(X, &, 85, P°) = s°.

Equation in the form of (X, &,0,, P) = s can, in theory, be solved for £ as a function of (X, 0y, s, P).

BLP (1995) provides general conditions under which there is a unique solution for
(2) S—O'(X7E,9d,P):0

for every (X,04,8, P) € X x Q4 x Sy x P, where X is a space for the product characteristics X, and P is a
family of probability measures. If we solve (2) at any (84, s, P) # (037 sY, PY), the independence assumption
for the resulting &;(X, 64, s, P) no longer holds because the two factors deciding the ¢;—the market share
s; and the endogenous product characteristics &5, for product j—are endogenously determined through the
market equilibrium (e.g., Nash in prices or quantities) as a function of the product characteristics not only
of its own but also of its competitors. However, if we solve the identity o (X, & ,92, PY%) = 8% with respect
to &€ under the conditions to guarantee the uniqueness of the £ in (2), we are able to retrieve the original

£;(X, 809, s° P°) which we assume are independent across j.

2.2  Supply Side Model

In this paper we take into account supply side moment condition unlike BLP (2004). The framework is
based on BLP (1995). Here, we give the model and define notations.

The supply side model formulates the pricing equations for the J products marketed. We assume an
oligopolistic market where a finite number of suppliers provide multiple products. Suppliers (m =1,..., F)
are maximizers of the profit from the combination of products they produce. By assuming the Bertrand-Nash

pricing for supplier’s strategy, the first order condition for the product j of the manufacturer m is

Jj(X7£70daP)+ Z (pl _Cl)aal(Xa€70d7P)/apj =0 fOI‘j € jm?
1€Tm

where 7, denotes the set of products provided by the manufacturer m, and these p; and c; are respectively

the price and the marginal cost of the product j. This equation can be expressed in matrix form
(3) o(X,€,604,P)+A(p—c)=0

where A is the J x J non-singular gradient matrix of o(X, &, 84, P) with respect to p whose (j, k) element
is defined by

0ok(X,€,04, P)/0pj, if the products j and k are produced by the same firm;

0, otherwise.



We define the marginal cost ¢; as a function of the observed cost shifters w; and the unobserved (by the

econometrician) cost shifters w; as
(5) 9(cj) = Wi + w;

where ¢(-) is a monotonic function and 8. € O, is a cost side parameter vector. While the choice of g(-)
depends on application, we assume ¢(-) is continuously differentiable with a finite derivative for all realizable
values of cost. Suppose that the observed cost shifters w; consist of exogenous wi; € R as well as

endogenous wy; € R, and thus we write w; = (W, wh;) and W = (w1,...,w,)".

The exogenous
cost shifters include not only the cost variables determined outside the market under consideration (e.g.
factor price), but also the product design characteristics suppliers cannot immediately change in response
to consumer’s demand. The cost variables determined at the market equilibrium (e.g. production scale) are
treated as endogenous cost shifters. As in the formulation of (x1;,&;) on the demand side, we assume the set
of exogenous cost shifters (w1;,w;) is a random sample of cost shifters from the underlying population of cost
shifters. Thus (w1;,w;) are assumed to be independent across j, while wy; are in general not independent

across j as they are determined in the market as functions of cost shifters of other products. Similar to

the demand side unobservables, the unobserved cost shifters w; are assumed to be mean independent of the

exogenous cost shifters W1 = (wyy,...,wy)’, and satisfy with probability one,
(6) Elw;j/W;] =0, and sup E[w]2-|w1j] < 0.
1<j<J

Define g(z) = (g(x1),...,9(xs)). Solving the first order condition (3) with respect to ¢ and substituting

for (5) give the vector of the unobserved cost shifters

(7) UJ(O,S,P) :g(p7m9(€(Xaed7SaP)aed7P))7W063
where
(8) m,=-A""0(X,£,0,,P)

represents the vector of the profit margins for all the products in the market. Hereafter, we suppress the
dependence of §; and w; on X and W to express {;(04,s, P) and w;(0,s, P) respectively for notational
simplicity. Notice that the parameter vector 8 in w contains both the demand and supply side parameters,
i.e., @ = (0),0.)". Since the profit margin Ly (&,04, P) for product j is determined not only by its unob-
served product characteristics £;, but by those of the other products on the market, these w; are in general
dependent across j when (8, s, P) # (8°,s°, PY). However, when (7) is evaluated at (8, s, P) = (6", s°, P?),

we are able to recover the original w;,j =1,...,J, and they are assumed independent across j.



2.3 GMM Estimation with Micro Moments

Let us define the J x M; demand side instrument matrix Z, = (24,...,2%)" whose components z;l can be
written as z?(mu, .o, xy1y) € RML where z?(~) : REWXT s @My for j = 1,...,J. It should be noted that

the demand side instruments z;l for product j are assumed to be a function of the exogenous characteristics
not only of its own, but of the other products in the market. This is because the instruments by definition
must correlate with the product characteristics @2;, and these endogenous variables xo; (e.g. price) are
determined by both its own and its competitors’ product characteristics.

Similar to the demand side, we define the J x M> supply side instrumental variables Z. = (2§, ...,25) as
a function of the exogenous cost shifters (w11,...,wiy) of all the products. Here, 2§(w11,...,W1y) € RM:2
and 26(-) : REV - RM> for j =1,...,J.

Assume for moment, that we know the underlying taste distribution of P® and that we are able to observe

0

the true market share s”. Considering stochastic nature of the product characteristics X1 and &, we set

forth the demand side restriction as
(9) Ex ¢ [zfgj(9d7 Soa PO)] =0

at 0, = 03 where the expectation is taken with respect not only to &, but also to X ;. Supply side restriction

we use is
(10) Ew, w [z?wj(0,307P0)] =0

at @ = 0. The BLP(1995) framework uses the orthogonal conditions between the unobserved product
characteristics (§;,w;) and the exogenous instrumental variables (z?,z;) as moment conditions to obtain
the GMM estimate of the parameter 8. The sample moments for the demand and supply systems are
(11) G(0,s°, P°) = GO s P0) ) _ [ 2,25 00 . P/

G%(0,5° P > Z5w;(0,8% P) /T

For some markets, market summaries are publicly available such as average demographics of consumers
who purchased a specific type of products, even if their detailed individual-level data such as their purchasing
histories are not. In the U.S. automobile market, for instance, we can obtain the data on the median income
of consumers who purchased domestic, European, or Japanese vehicles from publications such as the Ward’s
Motor Vehicle Facts € Figures.

We now operationalize the idea given by Petrin (2002), which extends the BLP (1995) framework by
adding moment conditions constructed from the market summary data. First we define some words and
notations. Discriminating attribute is the product characteristic or the product attribute that enables con-
sumers to discriminate some products from others. When we say consumer i chooses discriminating attribute

q, this means that consumer chooses a product from a group of products whose characteristic or attribute



have discriminating attribute ¢. Discriminating attribute ¢ is assumed to be a function of observed product
characteristics X. An automobile attribute “import” is one such discriminating attribute. When we say a
consumer chooses this attribute, what we mean is that the consumer purchases an imported vehicle. Simi-
larly, “minivan” and “costing between $20,000 to $30,000” are examples of the discriminating attribute. On
the other hand, unobservable consumer’s proximity to a dealership is a function of £ only and may not be
regarded as a discriminating attribute as defined. We consider a finite number of discriminating attributes
(¢ =1,...,N,) and denote a set of all the products that have attribute ¢ as Q,. We assume the market
share of products with discriminating attribute is positive (i.e., Pr[C; € Q4| X, €&(04, 8%, PY)] > 0, where C;
denotes the choice of randomly sampled consumer 7).

We next consider expectation of consumer’s demographics conditional on a specific discriminating at-

tribute. Suppose that the consumer i’s demographics can be decomposed into observable and unobservable

obs

obs unobs) C
K3

components v; = (V9%V} . The joint densities of v; and v$** are respectively denoted as P°(dv;) and
PY(dv?b). Observable demographic variables such as age, family size, or, income, is already numerical,
but for other demographics such as household with children, belonging to a certain age group, choice of

residential area, can be numerically expressed using indicators. We denote this numerically represented D

dimensional demographics as V;»)bs = (u{’lbs, ceey ug’gs)’. We assume that the joint density of demographics
Vfbs is of bounded support. The consumer i’s d-th observed demographic I/fgs, d=1,...,D is averaged over

all consumers choosing discriminating attribute ¢ in the population to obtain the conditional expectation
ngq = E[V2°|C; € Q,, X,£(8Y,5°, P%)]. An example of this conditional expectation would be the expected
value of income of consumers in the population P° who purchased imported vehicles. We assume 773(1 has a
finite mean and variance for all J, i.e., Ex,g[ngq] < oo and nyg[ngq] <ooford=1,...,D,qg=1,...,Np.
Let Pr[dv2?®|C; € Q4, X,€(84,5° P°)] be the conditional density of consumer i’s demographics v2%*

given his/her choise of discriminating attribute ¢ and product characteristics (X, £(8q4, 8%, P%)). Since the

conditional expectation 772q can be written as

(12) E[v5°|C; € Qq, X, €(84,5°, P)]
- / V24 Pr{du?|Cy € Qg X, (04, 8°, PO)

J v Pr(Ci € Qy1X,€(04,8°, PO), vp*| P (dv}i®)
Pr[C; € Q4| X,£(04,s%, PY)]
[vebs PrC; € Qq|X,€(84,8°, P°),v;] PO(dv;)
Pr[C; € Q4| X,£(04, 8%, PY)]

. 0 po0 .
Zjegq Jl](Xyé(edvs 7P )7’/1’ ed) Po(dlli)7

obs

“ Y jeo, 05(X,€(04, 8%, P0), 04, PO)

we can form an identity, which is the basis for additional moment conditions

; o—i'Xageoasoapoaui;ao
5 co, ou X0 P v Ly

(13) 772 — I/f(?s
! Zjegq Uj(X7€(0(c)l7SOaPO)792aPO)



forg=1,...,Np,d=1,...,D.

Although PY is so far assumed known, we typically are not able to calculate the second term on the
left-hand side of (13) analytically and will have to approximate it by using the empirical distribution P”
of ii.d. sample vy, t = 1,...,T from the underlying distribution P°. The corresponding sample moments

G 1(04,5°, P°,n°) (a on the shoulder stands for additional) are

T
(14) G5.7(0a,8°, P, n°) Z v @1, (£(04,s°, P°), 04, P°)

Z]‘EQl o (X & V1:04q)
D jeo, “i(X&0aP)

(15) Ir,O:(n?l""777?]\7?7“'7770D1a“'7170DNp)/) 17bt(£’0dzp - .
ZjEQNp o5 (X, EV:04q)

Y ican, OXETD

The symbol ® denotes the Kronecker product. The quantity (&, 84, P) is the consumer ¢’s model-calculated
purchasing probability of products with discriminating attribute ¢ relative to the model-calculated market
share of the same products. Note that these additional moments are again conditional on product charac-
teristics (X, &(84,8°, P°)), and thus depend on the indices J and 7.

We use the set of the three moments, two from (11) and from (14) as

G4(04,5°, PY)
(16) G;r(0,s°,P°,n°) = G4(0,s°, P)

3T(0da SO)PO’,,,IO)

to estimate 0 in theory. As pointed out in BLP (2004), we have two issues when evaluating |G ;. 7(0, s°, P, n%)||.
First, we assume P is known so far, we typically are not able to calculate o(X, €, 0,4, P°) analytically and
have to approximate it by a simulator, say o (X, €, 84, PT), where P% is the empirical measure of i.i.d. sample
v1,...,vg from the underlying distribution P°, and the sample is independent of the sample v;,t =1,...,T

in (14) for evaluating the additional moments. Simulated market shares are then given by

R
(a7 71X 6,00, P") = [ 0y(X € vi:0)dP () = Z (X, €064,

Second, we are not necessarily able to observe the true market shares s°.

Instead, the vector of given
observed market shares, s”, are typically constructed from n i.i.d. draws from the population of consumers,

and hence is not equal to the population value s° in general. The observed market share of product j is

:\H
M:
=

(18)



where the indicator variable 1(C; = j) takes one if C; = j and zero otherwise. Since C; denotes the choice
of randomly sampled consumer i, they are i.i.d. across 1.

We substitute £(04, s, P®) given as a solution of s" — (X, €,84, P%) = 0 for (11) to obtain

(19) G (0d7 n PR 1zzd€j 0d> n PR)
j=1
Furthermore, substituting w(8, s™, PR) = (w,(0,s", PT),... ,w;(0,s™, PF)) obtained from evaluating (7)

at & = £(04,s", PT) and P = PF for (11) gives

J
(20) G5(0,s", PT)=J7 1> z5w;(0,s", P1).
j=1
In addition, we have another issue when evaluating the additional moments in (14). In general, we do not
know the conditional expectation of demographics ngq, instead, we have its estimate né\g from independent

sources, which is typically estimated from the sample of N consumers. The sample counterparts we can

calculate for the additional moments are thus
(21) G r(04,8", PR Ny =0V — = Zuobs @ 9, (£(04, 8", PT), 04, PT)

for 84 € ©4. As a result, the actual sample-based objective function we minimize in the GMM estimation is

the sum of norm of G?(Od, s, PR), G5(0,s™, PR), and G9r(04,8", PT n™N), that is, the norm of

G%(84,s", PT)
(22) GJ,T(0>87L>PR7"7N) = Gc](e, Sn,PR)
G%,T(eda snaPRanN)

Notice that the first two moments G% and G in (22) are sample moments averaged over products j =
1,...,J, while the third moment G 1 is averaged over consumers ¢ = 1,...,7. Note also that in the
expression G5 7(0,s", PE n™), there exist five distinct randomness: one from the draws of the product
characteristics (x1;,&;, W1j,w;), two from the sampling processes not controlled by the econometrician of
consumers for s” and "V, two from the empirical distributions P and P? employed by the econometrician.
The impact of these randomness on the estimate of @ are decided by the relative size of the sample—J, n,

N, R and T. Now we are going to operationalize the sampling and the simulation errors in the following.

2.4 The sampling and simulation errors

The sampling error, €™, is defined as the difference between the observed market shares s™ and the true

market share s¥. Specifically, its component €; for the product j is

n

1 & . 1
(23) G = sf-sf="3 {1Ci=j) -} =" e
=1

=1

10



for j=1,...,J, where ¢j; = 1(C; = j) — sg,i =1,...,n are the differences of the sampled consumer’s choice
from the population market share (S(J)) of the same choice and are assumed independent across i.

Note that from (2), for any 8; € ©4, the unique solutions & for s” — o(X,€,04, P*) = 0 and s° —
o(X,&,04, P°) = 0 are written as £(04, ™, PT) and £(04, s°, PY) respectively. So, substituting these &s back
into o(X,&,04, P%) and o(X, &, 04, P°) retrieves s™ and s” respectively, or s" = o (X, £(84, s", PT), 04, PY)
and ' = o(X,£(04,8° P%),0,, PY) for any 8; € ©,4. Similarly, if we evaluate (2) with the observed
(true) market share s™ (s°) and the underlying (empirical) population P° (P) of consumers, the resulting
£(04,5", P°) (£(04,5°, PT)) satisfies s” = o(X,£&(04,8", P°),04,P°) (s° = o(X,£(04,5°, PT),0,4, P?))
for all 84 € ©4. These facts are used to define the simulation errors below.

The simulation process generates the simulation error €%(8,), which is for any 4 the difference between
the simulated market shares in (17) from the P® and those from the P°. The simulation error ef’ for product

j with sample of R consumers is defined as follows.

(24) e(0a) 0j(X,€(04,8° PY), 04, PT) — 0;(X,£(84,5°, P°),0,, P°)

R
= RZ (X,£(8a, 5%, P"), 00)
for j = 1,...,J, where ¢}.(X,&,04) = 0,j(X,&,vr;04) — 0;(X,€,04,P%,r =1,...,R are independent
across r conditional on (X, &) by the simulating process.

We also assume N independent consumer draws with their purchasing histories are used to construct

the additional information n® = (i, ... ,n{VNp, T T ,nng)’ and define the sampling error € in the

additional information 'V itself as follows.
N
(25) eN=nV-_n’= Z €.

In short, we assume here that n” is the average of N conditionally independent random variables given the
set of product characteristics (X, &) of all products.

Since we use the sample of T draws of consumer to evaluate the additional moments, this also induces
the sampling error in G (64, ", PE nN)in (21). Note that quantities n and N are are normally beyond
the control of the econometrician. On the other hand quantities R and T are are both chosen by the

econometrician.

2.5 Metrics, Neighborhoods, and Notations

The metrics, neighborhoods, notations are kept as identical as possible to those in BLP (2004). We work
with the product space © x Sy x P. The parameter space © is a compact subset of R and we use the
Euclidean metric on ©, pg(0,0%) = ||6 — 6%||. The space for the market share vector s is J + 1 dimensional

unit simplex Sy, Sy = {(s0,...,57)| 0<s; <lforj=0,...,J, and Z;}:O s; = 1}. Since the market
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share s; tends to shrink as the number J of the products on the market increases, we need to make sure the
speed at which the s; converges to the true share 5‘; be faster than the speed at which 5? converges to zero.
Hence, we use the metric po(s, s*) = maxo<j<s [(s; — s7)/s)| on S;.

The P is the set of probability measures of consumer’s tastes. The Lo, metric pp(P, P*) = supgeg |P(B)—
P*(B)| is adopted on P, where B is the class of all Borel sets on Y, where v is the dimension of v; in the
purchasing probability. This metric measures the distance between the empirical distribution P® and the
underlying distribution P° of v;.

Since the dimension of the unobserved product characteristics £ increases as the number J of products
increases, element by element convergence of € to £&* does not necessarily guarantee that ||€ — £*|| = 0,(1).
What we need is the convergence of the unobserved product characteristics £ as a vector to another vector
£, not an element by element convergence. Hence we use the averaged Euclidean metric pg(€,€%) =
JHE-¢ P =TT ijl(gj — fj’-‘)Q, which allows for the possibility that a finite number of elements in &
do not converge to the corresponding elements in £*.

With these metrics, we define the § neighborhoods for 8°, s°, and P° respectively as Nyo(d) = {6 :
pE(0,0°) < 6}, No(d) = {s: ps(s,s°) < 8}, and Npo(8§) = {P : pp(P,P°) < 6}. Also for each 0, the §
neighborhood of £(8, s, P°) is defined by Neo(84;0) = {€ : pe(€,€(84,8°, P°)) < 6}

The notation we use for the Euclidean norm of any m x n matrix A is [|A|| = {tr(A’A)}'/2. We use
the O,() and o,(-) notation of Mann and Wald (1944) to denote the stochastic order of magnitude. When
applied to vectors and matrices, they measure element by element magnitude. If « is a k x 1 vector, diag[z]

denotes a k x k diagonal matrix with the element of @ along its principle diagonal.

3 Asymptotic Properties of the GMM estimator

In the this section, we derive the asymptotic theorems for the GMM estimator 6 which minimizes the norm
of G;7(0,s", PR nN) in (22). With some additional assumptions, we extend theorems in BLP (2004) to

show that the suggested estimator has CAN properties. The proofs are in Appendix.

3.1 Consistency

The consistency argument is established by showing that

(1-i) the estimator 8 defined as any sequence that satisfies ||G ;7 (8, s°, P°, n°)|| = infpeo |G s (8, 8°, P°, n°)||+

0,(1) is consistent for 8°, and
(Lii) SUPpco ||GJ7T(0’ s", PR7 77N) - GJ;T(O, 507P07 770)|| = Op(l)'

A consequence of (1-ii) is that |G 7(0,s™, PR p™)|| and ||G;r(0, s°, P°,n°)|| have the same asymptotic
distribution uniformly in @, and thus the estimator 6 which minimizes the former is very close to the 0 that

minimizes the latter. Therefore @ is consistent for 8° from (1-i).
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In what follows, we explain the roles of assumptions play to obtain the consistency as we present them.
Assumptions A1-A9 govern the limiting behavior of the random components both in the demand, supply
and additional moments. They include assumptions A1-A6 in BLP (2004) on the demand side.

Assumptions Al are on various errors. In Assumption Al(a), we assume the observed market shares
s7 for product j are multinomial random variables averaged over the n sampled consumers i=1,...,n).
Assumption Al(b) guarantees that the simulation error €}, in (24) relative to the number R of the simulation
draws is of the same order as the sampling error €;; relative to the number n of the sample. With assump-
tion Al(c), r]fl\f] is unbiased conditional on (X,&) and N'/? consistent for the true ngq. These assumptions
are used to control the magnitudes of the respective errors. Note that Al(a) and (c) are assumptions on
the consumer behaviors because s™ and s° are the results of actual consumers’ choices, and the consumers
are assumed to be able to observe the true unobserved product characteristics, 5(02, s, PY). As a result,
for Al(a) and (c) we can condition on X and on £(8Y,s°, P%), but not on a general £ when evaluating the
moments of the difference s” — s". On the other hand, A1(b) is an assumption on consumer behaviors from
the econometrician’s point of view because a(X, &, 04, PF) and (X, €,04, P°), both of which are model-
calculated shares, are the devices the econometrician uses and s/he is not able to observe the unobserved
product characteristics, true or otherwise. As a result, we need to condition on general unobserved £ along

with on the X. Formally,

Assumption A1 (a) Given the set of product characteristics (X,€(8Y,s°, P°)), the difference s" — s°
between the observed market share s™ and the “conditionally” true market share s° has conditional mean
Eejx,¢[s"—5% X, £(09, s°, P%)] = 0 with the conditional variance-covariance matriz Vo = Eepxel(s"—8°)(s"—
)| X, £(65, 8°, PY)] = (diag[s"] — s%")/n.

(b) For each 84, given the set of product characteristics (X, &), the difference o(X,€,04, P*)—a (X, €,04, P°)
has conditional mean Ee*‘x7§[a'(X,£,0d,PR) —0(X,£,04, PY)|X, €] = 0 with the conditional variance-
covariance matriz V3 = Ee-x ¢[{0(X €, 04, P —0(X,£,04,P°)}-{0(X,€,04, PR)—0(X,€,04,P°)} X, €]
whose order of magnitude relative to R is the same as that of Vo relative ton or, R-O(V3) =n-0(Va).
(¢) For all observed consumer’s demographics d = 1,...,D and for all discriminating attributes q =
1,...,N,, the sampling error nfl\f] — ngq has conditional mean E€#|x75[né\g — n2q|X,£(02,sO,PO)] = 0 with

the conditional variance V4 = V6#|x}5[né\; - n2q|X,£(02, 8%, P%)] whose order of magnitude is 1/N.

Assumption A2 is a smoothness or regularity condition for the share function. In A2(a), we first assume the
model-calculated market share o;(X,&, 64, P) for product j does not abruptly change as the unobserved
product quality &, for product k changes. We further assume the H = 0o /0¢’ is invertible, and this
means one can measure the change in unobserved product quality 9¢; for product j(j = 1,...,J) associated
with the change in the model-calculated market share doy, for product k(k = 1,...,J). Assumption A2(b)
stipulates how the model-calculated market share o;(X, §, 84, P) for product j is affected by the changes in

unobserved product quality for product k. It is positively affected by the improvement of its own unobserved
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quality, but adversely influenced by those of the other products. Assumptions A2(a) and (b) are sufficient
for the existence of a unique solution & to (2) for every (84, s, P) (See appendix in Berry (1994) for detail).

It looks as if we need a similar setup for the supply side unobserved cost shifter w; relative to the model-
calculated market share o). This is not so, however, because as clearly seen in (7), the w;(0, s, P) can be
obtained as a function of £(6q, s, P) with the observed (p;, w;) and the given parameters (64,0.) once we
decide to choose on which (s, P) it is evaluated. This enables the characteristics of £€(6y4, s, P) to transmit
to w;(0,s, P) if there exists a profit margin mg;(£(64, s, P), 04, P) in (8) that is at least locally smooth
with respect to &(04, s, P) along with smoothness in g(-). Assumption A2(c) guarantees the existence of
A™', which in turn guarantees the existence of mg;(£(04, s, P), 04, P) in (8). We place local smoothness of
mgj(é(Bd, s, P), 04, P) relative to £(0y, s, P) in the form to appear in assumption A7. As for smoothness of
g(-), we reiterate that the single argument function g(-) is monotonic and continuously differentiable with
finite derivative for all realizable values of cost. We choose not to include this in the assumptions simply

because this does not rise to the same level as the other assumptions are. Therefore,

Assumption A2 (a) For every finite J, for all @4 € ©4, and for all P in a neighborhood of P°, o ;(X ,€,04, P)/0&
exists, and is continuously differentiable both in &€ and 04. The matriz H(§,04, P) = 00 (X ,€,04, P)/0¢’

is invertible for all J.

(b) For every (X,€,04,P), 00;(X,£,04,P)/0¢; > 0 for j =1,...,J, and 00;(X,&,04,P)/0 < O for
kj=1,..., 0. k#j.

(c) For every finite J, for all 04 € ©4, and for all P in a neighborhood of P°, do;(X,&, 804, P)/0py, exists for
Jk=1,...,J, and the matriz A whose (j, k) element is defined in (4) is invertible for all J and continuously

differentiable both in & and 6.

In cases we consider here, the number J of the products in the market increases. This means that
each component of the “conditionally” true market share s® and also of the theoretical market share
o(X,&,04, PY) generally approaches to zero as J grows large. Assumptions A3(a),(b) guarantee that s”
and o (X, &, 0y, PT) respectively converge to s° and o (X, €,0,, P°) faster than the speed at which each

component of 8° and of o(X, &, 84, P°) converges to zero.

Assumption A3 The observed market shares s" are consistent with respect to s°, i.e., for any § > 0,
(a) peo(s™,8%) = maxo< < |(s] —s9)/9| = 0p(1).
Similarly, the simulated market shares o(X,€,04, PF) are consistent with respect to o(X,€,04, P°) uni-

formly over € and 04 € Oy, i.e., for any & and O, € Oy,

(b)  Pox.en.r(0(X, &, 04, PT),0(X € 04, P°)) = maxoc<s J(X’g)zj(’;()Eeg(fo;&ed)P = 0,(1).

Assumption A4 is on instrumental variables. Throughout the paper, we treat the product characteristics
x1; as exogenous and so do the demand side instruments z;-l. We impose in A4(a) stochastic boundedness
and uniformly integrability on z;-l. In assumption A4(b), the same restrictions are imposed on the supply

side instruments z;
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Assumption A4 (a) The demand side instrumental variables are such that the matriz Z',Z ,/J is stochasti-
cally bounded, i.e., for all e > 0 there exists an M, such that Pr[||Z,,Z4/J|| > M.] < €. Moreover, we suppose
[|Z,Z 4/ J|| is uniformly integrable in J, i.e., limo—cosup, [||ZZqa)I|{||Z1Za/T|| > a}dP, (X1) = 0
where Py, (+) is the joint distribution of X .

(b) The supply side instrumental variables are such that the matriz Z\.Z./J is stochastically bounded and

uniformly integrable in J.

Assumption A5 is a condition that bounds ||G 7 (8, s°, P°)|| away from ||G;(8°, s°, P%)|| (which converges

to zero in probability) over 6 outside of a neighborhood of 0°.

Assumption A5 For all § > 0, there exists C(0) such that

lim P inf ||G,(0,s°, P°)— G;(68° s, PO > C(6)] =1.
Jl_)l’r;o rQQJI\};O(lS)H J( S, ) J( y ST )H— ()

For all 84, the value of & = £(04,s°, P°) that satisfies the equation o (X, &, 04, P°) = s° is assumed
unique. Since the sum of the market shares including that of the outside good s, is unity, this £(8,, s°, P°)
also satisfies o(X,&,80,4, P°)/00(X,&,04,P°) = s9/s3. Define a function 7,(:) : R/ — R/ such that
77(8) = (log(s1/50), - --,10g(s7/50)). Then, the relation is equivalent to saying that 7;(a (X, €&, 84, P°)) =
77(8%) = 75(0(X,£(04,8°, P°),04, P°)) at £ = £(04,8°, P) for all 8;. Assumption A6 guarantees that any
¢ outside the § neighborhood of the £(84, 8%, P°) cannot make T;(o (X, &, 04, P°)) close to T5(s°) within
the range of C'(9) in terms of the averaged Euclidean distance with probability tending to one. The choice
of this metric is necessary because we need to allow for the fact that the dimension of the model-calculated
market share o increases as the number J of products increases. The particular form of 7; makes this

assumption easier to verify for logit-like demand models.

Assumption A6 For all § > 0, there exists C(0) such that

lim Pr| inf  inf J7 2|7 (0(X, & 04, P%) —1,(0(X,£&(04,5°, P°), 0,4, P%)|| > C(5)| = 1.

J—o0o 04 € 04 & & Neo(04;6)

The following assumption A7 is one that we additionally impose on the profit margin for the vector of
products, because we incorporate the supply side as well. In assumption A7, we assume the profit margins
J=2m,(&(04, s, P), 04, P) have stochastically equicontinuity-like characteristics in (¢, P) at (&(64, s°, P°), P°)
for any 6, € ©4. As seen in the consistency proof of BLP (2004), Pr[€(84, 8™, P®) & N¢o(04,6)] — 0 and
P[P ¢ Npo(6)] — 0 for § > 0 as J grows large. With these convergence in probability results along
with assumption A7, we are able to show the averaged Euclidean distance between m,(&€(04, s°, P°), 8,4, P°)
and mgy(£(04, 8™, PR), 0,4, PF) is close uniformly in 6, € ©4. We should note that assumption A7 is not
stochastic equicontinuity as normally defined because the dimension of £(84, %, P°) grows large as J grows,

though £(04, s", PT) converges to £(84,s°, P°) in probability in averaged Euclidean metric.’

50ne more comment on the behavior of the dimension increasing £(04, 59, P%). Tt should be noted that when evaluated at

the true parameter value 93 as J increases, say, from 100 to 500, the first 100 elements of 5(93, 59, P%) at J = 500 must be
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Assumption A7 For all 6 > 0 and for any 04 € Og4,

lim Pr sup J73||my (&, 04, P) — my(£(84,5°, P°),0,, PY)|| > 6| = 0.
J—oo (€. P) € Na(0:8) x Npo (5)
In assumption A8, we assume an asymptotic property the discriminating attributes ¢,¢ = 1,..., N, must

obey. We guarantee non-zero aggregate market share for the products with discriminating attribute ¢ when
the number of products J grows large. With this assumption, the additional moment defined in (14) has

finite variance at 85 = 6Y.

Assumption A8 For all discriminating attributes ¢ = 1,..., Np, {ZjGQq aj(X,ﬁ(Hg, s9, P%), 89, P%)}—2

has a finite mean and variance for every J.

Assumption A9 is on 1,(&, 04, P), the model-calculated purchasing probabilities of consumer ¢ of prod-
ucts with discriminating attribute g relative to the model-calculated market share of the same products
t relative to the population P. We assume that the average absolute distance between ,(€,04, P) and
¥, (£(04,8°, P°),04, P°) converges to zero in probability within the § neighborhood of &(8g4,5s°, P°) for
any 6; € ©4. This assumption will be used to bring the sample analogue of the additional moments,

G5 1(04,s™, P, nN) close enough to G5 (04, s°, P°,n™) for any 6.

Assumption A9 For any 04 € O4, and for all § > 0,

lim Pr sup T71/2||\Il(£70d,P) - \I’(g(edasoapo)ﬂadapo)u >d| = Oa
JT—0o0 (€, P) € Neo (0436) x Npo(9)

where W(&,04, P) = (¢¥,(&,04, P),..., ¥ (& 04, P)).

Now we are ready to state the consistency of the Petrin estimator with the additional moments:

Theorem 1 (Consistency of 9) Suppose that A1-A9 hold for some n(J,T), R(J,T), and N, all of which

grow infinitely as J and T grow infinitely. Then, 02 6°

3.2 Asymptotic Normality

To establish asymptotic normality, we first approximate G j(0, s™, P, n™) in (22) by G5 1(0) = (Gs(0),G5+(64)")
within & neighborhood of 8°, where Gr(0)is Gyr(0,8° P° 1Y) plus the terms associated with sampling

and simulation errors. Then, we show that

Jz[G;(0) — G(8,s™, PR)]

G5.0(04) — G (04, 8", P, 0™)]

(2—1) Sup||9_90HS5J,T & 0 when 6J7T — O, and

N|=

T

(2-ii) an estimator that minimizes ||G ;7 ()| over 8 € ©; (1) is asymptotically normal at the rate J2

assuming T goes to infinity faster than J, and (2) has a variance-covariance matrix which is the sum of

equal to the all 100 elements of 5(02, s%, PY%) at J = 100. This fact does not hold in general when evaluated at 6, # 02. For

instance there is no guarantee that the first 100 elements of £(84, s°, P°) at J = 500 are equal to £(84, s°, P°) at J = 100.
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three mutually uncorrelated terms (one resulting from randomness in the draws on exogenous variables

(x15,&5, Wij,w;), one from sampling errors €}/, and one from simulation error ef‘(Qd)).

Given consistency, a consequence of (2-i) is that the estimator obtained from minimizing ||G s r(6)|], has the
same limiting distribution as our estimator that minimizes |G (8, s", PE,n™)||.

As in BLP (2004), we first decompose the unobserved quality &(04, s™, P®) into three random terms—the
unobserved quality £(64, %, P), the term generated from the sampling error €, and the term generated
from the simulation error €”*(84). This allows us to express the demand side moment G% (04, s™, P™) in (19)

as the sum of the three conditionally independent terms as

(26) G%(84,s", PF)
= J'Z,£(04,5", P")

= J_lzZI £<0d7307P0> + {é(ada snaPR) - s(edszaPR)} + {g(edaSOaPR) - £(0d780>P0)}

G4(04,8°, P°) + J 1 Z, {H ' (£,04, PT)e” — H™'(£,04, P7)eR(04)}

where € = (£;,...,&,) is a set of J x 1 vectors of the values between &(84, 8", P®) and £(84, s°, P®), and

sois &= (§,,-..,&,) between £(B4,5°, PT) and £(84, s°, P°) with the notation

9ay e, 91 9a, ... 9n
o6 g, 2 lg, %rle, %l
H(£,04,P) = : : and H(,04,P) =
do g .. doy 9oy 904
01 &5 ¢y s 0€&1 ¢ E ; ¢
2J =J

Using the similar decomposition of the cost side unobservable w(8, s, P), the cost side moment G5(8, s", P)

in (20) can be expressed as

(27)  G5(0,s",PF)

J 17 w(8,s", PR

= J'Z |w(8,s° P%) + {w(8,s", PR) —w(0,s’, PF)} + {w(0,s°, PF) —w(8,s", P}
= G5(0,s°, P

+J7'Z, {g(p — my(£(04,°, P°),04, PT)) — g(p — my(£(84,8°, P°), 04, P°))}

—J ' Z.L(€,04, PP)M(E,0,, P*YH ' (€,0,, PF)e"

+J 7 ZLL(E. 04, PF)M (&, 04, PF)H (€, 04, PT)e™(04)

where € is between £(64, s, PR) and £€(64,s°, PR), and so is €& between £(04,8°, PT) and £(84, s°, PP)
with the notation L(&,804, P) = diag[g(p1 — my,(§,04, P)),...,9(ps — my,;(§,04, P))] and M (&,04, P) =
om,(¢&,0,4,P)/0¢". Actually, J x J matrices L(E’, 0,4, PT) and M(g, 0,4, PT) contain 217 e ,E'J in its 1st to

the Jth rows, all of which can be distinct, but we here suppress this fact for notational simplicity.
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As for the additional moments, we rewrite (21) in the following form:

(28) G?I,T(gd’ Sn’ PRv ’7N)
T
1
= G97(04,8°, P’ n°) - T d v e {¢t(€(9d7SO,PO)79d,PR) — ¢, (£(04,8°, P°),04, P°)
t=1
+X (€, 04, PT)H T (€,04, PT)e" — X 1(€", 04, PT)H ' (€, 64, PR)eRwd)} +e
where £ = (EI7 . ,53) is a set of intermediate vectors between £(84, s, P) and £(04, s°, P), and so are
¢ =(&],... &%) between £(0,4, s°, PR) and £(04, 8%, P°) with the notation Y (€, 64, P) = 9, (€, 04, P) /€.

We approximate G?(Gd,s",PR), G5(0,s", PT), and Gf‘},T(Bd,s",PR,nN) within the neighborhood of

0" respectively by the following functions.

G5(64) G5(04,8°, P°) + J ' ZyHy" {e" — €"(65)}
(29) gs0) | =| G50, P°) — J'Z.LoMoHy" {e" — €"(69)}
gLaI,T(Bd) G?,T(Odv 307 PO? 770) - %Zleygbs ® T?Hal{ﬁn - ER(BSZ)} + eV

where Hy = H(£(6Y, s°, P°),09, P°), Ly = L(£(6Y,s°, P%),09, P°), My = M(£(6Y, s°, P°), 8%, P°) and
YD = T, (€(65, 8%, P*), 65, P°). Let G,(0) = (G%(04)'.G5(6)) and Gyr(0) = (G(0)',GY1(04))'. The
first terms on the right hand side of (29) are the sample moments evaluated at (s, P,n) = (s", P°,n°) as in
(16) and thus contains neither the sampling nor simulation errors, while the remaining terms are approxima-
tions to the differences between G ;1 (6, s™, P, n™) and G ;1(0,s° P° n°). Each term in (29) obviously
has zero expectation at the true parameter values under assumptions Al because of the orthogonality con-
ditions of the demand, supply and additional moments. This property will transmit to the estimator that
minimizes the norm of (29).

Note that the three components in G 7(8)—those involving €”, €/(89), and €V—are not jointly inde-
pendent because they all include the product characteristics X as well as the unobserved product quality
€(04,8% P°), both of which are random. However they are uncorrelated if evaluated at @ = 0° since €”,
€*(8Y), and €V are generated by the distinct sampling processes conditional on (X ,£(09,s°, PY)) as in as-
sumption Al(a), (b) and (c). These facts together enable us to calculate the asymptotic variance-covariance
matrix of (J'/2G ;(8°),T"/ 2G5 1(04)) as the sum of the variance-covariance matrices, each derived from

these separate components in G J,T(BO). To make this even more clearly, let us first define

(af(&,64,P),...,a5(& 64, P)) Z,H '(£,04,P),

(ai(éaedvp)v s 7aCJ(€70daP))

~Z.L(£,04,P)M(¢,04,P)H " (€,04,P),

T
(@§(£,04,P),...,a5(£,04,P) = —> v @Y (€04, P)H '(£604,P),
t=1
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and further define Y ;74(&, 04, P) and Y7, (€,04, P) using a?(.{, 04, P), a§(&,04, P), and af(§, 04, P) as

ﬁijla?(£70dap)€ji ﬁz;zzla?(é’?OdaP)e;fr(Xﬂgaed)
Yri(§,0a,P) = | L5507 a8(€,04,P)eji |» Y (€04, P) Y as(€,04, P)el, (X, €, 04)

7Y —1a4(€, 84, P)eji w7 -109 (€, 04, P)€;, (X, €,64)

Then, we can conveniently re-express (29) with the associated size indices J/? and T'/? as the sum of
the four terms involving the stochastic exogenous variables (z1j,&;, w1,,w;), the sampling error €7, the

J
simulation error ef(@d)), and the sampling error ef as

n N 0
(30) = + Y+ Y+ X

J2G;(0) J2G;(0,s°, P°) R
T3G5 1 (64) T2GY 1 (04,8°, P°,n°) i=1 r=1 v=1\ T3¢l /N

The four terms on the right hand side of (30) are separable only when evaluated at @ = 0°. To establish
(2-ii), therefore, we apply Theorem 3.3 in Pakes and Pollard (1989) in which each of the four terms on the
right hand side of (30) are asymptotically normal when J and T simultaneously grow large.

Assumptions B1, B2 and B3 have essentially the same roles as the conditions (v), (ii) and (iii) respectively
in Theorem 3.3 of Pakes and Pollard (1989). Assumption B1 is on the true parameter 0°. Assumption B2
is the differentiability condition (with respect to 8) for the expectation of G;r(0,s% P° n°). Given B2,
assumption B3 implies that G 5 (8, s°, P°,n°) can be approximated by T';7(8 — 8°) + G5 (8", s°, P, n°)

near 6°, where T r is the first-order derivative of E[G;7(0, s°, P°,n°)] at 6 = 0°.

Assumption B1 6° is an interior point of ©.
Assumption B2 For all @ in some § > 0 neighborhood of 8°,

EXI»E[G§<0d7 307 PO)]
E[G7(0,s", P’ n°)] = | By, .[G5(6,s", PY) =T;7(0 - 6% +o(]|0 — 6°]|)

EX,§,V [GTII,T(edv 807 P07 "70)}

/ /
uniformly in J and T. The matriz T jp = (I“}I, re', §7T') — (I‘d/, I T*) as J,T — oo, where T jr has

full column rank.

Assumption B3 For all sequences of positive numbers 6 ;1 such that ;7 — 0,

(a) sup

(164 — 6311 < b1

T5{G5(04,5", P') ~ By, c[G5(04,8", P')] |
~TH{ G500 5, ") — By [ G565, 8", )] }|| = 0(1)

(b) sup |72 {G(8, 5", P) — Ey, ,[G5(8,5°, P°)]}

16 —6°| < b1

— T {G5(8%,8°, P°) = B, G5 (6%, 5%, PO)} || = 0,(1).
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(c) sup  ||T2{G (04, 5°, P°,n°) — E[GY 1(8a, 5°, P°, n°)]}

160 — 651 < 641

~THG5 (65, 8" P',n°) — EIGY (65, 5°, P*, )} | = 0,(1).

Assumptions B4(a)—(d) determine the magnitude of the four components on the right hand side of (30),

while assumptions B4(e)—(h) are the Lyapunov conditions to establish the central limit theorem.

Assumption B4 The following finite positive definite matrices ®1, ®o, ®3, and Py exist.

J2G,(0,s°, P° o, 2
(a) lim V 4 ) =0, = 1, ol
T 73G9 (8, 80, PO, n0) e B¢
@2 @12
(b) Blm TLV[YJTZ'(S(BS,SO,PO),027PO)] =0y = , ? )
T,J —00 @12 @tl
2 2
P @12
C lim RVE*J{ * é OO,SO,PO 7007P0 _ ¢3 _ 3 3 7
&Y g d d
R,J—oc0 - ‘ (1)12/ PO
3 3
(d) lim NV[T2e/N] = &4

J,T,N =00

The following Lyapunov conditions hold.

(J.T) 24¢;(05,s°,P°)/ ] "
© (j,t)g(l,l)E 25w;(6°, 8%, P%) /]2 = o(1),
(n° — v @ 4, (£(6Y, 8°, P°), 85, P)) /T
(£) nE[||Y 5i(£(69, s°, P°), 85, PO)||***] = (1),
() RE[||Y7,(£(85, 5%, P°), 85, P*)[[**] = o(1),
(h) NE[|T? €} /N|[**] = o(1)

for some § > 0.

Assumptions B5(a)—(h) are conditions that enable us to control the differences between
(JV2G,(0,s", PR), T'V2GY (84, s", PR, nN)) and (J'/2G ;(0),T/?GY 1(04)) within the shrinking neigh-
borhood of (£(8Y, s°, P%), 09, P°). Specifically, in B5(a)-(d),(f) and (g), we assume those differences have
stochastic equicontinuity-like characteristics at (£,84, P) = (£(0Y, s°, P?),8Y, P°). The assumptions B5(a)
and (b) are respectively on the sampling and the simulation errors in the demand side moments, while

B5(c)-(e) are those for the supply side moments and B5(f)-(h) are for the additional moments.

Assumption B5 For all sequences of positive numbers 0 such that 657 — 0 as J,T — oo, we assume

for demand side,

(a) sup sup
164 — 0511 < 851 (&1, P) € {Neo(0%:651)} X Npo(6s1)

= Op(l)a

22 {(H (6,04, P) — Hi'} e
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(b) sup sup

[10a = 0311 < 57 (&1, P) € {Neo (65 000)} X Npo(dsr)

T2 {H (61,00, PR (80) — Hy '™ (69)}| = o,(1).

For supply side,

(c) sup sup ’ J-

164 — 031 < 057 (&1,62, P) € {Neo (69 65,70) 1> x Npo(8.7)
X {L(Eh 0d7 P)M(€17 0d7 P)H7 (5278115 P) - LOMOHal} €"

‘ J-

= OP<1)>

(d) sup sup
[10a = 0911 < dur (€1,&2, P) € {Neo(05;650)}* x Npo(8s,7)

% {L(&), 04, PYM (1,04, PYH (€5, 04, P)e™(84) — LoMoH; "e%(6)} || = 0,(1)

(©) sup sup||I72Z{g(p — my(6(84, ", P°). 04, P)

[|0a = 09| < 650 P € Npo(d51)

~9(p — my(€(6a, 8", P°), 64, POV} || = 0 ().
And for the additional moments,

(f) sup sup
[10a — 0911 < G2 (€1, 62, P) € {Neo (05 657)}* x Npo(6.7)

T
‘ %Z |:Tt Slvadv ) _1(5270d7p)€n

(€65, 8", P°), 04, P*)H " (€(65, 5", P°), 65, P)e" |

= op(1),

(8) sup sup
[162 = O3 < 61 (&1, &2, P) € {Neo(09;65.0)} X Npo(d,.1)

T
*%Z[n €1,04, P)H (65,00, P)e" (04)

CT(E(O8. 57, 7). 05 PO (€060, 7). 06, P)e 03] | = 0, (1),

(h) sup T2 ) e (04) = 0,(1).

04— 09| < Sy ;
=il <br e

The quantity & = (&11,---,&1y) and & = (Eo1,...,&55) are respectively a set of distinct J vectors, each
vector corresponds to each row of J x J matrices L(€,04,P), M(£,04,P) and H *(£,04,P). The set
{Neo (69;0,7)} indicates J sets of the 051 neighborhood of £(09,s°, PY).

With these conditions we are ready to state asymptotic normality for the Petrin (2002) extension.

Theorem 2 (Asymptotic Normality of @) Suppose that A1-A9 and B1-B5 hold for some increasing
n(J,T), R(J,T) such that J/T — 0 as J — co, T — 0o and N — co. Then, the estimator 6 that minimizes

[|GJr(0,s™, PR nN)|| is asymptotically normal at the rate of Jz:

6—-6° Y N0, V)

[VIE

J

with V = (I'T + TT) " 'I"®T(I'T + T“T%) " where ® = &, + $5 + P3.

Remark 1 When J/T — ¢ > 0 where ¢ is constant, the variance-covariance matrix V' of Theorem 2 becomes

(31) V = (DT +TYT") " HIV®T + 2¢1/°T'® T + I ®°T*)(I'T + T*'T?)~?
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where ®'? = '11%2 + @%2 + <I>:132 is the off-diagonal component of the asymptotic variance covariance matrix
of the (J1/2G ;(6°),T'/2G4 1(6))") and ®* = &} + &5 + ®5 + P is the asymptotic variance-covariance

matrix of TY/2G9 1.(67).

R

Remark 2 If the sampling error €” and the simulation error €™ are negligibly small, the off-diagonal matrix

®'? is also close to zero, and the asymptotic variance-covariance matrix V in (31) becomes
V ~ (I'T +TT*) " H(I'®T + I ®@°T*)(I'T + T'1*) "%

In this case, even when J,T — oo but J/T — ¢ > 0, we can improve the efficiency of 0 by using the optimal
weight matrix to the GMM objective function. With the weight matrix, we minimize |G (0, s™, PE,n™)||? =
G r(0,s", P nNYW ;171G ;1(6,s", P nYN) where W ; v = diag(A, A 1) is diagonal and non-stochastic

matrix. The asymptotic variance-covariance matrix of 0 corresponding to this objective function is thus
V~ (AT +TY A T NIV A @A T + TV AS A, T) (I A;T + T AG T
Obviously, A; = &' and Aj, = (c®*)~! are optimal and the V' becomes
V=T&'T+c 1@ 'r*)~ L

Relative to the asymptotic variance-covariance matrix V* = (I'®I')~! of the GMM estimator without the
additional moments, V' < V*. In general, however, making the simulation error negligibly small may not
be tenable given the computational burden, while ignoring the sampling error may be justified if sufficiently

accurate market share data are available.

4 An Example of the Random Coefficient Logit Model of Demand

In estimating the demand model with the simple logit specification, BLP (2004) showed that, if the market
shares of all the products stochastically go to zero at the rate of 1/J, the assumptions in the consistency
and the asymptotic normality are satisfied so long as n grows faster than J and .J? respectively. Notice that
the logit model has the closed-form solution for the equation (2) and thus do not incur the simulation error
in the model, rendering the consideration of R unnecessary.

In what follows, we consider the random coefficient logit model of demand. As discussed in BLP (1995),
this model has useful properties when product characteristics and consumers’ taste are multi-dimensionally
distributed and the nature of competition among products is complex. Unfortunately, the random coefficient
logit model has no closed-form solution for (2) and for the inverse of H (&, 84, P) in assumption A2(a). Thus,

our examination has to rely on its stochastic approximation.
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Without loss of generality, we assume a random coefficient logit model with one random coefficient:
(32) U5 = 5j + Q;I/ZEIJ' + Vi with 5j = 9ppj + exl‘j + fj

where v represents consumer ¢’s random preference on the characteristic x; relative to the price. The
parameter 6% indicates the magnitude of this preference, and when 6% = 0, the model reduces to the simple
logit model. Provided that v;;’s are i.i.d. extreme value, the probability ¢;; that consumer ¢ with preference
vy chooses product j is given by

exp(d; + Ozviw;)
1+ Zi:l exp(d + Q}guka).

(33) oij(§,v]:04) =

The market share of product j is obtained by integrating (33) in terms of v¥ over the population P°. We

simulate it with a random sample of R individuals as

R

R
1 1 exp(0; + 0%vrz;)
34 j 70 7PR == Orj ,fo;e = — J z7r7J
( ) J(‘S d ) R; ](5 d) R;1+Z}§:1€XP(51€+9;‘V$%)

If we assume that §; 4603 v¥x; is stochastically bounded, the order of magnitudes of the individual’s choice
probability o,;(&,v,;04) and its average o;(&, 84, P®) are both of 1/J. In the following, we put forward a
condition on the magnitude of the individual choice probability. Although the condition makes individual’s
behavior restrictive, this treatment allows us to calculate the rates of n, R, N, and T relative to J, at which

the random coefficient logit model follows our asymptotic theorems.

Condition S(a) For all consumer r with the demographics v¥, and for all possible value of the product

characteristics (X, €), there exists positive finite constants ¢ and © such that with probability one

(35) < inf 0;(&,1704) < sup 0r;(€, 17 64) <

< j=0,1,...,J.
0,60, 0,€6, ) ) Ly ’

<o
<ol

(b) The constant ¢ further satisfies the relationship ¢Jp, < J for each firm m = 1,..., F, where Jp, is the

number of products firm m produces in the markets.

With condition S(a), the individual choice probability o,;(&,vF;04) and its inverse are respectively
O,(1/J) and O,(J). Obviously, this condition is sufficient for s9 to be O,(1/.J) for j = 1,...,.J because
substituting & = £(04, 8°, P°) and integrating both sides of the inequality over the population P? immediately
leads to s; = O,(1/J). We assume our two sets of consumer draws, or v, r =1,...,Rand vf,t=1,...,T,
satisfy this condition. By condition S(b), we exclude the event that the aggregate market share for any of
firms dominates in the market, i.e. Zjejm s? < Zjejm ¢/J =¢Jpy/J <1 at any given J. This guarantees
that the inverse of the aggregate market share for the other firms’ products and the outside good, is finite
and thus its order of magnitude is one, i.e., 1/(1 =3 . 7 s9) = 0,(1).

As stated above, the random coefficient logit model has no closed-form solution to the inverse of H.
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However, under condition S, we can approximate it by

(36) H'(¢,04, P =%71(¢,04, PF) + (14 0,(1/J)) 4,

0-0(57 0d7PR)

where X(&,04, P) = diag(o1(&,04, P),...,05(&,04, P)). In the appendix of BLP (2004, pp.651-652), an
approximation essentially same as this was used to show that, even when we use the random coefficient
logit model, the limiting behavior of the residual term on the sampling error in the demand side moment
(26) is fundamentally similar to that for the logit model. As a result, the random coefficient logit model
requires the same rate J2 for n relative to J as the logit model to guarantee the GMM estimator to follow
asymptotically normal. As for the number R of simulation draws, they presumed that symmetric arguments
hold. Furthermore, we can show that the argument above apply to our supply side specification too.

Now we will examine a case where we have at our disposal additional moment conditions on demographically-
categorized purchasing information. We suppose that we are now interested in estimating the parameter 6%
in (32) more accurately by using the information on consumers who choose specific sets of discriminating
attributes in products. Denote the set of products having this attribute by Q. Hereinafter, assume that
we have a consistent estimate n’¥, which was constructed from N independent consumer draws (not by
researcher) from the population P, separate from the n independent draws (again not by researcher) from
PY for calculating the observed market share, with the expectation 7° of ¥¥ conditional on the individual
choosing a product in Q. Given 1", we will draw T individuals, independent of R simulation draws of

individuals, from the population P° to construct an additional moment,

1
(37) Gz,T(eda Sna PR7T]N) = 77N -

N

T
> vri(€(04, 8", PR), 04, PF)
t=1

where ¢ (§,04, P) = > jc0 015(&,v1,04)/ 2o jc0 05(§, 04, P).

The limiting behavior of the market shares, both observed and model-calculated, are assumed in A3.
Assumptions A3(a) and (b) control the way in which s” and o (&, 84, PT) approach to the true market share
sY and o (€&,0,4, PY) respectively. To guarantee assumption A3 to hold, we require conditions on the growth
rates of n and R relative to J as well as on the limiting behavior of the true market share s°. BLP (2004)
showed that Pr[p(s™, %) > 8] = J E,¢lexp(—020,(n/J))] for any 6 > 0 under assumption Al(a) and the
condition s = O,(1/J). This means that required rate of convergence of n is J'*</n — 0 for any € > 0.
Similarly, required rate of convergence of R for A3(b) is J'*¢/R — 0.

To guarantee assumption A5, it is sufficient that the first order derivative matrix of G ;(,s°, P°) in

terms of @ € © is of full column rank, since then for all § > 0, there exist C such that

dG ;(0%,s°, PY)
inf ||Gy(0,s°, P°) —~Gy(6°,s°, PO)| = inf |0 6°
Hﬁfl\go(é)H 1(0,s°, P7) — G,(6°, s, P7)| 0¢N o (5) 00’ ( !
>  inf Cll6—-6°|=Cs
O0&N o (8)
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in probability tending to one as J — oc. In the following, we examine what it means to have G ;(0, s°, P°) /06’
being of full-column rank. We should note that the demand side moment contains only the vector of demand
parameters, 8,4, while that for cost side contains both of demand and cost side parameter vectors, 8, and
0.. This means that the matrix G ;(0,s°, P°) /08’ takes the following form

9G (0, s°, PY) 8G%(8,,5°, P°)/08), 0

00’ 0G5 (8, 5°, PY) /96!, 9GE (0,50, P°) /06,

This matrix is full-column rank if the components AG% (84, s°, P°)/86; and 9G4 (8, s°, P°) /08’ are re-
spectively of full-column rank, regardless of the value of 0G%(8,s°, PY)/00!,. Moreover, we know that
0G45(0,s°,P°) /90, = —J~1Z_W by the definition of the cost side moment in section 2.3 and the assumed
linear dependence of w on W in (7). By properly choosing the cost side instruments Z. and cost shifter W,
we can construct G5 (0, 8%, P°)/00., to be of full-column rank for all J. Therefore we only need to check
0G4(84,5°, P°) /00,

0G4(8,4,5°, P°)
00/,

o J71Z/ aé(eda SOaPO)
- d

T T ZLH N €O, 50, P0), 0,, P°) 2T 5229150), 04, P°)
where do (+)/0¢"-0€ /00,400 (+) /00!, = 0 from the implicit function theorem. Unfortunately, the full-column
rankness of this matrix under the random coefficient logit specification cannot be checked analytically because
of the existence of the inverse of H. Thus we have to rely on numerical computations on a case-by-case
basis. Assumption A6 requires similar argument. Assumption A7, on the other hand, can be verified using
(36) and condition S(b) after tedious calculations.

For assumption A8, we assume the number of products in Q increases as fast as the number of products
in the market, which guarantees both of 3, 50 and 1/ 7.5 05 to be Op(1) under condition S(a).

Since the quantity within the probability statement in assumption A9 is bounded from above as

(38) T=YV2|| W (&(04, s, PT), 04, PT) — ©(£(04,5°, P), 0,4, PO)|
S T71/2|‘\II(£<0(1;8n7PR)70daPR) - ‘P(E(edasoapo)70dapR)||

T2 (80, 8%, ), 60, PT) — W(E(0u, 5", P'), 64, P)|

where ¥ = (¢1,...,%7) is a T x 1 matrix, we separately evaluate the two terms on the right hand side of

(38). The square of the first term is bounded by

T~ ¥ (£(04, ", PT),04, P) — W (£(04,5°, P°), 04, PT)||?
2

- W(S(Odvsnva)—5(9d,so,P0))
* R 2
- wa T YE(Ba, 5, PR) — €04, 8°, PO
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where £* is between £(04, 8™, P%) and £(04, s°, P?). Since we know that J~1[|£(84, s™, PT)—£(04,s°, PO)||> =
0p(1) under assumptions A3 and A6, it remains to show that ||[0® (£, 04, P)/0¢'||? = O,(T/J) to guarantee

this whole term to be 0,(1). We obtain the jth element of Y; as

0 (€,04, P
(39)  {Ye(€ 04, P)} ‘[’t(%gd)
J
oj({j€ Q= Yow) Yow HjeQ}[odP— % [or0.,dP
— keQ _ keQ . keQ
> ok > Ok 2 Ok
keQ keQ keQ

where 0,; = 0,;(&,V7,04q), 0tj = 045(§,v7,04) and 0; = 0;(€,0q, P). Under condition S(a), both of ¢,; and
oj are Op(1/J), and 3 ;505 and 1/}, o 0; are both Op(1). Thus, we have 9y(§, 0a, P)/0&; = Op(1/J),
and so [|0W(£", 04, P)/0€'||* = Y27, S0, (044(€",0a, P)/0&;)* = T - T - Op(1/J)* = Oy(T/J).

The square of the second term on the right hand side of (38) is

T71||\I’(€(0d7Sovpo)vedapR) - ‘Il(g(edﬂgovpo)’edapo)”z

= T_lté{wt(é(edaSOaPO)76daPR) - wt(£(0d780,P0)70d7P0)}2

_Zgatj<£(0dvso7po)a Vtx70d) _Zgatj(é(edasoapo)7ygj)0d) ?
_ —1 S A
-7 t; Zaj(£(0d7807po)ﬂ0d7PR) Zo'j(g(ad,s()?PO),@d,PO)
JjEQ jeQ
‘ZQ{O'j(S(gd’SO’PO%Od’PR) - Uj(g(gdasoapo)vedapo)} ? T 2
A -1 ] 0 pO\
St S PR GR)
JjEQ JjEQ
S O,(1/RV2M) 2
— e 71 { OlJ}:O J/R
jEZQOp(l/J).iggop(l/J) X ]Z:Q p(1/7) p(J/R)

under assumption Al(b) and condition S(a). Therefore, R is required to grow faster than .J.

We next move to assumptions in Theorem 2. We start with assumption B4 because B1 through B3 can
be easily verified. In assumption B4(b), we need to keep the variance of 3.7 ¥, in terms of the sampling
error bounded. To accomplish this for the random coefficient logit model of demand, BLP (2004) showed that
n and R are necessary to grow at the rate of J2. We focus on those on the additional moments. Let us denote
the component of Y?]Ti = YJTi(g(Hg, 59, PY), 02, PY) that corresponds to the additional moments as Y%, =

Z}]:1 a?oeji/nTlm, and abbreviate of; = 01;(£(89, 8%, P°), v¢,09) and o) =0 (69, 5%, PY), 89, P°), then

(40) a® = ag(£(09, 5", P°),00,P°) = {- S vy TV H 'Y,
T T . T x
_Zt:l Vy U?j(l{J €9} — Zzgg ) ) 1 > Vo Zleg o
ZleQ 57 39 ZleQ 57
a(l+ 85+ 0,(1/J))

: 318(1 +0,(1/7))

where

T, T .
Vi dieon 1 Do (i€ Q= Yo od) 89

o= < Bi= 0°
0 0° J T 0 0 0
d1c0 s S0 D=1 V00 D ie0 Tn 5j
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The a and (3 are respectively O,(T") and O,(1) under condition S(a). Using this a?o we have further,

Do (@)% — (o a°s))
= X0 (L+ B+ Op(1/ )Y = {32y all+ B + 0,(1/7)s}
= a? [§(1 = )1+ Op(1/ 1)) + 2y G551+ Op(1/0) + K-y B350 — (- B9
< a? [0 = s)(1+ 0p(1/))% + 2ma |65 - (7, 89)s8(1+ Op(1/0)) + ma |35+ 527, 9]
= 02(1 = %) [s8(1+ Op(1/1))? + 2max; |;|s§(1 + Op(1/.1)) + max; | ]
= Oy(T)*(1 = 0,1/ 1)) [0p(1/)(1 + Op(1/1))* +20,(1)05 (1)) (1 + Op(1/)) + Op(1)?]

= Op(Tz)-
where we substitute « = O,(T') and 3; = O,(1). Therefore the variance of y ;- Y. is

a J a
Ve,v,x,ﬁ[zyﬂ YJ”?“i] = Z?:l Ee,u,x,ﬁ[(l/HQT)(ijl ajoeji)Q]

= (1/nT) EV,X,E Z;’I:l(a’?o)Q Ee|x,§[63i|xv 6(027 807 PO)]

+ E];ﬁk a?Oa%O Ee\x,f[ejieki|Xa 5(027 80’ PO)]:|

J a a0 ,al
= (1/nT) Euxe | 2521(a5°)?85 (1 = s5) = 32, ajoakosgsg}

[—J a J a
= (1/nT) Buse [So1(a2%)%9 = (- a2°50)?]

= (1/nT) Evixe[Op(T?)]

- EV,X,&[OIJ(T/TL)]

To keep this variance bounded, n is needed to grow at the same rate as 7. Similar calculation holds for
assumption B4(c) and derives that R is required to grow at the same rate as T
In assumption B4(d), we need to bound the variance of the residual term in the additional moment

TV QQL‘}’T(BS) that corresponds to the sampling error in the additional information. The variance is
NV e TENTR] = BrelVerpee T2 07N = 0°)1X,6(80, 8%, PO)]) = Exe[Op(T/N)].

Thus we require the sample size T' of consumer draws in constructing the additional moment in (37) to grow
slower than the sample size N used for constructing the additional information n™¥ for B4(d) to hold.
Assumption B4(f) gives the Lyapunov condition the residual term Y ., Yj% in the additional moment

must follow. Since a%° in (40) is O,(T") under condition S(a), we obtain

1 Ee,wel| Vi1 Oc;s 2]

J
arrrreEnyr Bevxell o1 af
< ormreere Buxge 2270 max; (a0 H]

= Eux E[Op(n7(1+6)T(2+5)/2)]'
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Substituting n = O(T*) and solving (24 6)/2 — k(14 6) < 0 gives k > 1 for any § > 0, which means that T
needs to grow slower than n. By similar argument for assumption B4(g) and B4(h), R is required to grow
faster than T, while T needs to grow slower than NN.

For assumption B5, we focus on those on the additional moments, B5(f) to B5(h). To have assump-
tion B5(f), it is sufficient to show that both of the norm of T%/2 3" ¥, (&, 04, PEYH ™ (€,04, PF)e™ and
TY/? Zle Y 0H '€ are respectively o,(1). We abbreviate off =0;(€,04, PF) and 0] = 0;(£,04, P") and
approximate the jth element of =1 S/ Y (&,04, PRYH ' (¢,0,4, PR) by using H™" in (36) and 9y, /9¢;
n (39) as follows.

T
(41) {T—lZrt(s,ed,PR)H*(s,ed,PR>}

0 0, _
122 & 5357 . lj1(£70d,PR)

t=1 =1

T i (Ciegom)on  (Tieo ol )R 3L (Siegordon | 1
ZleQUlR (ZIGQUIR)? U(}J%(lJrOp(l/J))
+ |f%’T Hje Q) - T Z?:1(Zleg O'tl)O'tj
R
ZZEQOZ
(Cieo o Hof i€ Q- RS (Cieqon)on}]| 1
(Zleg"zR)Q af"

Therefore, we use this equality to obtain

T
™'Y Y€ 04, PPYH T (£,04, PF)e"

t=1

J T
= Z{T‘lth(g,Od,PR)H1(5,0d,PR)} e
J

t=1

_ |{T1 23:1(21.59 ou)ow (Ceool )R Zf:l(ZIGQ Ir1)Ir0 } Zj:l(sg el (1+0,(1/J))

Yool (Cieqol)? ol
+i {JJT . 1{] S Q} 2’1:’1 %g—l(zlego—tl)atj
j=1 €l
_(ZIEQJZT){ of-1{j e Q} - R” 1Zr 1(Zleg‘7rl)0m} S? _ 9
(Zleggz )? JR
—15T ) -1 (1
- ’ {T O 8((11; 0,(1/4) _ Op(DR ZTO;(?) 0,(1/7) } 1/§f 0,00

L [0,(1/10,(1) =T L 0,(1) - 0,(1/J)
3| o>

0,(D{0,(1/7)0,(1) = R™'F 0,(1) - op<1/J>}} L 0p(1/4/nd)
0,(1)2 0,(1/J)

= 0 (\/%)

Similarly, we obtain |71 Z?:l YYH ' €"|| = O,(y/J/n) using (36) and (39) evaluated at (€,84, P) =
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(£(65, 5%, P), 83, P°). Hence,

T
T2 {04 (€, 04, PPYH (€, 04, P) = YV H ) }em

t=1

T1/2 +T1/2

IN

T
T3 {X4(€, 00, PRYH T (€, 04, PR)e"
t=1

T
Y T e
t=1

= TI/QOP (\/m) + Tl/QOp (\/m)
= 0, (VTI/n).

Therefore, random drawing of 7' individuals has to be done so that T'J grows slower than n. As for
assumption B5(g), through a quite similar calculation as the calculation for assumption B5(f), we can show
that the number R of simulation draws needs to grow faster than TJ.

We can easily see that assumption B5(h) requires R to grow faster than T'J as follows.

VI e80) = VT'Y(05((0a,5° P*). 04, PR) = 9) = VT 3 0, (1/VIR) = 0, (VTI/R).

JjeQ JjeQ JjEQ
In summary, for the random coefficient logit model, the estimator with the additional moment has consistency
in Theorem 1 so long as n and R grow faster than J. The asymptotic normality in Theorem 2, on the other
hand, requires that n and R to grow faster than J? and T.J, and N to grow faster than 7. If we assume T’
grows at the rate of J'*€ for e; > 0, a slightly faster than .J, Theorem 2 requires n and R to grow faster
than J2*€ and N to grow faster than J!*€t. Table 1 lists the required growth rates of n, R, and N in the
original BLP (1995) framework relative to the Petrin (2002) extension with the additional moments in terms
of J. The table shows that Petrin (2002) extension requires slightly faster growth rates of n and R for the

asymptotic normality to hold than those of the original BLP (1995) framework.

5 Monte Carlo Experiments

In this section, we evaluate Theorems 1 and 2 in section 3 through a series of Monte Carlo simulations
for a version of random coefficient logit model of demand in the presence of oligopolistic suppliers when

additional demographically categorized purchasing pattern data are available. We start with the system of

Table 1: Growth rate of n, R, and N relative to .J necessary when T grows at J!T€1. Let €, ¢, ea > 0.

Logit Model Random Coefficient Logit Model
BLP (1995) BLP (1995) Petrin (2002)
Consistency  Normality Consistency Normality = Consistency  Normality
n J1+s Jz+e J1+€ Jz+e J1+s J2+el+52
R o o J1+6 J2+e J1+e J2+51+62
T - — — - any rate Jitea
N - - - - any rate Jiteite
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demand and supply of BLP (1995) in tables 2 and 3. In table 2 we consider cases where only the simulation
errors are involved, and in table 3 we additionally assume that the sampling errors are present in the market
share. We then proceed to the Petrin (2002) extension to the BLP (1995) framework with the additional
moment condition in tables 4, 5, and 6. In table 4 we consider cases where no sampling errors exist in the
additional information itself, and in table 5 we move to cases where the additional information itself contains
another set of sampling errors. Table 6 serves dual purposes, in that it numerically verifies the aymptotic
varinaces presented in Theorem 2 in the presence of all five errors. It also shows the potential benefit of
the Petrin (2002) extension relative to the framework of BLP (1995) in the most realistics case. Since the
simulation errors are under the control of the econometrician but reducing the simulation errors greatly
increases computational burden, the econometrician is inclined to accept some degree of the simulation
errors. Therefore we only consider cases where the simulation errors are present throughout these Monte
Carlo repetitions. On the other hand, presence of the sampling errors in the observed share does not pose
computational burden, and we consider them only in tables 3 and 6.

Throughout in this section, utility of consumer ¢ for product j is

(42) U5 = —Qpj + 5£Ejyf +§j + Vij

where the unobserved quality §; and the exogenous product characteristics x; are respectively random draws
from N(0,1) and N(1,1). These and other random draws employed in this section are all independent. The
price of product p; is, on the other hand, endogenously determined in the market. The v is the consumer’s
random taste for z; and distributed N(0,1). The v;;’s are i.i.d. extreme value draws. We set the demand

side parameters as o = 1.0 and 8 = 1.0. The market share o; is calculated by

(43) o :/ EXf(—apj-i‘ﬂl'jl/i +£J) P(dl/f)
143 exp(—ap + Bzivf + &)

0

The true market share s;

is obtained by evaluating (43) with the underlying distribution P of v¥. We draw
10,000 consumers from N(0,1). They constitute the population.
For the supply side, we assume there exist five oligopolistic suppliers in the market, each producing the

same number J/5 of products. These suppliers are assumed to have the same cost function
(44) ¢j =Y+ wj

where the unobserved cost shifter w; is a random draw from N(0,1). For the cost side parameter, we set
v = 1.5. The true market share s? and the price p; are determined at the equilibrium, and thus the values
of p; are obtained by solving f(p) = c¢—p — A~ 'o = 0, that is, J dimensional nonlinear simultaneous
equations, which is solved by an iterative Newton-Raphson algorithm.

We first estimate a version of the system of demand and supply of the BLP (1995) framework given in

(43) and (44). We construct the three instruments from z;—a; itself, the company average of x;, and the
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average of x; over the other companies. Table 2 shows the results for the mean of the estimated parameter
values «a, 3, v and the associated simulated standard errors for 100 Monte Carlo repetitions when the
observed market shares have no sampling errors, i.e, the market shares are calculated from the population
of 10,000 consumers. Fach column corresponds to the number J = 10,25, 50,100 of products, while each
row corresponds to the number R = 10, 50, 100, 10.J, J? of consumer draws. In parentheses are the simulated
standard errors—the standard errors of the estimated parameters across the repetitions.

In the table, we observe the simulated standard errors of parameters decrease as .J increases. For .J
fixed, increasing R also contributes the reduction of the standard errors. Throughout, the standard error
for B8 is much larger than those for o and for v for the same pair of (R,J). The § is harder to estimate
because the consumer’s taste for the product characteristics x; is randomly altered by the v} and as such
the information regarding the corresponding coefficient 3 is much harder to extract from the orthogonality
condition between the unobserved quality &; and the product characteristics ;. In particular, when the
number R of simulation draws is small at 10, the estimated 3 is found upwardly biased.

Table 3 shows the results when the observed market share s additionally contains the sampling error
while the number of the simulation draws of consumers is set at R = 100 . We construct the observed market

9 9). When n is not

share s7 from a multinomial sample of size n with the category probabilities (50,---»87).
large enough, some products are not purchased. Then we remove these products in estimating parameters.
We observe that, the larger the n is, the smaller the simulated standard error is for any fixed J.

We next estimate the system of demand and supply given in (43) and (44) by the Petrin (2002) extension.
We suppose that the information is available on (a) the expected value of v¥ over consumers who choose

products priced higher than the average price; and (b) the expected value of v over consumers who choose

products with x; greater than the average of ;. So the additional moments are
(45) m =EW7|Ci € Qfp; > pY,2.€],  nh =E[f|Ci € Q{xz; > 7}, 2,¢]

where Q{p; > p} and Q{x; > Z} represent respectively the set of products priced higher than the average
p, and the set of products whose characteristic  is larger than the average .

Table 4 is the results for cases where we know the expected values in (45) exactly and no sampling
errors exist in the additional information. We draw T consumers from the population separately from the
n and R consumers and then calculate the conditional average of v by using their purchasing probabilities
to calculate the additional moments. Here, we use the true market share sg as the observed market share
(n = 10,000) and fix R = 100. This way, the effect of the additional moments on the accuracy of the
estimates is more transparent.

The result indicates that information in the additional moment reduce the standard error of the random

coefficient ( considerably when the number T of consumer draws is large enough. For instance, when

J = 50,7 = 1,000, the standard error of 3 with the additional moments decreases to 0.137 in table 4
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from 0.363, which is the value without the additional moments in table 2 (R = 100 row, J = 50 column).
Furthermore, when J = 50, if we change the size T' of the sample to evaluate the additional moments from
T = 1000 to T = 2500(J?), the standard error of 3 declines from 0.137 to 0.125. Similarly, when J = 100,
increasing 7' = 1000 to 7" = 10000(J?) reduces the standard error of 8 from 0.134 to 0.087. On the other
hand, when the number T is small, the standard error of § can increase rather than decrease. For example,
the standard error of § at T = 50 and J = 50 increases to 0.392 in table 4 from 0.363 in table 2. These
results show that the number T of consumer draws to evaluate the additional moments plays an important
role in increasing the accuracy of (.

It should be noted that the additional moments have very limited influences on the standard errors of «
and no influences on the standard errors of v for any value for 7. This is because the additional information
is on the consumer’s taste v¥ and contains little information on o and no information on .5

We then consider cases where the additional information itself contains another set of the sampling errors.
Drawing N consumers from the population independent of the aforementioned T', n, and R consumers, we

use the following estimators of v instead of 1°,

N T | ., . = N z y - B
(46) 77{\[ = Z i HG fVQ{pJ 2 p}}, né\’ — Z Vis HC; ivg{xj > CL’}}
P z

i’=1 /=1

where N, = Zf\,le 1{Cy € Q{p; > p}} and N, = Zf\f:l 1{Cy € Q{x; > z}} are respectively the number
of consumers who choose products priced higher than the average price and the number of consumers who
choose products whose characteristic x greater than the average product characteristic Z. These estimators
are unbiased for n° conditional on x and €.

Table 5 shows the result for this case. The standard errors of (3 decreases as the size N of consumer draws
to construct the additional information in (46). For instance, at J = 50, when we increase from N = 1000 to
N = o (that is, the population of 10000), the standard error of 3 decreases from 0.171 to 0.137. Similarly,
when J = 100, increasing from N = 1000 to N = oo (10000) reduces the standard error of 5 from 0.169
to 0.134. These results show that the number N of consumer draws used for constructing the additional
information also plays an important role in improving the accuracy of 8. Again, the additional moments
have very limited influences on the standard errors of v and no influences on the standard errors of 7 in any
value for N for the reasons aforementioned.

In concluding this section, we evaluate the asymptotic normality in Theorem 2 when we allow for all
of the errors in the estimation. For J = 25, R = 2000,n = 2000, N = 2000, 7 = 500 fixed, we implement
1000 Monte Carlo repetitions of the estimation of a, (3, and v, and then we calculate their averages and
simulated standard errors. We also numerically calculated the asymptotic variances of the GMM estimates
of o, B, and « in Theorem 2 in the following manner. For each simulated data, we calculate the moment

conditions and their derivatives in terms of parameters (the parameters are fixed at true values). Then,

6The first order derivatives of the additional moments in terms of o are almost zero, while that for  is zero.
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by averaging resulting values over the simulated data, we obtain the estimate for the expected value of
T';r in assumption B2 and @ respectively to estimate the asymptotic variance of the parameters. Similar
calculations are implemented also for the original BLP (1995) framework in which the asymptotic variance

matrix is (I'T)~!T'®T(I'T) 1. Table 6 shows the result. The simulated standard errors of estimates seem

Table 6: Simulated and Estimated Standard Errors, J = 25,n = 2000, R = 2000, N = 2000, T = 500.

a (1.0) B (1.0) ~(1.5)

BLP (1995) Framework  Mean 0.976 0.900 1.552
Monte Carlo Std. Error  0.090 0.533 0.157

Asymptotic Std. Error 0.088 0.393 0.186

Petrin (2002) Extension Mean 0.996 1.022 1.570
Monte Carlo Std. Error  0.077 0.254 0.149

Asymptotic Std. Error 0.074 0.221 0.184

to be consistent with the asymptotic standard errors except those of 3 in BLP (1995) framework. It seems
that difficulty in estimating correct (3 is even more pronounced for the BLP (1995) framework. This table
shows the potential benefit of additional information in improving the accuracy of the random coefficient
estimate.

We make density estimates for the estimated parameters from the 1000 estimates used in table 6. (To

make these plots, we use the density-plot command in the S-plus package with default options.) The solid

Figure 1: Kernel Density Estimate of Parameters, BLP (1995) Framework, J=25, n=2000, R=2000.

57 —— Simulated Distribution —— Simulated Distribution
Asymptotic Distribution 154 Asymptotic Distribution

05 07 09 11 13 15
alpha beta

—— Simulated Distribution
Asymptotic Distribution

lines in Figures 1 and 2 show the densities of the estimated parameters, while the dotted lines show their

asymptotic distributions using the true parameter values and the associated asymptotic variances in Table 6
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Figure 2: Kernel Density Estimate of Parameters, the Petrin (2002) Extension, J=25, n=2000, R=2000,
T=500, N=2000.
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gamma

as mean and variance. From these plots, we observe that the simulated distributions of the estimates for the
demand parameters a and § seem to improve significantly by the additional moments, while we also observe

that the additional moments do not contribute at all in estimating the supply side parameter ~.

6 Conclusion and Discussion

In this paper, we generalize the GMM estimator extended by Petrin (2002) and provide the conditions under
which this estimator not only has the CAN properties, but also is more efficient than the original BLP (1995)
estimator. We sample two sets of individuals independent of each other, one to simulate the market share
of products and the other to evaluate the additional moments, in order to avoid intractable correlations
between these two sets of individuals. We also assume that the additional information on demographics
of consumers are constructed from the sample independent of these two samples. With some additional
assumptions, the suggested estimator is shown to have the CAN properties and to be more efficient than the
BLP (1995) estimator.

We do not believe that the independent-source requirement is so restrictive or unrealistic. For instance,
in analysing the U.S. automobile market we could sample individuals from the IPUMS-CPS to simulate the
market shares of products, while the additional market information can be obtained from sources independent
of the IPUMS-CPS such as J.D. Power and Associates.

In implementation, Petrin (2002) used the CEX to approximate the empirical distribution of demograph-
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ics and he also used the CEX automobile supplement to link demographics of purchasers of new vehicles
to the vehicles they purchase. We are not certain how the CEX automobile supplement was compiled, but
the information of U.S. household purchasing patterns and demographics of purchasers of new vehicles may
have been originated from the same Interview Survey of the CEX (Chapter 16, Consumer Expenditures and
Income, The US Bureau of Labor Statistics, April, 2007). Therefore, the sample (P®) used to simulate the
market share of products and the sample used to obtain the additional market information may have been

highly correlated. If so, the simulation error ¢® and the sampling error eV

may have been correlated and
Petrin’s treatment of his data may not have satisfied our independent-sources requirement.

If this is to be the case, there is no guarantee that the estimator is asymptotically normal although its
consistency remains valid.” Asymptotic normality may not hold because the key part of the proof of the
asymptotic normality relies on the fact that the three error terms (€”, €, and €V) enter into the moment

condition G (0) in additively separable and linear way, and if they are correlated, the sum of these terms

in general does not weakly converge to the normal distribution even when each of them does so.

A Proofs

Proof of (1-i)

We will show (1-1) by using Theorem 3.1 of Pakes and Pollard (1989) which gives a sufficient condition under which
an optimization estimator can be consistent for the true parameter value. The theorem guarantees that an estimator

0 that satisfies |G 7 (0, s°, P°,n°)|| = infoco |G (8,8°, P°,1n°)|| + 0p(1) is consistent for 8° if
(l'i'a) GJ,T(eov 807 POﬂ?O) = OP(1)7 and

(1-i-b) SUP9ZN o (6) [|Gsr(8,5° P° n°)||~" = Op(1) for each § > 0.

(1-i-a)

We show (i-a) by applying the Bernoulli’s weak law of large numbers to each row of G (8°, s°, P°,n°) = (G%(8%, s°, P°Y’,
G<(0°,5°, P%Y G ;1(09%,s° P° n°)). We illustrate how this can be done using the demand side sample moments.
The m-th element of the demand side sample moments G%(6°,s°, P°) is the average of z{,,&;(09, s°, P°) over j
where zfmﬁj (69, s°, P°) are not independent across j due to the interdependence of z;-im—zfméj (09, 5% P°) are just
conditionally independent given X ;. The Bernoulli’s weak law of large numbers does not require independence
nor identical distributedness among the zfmfj (09, 5°, PY), but requires the variance of J~* Z;’:l Z;lmgj (09, s°, P%)
to converge to zero as J goes to infinity. Since zfm are functions of X; and the conditional expectation of

£;(09,8°, PY) given X is zero in (1), the expectation and variance of J~* ijl Z?mfj (09, s°, P°) are respectively 0

"Consistency remains valid because our consistency proof of the GMM estimator with the additional moments does not
require additional assumption even when the two error terms (eR and eN) are correlated. In the proof, (1-i) is only concerned
with the behavior of G ; r around the true value of market shares, demographics from population distribution, and additional
information without errors. To establish (1-ii), we do not require independent-source assumption either because the relevant

part supy, co, |G (04, s", PR, — G5 (84, 89, PO 19)|| can be shown o0,(1) only using Al(c) and A9.
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and Ey, [J 2 ijl(z;-im)z Eex, [£5(09, 8%, P°)| X 1]]. Since the conditional variance of &; is bounded in (1) by some con-
stant M > 0 or Egx, [€7(8°, 8%, P°)| X1] < M with probability one, we have J > Z 4 ) Eex, [€3(09,8°, PO)| X 1] <
(1/.])(2] ((28)?/J)M. We know that Zj: (2§n)?/J is Op(1) and uniformly integrable by A4(a). Uniform inte-
grability guarantees that the order of magnitude does not change after taking expectation, and this enable us to claim
Ex, [Y27, (26)?/J] = O(1). Hence Vi, e[J 7" 327, 2,€5(05, 8%, P°)] = B, [J72 327 (26h)? Eeps, [€5(69, °, P*) | X 1]
< (M/J)Ex, [ZJ 1 ( 25)%/J] = (M/J) - O(1) — 0 as J — oo. Bernoulli’s weak law of large numbers en-
sures that the m-th element of G%(8Y,s°, P°) converges to 0 in probability, i.e., lims_.o Pr[|[{G%(8Y,s°, P*)}.n| >
] = limy oo Pr| 00, 2065 (605,8% PO) /] > €] < limyoe Vi ¢[ 57 20&5(8% 8%, P°)/J] /€% < litm e (M/J) -
O(1)/€* = 0. Thus [|G4%(8%,s°, P°)|| = 0,(1). Similarly, we can show that the supply side moments G(8°, s°, P%)
converge t0 By, »[G%(8°%, 5%, P®)] = 0 in probability by (6) and A4(b).
We denote the element of the additional moments G5 (64, s, P,7n) corresponding to consumer’s demograph-
ics d and discriminating attribute ¢ as {G% (04, s, P,n)}aq. By the definition of nJ, in (13), the expectation of

{G%.1(03,8° P° n°)}aq is zero, while the variance can be rewritten as follows.

VH{GS7(6%. 5%, P°.n°)}al

= Ex,g [VV\X,& I:{Gj.},T(egaSO7POvnO)}d7(1]]

2
/{z aj<X,s(03,so,P°>,02,P°)}

(1/T) Exe [wa,s [(u;’;S)Q] /{Zjegq aj(x,g(eg,SO,PO),eg,PO)}T — (1/T) Bxe [(ngq)ﬂ

2
{u:ss > atj<x7g<es,so,P%,w;eg)}

J€Qq

o]

= 1E E
- b= v|x,§

IN

where we abbreviate the vector (X, £(09, s, P%)) in the conditional expectation for notational simplicity. Assump-

tion A8 guarantees that Ex¢[1/{> 0;(X,€(609,5°, P%),09, P*)}?] = O(1). Since the support of consumer’s

JE€Qq

demographics distribution is assumed bounded, its second moment is finite, i.e., El,‘xyg[(ytoé’s) |X,£(09,s°, PY)] =

E.[(12%%)?] < M for some constant M < co. Moreover, we assume Ex.¢ {(ngq)Q] = O(1). Therefore, the variance
of the additional moment is V[{GY9 (09, %, P°,n°)}a,q) < (1/7) Ex,ﬁ[M/{Zjqu 0;(X,€(09,s°, P%),09, P%)}?] —
(1/T) Ex,e[(n9,)?] < O(1/T)4+0(1/T) = o(1). Thus the Bernoulli’s law of large number ensures that G (63, s°, P°, n°) =

op(1) as T — oo (and hence J — 00).

(1-i-b)

For every (¢,0) > (0,0) and any positive function of §, C'(d), the following relationship holds in general.

0¢ Ny (9)

(B'l) { inf HGJ,T(GaSO7POa770) - GJVT(BO,SOaPOJ/]O)H > C((S)}
- { inf ||G7(6,5% P°,n")||+|Gsr(6° 8%, P°,n")| 20(5)}

0 & Noo(9)

c {er\lfd 1G.0(8, 5%, P°, ") > C(6) 2} o{llGar @8, P "))l = £}
Taking probabilities and rearranging both sides of (B.1) give

(B.2) Pr{ inf [|Gsr(8,8°, P°,n°)|| > C(8) — ;]
6 & Noo(9)
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> Pr| inf ||Gsr(0,8°, P’ n°) —G,r(0°,s°, P°,n°)| > 0(5)} —Pr [|\GJ,T(9O»SO7PO,TIO)H > % .

0¢ Ny (9)

For the second term on the right hand side of (B.2), since G, r(8°,s°, P°,n°) = 0,(1), for any € > 0, there exist
Ji(€) and T1i(€) such that when J > J; and T > T

(B.3) Pr [|‘GJ7T(00,SO7 P°,n%)| > 6/2] <e€/2.
From assumption A5, for the € and for any § > 0, there exist C2(6) and Ja(e,d) such that when J > Jo

Pr[ int [|G(0,s°, P°) — G (6°,s°, PO)||? < 02(5)} <

0¢ Ny (5)

€
5"
Thus, when J > J2, we have

Pr { inf ||G;r(0,8°,P°,n°) —G;r(6°,s°, P’ n°)|* < 02(5)]

0¢ Nyo(s)

Pr| inf {1G(8,5", P") = Gs(6% ", PO)|” + IG5 (6, 5", P,n") = Gl (67, 8°, PO 7} < Ca(0)]

08 Ny

IA

Pr { int [|G(0,s°, P°) — G,(6°,s°, P°)||* < 02(5)} < /2.

0 ¢ Nyo(s)

Therefore, by setting C(§) = C2(d 1/2, for the first term on the right hand side of (B.2), we have
Y g

(B.4) Pr Lgir\;f@ 1Gs7(0,5°, P°,n°) — G,r(0° s, P°,n°)| > 0(5)] >1- %
By substituting (B.3) and (B.4) for (B.2), for J > max(J1, J2) and T > T1,
Pr| inf [|Gyr(8,8°, P° )| >C(6)—¢/2| >1—S—S=1—¢
0 Now (0) 2 2

Then we have limsup ; r Pr [infeg,\«m,@ [|G,7(8,8° P°,n%)|| > C™ (e, 6)} > 1— € for C*(¢,0) = C(6) — €/2 and hence
(1-i-b) is shown.

Proof of (1-ii)

We will show sup Gyr(0,s", P nN)-G;(0,s°, P° n°)|| = 0,(1). From the definitions of G ;r(8,s", P% n™)
6cO ) p

and Gr(0,s°, P°,n°), we have

sup |G (8, 8", P™) — G,(0,s°, PY)|)?

0O
< sup [|J ' Z0{&(Ba, ", PT) — £(04,8°, PO)}* + sup ||J T Z{w(6, 5", PT) — w(0,5°, P°)}||?
04€0 6coe
+ sup ||G3,T(9dasn7PR7nN) _GZ,T(edasowpoano)H
0,€0,4
< JYZ4Zal| x sup J[E(Oa, 8", PT) — €(04,8°, PP + T | ZLZ|| x sup T ||w(O, 8", PT) — w(8,s°, PO)|)?
04€04 0coe

+ sup ||G3,T(0d7sn7PR7nN) - G;,T(edysoapovno)u

04€04
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where the terms ||ZZ4||/J and || Z.Z.||/J are respectively O,(1) by assumptions A4(a) and A4(b). Thus it remains

to show that

(B.5) sup J[[€(84, 8", PT) — £(B4,8°, P7)||* = 0,(1),
04€0,4

(B.6) sup J71||w(0, s", PR) —w(0, s°, PO)||2 = o0p(1),
0€O

(B7) qug ||G?I,T(9dvsn7PR7nN) - G?,T(O(h 307P07770)H = Op(l)'
a€0Oq

Since the demand side condition (B.5) is established in BLP (2004) by A3 and A6, we will work on (B.6) and (B.7).

Proof of (B.6)

The Glivenko-Cantelli theorem gives Pr[P® ¢ Npo(8)] — 0 for § > 0 as R — co. With (B.5) already established, we
have Pr[(£(64,s", P¥), P*) € N¢o(64;0) x Npo(8)] — 1 for given § > 0. Thus assumption A7 guarantees that the

differences in the profit margin behave uniformly over 84 € ©4 as

(B.8) sup J 2 ||my(£(04, 8", PR), 04, PT) — my(£(8a, 8°, P°), 04, P°)|| = 0,(1).

0,€0,4

Since ¢(-) is assumed finite for all realizable values of cost, we derive (B.6) by using (B.8) in the following inequality

with the definition of w;(8, s, P) in (7).

sup J ' [lw(8, s, PT) — w(8,s°, PO)||?

6cO
J 2
= sup TS Loy — o, (€65, P00, P™) = glp; — o, (€(6a 5", P), 04, P }
04€04 =
J 2
= esug J! [g(pj _ng){mgj(g(od73n>PR)?9d7PR) _mgj(£(0d7307p0)70d7po)}:|
dE€EOy -
J=1

J 2
S sup  sup ‘g(pj 7m7§])‘2 © sup Jflz{mgj(g(edasn7PR)?0daPR) 7m9j(£(0d7807po)70dypo)}
j=1

0404 1<5<J 04€04

= Sup  sup ‘g(pj _ng)‘Q © sup J_1||m9(£(0dvsnvPR)vodva) _mg(&(edasovpo)vodvpo)HQ
04€04 1<5<J 04€Og

= op(1)

where Ty ; are between my;(£(0a, 8™, P™),04, P%) and myg ;(€(0a, s% P%), 8,4, P°). We should note that the difference
between w(0, s™, PR) and w(6, s, PO) includes only the demand side parameters 84 because of the linear dependence

of w(B, s, P) on the supply side parameters 8. as seen in (7).

Proof of (B.7)

We show (B.7) as follows.

sup ||G3,T(0d>sn7PR7nN) - G;,T(0d7so7po7n0)||
04€0,4

= sup gV T ' v @4, (€(0a, ", PT), 04, PR), 04, PT)
0,€04

—m° =T v @4, (€(0a, 8%, P°), 04, P°), 04, P°)} ]
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< IIWN*nOHJresug || 77" S0, vt @ {1,(£(Oa, s, PT), 04, PT) — 1,(£(0a, 5°, P°), 84, PO)}||
d€O9y

= ||ann°\|+9sug T7H|(v) (T (€(0a, ™, PT), 04, PT) — B(£(04,8°, P°), 04, PO)}|]
d€O9y

< AN =)+ TV 5up T~V ®(&(Oa, 8", P7), 04, P7) — ©(£(84,s°, P°), 04, P°)|,
d€Oq

= OP(N71/2) + Op(1) - 0p(1) = 0p(1)

where W (£,04, P) = (1,(£,04, P), ..., (&, 04, P)) and v°% = (1%, ... 0%, In the last equality above, ||n" —
n°|| = Op(N~/2) comes from Al(c), and T~/2||v°"*|| = O, (1) is because the observed consumer demographics v/¢%*
are assumed bounded. The 0,(1) term follows from the next inequality with assumption A9:

Pr {sup T2 % (&(0a, 8™, P"), 04, PT) — W (£(84, 5% P°), 04, PO)|| > 6]

04 € O4

< Pr[sup sup T 2| (€, 04, P) — W(£(Ba, 8%, P°), 04, PO)|| > 6

04 € Ou (€. P) € Neogoyis) ¥ Nipogs)

+Pr[é(84, 8", PT) & Neo(o,s6)] + Pr[P" ¢ Npo(s))

— 0.

Derivation of (26), (27), and (28)

Using the Taylor series approximation of o (&, 04, P) up to the first order, BLP (2004) showed

(B.9) £(04,s", P —£(04,5°, P = H ' (£,04P%)e,

(B.10) £(0a4,8°, P") —£(04,8°,P°) = —H '(£604,P")e"(8a).

These expressions allow us to derive the demand side moments G%(84, 8™, P™) in (26). The cost side derivation is
performed using the demand side unobservables. Since g(-) is assumed to be continuously differentiable, the j-th

element of w(@, s, P?) — w(8, s°, PT) can be written by the mean value theorem as

wj(07sn7PR) _wj(97SO7PR) = g(pj _mgj(£(0d7sn7PR)79d,PR)) _g(pj —mgj(£(0d7807PR)70d7PR))
8m9j(é70daPR)

a£/ {6(9117 Snsz) - 6(0117 Sova)}'

= —4(p; —my,(€ 04, P)
Substituting (B.9) for the above equations obtains the vector form expression
(B.11) w(8,s", P™) —w(6,s°, P*) = ~L(€,04, P")M(£,04, P")H " (€,0a, P™)€".

Similarly, we rewrite w(8, s°, P) — w(8, s°, P°) using (B.10) as follows.

(B'12) w(G,sO,PR) 7“"(9’807130) = g(pfm9(£(0d7807PR)59d5PR)) ,g(p,mg(£(0d7807P0)70d7P0))

g(p— m9(£(0d7307P0)79d7PR)) _g(p_mg(g(ed,s°7p°),0d,p0))

+L(§,04, P*)M(,8a, P*)H ' (£,8a, P™)e"(84).

These calculations in (B.11) and (B.12) lead us to the cost side moments G¢(8, s™, P®) in (27).
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The additional moments G 1 (84, 8", P, ™) is rewritten as follows.

(B.13) G51(84,8", P, n™)
= G?},T(eth 307 PO7 770) + {G.L},T(ed> Sn7 PR7 "7N) - Gfl]vT(gch sO’ PR’ 'r]N)}

+{CY‘?},T(GCly 807 PR7 "IN) - G?},T(oda 807 PO? "7N)} + {G?},T(adv SOa P07 "7N) - G?},T(edy 807 P07 170)}
Using (B.9) we express the second term on the right hand side of (B.13) as follows.

(B14) G?,T(edﬂsn?PR?nN) - Gt},T(edasO7PR7nN)

T T
1 o0s n oo0s L L
= 0" =5 ) V" @$,((0a, 8" PT). 04, PT) { Z " @, (€ ed,s°,PR),ed,PR)}
t=1 =1
1 T
= =72 V" @ {¥.(604,", P), 04, P") = ¢,(£(84, 8", PY), 04, P}
t=1

T
— *%Z v @ Xi(¢", 04, PT)(€(Ba, ", PT) — £(64, 8", PT))

t=1
T
= Z v ® Yi(€',04, PTYH ' (€,04, P7)e".

’ﬂ \

Similarly, with (B.10), the third term in (B.13) is

(B15) GZ,T(elhso PR,"”IN) - G%T(0d7SO7P07nN)

T
_*Zyom(@wt 0d>s PR) 0d7PR { Z Obé@wt 0d1307P0)70d7P0)}

T
= DU e (4 (60 8", PR, 00, PR — 4, (€04, 8", 1), 00, P°))

t=1

_ Z obs o { (€(04,5°, P°), 04, PR) — o, (£(04, 8°, P°), 84, P°)

’ﬂ \

+X.(&, 04, PT)(&(8a, 8°, PT) — £(Ba, SO,PO))}
T
= Z g { (€(8a, 5", P°), 04, P™) — 4,(£(04,5°, P°), 84, P°)
~Y. (&% 64, PTYH (€, ed,PR)eR(0d>}.
The fourth term in (B.13) is
(B.16) G5r(04,8°, P’ n") — G5 1(0a,8", P',n°) =" —n°.

Substituting (B.14), (B.15) and (B.16) for (B.13) obtains (28).
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Proof of (2-i)

Suggested argument will be established by showing that for any §; — 0,

1 n 1
(B.17) sup  J2 [|G5(04) — G5(8a, 8" PT)[| = o0p(D),
[162 — Hf}H <1
l (&3 C n L
(B.18) sup  JZ[|G5(60) — G5(0,s", PH)|| = o,(1),
116 —6°| < éur
l a a n
(B.19) sup  T2(|G57(04) — G5 (8a,8", PT,0™)|| = op(1).

164 — 03]] < 811

Since (B.17) is shown in BLP (2004) under assumptions B5(a)(b), we focus on (B.18) and (B.19).

From (27) and (29), we know that

l (& C n
17315(0) - G50, 5", P
= H — J3Z LoMoHy  {€" — (%)}
T2 g0 — my (€(0 8", P).00, P) — g(p — my (60, 8°, P°), 00, P"))

_L(Z70daPR)M(Zv0d7PR)H_1(E79d>PR)€n +L(£7 9d>PR)M(£’ 0d7PR)H_1(§7 0d7PR)€R(0d):| H

IN

77222 [9(p — mo(6(00. 5" P"), 04, P™) = g(p — my (€0 8°, ). 00 P)] |

+\ ]J*%ZL{LoMoHal — L(€,04, P")M(E,04, P*)H ' (£,04, P")}e"

|7 2 LM 7(0%) - L& 60, PTM(E 00 PTHT (6,60, P 0]

We show the three terms on the right-hand side of the inequality above are respectively o,(1) within the d; 1

neighborhood of 89, We know the first term to be 0,(1) by B5(e). The second term is shown o0,(1) by using B5(c) as

-

‘Jﬁ%ZL{L(ghelbP)M(£179d7P)H71(€270d7p) 7L0M0H071}6n

follows.

J 2 Z {L(E,04, PP)M(E, 04, PPYH ' (€,04, PF) — LoMoH; ' }e"

Pr { sup

104 — 63]| < 657

‘>c

< Pr { sup sup
[10a = 0311 < 87 (€1,&2, P) € {Neo (03: 65,0)}* X Npo (1)

+Pr[(&,,. .., &) & {(Neo (0% 650)} ] + P&, ... &5) & {Neo (0% 65,0)}] + Pr[P™ & Npo(6s7)]

— 0.

Similarly, for the third term, we obtain by assumption B5(d)

Pr Y sequ ) J_%Z;{L(é, 04, PR)M(g, 0d7PR)H_1(§7 64, P")e"(04) — LoMngl}eR(Bg)}H > C}
= 03] < dsr - -
< Pr { sup sup ‘J*%Z’c
(164 = 63]] < 6s7 (€1,2, P) € {Neo(83; 85,7)}* X Npo (8..1)
{L(€,,04, PYM(&,, 04, PYH " (&,, 04, P)e"(04) — LOMOHgleR(eg)}H > c:|
+Pr (€, € ) & WNeo(0:05m)} ] +Pr (€, &)) & (Neo(8:65m)} ] + Pr[P™ & Npo (85,7)]
— 0.

Thus, we obtain (B.18).
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For the element of the additional moments G5 (04, s™, PE N ) which corresponds to consumer demographics d

and discriminating attribute ¢, we have

(B.20)

sup T% {gg,T(ed) - Gz,T(ech sn7 PR7 nN)}d,q

104 = 03]] < 657

T

% Z V;gs{d}tq(&(ed? '507 P0)7 04, PR) - wtq(g(edz 307 PO)’ 04, PO)}

t=1

= sup T2

104 — 03]] < 657

Zu;’;’s Y1 (€060, 8" P),0% PO H; €' — <" (6)

~Y1q.(€",04, PPYH " (€,04, P™)e" + Y. (£",04, PTYH ' (€, 04, PR)eR(Bw}

T

—1/22ud {Yu(€ ed,sO,P%,ew%—wtq<£<ed7sﬂ,P°>,ed,P°>}]

IN

sup
(164 — 631 < b,

+  sup 7712

lI6a — 63]| < d57

Ma

Vil [ i (6068, 5°, P), 00, P HG ' €" — Xuo (61,00, PYH T €,04, PT)e"

o
Il
—

+ sup T2

(162 = 03l < b7

M=

vig® [th'(s(efi, %, P°),05, PO)Hy ' €(09) — Y1q.(€", 04, PF)H (£, 04, PR)eR(ed)] ‘

-
Il
—

where Yq. is the gth row vector of Y. Thus, it is sufficient to show that the three terms on the right-hand side of

the inequality above are respectively op(1) or,

T
(B21)  sup (TN {uig(€ <0d7s°,P°),0d7PR>—wtq(ﬁ(ed,sO,PO),ed,PO)}‘=op(1),
162 = 62l < 8.z t=1
L _
(B22)  sup (TSl Y6064, s°,P°>,92,P°)H01e"—th.(s*,ed,P“)Hl(s,ed,PR>e"H—op(1),
104 — 6311 < 6o t=1
T
(B:23)  sup |TTE 0l i (€00, 8", P°), 00, PV HG €"(60) — Yo (6,00, PPVH ™ (€,64, P™)e" (0)| ’
1164 = 03] < 65,7 t=1
= 0p(1).

We obtain (B.21) as

T

TR v (g (€(8a,5", P7), 04, PT) — g (€(Ba, 8°, P°>7od,P°)}‘

t=1

sup
[16a = 63| < 6sr

sup
104 = 631| < 8sr

T 0 0 poy ., .
T1/2zyobs{ Zjegq 01 (£(04,8°, P°),vs; 04 ZjEQ 01 (£(04,5°, P°),v4;04) H
v

)
=1 ZjEQq Uj({(@d,SO,PO),ed, R) Z]EQ (E(edvso PO) Hd,PO)
)

T . 0
Tﬁl/szfgs ZjEQq GtJ(g(edaS P ) I/t,Bd
ZjEQq 0j(&(04,8%, P°),04, P°)

t=1

Yo, 10i(€(04,8°, P°), 04, P°) — 0j(£(Ba, s°, P°) ed,PR)}‘

= sup
104 — 09)| < s

Zjegq 0;(&(04,8°, P0),0,, PT)

., S0 {—<R(6.)}
—1/2 obs 0 0 0 JEQ
TR Y vid (600 8°, PY), 00 P') s~ o gy

t=1 J€Qq
Yjee, T (0a)
ZjEQq Uj(€(9d7807P0)70da PR)

sup
104 — 03| < 67

T
7! Zszgswtq(g(odvso?PO)?edvpo)

t=1

< sup
1164 — 65| < b1

sup
1164 — 65| < ds1
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sup
1162 — 03] < 6.2

sup
[16a — 64| < 617

sup
1164 — 61| < 657

sup
104 — 03] < 657

sup
|10 — 65| < Sz

op(1)

where we use assumption A8 for (>

the last equality above, we use a weak law of large number that ensures sup g, _ 091|<8.7 T v

*) Indq| =

|

sup
[|6a — 69| < 657

IN

INA

_thI' (£17 Oda PR)H71(£27 Oda PR)En:|

Pr [max|yffs| :
t

Pr lmax R
¢

T
T Vi (€84, 8%, P°), 04, P°)

t=1

S

—1 obs

vii g (€(0a, 8°, P°), 04, P°)

S

o

-

T

T viE i (€(0a,8°, P°), 04, P°)

-~
-

Vi g (€(8a, 8°, P°), 84, P°)

M=

T71

t=1

TN vl g (€(84, 8°, P°), 04, P°)

M=

o
Il
-

JEQq

-3 ZVObS |:th (02, SO, PO)7 027 PO)Halen _ th-(£T7 0d7 PR)

M'ﬂ

sup T 2

[|6a — 69| < 657

t=1

sup
[16a — 09| < a7 (61,2,

sup

P) € {Neo (03 80,0)127 x Npo (6,7

sup
1162 — 0311 < 6.7

sup
164 — 64| < 657

sup
162 = 03| < 6.z

sup
104 — 04l < 817

-0p(1)

s9)7! = Op(1) and assumption B5(h) for >

Oyp(1) where g, = Op(1). For (B.22), we have

|:th (5(027 307 Po)v 927 PO)Halen - qu'(gTv 9d7 PR)H7

7

t

M’ﬂ

> jea, T2 (64)
Y e, 104(€(00,8°. P). 04, PO) + c'(0)}
Ejeg T'?¢f(64)

Z]EQQ .7+Z_7€Q
—1
(Ziea, ) Tyeo, T2 00)

1+ <Zj€Qq 39) T3 o,

O,(1) - 0,(1)
14 Op(1) - T-1/2

ef(64)

T1/2eR(0,)

op(1)

Tl/QeR(Gd) = o0p(1). For

¢tQ(£(0da 80, PO)? Bda PO)|

1(57 edv PR)ETL:|

JEQq

Hil(g7 Odv PR)En:|

[th (€(60, s°, P°), 89, PO)H; Le"

+Pr[e" & {Neo(03;051)} ] + Pr[€ & {Neo (09 6.5.7)} ] + Pr[PT & Npo(3s.1))]

o(1)

where we use assumption B5(f) and max; [v75°| < M(constant) as well as the facts Pr[¢! & {Neo(0%;6,,7)}] —

Pr(€ & {Neo(0%;64,7)}] — 0, and Pr[P* & Npo(ds,r)] — 0. We also obtain (B.23) by the argument similar to the

argument for (B.22) with assumption B5(g).

Proof of (2-ii)

To show that the asymptotic normality of the estimator @ that minimizes the norm of G ;1 (), we use a version of

Theorem 3.3 in Pakes and Pollard (1989), which gives asymptotic normality to the estimator indexed by two distinct

indices. From the theorem, if we can show the following five conditions,

(i) 1161 (O)l = 0p(J

(ii) E[Gs7(0)] is differentiable at 8° with a derivative matrix I'jr = (T,

“3) 4 0, (T %) + infs ||G 1 (0)]];

to (T, T%) as J, T — oo;
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(iii) for every sequence {d;r} of positive numbers that converges to zero as J,T goes to infinity,

(a) su Hg](e) — E[g](e)] — gJ(eo)H _ Op(l)'
10-6011<5,r J~2 + (|G (0)]| + || E[G(6)]]] ’
195, (6a) — BIGS.1 ()] ~ G50 (0D _ )

(b)
104-001<6,0 T2 +[|G%7(8a)|| + | EIGS +(84)]]]
(iv)
J2G,(6°) y o 2
. ~ N |0, ;
T2G57(69) o e

(v) 6°is an interior point of O,

(vi) The size indices T and J go to infinity so as to J/T — ¢ > 0,

then, we have J/26 % N(0,V) where V = (I'T' 4+ T¥T?) "1 (IV®T + 2¢/2T1V® 1T + ' ®°T*)(I'T 4+ 0'T*) L.
Our estimator satisfies (i) by definition. Since the three random variables €;;, €}, and ef in G;7(0) have

respectively zero means given the set of product characteristics (X, £(8Y, s°, P°)), we have E[Gsr(0,s°, P°,n%)] =

E[G s 7(0)]. Thus condition (ii) follows from assumption B2. The condition (iii)(a) can be shown as follows.

o 1165(0) ~EIG.(0)] — 6,6
10—l <osr T3 + [1Gs(8)|| + || E[Gs(0)]]]
< sup  JZ|G,(0) —E[G,(0)] — G, (0%

I VT
< s T31G%4(04) — EIG4(04)] — G4(0%)]] + sup J||G5(8) — E[G5(8)] — G5(6°)]]
|60 — 091 < b1 116 —6°)| < éur

= op(1) +0p(1) = 0p(1)

where supjjg, 0)1<s, 5 /#11G%(6a) — EIG3(84)] — GHON| = 0,(1) and supjy_go <5, T2 [165(6) — EIG5(8)] ~

G5(0%)|| = 0p(1) come respectively from B3(a) and (b). For condition (iii)(b), we have

1G5.+(84) — EIGS7(04)] — G4 1(0%)]]
sup T
-t <5 T3 +|G% 1(84)|| + | EIGS.+ (0]l
< sup  T7|GY7(8a) — E[GY7(84)] — G4 (69)]]

(164 — 6311 < 6.1
T
1| ~a 1 obs .
= sup  THIGSr(04,8" Pn") - 1 ) v @ YH " — (0D} + " —
(164 — 631 < 617 —

T
a 1 obs — n
—E[G5r(04, 8", P, ") + 7 Y E [vi" @ YV H {e" — "(60)}] — Eln"™ —n']

t=1

el

T
a 1 oo0s - n
—GJ,T(027307 P’ n’) + T Zth ® Y Hy ' {e" - e"(00)} —n" —n"
t=1

1
= sup T2 G%,T(edv sovpovno) - E[GZ,T(0d7 307P07"70)] - ?T,T(e(c)lv 307P07"70)

[|6a — 03]] < 6.1

= op(1)
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from assumption B3(c). Assumption Bl guarantees condition (v). Let us show (iv). Given the expression in (30), or

1 1
J2G (0 J2G(0,s°, P°
s(0) = o ) +ZY]11+ ZY71r+ Z

T3G% 1 (04) TGS 1(04,5°, P°n°) ) =1 i=1\ Thef /N
= Tyra+Tire+Tirs+Tira,

we need to show each of Ty 1.1, T 51,2, T 57,3 and T ;1,4 converges to the multivariate normal. Notice that since these
four terms are conditionally independent given (X, £(89, s°, P°)) and thus mutually uncorrelated, the Cramér-Wold
device will ensures that the sum of them also converges to the multivariate normal.

The first term T j7,1: Given the set of product characteristics (X, £€(09, s°, P°)), the demand and supply components
(29€;(69, 8%, P°), 25w;(6°, 8%, P°)) in T j 1,1 are independent across j while the components of the additional moments
(M° — v @p,(£(0Y, s°, P°), 89, P°) are independent across t. Therefore when we apply the Lyapunov’s central limit
theorem to b'T ;1 1, we have to take into account two sampling processes indexed by j and ¢ simultaneously. Write

W) =, (£(09,5°, PY),89, P). The Lyapunov condition is satisfied for this term because
245
) —1/2 d{](e SO,PO)
lim V[B'Tyra] %2 N B 6| 771220009 0, PO)

I GH=(1,1)
7,t)=(1, .
T*l/Q(n _ V;)ba ®,¢‘t)

246
) T1%2¢;(05, 8%, PY)

. ’ —(2468) /2 11/ 12+5 _ c
JJim {6/ VIT )b} B B szjwj(eo,so,PO)

(G:H)=(1,1) _ ohs
T=12(n° — v @ 4

IN

(616}~ HO2) 240 g = ¢

for some § > 0 by assumptions B4(a) and B4(e). Thus we obtain {V[b'Ts7.1]} */?6'T ;71 ~> N(0,1) which is
equivalent to T 1,1 A N(0,®y).
The second term T'yr: Abbreviate Y9, = Y 1.:(£(0%, s°, P°),0% P°). Given (X,£&(03,s% P°), {v*},),

Y%)T’i has zero mean and conditionally independent across . The Lyapunov condition for this term is

Jim (VT 2]} ”*WZE 'Y i)

=1

IN

hm {V[b TJT2]} (2+6)/2||b ||2+6 ZE ||Y]TZ||2+5] _ {b/¢2b}—(2+5)/2||b/||2+6 .0
=1

= 0

for some § > 0 using assumptions B4(b) and B4(f). Thus we obtain {V[b'T jr2]} " Y/?6'T ;72 % N(0,1) which is
equivalent to T s7.2 ~ N (0, ®3).

The third term T ;13 requires us to increase the number R of simulation draws. Using B4(c) and B4(g), we obtain
T 73~ N(0,®3) from the argument similar to the argument for the second term.

The fourth term T ;74 has only the components for the additional moments. Given (X, £(89,s°, P°)), ef has zero
mean and conditionally independent across i’. Using B4(d) and B4(h), applying the Lyapunov central limit theorem

to these components lead to T' ;7.4 ~> N(0,diag(0, ®%)).

49



Since all of the four terms in (30) converge to the normal, their sum also converges to the normal where the

asymptotic variance-covariance matrix is ®1 + ®5 + ®3 + diag(0, 1).
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