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Abstract

This paper presents a theory of the cross-sectional fertility differential, which produces
the negative wage-fertility relationship based on jobs’ heterogeneity. Compared to the ex-
isting literature, the theory not only captures the realistic situation where productivity and
working conditions differ across jobs, but also requires only standard conditions on pref-
erences to generate the negative relationship. Moreover, the result is robust to changes
in economic environments (e.g., public policy and technology). The theory reconciles the
negative cross-sectional wage-fertility relationship with various time-series variation in the
aggregate fertility. Furthermore, this study adds an important viewpoint to the empirical

literature.
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1 Introduction

This paper presents a tractable theory of the cross-sectional fertility differential, which produces
the negative relationship between wages and fertility based on the heterogeneity of job produc-
tivity. Since the seminal work of Gary Becker (Becker, 1960), a large number of studies have
developed fertility theories by using microeconomic techniques. This paper introduces new in-
sights into the literature. In contrast to the existing literature, which focuses on heterogeneity of
the individual ability, we focus on heterogeneity of job (or firm) productivifio introduce the
jobs’ heterogeneity, we construct a labor market model where firms offer jobs specifying wages
and working hours, individuals apply to preferable jobs, and one job and one individual form a
production unit. This is in contrast with the rest of the literature, which conventionally assumes
that individuals facing given per-time wages (or given wages per unit of human capital) allocate
their time between labor supply and child-rearing. In our model, the cross-sectional fertility
differential arises as an equilibrium outcome in the competitive labor market, where jobs with
different productivity levels offer different labor contraét€ompared to existing theories, our
theory captures the realistic situation where productivity and working conditions differ across
jobs and obtains the result that fertility negatively correlates with wages under moderate restric-
tions on preferences. Moreover, the result is robust to changes in economic environments (e.g.,
public policy and technology).

A widespread finding in the economics of fertility is the negative cross-sectional relation-
ship between wages and fertility: wealthier parents tend to have fewer childidiarge part
of theoretical literature has attempted to explain this negative relationship without assuming

that children are an inferior good. The assumption commonly used in the literature is that the

LJones, Schoonbroodt and Tertilt (2011) provide an excellent overview of existing theories in the literature.

2Since the structure of our model considerably differs from that employed by other studies, one may argue that
the results obtained in this paper are attributable to the special structure, but it is incorrect. The structure is just an
assumption for introducing jobs’ heterogeneity. It is the introduction of jobs’ heterogeneity that departs our results
from those obtained in the literature so far. See Section 5 for details.

3The negative relationship between wages and fertility is widespread across time and regions, but some excep-
tional findings are reported. See Section 5 for details.



cost of children is largely parents’ time, and because of this, parents with higher wages face a
higher price of children. On the other hand, parents with higher wages have more wealth. The
usual substitution and wealth effects coexist: if the substitution effect dominates the wealth ef-
fect, wealthier parents have fewer children, and vice versa. Thus, the literature conventionally
imposes restrictive assumptions on preferences that diminish the wealth effect relative to the
substitution effect in order to explain the negative effect of wages on fertility. Alternatively, not

a few studies in the literature add the parental choice on child’s quality to derive the negative
relationship: wealthier parents want more quality and thus less quantity. Adding the quality
choice by itself, however, does not generate the negative relationship, and additional restrictive
assumptions on preferences and/or the child-quality production function are needed (see, for
instance, Becker and Tomes (1976) and Moav (2005)).

By using the US data on 30 birth cohorts between 1830 and 1960, Jones and Tertilt (2008)
find that the negative cross-sectional relationship has been surprisingly stable. Over the same
period, technological progress has led to a rise in real wages, the educational level of the pop-
ulation has risen, the government has conducted various policies (e.g., tax reform, education
reform, and social-security reform), and there has been a long secular decline in the average
fertility rate, interrupted by a temporary rise (i.e., a baby boom). In other words, in the last
two centuries of the United States, the cross-sectional relationship between wages and fertil-
ity remained negative despite considerable changes in economic environments and time-series
variations in the aggregate fertility. However, with few exceptions, the negative relationship
derived from existing theories are not robust to changes in assumptions, for example, changes
in the form of preferences, the form of education function, and the type and the size of policy
variables. This paper is intended to construct a model in which the negative cross-sectional re-
lationship is produced without imposing restrictive assumptions on preferences and is robust to
changes in economic environments.

The only crucial assumption in our model is that it takes time to raise children. Individuals

prefer higher consumption (i.e., higher wages) and higher fertility. By the assumption that child



rearing takes time, longer working hours mean lower fertility. Thus, to induce individuals to
work longer hours, firms must pay higher wages to compensate lower fertility. Firms are faced
with this tradeoff in offering labor contracts, and firms with higher-productivity job want their
employees to work longer hours even if they must pay higher rewards because those jobs can
produce the larger quantity of output per unit time. In contrast to the conventional fertility
model based on individuals’ heterogeneity, our model does not entail welfare differential among
individuals because individuals with different wages merely choose different contracts on the
same indifference curve: there is only the substitution effect, not the wealth effect. Therefore,
our model needs no restriction on the relative size between the substitution and wealth effects to
generate the negative cross-sectional wage-fertility relationship.

Jones, Schoonbroodt and Tertilt (2011) share with us the motivation to produce a robust
negative cross-sectional relationship between wages and fertility, and they present a prospec-
tive theory. In contrast with our theory, which focuses on the heterogeneity of job productivity,
theirs sheds light on the heterogeneity of individual preferences. They attribute the negative
relationship to unobserved heterogeneity in parental preferences for fertility. Persons who have
a preference for children receive less education in anticipation of having more children and sup-
plying less labor to the market in the future, and as a result, they actually earn lower wages and
have more childrefi.The causality is opposite to the conventional fertility theory, from fertility
to parental wages. The negative relationship derived from their theory is quite robust to changes
in the form of preferences: it does not depend on specific functional forms or parameter restric-
tions. Our theory is as robust as theirs with respect to changes in the form of preferences. An
advantage of our theory is that we do not even need to introduce education into the model. Even
in the United States, in the 19th century, there was limited scope for human capital investments
based on one’s own choice, but the negative relationship was observed (Jones and Tertilt, 2008).

Our theory is applied to the economy where the free choice of employment is guaranteed, even

4Kimura and Yasui (2007) also introduce parents’ own educational choice to derive the cross-sectional negative
wage-fertility relationship. In Kimura and Yasui (2007), the source of education differential is not taste heterogeneity,
but the arbitrage between becoming skilled or remaining unskilled.
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if the education system is underdeveloped there.

Mookherjee, Prina and Ray (2012) have a similar motivation. They try to produce a robust
negative cross-sectional relationship between wages and fertility based on a dynamic general
equilibrium approach. In their model, choice between skilled and unskilled occupations by par-
ents plays an essential role in producing the negative relatioRsfipeir breakthrough is to
restrict individuals’ fertility behavior by using the steady-state condition of the dynamic general
equilibrium, not imposing restrictions on preferences itself. Based on the dynamic general equi-
librium model, however, they inevitably rely on the specification of preferences to some degree:
although they impose no restriction on the elasticity of substitution between consumption and
fertility, they impose a restrictive assumption on the elasticity of substitution between fertility
and child quality?

There has been a recent increase in economic theories endogenizing fertility ‘Cl@rnee.
broader aim of this paper is to offer an “off-the-shelf” fertility model used as one of the building
blocks in applied theories. In addition to the tractability, our theory has a useful characteris-
tic as a building block: it can reconcile the negative cross-sectional wage-fertility relationship
with various time-series variation in the aggregate fertility. Based on our model, the driving
force behind the aggregate fertility variation across time can be separated from that behind the
cross-sectional fertility differential. It is possible, for instance, that the dominant wealth effect
associated with changes in overall productivity and public policy raises the aggregate fertility
whereas the cross-sectional relationship remains negative. Especially in the macroeconomics

literature, the impacts of various policy changes are analyzed (e.g., Greenwood, Guner and

SDoepke (2004) uses a similar mechanism. The result of Mookherjee, Prina and Ray (2012) is a generalization
of Doepke (2004) to the case in which restrictions on preferences concerning the relative magnitude of wealth and
substitution effects are relaxed.

6Another merit of the theory of Mookherjee, Prina and Ray (2012) is that it can explain the widespread negative
correlation between wages and fertility, while allowing for exceptions that arise within occupations. Our theory also
presents a new insight on this point. See Section 5 for details.

"For instance, there are studies on the demographic transition and the long-run growth (e.g., Galor and Weil
(1996), Galor and Weil (2000), Galor and Moav (2002), and Hansen and Prescott (2002)), those on the international
differences in fertility (e.g., Adsera (2004) and Manuelli and Seshadri (2009)), and those on the baby boom following
World War Il (e.g., Greenwood, Seshadri and Vandenbroucke (2005), Doepke, Hazan and Maoz (2007), Jones and
Schoonbroodt (2010), and Kimura and Yasui (2010)).



Knowles (2003), Boldrin, De Nardi and Jones (2005), Zhao (2009), Erosa, Fuster and Restuccia
(2010)). In such studies, a careful decision about which one to use as a building block is needed
because for the results to be consistent with data, at least on the last two centuries of the United
States, the negative wage-fertility relationship must be preserved in response to various policy
changes. Our theory satisfies this criterion as a building block: without imposing restrictive
assumptions on preferences, various types of policies can be introduced and their sizes can be
changed flexibly.

The remainder of this paper is organized as follows. Section 2 presents the basic model and
conducts some comparative-static analyses. Section 3 provides an example, where functional
forms are specified and a closed-form solution is derived. Section 4 extends the model to include
guantity-quality tradeoff and market childcare. In Section 5, we discuss the relationship between

the conventional fertility theory and our theory. Section 6 concludes this paper.

2 Model

2.1 Structure

Individuals The economy is populated by a continuum of meadliod ex ante homogeneous
individuals. All individuals are assumed to have the same strictly increasing, strictly quasi-
concave, twice continuously differentiable utility functian,c) over the number of children,

n, and consumptior;. We omit leisure from the model for simplification, but the introduction

of leisure does not undermine our advantage in the robustness of the negative wage-fertility
relationship over existing theories (see Footnote 10 for details) The indifference curve in the

(n,c) plane corresponding to utility level can be written as

c=WYy (n)> (1)



which satisfies

6\PU (I’I) dZ‘PU (n) 0‘-PU (I’\)
an <0, oz >0, andT > 0.

Throughout this paper, functions and variables with the subsdiptépresent those associated
with the utility levelU. We further add an Inada-type condition to guarantee that all the time
available is not devoted to work:

¥y (n)

im ———= -
n—0 on

This assumption is only for simplification, not essential to the model. These are all the restric-
tions imposed on preferences to derive the negative cross-sectional wage-fertility relationship.
We impose no further restriction on the curvature of utility function, as well as the elasticity of
substitution between fertility and consumption.

The total time endowment of an individual is normalized.t¢’roducing a child takes> 0
units of time. We let € [0,1] andw > 0 denote the time spent working and the labor income,

respectively. The time constraint and the budget constraint are respectively given by

m+l=1 (2)

and

(1+t)c=(1—ty)W+0+sn, (3)

wheret. > 0, ty € [0,1), s, > 0, and @ > 0 are the consumption tax rate, the labor-income
tax rate, the child-rearing subsidy, and the non-labor income, respectively. To demonstrate the
robustness of our theory, we include various variables, some of which are often omitted in the
literature. It should be especially noted that a negative child-rearing subsidy is the same as the
goods costs of childcare for parents. As will become apparent, our main result (Proposition 1)
does not depend on the value f whether positive or negative, implying that our theory is

robust to the inclusion of goods costs of childcére.

8A negative non-labor income is the same as a lump-sum tax for parents. The valuavbkther positive



Jobs There is alarge pool of prospective entrants into the market. Prior to entry, firms are iden-
tical. To open a vacant job, firms must incur an initial investment gastO, which is thereafter
sunk. Vacant jobs then draw their productivity parametédrom a common distributiof (-).

Itis assumed that the supportff-) is R, and that~ (-) is strictly increasing and twice contin-
uously differentiable. One job and one individual form a production unit. When an individual
works in a job with productivitya, the match produces units of good per unit time. If a job

with productivity a hires a worker on the condition that working hour$ &d compensation is

w, the (after-tax) profit is

M(a)=(1-tn)(al—w), (4)

wheretn € [0,1) is the corporate-profit tax rate. Note that after the entry, the initial investment

cost was sunR.

Labor market Individuals and vacancies come together in the competitive labor market: each
vacancy offers a contract specifying working holirgnd compensatiom, and each individual

freely applies to a vacancy to work. There are no frictions in the matching process.

Timing of events The timing of events is as follows.

1. Each firm decides whether or not to open a vacancy with a fixedkcost
2. All vacancies draw their productivity from a common distributiof (-).

3. Each vacancy offers a contract specifying working holyrend compensatiorw, and

each individual observes all posted contracts and decides on which of these to apply freely.

or negative, does not affect our main result (Proposition 1), implying that our theory is robust with respect to the
inclusion of lump-sum tax. Furthermore, we assume the linear child-rearing mgshut we do not need this
assumption to derive the main result, which does not depend on whether child production is decreasing, increasing,
or constant returns to scale.

%In reality, investment cost is at least partially deductible in many countries. Even if we assume that investment
spending is tax deductible, our results do not change qualitatively except for the comparative-static analysis on the
corporate-profit tax rate.



4. All matches implement their contracts. Individuals work a promised schedule and pro-
duction takes place. Firms pay promised earnings to employees. Further, each individual

raises children during out-of-work hours.

2.2 Competitive equilibrium

In this subsection, we derive a competitive equilibrium of this economy. An allocation is a tuple
{a, {(w(o)}g_g {1(@)}goa: U, {N(a)}4_a: P, M}, wherea is the threshold productivity
below which jobs do not operate(a) is compensation in jobs with productivity, | (a) is
working hours in jobs with productivitgr, U is the individuals’ utility level,[1 (a) is the profit

of jobs with productivitya, p is the proportion of individuals employed, aMlis the measure

of entrants. We now define a competitive equilibrium.

Definition 1. A competitive equilibrium iga*, {w* () }5_q-, {1* (@) }q_g+» U%,

{N*(a)}g—g+» P, M*}, which satisfies the following conditions.

1. All individuals optimally choose their jobs (or not to be employed) and have the same

utility level.

2. Each job chooses working hours and compensation (or not to post any labor contract) to

maximize the profit.

3. The labor market clears: the measure of employed individuals is equal to the measure of

active jobs.

4. Firms freely open vacancies: firms continue to open vacancies until the expected profit is

driven to the initial investment cost.

We solve the model in two steps. In the first step, given the utility level of individuals,
we derive the equilibrium allocatiofa, {w(a)}g_g, {1 (a)}q_g, {M(a)} 45—y} as a function

of U. In the second step, given the result of the first step, we derive the equilibrium allocation



{U, p, M} by using the labor-market clearing and free-entry conditions. Then, combining them,

we arrive at the competitive equilibrium allocation.

First step

Let us start with the first step. Since each firm is small relative to the market size and has no
market power, it takes the utility level of individuals as given and must post a contract guaran-
teeing the utility level to attract them. Properties of individuals’ induced indifference curves in
the (I,w) plane are central in considering labor contracts posted by firms. In Lemma 1 below,

we demonstrate that an indifference curve mapping ir{lithve) plane is as shown in Figure 1.

Lemma 1. (a) The induced indifference curve in tflew) plane corresponding to utility level

U,w=Qy (I), satisfies

0. 7550 0, %50 0 anajm 50 <o
(b) The bottom curve passes through the origin.
Proof. (a) Substituting (1) and (2) into (3), we obtain
w= e [arow () e =aun. ©
1ty T T

which is the induced indifference curve in tew) plane corresponding to utility level. Using

the property oy (n), we establish that

0QU (l) . 1 dLPU (n)
o (I-twrT [_(HIC) on +Sﬁ} -0 ©
0%Qu (1) 1+t 9*Wy(n)
a0z A2 o %
dQu (1) B 1+t dWy (n) -0

ou  1-ty, odU
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0 1 l

Figure 1: Induced indifference curves(inw) plane.

and

. 0Qu(|)7. 1 d‘PU(n)
m = _Hino(l—tw)r —(+) =5,

—i—& —= 00,

(b) Since individuals can choose not to be employed, their utility level is bounded beloy; by

which is the utility level associated with= 0 andw = 0. Thus,Ug is given by

Qu, (0) =0, (7)

andw = Qu, (1) passes through the origin O

The induced indifference curve in tilew) plane is upward sloping and convex to theis.
The former property is derived from the fact thais increasing in both arguments: to be indif-
ferent, lower fertility (i.e., longer working hours) must be compensated by higher consumption
(i.e., higher pay). The latter property is derived from quasi concavity. @gince the marginal
rate of substitution o€ for n increases agn,c) moves toward the northwest along an indiffer-

ence curvec = Wy (n), the increment of consumption (i.e., compensation) required to induce

11



individuals to reduce fertility (i.e., work extra hours) increases as working hours and compen-
sation increase. The induced indifference curve associated with Higiselocated above the
one associated with lowét. Obviously, shorter working hours and higher compensation are
associated with higher utility.

GivenU, vacancies post labor contracts maximizing their profits within the constraint of
w > Qyu (I). A vacancy with productivitya solves the following maximization problem:

M(a)=(1—-t |
X M(@)=(1-tn)(al —w),

s.t.w> Qu (l)
Solving this problem leads us to the following proposition.

Proposition 1. A job with higher productivity offers a labor contract with longer working hours

and higher compensation. An employee in a higher-productivity job has fewer children.

Proof. Since the constraiw > Q (1) holds with equality, we can rewrite the job’s problem as

Iggﬁ Mu(a)=1—tn)[al —Qu ()].

The solution to this problem can either be interior or at a corner; there is a threshold level of

productivity, ay, below which jobs maximize their profits by settihg- 0. The threshold level

is
0y = (9le(0) > 0.
The solution is
a— ‘79;'(') =0 if a>ay,
8
=0 if a<ay.

The case of = 1is excluded becauden;_1[0Qy (1) /d1] = «. Totally differentiating the first-

12



Wu((Xz)

Wu(OC])

Figure 2: Labor contracts offered by jobs with anda, (> ai).
order condition of the interior solution, we obtain

-1
1 (a) = OZQU('U(O’))] >0. ©

dly (a)?

The sign comes from Lemma 1. It follows from (2) and (5) that this result imp{ig@) < 0

andw; (a) > 0. O

This proposition is the main result of this paper. If jobs with different productivity levels co-
exist, then we observe a negative cross-sectional relationship between labor income and fertility.
The intuition is simple. For individuals to be indifferent, longer working hours must be compen-

sated by higher rewards. Firms are faced with this tradeoff in posting labor contracts, and firms

13



with higher-productivity jobs want their employees to work longer hours even if they must pay
higher rewards because those firms can produce a larger quantity of output per unit time. Figure 2
graphically illustrates this argument. Individuals’ induced indifference curves ifl the plane
are as shown in Figure 1. Equation (4) implies that jobs’ iso-profit curves are upward sloping
and the slopeq, is steeper for higher-productivity jobs. If a higher-productivity job decreases
labor inputs/, then the outputal, decreases by the larger amount. Thus, to keep the profit of
such a job constant, compensation,must decrease by the larger amount. A posted contract
is a point of tangency between these two curves, which is unique. It follows that a higher-
productivity job chooses longer working hours (implying fewer children) and higher compensa-
tion Wy (a1) <wy (a2) andly (a1) < Iy (a2), wherea; < a,).1° Figure 2 also depicts the pre-
tax profits associated with each labor contrélg,(a) =My (a) / (1—tn) = aly (a) —wy (a).
Although the above analysis focuses on the relationship bette¢aihpay and fertility, it
is customary in the literature to analyze the relationship betyeetimepay and fertility. We
check whether our argument about the relationship between total pay and fertility also holds for
the relationship between per-time pay and fertility. Differentiating the per-time pay with respect

to a and using (4), (8), and (9), we obtain

0

- da

Qu (lu (a))
IU (CX)

A LA

(1—tn)ly (o)

wherelT; (a) is the maximized profit of a job with productivity for givenU. The maximized

profit is positive because jobs whose profit is negative do not operate. It follows that the state-
ment of Proposition 1 regarding the relationship between total pay and fertility also holds for the
relationship between per-time pay and fertilijjob with higher productivity offers a labor con-

tract with longer working hours and higher per-time pdyhis comes from strict quasi concavity

10The negative wage-fertility relationship does not crucially depend on the assumption that child-rearing time is
the mirror image of labor supply. The negative relationship derived from our model is more robust to the introduction
of the third time use (e.g., leisure) than that derived from individuals’ heterogeneity approach. Even if we introduce
leisure into the model, the result that longer working hours must be compensated by higer pay does not change. Both
child-rearing time and leisure decrease as working hours increases unless the complementarity between consumption
and leisure is sufficiently large compared to the complementarity between consumption and children.

14



of u. The increment of earnings required to induce individuals to work an extra hour increases
as working hours and pay increase. Since the marginal compensation required increases with
working hours, so does the average compensation.

The productivity levelay separates jobs whose profit is maximized at O from those
whose profit is maximized at= 0. However, all jobs witho > &y do not necessarily operate
because the maximized profit might be negative even for such jobs. Since firms can freely choose
whether to operate or not, only jobs with positive maximized profit offer labor contracts. Taking

this into consideration, we can derive the condition for jobs to operate.

Lemma 2. There exists a threshold productivity lewg), below which jobs do not operate:
(@) ay > ay for allU > Uy, with strict inequality if U> Ug, and

(b) ay, increases with U.

Proof. Given the utility level of individualslJ, the maximized profit of a job with productivity
ais

My (a) = (1—tn)[aly (a) = Qu (lu (@))], (10)

wherely (a) is given by (8). The productivity level that makes jobs indifferent between operat-

ing or not,ay,, is given byr}; (a,) = 0. It follows from this and (8) that

a, = QUISL(J;S()[J)) _0Q (I5U| (QU)). 1)

For the threshold job, the per-time compensatiQri], and the marginal rate of substitution
betweenl andw, dQ/dl, are equalized to the productivity level. SinQeis strictly convex to

thel axis,
0Qu (1) _ 9Qu (0)

]l > o) foralll > 0.

If U > U, then

= Qulu(ay))  0Qu(lu(ay)) 9 (0)
= Iu(gu)U B I T

15



If U = Uy, thenw = Qu (I) passes through the origin, and thus

Qu, (lu (ay)) _ 9Qu, (0) _ -

= dy,-

a,, = lim —
Y T ay)—0  lu(ay) 0l

By the envelope theorem, we obtain

ong (a) .
e (1—tn)I (a) >0,
and
o%Ny (a) "

Therefore, the threshold productivity leve|, is unique and exists iffiy, ). Differentiating

My (o) with respect tdJ, we obtain

The maximized profit of a job with productivity, My, (o), decreases withy for all a. There-

fore, the threshold productivity level increases with O

Since the maximized profit increases with there exists a threshold productivity, below
which jobs do not operate. We can graphically confirm this by investigating Figure 2. The
(pre-tax) profit of jobs whose iso-profit curve tangent to the relevant induced indifference curve
passes the origin is zero, and those jobs are the exit thresholds, thkt (gy) = 0. This
lemma also states that as the utility level of individuals increases, the ratio of active jobs to all

the entrants decreases. Higher utility means that higher compensation is required; thus, the jobs

profits are reduced, driving low-productivity jobs out of the market.

16



Second step

It follows from (5) and (7) that the value &Jg is exclusively determined by parameters, not
affected by other endogenous variables. Since all individuals must have the same utility level in
equilibrium, the utility level is fixed to the outside-option vall, as long as unemployment
exists, that isp < 1. Taking this into consideration, we can write the market-clearing condition

of the labor market as
[1— F(guo)]M if p<i,

PN = (12)
[1-Fay)M ifp=1
The LHS is the measure of employed individuals and the RHS is the measure of active jobs.

Using this market-clearing condition leads us to the following lemma.

Lemma 3. The utility level of individuals is a nondecreasing function of the measure of entrants:

=0 if M<M,

U’ (M)
>0 if M>M.
whereM = ——
1-F(ay,)

Proof. In the case op < 1, the values ofp andM are not uniquely determined. Sincg) is
independent op andM, all the pairgp,M) satisfyingpN = [1—F(a,,)|M are possible. In this
range, an increase in the measure of entravtxnly results in a proportionate increase in the
ratio of employed individualsp, but does not affect the individuals’ utility level and the firms’
profits at all. Oncep reached, on the other hand, since the ratio of employed individuals cannot
increase further, in response to an increadd jimr, must increase to keep the measure of active
firms constant and balance supply and demand. Therdfaid,) is constant over the interval

[0,N/[1—F(ay,)]] and increasing ovefN/[1—F(ay,)],). O

17



As the measure of entrants increases, the measure of high-productivity jobs (as well as that
of low-productivity jobs) increases because the productivity distribution is exogenously given.
Owing to the competition among those jobs, the utility level of an individual increases. The
utility level continues to increase until the exit threshold becomes high enough for the supply
and demand to balance.

We close the model by considering the firms’ free entry. Since firms continue to open va-
cancies until the expected profit is driven to the initial investment cost, the following condition

holds:

| ng (@)dF (@) <«

with equality if there are positive entrants. Combining this free-entry condition with Lemmas 2

and 3, we establish the existence of the competitive equilibrium.

Proposition 2. There exists the competitive equilibrium, where

—0 if fin@(a)dp(a)(Mzogx,
M* (13)

>0 if fil‘l(‘,(a)dF(a)‘M:O>K.

Proof. From Lemma 3 (M) is constant oveM € [0,M] and increasing ovel € (M, ).
From Lemma 2,3, increases withJ and N}, (a) decreases wittJ for all a. Therefore,
f;u M{, (a)dF (a) is constant over the intervéd < [0,M] and decreasing ovédl € (M, ). If
Jar, MG (@) dF (@) < k whenM =0, then there is no entry, and ths = 0. If [;" N (a)dF (a) >
k whenM = 0, then firms continue to open vacancies ugﬁ’&ﬂb Ny (a)dF (a) = k, and thus

M* > 0. O

Figure 3 graphically illustrates this propositidB () represents the expectation owey.

The competitive equilibrium iga*, {w* (o) }q_g-, {I" (o) }g_g, U, {1 (0) }g_gor P55 M7},

Ustrictly speaking, if the expected profit evaluatetlat= 0 is equal tok, then multiple equilibria arise. However,
we do not emphasize the multiplicity because it arises only when the parameters happen to satisfy such a condition,
which is practically impossible. Furthermore, it is not robust to changes in assumptions. For instance, if the initial
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Figure 3: Equilibrium measure of entrants.

which satisfies (4), (5), (8), (11), (12), and (13). The equilibrium utility letsl, depends on
functional forms and parameters, but the negative wage-fertility relationship holds for any level
of U (Proposition 1), and thus we always observe the negative cross-sectional relationship in

equilibrium, independent of functional forms and parameters.

2.3 Comparative statics

In this subsection, we conduct comparative-static analyses on the effects of changes in pol-
icy variables (consumption tax ratg, labor-income tax ratd,,, child-rearing subsidys,, and
corporate-profit tax ratep) and the effect of technological change. For the analysis, this sub-
section adds the following assumption:

%Wy (n)

“aUdn <0. (24)

For any givem, the indifference curve associated with higblehas the steeper (negative) slope

than that associated with lowet. This assumption is not too restrictive: if preferences are

investment cost is a strict convex function of the measure of entrants or if the output produced in this economy faces
a downward-sloping demand curve, then the multiplicity vanishes.
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homothetic, (14) is satisfied. The assumption implies that

dZQU (l) 1 dzLPU (n)

ol ~ At | 1Y 5uan

> 0. (15)

For any giverl, the induced indifference curve associated with hidhdras the steeper (posi-
tive) slope than that associated with lovier

Changes in policy variables affect firms’ and individuals’ behavior in equilibrium through
two channels. One is thgubstitution effectchanges in policy variables vary the form of the
induced indifference curves in tl{g w) plane (i.e., the marginal rate of substitution betwken
andw). The other is thavealth effect policy changes affect the firms’ profits and their entry

decision, resulting in changes in the utility level of individuals and thus changes in their behavior.
Lemma 4. The wealth effect on fertility is positive: if &4 U’, then ny (a) < ny/ (a) for all a.

Proof. Totally differentiating (8) and using Lemma 1 and (15), we obtain

2%yl
diu (@) _“aoar _
du %) ’
a1
This immediately leads us to the result. O

Equation (15) alone represents the wealth effect: the induced indifference curve associated
with higherU has a steeper (positive) slope than that associated with ldw&hus, jobs with
productivity a decrease working hours (i.e., increase fertility) and increase compensation in
response to an increaseln The intuition is simple. For guaranteeing a higher level of utility, it
is more profitable for jobs to increase a bit of both fertility and compensation rather than increase
only one of these by a large margin. Thus, the wealth effect on fertility is positive. The effects

of changes in policy variables on fertility choice are summarized below.

Proposition 3. The effects of policy changes on fertility of employees in firms with productivity

a are as follows:
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(a) Iftc increases, fertility increases through the substitution effect but decreases

through the wealth effect. The total effect is ambiguous.

(b) Ifty increases, fertility increases through the substitution effect but decreases through the

wealth effect. The total effect is ambiguous.
(c) If s, increases, fertility increases through both the substitution and wealth effects.

(d) Iftn increases, fertility decreases through the wealth effect.

Proof. (a) Totally differentiating (8), we obtain

ly(a) o
ot = FEHG) < 0. (16)
c (I+tc) 5

This impliesdny (a) /dt: > 0, and thus fertility increases through the substitution effect. Dif-

ferentiating (10) with respect tg and using the envelope theorem, we obtain

oG (a) 1 11
- lthJU< - ><0. (17)

Since an increase i3 decreases the profit for all, the expected profit of entry falls and the

measure of entrants decreases in response to an incretselire utility level must fall to

restore the balance of supply and demand in the labor market. It follows from Lemma 4 that

fertility decreases through the wealth effect. (b), (c), and (d): In the same way, we establish that

dly (a) /oty < 0, M (a) /oty < O, dly (o) /dsh < O, ANy (a) /dsy > 0, dly (a) /dtn = 0,
andar; (a) /otn < 0. O

We can understand the substitution effect by investigating how the first-order condition, (8),

varies. The first-order condition represents the allocation ihénexogenously given. Thus,

(16) indicates that if the utility level remains unchanged, an increase in consumption tax rate

reduces working hours (i.e., increases child-rearing time) in jobs with produativitihe slope

of the induced indifference curve is the increment of wages required to induce individuals to
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work an extra hour. An increase in consumption tax rate makes the required increment larger, and
as aresult, firms become reluctant to offer labor contracts with longer working hours (i.e., shorter
child-rearing time). This acts to increase the number of children. That is not the only effect,
however, because policy changes also affect the utility level of individuals. We can understand
the wealth effect by investigating how the firms’ profit, (10), varies. If the expected profit of
entry decreases as a result of policy changes, then the measure of entrants decreases. Since the
excess supply of labor arises, the utility level declines, the threshold level of productivity falls,
and then, the balance of supply and demand is restored. Thus, (17) implies that an increase in
consumption tax rate lowers the profit, curbing the jobs’ entry and decreasing the utility level.
Since the wealth effect on fertility is positive, a decreas¥ ilowers fertility. It is ambiguous
whether employees in jobs with productivitiy increase or decrease the number of children in
response to an increasetinbecause the substitution and wealth effects have opposing effects
on fertility. It follows from the analogous arguments that we can understand the effects of
changes in other policy variables: the effects of increastg g, andtn on fertility choice are
ambiguous, positive, and negative, respectively.

The focus of the above analysis is on the fertility choice of each employee. The effects of
policy changes on the aggregate fertility are more complex. The average fertility rate of this

economy is

i H:lwﬁ)/‘:n*(a)dF(a).

To examine the effects of policy changes wn we must consider not only the behavior of

each agent but also ttmposition effecbecause the threshold level is endogenous and

policy changes might affect the productivity distribution among active jobs by affeatingor
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instance, the effect of an increase in consumption tax rafé

om | Jen(a)dF(a) \ o, 0a
0tc:[ 1-F(a) —n*(a”)| f(a")[1-F(a")] ot
+/: an;t(a)f(a)da, (18)

wheref (a) is the density. The first and second terms represent the composition effect and the
effect discussed in Proposition 3, respectiVél\Since individuals in higher-productivity jobs
have fewer childrenj,. n*(a)dF (a) /[1—F (a*)] < n* (a*). Thus, the sign of the composition
effect depends on the sign @& */dt.: through the composition effect, increase (resp. decrease)
in the threshold productivity decreases (resp. increases) the average fertility rate.

Let us elaborate the composition effect. In the competitive equilibrium where there are
positive entrants, the following two conditions must hold: (i) the threshold job’s prdiiiie.,
n* (a*) = 0) and (ii) the expected profit at the time of entryGgi.e., E (IM*(a)) — k = 0).

Investigating these two conditions leads us to the following proposition.

Proposition 4. The effects of policy changes on the exit threshohltte as follows:

(a) If the utility elasticity of consumption increases with fertility (i.e.,
d2[(d%Wy/0U) (U/Wy)]/dn > 0), then an increase indecreases the threshold, and vice

versa.
(b) Itis ambiguous whether an increase jnimcreases or decreases the threshold.
(c) Anincrease ingdecreases the threshold.

(d) Anincrease init decreases the threshold.

Proof. See Appendix. O

2Note thatdn* (a) /dt. differs fromany; (a) /dtc: Ny (a) /dtc is just the substitution effect (i.e., the effect when
keepingU constant), whileIn* (a) /dtc includes the wealth effect as well as the substitution effect.
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As shown in Proposition 3, wheg increases, the equilibrium is restored by a reduction in
U. Since an increase ig directly curbs the entry whereas a reductiotJipromotes the entry,
whether the measure of entrants in the new equilibrium is larger or smaller than the measure
of entrants in the initial equilibrium depends on which effect is dominant. Proposition 4 states
that the effect of an increase tindepends on the form of preferences, the effect of increase in
tw depends not only on the form of preferences but also on other parameters, and the effects of
increases irs, andty on the threshold are negative.

Combining the results of Propositions 3 and 4 enables us to understand the effects of policy
changes on the average fertility rate: Propositions 3 and 4 respectively indicate the signs of the
second and first terms in (18). It is only for the child-rearing subsigyhat whether its change
raises the average fertility rate or not is unambiguously determined: increasaégcessarily
raises the average fertility rate.

Next, we examine the effect of technological progress. Although various formulations might
be possible as a representation of technological progress, here, we capture the technological
progress as a change in the productivity distribution ffo(n) to G(-) such thats(-) first-order

stochastically dominatds(-), i.e.,F (a) > G(a) for all a.

Proposition 5. A change in the productivity distribution from(F to G(-), where ) first-
order stochastically dominates (F), raises the average fertility through the wealth effect but

lowers it through the composition effect. The total effect is ambiguous.
Proof. SincelT* (a) is nondecreasing function, it follows from the first-order stochastic domi-
nance that the following inequality holds:

wl‘l*(a)dG(a)z/ojl'l*(a)dF(a):K.

a*

Thus, such a change in the productivity distribution promotes entry of jobs, increases the exit
threshold, and raises the utility level. By the wealth effect, employees in jobs with productivity

a increase children for altr. By the composition effect, on the other hand, the proportion
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of employees in higher-productivity jobs, who have fewer children, increases. It is ambiguous
whether average fertility rate increases or decreases because the wealth and composition effects

act in opposite directions. O

Cross-sectionally, fertility falls as wages rise. However, an increase in the overall wage level
caused by technological progress does not necessarily result in a fall in the overall fertility rate,
because of the wealth effect. an increase in the utility level triggered by technological progress
induces jobs with productivityr to offer shorter working hours (i.e., higher fertility) for all
a. If the wealth effect dominates the composition effect, technological progress leads to an
increase in the average fertility rate, and vice versa. This property enables our model to reconcile
the negative cross-sectional wage-fertility relationship with various time-series variation in the
aggregate fertility over the course of economic growth and business cycle.

The effect of the technological progress considered here is similar to the effect of a fall
in the corporate-profit tax rate. Both have no substitution effect and have the positive wealth
and negative composition effects on the average fertility rate. However, note that the effects of
technological progress and a fall in the corporate-profit tax rate on the average fertility rate are
not identical. A change in the corporate-profit tax rate affects the average fertility rate only by
affecting the measure of entrants. On the other hand, a change in the productivity distribution
varies the average fertility rate even if it does not entail a change in the measure of entrants.
Suppose that a change in the expected profit is offset by a proportionate change in the initial
investment cost and the measure of entrants does not change. In this case, a change in the
corporate-profit tax rate has no effect on the equilibrium allocation of this economy. On the
other hand, a change in the productivity distribution varies the average fertility rate. If the
equilibrium measures of entrants unde(-) andG(-) are the same, then the following must

hold for the balance of supply and demand in the labor market:
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wherea anda’ are the equilibrium exit thresholds unde(-) andG(-), respectively. It follows

from the first-order stochastic dominance that. a’. The higher threshold level is associated

with the higher utility level. Even if technological progress is accompanied by an increase in
the entry cost and the resultant measure of entrants does not change, the positive wealth and
negative composition effects coexist, and it is ambiguous whether the resultant average fertility

rate increases or not.

3 Example: Constant wage elasticity of fertility

Thus far, we have tried to keep the model as general as possible to illustrate the robustness of
our theory. Since one broad aim of this paper is to offer an “off-the-shelf” fertility model as a
building block in applied research, this section shows that specifying functional forms enables
our model to derive a closed-form solution, illustrating the tractability of our theory. This ex-
ample predicts a constant wage elasticity of fertility, which is consistent with a finding reported
in Jones and Tertilt (2008). Based on the parameterized model, furthermore, we examine the
effects of technological change, illustrating that our theory can reconcile the negative cross-
sectional wage-fertility relationship with the various time-series variation in aggregate fertility
over the course of economic growth and business cycle.

To parameterize our model, we need to specify the utility function and the productivity dis-

tribution. We assume a Cobb-Douglas utility function, which is commonly used in the literature:
u(n,c) =n¥clY,

wherey € (0,1) represents the relative weight for children. Assume that the productivity distri-
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bution,F (a), is a uniform distribution ovej0, AJ:

S ifael0A],

1 ifa>A

The parameteA > 0 represents the maximum technology level available in this economy. Here,
technological progress is captured by an increage(the distribution with higheA first-order
stochastically dominates the one with lowsr We assume that increase Anmight be also
associated with increase in costs: the jobs’ initial investment costs and the individuals’ per-child
time costs are respectively given layA) and 7 (A). This formulation allows us to include
the case that the required investment and education costs increase with the rise of technology.
Especially, the initial investment cost has to dependdar balanced growth.

For simplification, we ignore tax, subsidy, and non-labor income here. Then, the time con-
straint and the budget constraint are, respectivglfy) n+ | = 1 andc = w. Before proceeding,
we would like to emphasize that based on the conventional fertility model, where individu-
als facing given per-time wages allocate their time between labor supply and child rearing, we
cannot derive the negative relationship between wages and fertility under the assumption that
preferences are given by a Cobb-Douglas utility function and child rearing requires only the
time costs: since the wealth and substitution effects cancel out each other, fertility does not vary
with wages. As will become apparent, in contrast, this model produces the negative relationship.

A firm with productivity a solves the following problem:
max al—w

1€[0,1],w>0

st.nclV=U,t1(An+l=1andc=w
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The first-order conditions imply

(@) =1~ | B0 " @,
ny (a) _ (1- V)VOIT (A):| V—lu’ (19)
and
wy () = MVO”(A)] . (20)

These establish that higher-productivity vacancies offer labor contracts with longer working
hours (i.e., lower fertility) and higher wages. It should also be noted that an increase in the utility
level,U, increases bothy (a) andwy (a). As shown above, the wealth effects on fertility and

wages are positive (the utility function assumed here satisfies (14)). Using (19) and (20), we

obtain
1y

1
ng=Urwy, ",

which indicates the negative wage-fertility relationship: the wage elasticity of fertilitfIs— y) /y.

The maximized profit of a job with productivity is

y
M (a):a—m. (21)

It follows from M}, (a,) = Othat the threshold productivity is

1

BRI
a”_{wu—y)”} | =

Suppose that > Ug. Then, the market-clearing condition of the labor market= [1 —

1] o 1Y
o2 ),
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Using this, we can write the individuals’ utility level as a function of the measure of entrants:

YAy (MoN
o= Ciar () *)

It follows from (21) that the expected profit of entry is

A My Ty
[ g (@dF(@)= [ {a— yy(l_y)l_y}dF(a)

Using (22) and (23), we can write the expected profit of entry as a function of the measure of

entrants:

A
[ Mo (@dF @) =A

Qy(m)

1+y—2(MN) " (1 y) (UgN)?
2(1+vy)

Equalizing this to the initial investment cogt(A), we obtain the free-entry condition:

(=20 -y (M)
2(1+vy)

=K (A). (24)

Whether an increase i promotes entry or not depends on the formkdf). If k (A) /A de-
creases (resp. increases) wihthen the measure of entrants increases (resp. decreases) with

A

Now all the equilibrium conditions are set. Using them, we can compute the average fertility

rate:
1

_ A 1 v
n:]_—F(aU)/gUn(a)dF(a):]-_MMN M T(A) M

A change inA affects the average fertility rate through two channels: one directly affects child-

rearing costst (A), and the other affects the measure of entrants (i.e., through equation (24)).

We conclude this section by presenting a numerical example. We consider three cases: (i)

K (A) =k andt (A) =T, (ii) K (A) = Ak andt (A) = 1, and (iii) k (A) = Ak andt (A) = At. The
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Figure 4: Wage-fertility relationship.

measure of individualgy, is normalized tdl. We assume that= 0.75 (the relative weight for
children in the utility function)1,3 k =0.25 1 =04, andA = 1. It follows from the free-entry
condition, (24), that the associated measure of entrants, utility level, and threshold productivity
are, respectively* = 1.038 U* = 0.496 anda* = 0.301 The lowest and highest wages are
w(a*) = 0.045andw(1) = 0.109, respectively. Figure 4 depicts the wage-fertility relationship.
Figure 5 exhibits how the average fertility rate change& eBanges in the cases of (i), (ii), and

(ii): in case (i), increase i entail the dominant wealth effect, raising the aggregate fertility
(the upward dotted line); in case (i), the wealth and composition effects associated with increase
in A cancel out each other, and thus, the aggregate fertility does not change (the horizontal
dotted line); in case (iii), in addition to the effects observed in the case (ii), increase in child-
rearing costs directly decrease the aggregate fertility (the downward dotted line). The cross-
sectional wage-fertility relationship is negative at any point in Figure 5. Our model reconciles

the negative cross-sectional wage-fertility relationship with various time-series variation in the

13This value ofy corresponds to the wage elasticity of fertility ofl /3. Jones and Tertilt (2008) find that for 30
birth cohorts between 1830 and 1960 in the United States, the income elasticity of fertility remained roughly constant
at about—0.30.
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Figure 5: Changes in average fertility in response to changAs @ase (i): upward line. Case
(i): horizontal dotted line. Case (iii): downward dotted line.

average fertility rate.

4 Extension

4.1 Quantity-quality tradeoff

It is rather standard in the literature to include in parents’ preferences not only the number of
children, but also some measure of the quality of children. In this subsection, we extend the
model so that parents care about the educational attainment of their children, and we explore the
robustness of our model to such an extension. The utility function is modifiethas, h), where

h is the educational attainment of children. As in the basic model, the utility function is strictly
increasing, strictly quasi-concave, and twice continuously differentiable and satisfies an Inada-
type condition. We assume that child rearing takes time while education requires purchased

inputs as in de la Croix and Doepke (2003) and Moav (2665).

14although this assumption is often used in the literature, we do not need it to derive the negative wage-fertility
relationship. However, with this assumption, we can derive the positive relationship between parental wages and
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In this subsection, we introduce the leisure time into the model, despite not generating utility.
Producing a child not only takes time but also increases education costs, which are the essence
of the quantity-quality model that the product of quality and quantity of children appears in the
budget constraint (see Equation (25)). It might be preferable for individuals to discard a part
of the time available for reducing education expenditure, then they might wish to work longer
hours without increases in compensation. To avoid such an implausible situation, we introduce
the disposable time as “leisure” and denote itzbylhe time constraint, the budget constraint,

and the education function are respectively given by

m+l+z=1
(1+t;)c+en=(1—ty)W+ 60 +sin, (25)
and
h=m(e),

wheree is the education spending per child amdg-) is the education production function. We
assume tham(-) is strictly increasing, strictly concave, and twice continuously differentiable.

An important departure from the basic model is that once offered labor cofitragt in-
dividuals further allocate their time between child rearing, and leisurez, and allocate their
income between education for childream, and own consumptiort, to maximize their utility.
Given this individual maximization behavior, each firm chooses a contract to post. To solve the
model backward, we first consider the individuals’ problem. Givandw, an individual solves

the following maximization problem:

max u(n,c,h),

st.tn+l+z=1, (1+t;)c+en=(1—ty)w+60+sn, andh=m(e).

educational level, which is widely observed in the reality, under moderate restrictions on preferences as well.

32



The first-order conditions of this problem are given by
Sh—e
—Up —Up— <0, 26
1= U2y (26)

with equality ifz> 0, and

Up =ugn (e), (27)

whereu; represents the partial derivative wfvith respect to thé-th argument. It follows from
strict quasi concavity afl that the second-order condition is satisfied.
Therefore, the maximization problem faced by a job with productiaiig the following:

M =(1-t | —
fhax M(a)=(1-ta)(al —w),

_1—% (1—t 2] A 1-1-Z
s.t.u(l l 2 W)W+l:t(s“ &= ,m(é)):U, (28)
C

whereZ andé are given by (26) and (27). Solving this problem leads us to the following propo-

sition.

Proposition 6. (a) A job with higher productivity offers a labor contract with longer working
hours and higher compensation. An employee in a higher-productivity job has fewer children.

(b) An employee in a higher-productivity job educates children more if and only if
(LI22LI3 — U32U2) U + (U31U2 - U3U21) U < 0. (29)

Proof. (a) Showing that induced indifference curves in thev) plane, (28), are upward sloping

and convex to theaxis proves part (a) of this proposition. Totally differentiating (28), we obtain

dw 11+t <u1+sn—e>zo. (30)

dl T T1-ty \uy 1+t
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This sign comes from (26). Consider the case where (30) holds with strict ineddabiffer-
entiating (30) with respect tband noting that the relationship betwdeandw on an induced

indifference curve is given by (30), we obtain

d’w 1+te  UBU11 — 2U3lpUso + WUy, -0
diz —  (1—ty)12 us '

This sign comes from strict quasi concavity wf Induced indifference curves in thé, w)
plane are upward sloping and convex to thaxis, as in the basic model (Figure 1). Thus,
part (a) of this proposition follows from the analogous argument of Proposition 1. (b) Totally

differentiating (27) with respect tw, |, ande, and using (27) and (30), we obtain

(Uz2Ug — Ugallp) Ug + (Ugalp — Ugl) Uz 1 N

dl
UoU3 T141
= (uz2u§ — 2Up3U3Up + U33U%) iniz +uzm’ (e)|de
U5 (1+1c)?

It follows from strict quasi concavity af thatu22u§ — 2Up3U3Ug + u33u§ < 0. Thereforede/dl <

0if and only if the inequality (29) holds. O

Even if the quantity-quality tradeoff is introduced, the model can generate the negative wage-
fertility relationship using only standard conditions on preferences (quasi concavity) and the
quality-production function (concavity). A widespread finding in the literature is that wealth-
ier parents tend to have fewer children, as well as educate them more. To explain this find-
ing based on our model, we need an additional assumption on preferences because the strict
guasi concavity ofi alone does not guarantee (29). The assumption of homothetic preferences
qualifies as the additional assumption required. Adding the homotheticityesfablishes that
(U22U3 — U32U2) U + (U31U2 — Uglz1) U2 = (Ug2U3 — UsaUp) Ug < 0. The assumptions required here

to obtain the desired result are still considerably moderate compared to most of the existing lit-

15There might be regions whedav/dl = 0 (i.e.,z> 0). However, pointgl,w) belonging to such regions are not
offered because they are inconsistent with firms’ profit maximization: if firms do not need to raise wages, they want
their employees to work as long as possible. Thus, we can focus on the caselwj\éfe- O.
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erature.

4.2 Nannies

What happens in our model if parents are allowed to outsource childcare? Although it is fairly
obvious that childcare is a time-intensive activity, childcare can be, at least partly, bought in the
market (e.g., hannies, nurseries, and wet nurses) and outsourcing childcare has been growing
in developed countries. In this subsection, we extend the model so that parents are allowed to
outsource childcare, and we explore the robustness of our model to such an extension. The time

constraint and the budget constraint are respectively given by

(1-g)tn+l=1

and

(1+te) [c+Vv(q)qrn] = (1 —tw) W+ 6 + N, (31)

whereq € [0,1] is the proportion of the nanny’s time andq) is the cost of a nanny per unit
of time. It is assumed that(-) is strictly increasing, twice continuously differentiable, and

limg—1V(q) = . Furthermore, we assume that

V' (q)g+2V (q) > 0, (32)

which is the condition fow? [v(q)qrn] /dg? > 0 to be satisfied. These assumptionsvgn)
capture the idea that there are various activities in childcare, they differ in cost, and individuals
outsource childcare in ascending order of cost.

Given an offered labor contra@t w), individuals further allocate their income between the
nanny’s costy(q) qrn, and own consumptiore, to maximize their utility. Given this individual
maximization behavior, each firm chooses a contract to post. To solve the model backward,

we first consider the individuals’ problem. Givérmandw, an individual solves the following
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maximization problem:

maxu(n,c),
st.(1—-qg)tn+l=1and(1+t;)[c+Vv(q)grn = (1 —ty)W+ 8+ SN
The first-order condition of this problem is given by

mo s
u 14+t

V(@)a(l—a)+v(a)] T <0, (33)

with equality if g > 0. Note thatq = 0 if u1/ux + s/ (1+tc) —v(0) T < 0 and that the case of
g = lis excluded by the assumptionlofg_1Vv(q) = .
Therefore, the maximization problem faced by a job with productiiig the following:

M =(1-t | —
fhax M(a)=(1-ta)(al —w),

] (I—tw)WH O+ s _
s.t.u<(1 | Y -9 - =U, (34)

—v(d)a
1-ar1 1+t @75
whereq is given by (33). Solving this problem leads us to the following proposition.

Proposition 7. (a) A job with higher productivity offers a labor contract with longer working
hours and higher compensation. (b) An employee in a higher-productivity job has fewer chil-

dren.

Proof. (a) Showing that induced indifference curves in thev) plane, (34), are upward sloping
and convex to thé axis proves the part (a) of this proposition. Totally differentiating (34), we

obtain
dlv_ 1+t ﬂJr S

—v(d)dr| > 0. (35)

This sign obviously holds in the case @f= 0. In the case offj > 0, the sign holds because

(33) holds with equality. Differentiating (35) with respectltand noting that the relationship
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betweerl andw on an induced indifference curve is given by (35), we obtain

d?w _ 1+t U3U11 — 2Up UpUz2 + UfUpo -0
A7 (1-tw) (10772 3 |

This sign comes from strict quasi concavitywflnduced indifference curves in tlie w) plane

are upward sloping and convex to thaxis, as in the basic model (Figure 1). Thus, the part (a)

of this proposition follows from the analogous argument of Proposition 1. (b) Since childcare
can be outsourced, longer working hours do not necessarily mean fewer children. The number
of children is given byn = (1—1) /[(1—q) T]. Thus, noting that the value of chosen by an

employee depends dnthe relationship between working hours and fertility is given by

on_1-(1-g+(-H )
a T (1-9°
Totally differentiating (33), we obtain
1 UBU1—2UgUpUso WUy
dq i (1-g)t u
qr 200 2 :
dl (]i;;zr usug 2U1:l§U12+U1U22 . [V// (q) q+ 2 (q)] (1_ q) T
Substituting this into (36), we obtain
)2
an V' (q)q+2v ()] 49T o @)
T I Y .
This sign comes from (32) and strict quasi concavity.of O

Even if parents are allowed to outsource childcare, the model can generate the negative
wage-fertility relationship. The intuition is simple. Owing to the assumption that the cost of a
nanny per unit of time increases with the proportion of the nanny’s time, individuals with longer
working hours (i.e., shorter own childcare time) face a higher price of childcare. Thus, they

choose lower fertility and higher consumption to obtain the same utility level as individuals with
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shorter working hours obtain. Equation (37) indicates that though the negative wage-fertility
relationship is still preserved, the improvement in the availability of market childcare reduces
the fertility differential. Let us interpret the size of (q) g+ 2V (q) as the difficulty in using
market childcare. The absolute value @ii/dl decreases ag’ (q)q+ 2V (q) decreases and
converges t® asv’ (q)q+ 2V (q) approache®. The linear cost (i.ey(q) is constant) means
thatv’ (q)q+ 2V (q) = 0; then,dn/dl < 0 for g = 0, while dn/dl = 0 for g > 0. This implies

that if all types of childcare service can be purchased at the same price, individuals who use
nannies’ time have the same number of children: the difference in own childcare time is offset

by the use of market childcare.

5 Discussion

5.1 Jobs’ heterogeneity vs individuals’ heterogeneity

This subsection organizes the relationship between the jobs’ heterogeneity approach (ours) and
the individuals’ heterogeneity approach (the conventional one). We introduce individuals’ abil-
ity heterogeneity into our framework, illustrating that in contrast with the negative wage-fertility
relationship stemming from the jobs’ heterogeneity, the one stemming from the individuals’ het-
erogeneity depends on the form of preferences. It establishes that the robustness of our theory
comes not from the model’s structure (wages and fertility are simultaneously determined in a
contract-posting market) but from jobs’ heterogeneity. The discussion here proposes an impor-

tant viewpoint for the empirical literature.

For simplicity, suppose that there is no heterogeneity in jobs’ productivity. There are two
types in individuals’ ability,3; and > (> B1). When a job hires an individual with abilit;,
the match produce8 units of good per unit time. Individuals with different ability might have
different utility levels, while homogeneous jobs must earn the same profit. As in the case where

there is heterogeneity in jobs’ productivity, we can graphically depict the offered contracts.
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Figure 6: Labor contracts offered to individuals whand g, (> B1).

Figure 6 exhibits a possible case. Since both the substitution and wealth effects on consumption
(i.e., wages) are positive, a higher-ability individual receives higher wages. On the other hand,
the substitution effect on fertility is negative while the wealth effect on fertility is positive; thus,
itis ambiguous whether a higher-ability individual has more or less children. Figure 6 depicts the
case where the wealth effect is dominant, and thus, a higher-ability individual has more children
(lu; (B1) > lu, (B2) impliesny, (B1) < ny, (B2)). This illustrates that the conventional fertility
theory based on individuals’ heterogeneity must impose restrictive assumptions on preferences
to explain the negative relationship between wages and fertility. Furthermore, the wage-fertility
relationship is not robust to changes in economic environments (e.g., policy changes) because

they generally vary the form of the induced indifference curves. Even if the negative relationship
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holds under a parameter configuration, it does not necessarily hold under others.

The above description suggests that the cross-sectional wage-fertility relationship depends
on the source of wage differential. Several studies in the literature argue that in the reality, the
wealth effect is typically dominant and that the negative wage-fertility relationship is mainly a
statistical fluke due to a problem of missing variables (e.g., Becker (1960), Becker and Lewis
(1973), and Becker and Tomes (1976)). The argument here introduces a new insight into this
strand of the literature: the source of wage differential, whether jobs’ or individuals’ heterogene-
ity, is a candidate for one of the variables missed in the past empirical stfdiéw literature
has often pointed out the importance of distinguishing sources of family income, for example,
labor and non-labor income and husband and wife incbifighe discussion here suggests that
in addition to these, the source of wage differential also matters. Attempting to produce the
negative wage-fertility relationship based solely on individuals’ ability might be misleading and
a careful examination on whether fertility differential stems from jobs’ heterogeneity or individ-

uals’ heterogeneity is needed for calibrating and estimating the relevant parameters.

5.2 Exceptional findings

The negative relationship between wages and fertility is widespread across time and regions,
but not universal. Several studies have reported exceptional findings, and one may argue that
the robustness of our theory is inconsistent with these exceptions. However, it is inappropriate
as a criticism toward the jobs’ heterogeneity approach. The reality might be a hybrid of jobs’
heterogeneity and individuals’ heterogeneity. The jobs’ heterogeneity approach is more likely
to complement rather than contradict the individuals’ heterogeneity approach. Combining both

approaches might open the way for solving seemingly puzzling problems related to fertility

16There are a large number of empirical studies on fertility choice. For instance, they are surveyed in Hotz,
Klerman and Willis (1997) and Schultz (1997).

17t is sometimes argued that an increase in family income due to an increase in the return on nonhuman assets is
likely to raise fertility through the wealth effect, while that by an increase in wages is likely to reduce fertility through
the substitution effect (e.g., Schultz (1981, 1994)), and an increase in the husband’s wages is likely to raise fertility
through the wealth effect, while an increase in the wife’s wages is likely to reduce fertility through the substitution
effect (e.g., Schultz (1986) and Blau and van der Klaauw (2007)).
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choice. In what follows, we discuss two exceptional findings well known in the literature by

combining both approaches.

Positive relationship in the early stage of developmerit is sometimes argued that in the
early stage of the development process, there exists a positive income-fertility relationship (e.qg.,
Wrigley (1961), Weir (1995), Clark and Hamilton (2006), Clark (2007), and Boberg-Fazlic,
Sharp and Weisdorf (2011)). For instance, the following might be possible explanations to
this finding. Jobs’ productivity differential is large in advanced economies, while it is not in
less-advanced ones; thus, wage differential in advanced economies largely reflects the jobs’ pro-
ductivity heterogeneity, while that in less-advanced economies largely reflects the individuals’
ability heterogeneity. If that is the reality and an increase in wages associated with individu-
als’ ability has a dominant wealth effect on fertility, the wage-fertility relationships in advanced
and less-advanced economies are reversed, negative and positive, respectively. Alternatively, in
agrarian economies, the mechanism proposed in this paper may not work well simply because
the free choice of employment is not guaranteed. If individuals face a limited occupational
choice, they are forced to accept their immediate environments, say, the farming villages they
were born into, as their workplaces. Then, the utility levels among individuals are not equalized,

and thus the individuals’ heterogeneity approach fits well with the analysis on such economies.

Positive relationship within the same occupationEmpirical findings in some earlier literature

such as Freedman (1963) and Simon (1969) report that the overall cross-sectional relationship
between wages and fertility is negative, whereas within the same occupation, higher-income
households tend to have more children. Combining the jobs’ heterogeneity approach with the
individuals’ heterogeneity approach might provide a theory reconciling the overall negative re-
lationship with the within-occupation positive relationship. In many countries, the freedom
to choose own occupation is guaranteed, but the individuals’ performance in the occupation
depends on their ability. This leads us to the supposition that inter-occupation wage differen-

tial largely reflects productivity differential between occupations, not inherent in individuals,
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whereas within-occupation wage differential largely reflects ability differential between individ-
uals. Then, if the wealth effect associated with the individuals’ ability heterogeneity dominates

the substitution effect, the observed pattern is obtained.

Needless to say, the hypotheses presented above are just theoretical possibilities and should
be empirically tested in a rigorous way. What we would like to emphasize here, however, is
that the difference between implications drawn from the jobs’ and individuals’ heterogeneity
approaches can broaden our options available to analyze fertility choice. We hope that the dis-

cussion presented here facilitates the testing of theories on fertility choice.

6 Conclusion

This paper has constructed a tractable theory of the cross-sectional fertility differential. The
theory sheds light on heterogeneity of the jobs’ productivity, one that has largely been ignored in
the literature. By using only standard conditions on preferences, we show that the negative wage-
fertility relationship can be produced and it is quite robust to changes in economic environments
(e.g., public policy and technology). Our theory reconciles the negative cross-sectional wage-
fertility relationship with various time-series variations in aggregate fertility over the course of
economic growth and business cycle.

This paper is not intended to say that existing theories based on individuals’ heterogeneity
are wrong because they are not robust to changes in assumptions. On the contrary, we believe
that our theory based on jobs’ heterogeneity complements the existing literature to improve our
understanding of fertility choice. The reality might be a hybrid of jobs’ heterogeneity and in-
dividuals’ heterogeneity. Making explicit the difference between implications drawn from the
jobs’ and individuals’ heterogeneity approaches adds an important viewpoint to the literature.
For instance, this paper shows that the cross-sectional wage-fertility relationship depends on the
source of wage differential. Without the investigation on the source of wage differential, estimat-

ing the form of preferences from observed wage and fertility differentials might be misleading.
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Since our model is simple and tractable, it can be theoretically extended in several ways.
Let us propose some potential directions for future research. Explicitly distinguishing between
the time of husband and wife would be an interesting extension. It shows what types of labor
contracts are chosen by males and females and what types of couples are formed in equilib-
rium. Furthermore, extending our model to dynamic models or incorporating our theory into
overlapping-generations frameworks is useful to analyze the cross-sectional relationship and the
time-series variation simultaneously.

Although this paper is motivated by empirical patterns in fertility and the main aim is to
develop a fertility-choice theory producing a robust negative wage-fertility relationship, our
framework can also be used to analyze labor-leisure choice. If we modify the proposed model
so that individuals receive utility from leisure time, instead of children, it becomes the model for
analyzing labor-leisure choice. Modern-growth and business-cycle theories accept the long-run
stability of leisure per capita as a stylized fact (Ramey and Francis (2009) provide a thorough evi-
dence). Our model reconciles the long-run stability of leisure per capita with the cross-sectional
upward-sloping labor supply curve and the time-series upward trends in real wages. Further-
more, almost all the arguments concerning fertility choice presented in this paper, for example,
different effects between firms’ and individuals’' heterogeneity, are applied to the discussion on

labor-leisure choice.

7 Appendix

7.1 Proof of Proposition 4

(a) Suppose thatl is fixed. SinceM is fixed, the exit threshold must remain unchanged to keep
the balance of supply and demand in the labor market. Thus, the profit of the threshold firm must

remainO. For this, the utility leveld must decline to offset the negative effect of an increase in
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tc on the profit. Totally differentiatingly; (a) = O, we obtain

v _ W (n(ay))
de (14t) 2@’

which represents the iso-profit condition of the threshold job. To keep the profit of the threshold
job 0, one unit of increase ity must be accompanied by
Wy (n(ay))/[(1+te) 0%y (n(ay)) /0U] units of decrease ib. It follows that givenM, the

variation in the profit of jobs with productivitg, M* (o), caused by such a simultaneous change

of tc andU is
dn* (a) = 0'7(;‘t(cr)dthr an;U(a)dU
C
:dl‘l*(a)dtc_dn*(a) Wy (n(ay)) .
ote ou (1+tc)w
1-t Wy (n(ay)) Wu (n(a
:_1—t\l,1v [eu (n(ay)) —au (n(a))] W) u(U( ))dtc.

wheregy (n(a)) = [0%Wu (n(a)) /U] - [U /Wy (n(a))] is the utility elasticity of consumption
evaluated ah(a). This implies that the profit of jobs facing the higher (resp. lower) utility
elasticity of consumption than that the threshold job faces increases (resp. decreases). If the
utility elasticity of consumption increases with fertility (i.@.[(dWy/0U) (U /Wy)]/dn > 0),
then the profits of all jobs with productivity > a fall becausen(a) < n(a) for all a > a.
Then, the expected profit of entry for givén falls, the measure of entrants decreases, and
the exit threshold declines. Conversely, if the utility elasticity of consumption decreases with
fertility, then the exit threshold rises.

(b) We follow a procedure similar to the proof of (a). The iso-profit condition of the threshold
jobis

du wy (ay)

A (1—ty) (14 t) 2Heman)’

GivenM, the variation in1* (a) caused by a simultaneous changé&,odindU such thaf1* (o)
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remaindd is

on*(a) on*(a)

on*(a) on*(a) Wy (ay)
= dty - dty
Oty U (1—-t,)(1+1t) 3%%%))
_ l—t|-| Wy (a) _ VVU(%) at'IJU (n(a)>dtw
T (1—ty)? | Tm@) T a%nay)) au
ou ou

Sincewy (a) >wy (ay) anddWy (n(a)) /U > d%Wy (n(ay))/oU for all a > ay,, it is am-
biguous whether it is positive or negative without further specification. Sincr) depends
not only on preferences, but also on policy variables, in contrast to the proof of (a), we cannot
determine the sign afll* (a) only by imposing a restriction on preferences.
(c) We follow a procedure similar to the proof of (a). The iso-profit condition of the threshold
jobis
du n(ay)

ds (14t,) Zlnlou)”

GivenM, the variation in1* (a) caused by a simultaneous changséndU such thafl* (a)

remain0 is
v on(a) on*(a)
dn*(a) = Js, ds,+ 30 du
B on*(a) on*(a) n(ay)

ds, + d

_1-tq [0Wu (n(ay)) oWy (n(a)) 1
“1o1,| au "W —p  nay) %ds‘

This is negative for alr > a,, becausa(a) < n(ay) anddWy (n(ay))/dU <
JdWy (n(a))/oU forall a > ay,.Thus, the expected profit of entry for givihfalls, the measure
of entrants decreases, and the exit threshold declines.

(d) Even iftq changes, the profit of the initial exit threshold reméains

((1—tn) [@*l (a*) —w(a*)] =0). Onthe other hand, an increaseririowers the expected profit
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of entry,E((1—tn) [al (o) —w(a)]). The measure of entrants decreases and the exit threshold

declines.
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