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Abstract

We construct a continuous-time overlapping-generations model with labor market friction in
order to examine the relationship between bubbles, economic growth, and unemployment.
We show that the existence of bubbles is contingent upon the equilibrium unemployment rate.
Asset bubbles can (not) exist when unemployment is low (high), which leads to higher
(lower) interest rates and economic growth through labor market efficiency. Hence, economic
growth under the bubble regime where bubbles can exist is higher than that under the
non-bubble regime where bubbles cannot exist. Furthermore, policy or parameter changes
that have a positive effect on the labor market shift the economy from a non-bubble regime to
a bubble regime.
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1. Introduction

Bubbles have occurred many times in the past and have had major impacts on the macro
economy. In particular, bubbles have been frequently observed when economic activity is
booming and the growth rate of GDP is high (Martin and Ventura, 2012; Farmer and
Schelnast, 2013, ch. 6). Also, empirical studies show that asset bubbles are accompanied by a
reduction in the unemployment rate (Phelps, 1999; Fitoussi et al., 2000). Since there are no
studies that address the theoretical interaction between bubbles, growth and unemployment,
the purpose of this paper is to examine the relationship analytically.

In his seminal study, Tirole (1985) examines the condition of the existence of bubbles on
intrinsically useless assets in an overlapping generations model. Grossman and Yanagawa
(1993), King and Ferguson (1993), and Futagami and Shibata (2000) extend Tirole’s model
to an endogenous growth framework. They re-examine the conditions that are necessary for
bubbles to exist and show the relationships between bubbles and economic growth. In their
studies, when a bubble arises in the economy, it diverts savings from capital accumulation
and retards economic growth. For an alternative perspective on bubbles, Olivier (2000)
considers bubbles not as useless assets, but as assets tied to capital goods. As such, he is able to
show that bubbles can increase economic growth. However, these do not consider the
possibility of unemployment.

There are theories that state that equilibrium unemployment occurs as a result of friction
in the labor market. Diamond (1982), Mortensen (1982), and Pissarides (1985) develop
search and matching models of unemployment (which scholars have since applied to a wide
variety of fields'). Eriksson (1997) introduces labor market frictions into the standard
dynamic optimizing (Ramsey) model with capital stock externalities through learning by
doing in order to ensure long-run economic growth. He then examines the effects of various
policies (capital taxes and unemployment benefits) on both economic growth and

unemployment.? However, unlike in an overlapping-generations model, rational bubbles

! See Pissarides (2000) for an introduction to search friction models.

2 See Bean and Pissarides (1993), Aghion and Howitt (1994), Caballero and Hammour (1994), and
Haruyama and Leith (2010) for other models of the relationship between growth and unemployment that address
labor market frictions.



cannot be generated in an infinitely lived, representative-agent model (Ramsey-type model)
(Tirole, 1985; Santos and Woodford, 1997).3

To the best of our knowledge, no studies have used an endogenous growth model to
analyze the connection between bubbles and unemployment. In order to fill this void, we
develop a theoretical framework with which to examine the conditions necessary for bubbles
to exist in an economy with endogenous unemployment, and we explore the relationships
between bubbles, economic growth, and unemployment.* In order to do so, we adopt
Eriksson’s (1997) endogenous growth and labor market friction approach, and merge the
Ramsey framework with Weil’s (1989) continuous-time overlapping-generations model.

In our model, where unemployment stems from labor market friction, labor market
efficiency is reflected in the interest rate because the marginal productivity of capital is
influenced by it. Then, because asset returns are related to the interest rate, the existence of
bubbles depends on conditions in the labor market. As such, we find that the equilibrium
unemployment rate is a key factor in the existence of bubbles; when it is below a certain level
and interest rate is high, bubbles asset can exist. When the conditions are satisfied for bubbles
to exist, we say that the economy is in a “bubble regime”; conversely, when it is not possible
for them to exist, we say that the economy in a “non-bubble regime.” In a bubble regime,
there are multiple equilibria, such that a steady state can exist either with bubbles or without.
We show that bubbles divert savings away from physical capital and lower the output growth
rate, which is a common finding in the literature. On the other hand, when we compare
bubble regimes to non-bubble regimes, we find that the output growth rate is always higher
under the former than the latter.

Additionally, with our model we can examine the effects of labor market policy or
parameter changes on bubbles, economic growth, and unemployment. For example, we find
that, because unemployment benefits raise the value of unemployment, they have a negative
impact on employment (which is a standard conclusion among models with search friction).

® As Santos and Woodford (1997) point out, it is hard to generate rational bubbles in an infinitely lived agent
model without market frictions. For an alternative approach that focuses on the friction in the financial market see
Hirano and Yanagawa (2010) and Martin and Ventura (2012); these authors examine the existence of bubbles
and show that they can be growth enhancing or growth impairing depending on the restrictiveness of the
collateral constraint.

* Miao et al. (2012) and Kocherlakota (2011) present studies that are similar to our own. Miao et al. (2012)
investigate the relationship between unemployment and stock market bubbles in an economy with labor market
friction and financial market friction. Kocherlakota (2011) assumes that output is determined by household
demand, and as such, he does not consider the firm’s behavior in an economy with matching frictions and
bubbles. However, these studies do not consider economic growth endogenously.



Thus, if unemployment benefits are reduced, then the employment rate should increase and
the labor market should become more efficient, which would raise the interest rate and
consequently shift the economy from a non-bubble regime to a bubble regime. In this case,
there would be a negative relationship between unemployment and economic growth. °

The remainder of this paper is organized as follows: Section 2 outlines the features of the
model. Section 3 describes the steady-state equilibrium with and without bubbles, and
compares the effects of policy and parameter changes under the two regimes on bubbles,
economic growth, and unemployment. The final section summarizes our findings and

concludes the paper.

2. The Model

There are many infinitely lived dynasties in the economy. At each point in time, a new and
identical infinitely lived dynasty appears at rate n. The total population at time 0 is No; thus,
the total population at time t is N; = Nge™. Unless it is necessary, time notation is suppressed

for the remainder of the paper.

2.1. Matching

In the labor market, unemployed workers and firms with vacant positions strive to find each
other. We include mating frictions in the labor market in order to generate unemployment. By
denoting the number of successful of matches as f, this process can be described by the

matching function
f(UN, vN),

where u and v represent the unemployment rate and the vacancy rate, respectively. As such,
uN is the number of unemployed workers and vN is the number of vacant jobs in the economy.
Following the standard assumptions,® the matching function is satisfied to be concave,
homogeneous of degree one, and increasing in both of its arguments. If the tightness of the

labor market is defined as

® In fact, many empirical studies show a negative relationship between unemployment and economic growth
(Ball and Moffitt, 2001; Muscatelli and Tirelli, 2001; Staiger et al., 2001; Tripier, 2006; Pissarides and Vallanti,
2007).

® See Petrongolo and Pissarides (2001) for a discussion on matching functions.



then the probability that a firm with vacancies will be matched to an unemployed worker can

be given by the following property:

M= f(l,lqu(e) , Where aq_(e)< 0.
LN 0 00

2.2. Firms

There are N identical firms in the economy. The number of firms is assumed to equal the

number of consumers. The production function of firm j is described by
y; = Ak (k)" 0<a<l,

where A, k; and l; represent productivity, capital stock, and the number of workers employed
by firm j, respectively. k represents labor productivity, which is assumed to be driven by
spillovers (similar to those proposed by Romer (1986) that emanate from a firm’s

accumulated investments per worker). In order to ensure the existence of a long-run growth

path, it is assumed that k takes the form k = ( LN K J.dj) / N, which represents the average

capital stock.

In order to create matches, firm j must put out job vacancies. If we let vj be the number
of firm j’s vacancies, then q(0)v; workers are hired by firm j in every moment.” Furthermore,
firm j fires or loses workers at a rate of dl;, where & represents the exogenous separation rate.

By summing these two flows, we find that the size of the labor force changes according to the

equation

I, =q(e)v, —8l,. (1)

In accordance with Eriksson (1997), Mortensen and Pissarides (1999), and Pissarides and
Vallanti (2007), we assume that the cost to recruit workers for a vacancy is proportional to
the wage rate, yw (where w is the wage rate and y is a cost parameter).? In order to simplify
the model, we do not consider the adjustment cost of investment. Consequently, firm j’s

profit maximization problem can be written as

" As 0 is given for all firms, the probability q(0) is the same for all firms.

® This assumption is required in order to ensure that there is a balanced growth path.



maxfc(yj —rk; —wl; —ywy, )e_j‘r‘dldi , subject to (1). @)

This inter-temporal maximization problem can be solved using the current-value Hamiltonian
function H = (y; — rkj — wlj — ywv;) + x(q(6)v;— dl;), where y is the current shadow value of
labor. Assuming that the market shares are small enough that each firm takes average capital
(k') and market tightness (0) as constant, the first-order conditions are oH/ok; = 0, oH/ov; = 0,
and oH/0l; = ry —y . Combining these conditions yields:

[% =J aAke (kI ) =, ©)
%: (L— o) Ak k1 =W+ﬂ[r+8—ﬂ+w} 4)
al, q(6) w o q(6)

All firms are considered identical because of the symmetry in production technology,

and as such, k = kj = k in equilibrium. Also, the vacancy rate is equal to the number of firm j’s
vacancies, v EUONV,-dj)/N = vj = v. Thus, the tightness of the labor market is determined by

the ratio of the number of vacancies per firm to unemployment rate, 6 (= vN/uN) = v/u.

Furthermore, from the definition of the employment rate, we get:

1-uE(j0N|jdj)/N=|. 5)

As a result, per capita output can be written as
y=Ak@-u)"". (6)

Following the example of other studies that include search friction (Pissarides, 2000), we
assume that wages are negotiated by the worker and the firm after they meet. When a match
is made, the firm can put the worker into production and save on the vacancy cost. Hence, the
upper bound on the wage is the marginal benefits of labor, which is determined by the
marginal product and the marginal value of the saved vacancy cost (dy/él + 8yw).® The lower
bound, on the other hand, is a worker’s opportunity income, that is, the unemployment

benefit, Aw (which is proportionate to the wage rate, A € (0, 1)). It is assumed that a

° The upper bound on the wage can be derived as follows: a(y — ywv)/al with v = 6u = 6(1 — I). This is
consistent with the marginal benefit of labor with an internalized unemployment rate.



negotiation between a firm and a worker results in a wage that is somewhere between these
two extremes (Eriksson, 1997); such that w = (1 — B)Aw + B(oy/dl + 6yw), where € (0, 1)
denotes the worker’s bargaining power.”® Consequently, the wage rate can be expressed as
follows:

we B
1-(1-B)L—-By0 ol

(7)

2.3. Households

We approach households in much the same way as Weil (1989). In our model, there are many
infinitely lived households in the economy. Households do not have any assets when they
first enter into the economy, though we assume that the first generation has a set of initial
assets. We distinguish this first generation of households from those that are born at time 0
(denoted 0%) by denoting them 0. The lifetime utility of a representative household in

generation s is
J; Inc(s,ie ' di,

where c(s, t) represents the consumption of generation s at time t, and p is the subjective
discount rate. Each household allocates its total assets (z) between physical capital (k) and the
bubble asset (m) (the bubble asset is an intrinsically useless paper asset, specifically money).
Because of the arbitrage condition, the price of the bubble asset in terms of goods (1/p) must

satisfy the condition (1/p)/(1/p) = — p/ p=r, or rather, the return on one unit of the bubble

asset must be equal to r. By using this relation, we can obtain the following flow/stock budget

constraint in terms of real goods:**

az(s.1) =rz(s, t) + w(l — u) + Awu + v' — T — ¢(s, 1), (8)
z(s, t) = k(s, t) + m(s, 1),
where z(s, t) represents the total asset holdings of generation s at time t, Aw is the

unemployment benefit, t is a lump-sum tax, and V' is the income from vacancies (defined as

19 This formulation of the wage equation is broadly used in the literature on unemployment that includes
search friction (Aghion and Howitt, 1994; Caballero and Hammour, 1996; Eriksson, 1997). See Pissarides
(2000) and Hall (2005) for discussions on the determination of the wage equation.

1 See Appendix A for a detailed explanation of the derivation.



% =U0N YWdej)/N= ywv). In order to eliminate any uncertainty regarding employment, we

assume that each household has a large number of members. The first-order maximization

conditions are given by

dcfj") —(r—p)e(s.), ©)

and the transversality condition is given by lim z(s,t)e_L“di =0. Using Equations (8) and

t—oo

(9), we can obtain the following consumption function:

c(s, t) = p[z(s, t) + hy, (10)
where h, Ef(wi @L-u,) +Awu; +V, —ri)eff‘ir‘dldi.

2.4. Government

The government supplies the useless paper asset, B, which is priced in terms of goods at 1/p.
We define the real value of the supply of this asset as M = B/p. The government gives this
asset to the first generation (0°) at time O and continues to supply it to each household at
constant rate of u (=B/B). Since the government’s real revenue is the sum of the lump-sum
tax (tN) and the bubble expansion (uM), and its expenditure is the unemployment benefit

(AwuN), we can write its budget constraint as
TN + uM = AwuN. (11)

2.5. Market clearing conditions

We define the aggregate variable X; as follows (Weil, 1989):
X, =x(0", N, +£ x(s,t)ne™ N, ds .
By combining Equations (8), (9), and (10) with the above definition, we are able to formulate
the following economy-wide dynamic equations:*?
C=(r-p+n)C-npZ, (12)

Z=rZ+oN-C, (13)

12 Equation (12) is derived by using Equations (9) and (10), and z(0, 0) = 0. Equation (13) is derived by
using Equation (8). Equation (14) is derived by using M = B/p with B/B= pand - p/p=r.



M=(u+nM, (14)
where Z=K + M and o = w(1 — u) + ywv + uM/N.
The aggregate output is defined as Y = LN y;dj = yN. As such, by using Equation (6) we
can get
Y = AK(L-u)*. (15)
Also, using Equations (13) and (14), we obtain the goods market equilibrium condition®

Y=C+K. (16)

2.6. The equilibrium conditions on a balanced growth path

In this subsection, we derive the conditions on a balanced growth path. Using Equations (1)
and (5), in conjunction with the definition v = 6u, we obtain u=-06q(6)u + 5(1 — u).
Consequently, the following condition is satisfied in the steady state:

)

uzm, (17)

where du/d8 > 0 and 6u/68 < 0.1 Equation (17) represents the Beveridge curve; this implies
that the unemployment rate rises when the separation rate increases or the labor market

becomes less tight.

Also, based on Equation (3), and using the fact that k = ki = k, the interest rate can be

given by
r=oaAl-u)". (18)

With this we can easily confirm that there is a negative relationship between the
unemployment rate and the interest rate.

We define the growth rate of aggregate output (Y (= yN)) as g =Y /Y . Based on
Equations (5), (6), and (7) and the fact that oy/ol = (1 — o)AkI™, we find that (in a steady state
where u and 6 are constant) the wage growth rate equals the per capita output growth rate
such that

3 See Appendix B for the derivation of (16)

14 Based on the matching function property provided in subsection 2.1, we obtain 4(6q(0))/@0 > 0, which
implies ou/o6 < 0.



W/w=g-n. (19)

As such, substituting Equations (7) and (19) into Equation (4) yields:

[O_ﬁ;ﬁ—e}q(e)zr+6—g+n. (20)
Y

We define the variables normalized by aggregate output as ¢ = C/Y and m = M/Y. Using
the definitions (¢, m) and the fact that Z = K + M, as well as Equations (12), (14), and (15)
and recalling that the steady state levels of ¢ and m are constant when
C/C=K/K=Y/Y =g on a balanced growth path, we are able to derive the following
equilibrium conditions:

(r—p+n—g)c—np(ﬁ+mj:0, (21)

(u+r-gm=0. (22)

By dividing Equation (16) by Y and using Equations (15) and (18), we obtain the following

expression
c=1-g¢ ¢ (23)
r

Based on Equations (23) and (18), and the requirement that the consumption-output ratio be
positive (¢ > 0), the condition g < r/a. = A(L—u)** must be satisfied. In the steady state,
Equations (17), (18), (20), (21), (22), and (23) give the equilibrium values of ¢, m, g, r, u, and
0.

If we consider the case in which the population growth rate is zero (n = 0), as in a
representative-agent (Ramsey) model with one dynasty (Eriksson, 1997), then we can easily
confirm that g = r — p for ¢ > 0 (based on Equation (21)). Consequently, (based on equation
(22)) the value of asset bubbles must become zero (m = 0). As a result, in a Ramsey-type

representative-agent model, bubbles cannot exist in equilibrium.



3. The conditions for, and consequences of bubbles

3.1. The conditions for bubbles

In this section, we derive the conditions under which bubbles may exist in an economy. Under
a bubble regime, there are multiple steady states, the positive bubble equilibrium (m > 0) and
the bubble-less equilibrium (m = 0). Using Equation (22), we are able to obtain the aggregate
output growth rate (g) with a positive bubble:

g=r+p. (24)

In the positive bubble equilibrium, the output growth rate depends positively on the interest

rate and the bubble’s expansion rate.

The equilibrium bubble value can be found by substituting Equations (18), (23) and (24)
into Equation (21), and then rearranging them:

R =
npr|\ o npr l1-a Nn—-p—u

Given unemployment rate, u (which gives the interest rate from Equation (18)), both the

aggregate output growth rate and the bubble satisfy Equations (24) and (25). Based on the
first equality in Equation (25), a positive value of m must require n — p — u > 0 under the
condition r/a > g for ¢ > 0 from Equation (23). Also, from the second equality, we see that a

bubble regime requires:

R (w P j (26)
l1-a Nn—p—u

Then, using r =aA(L-u)"*from (18), we obtain the condition of the unemployment rate for

a bubble regime:

Ca 1 np La
u<to=1 {(l—oc)A(MJrn—p—uH : (27)

Thus, we are able to attain the following proposition from Equation (27):

Proposition 1: If Equation (27) is satisfied in equilibrium, then bubbles can exist in the

economy; if not, then bubbles cannot exist.

10



If the equilibrium unemployment rate is below a certain threshold (u'), and the interest rate is
greater than T, the bubbles asset can exist.

Under full employment (u = 0), since the interest rate is given by a production parameter: r
= oA, the existence of bubbles depends on the condition oA >r . With unemployment,
however, the equilibrium level of unemployment plays a crucial role in the existence of
bubbles. The following subsection examines the equilibrium unemployment rate in greater
detail.

3.2. The properties of Non-Bubble regime

In this subsection, we consider the steady state equilibrium under a non-bubble regime. Using
Equations (18), (21), and (23), we denote the growth rate in a non-bubble regime as g"°, then

define it as
NB _ r _
g =I(n < (g—r—n+p)(g—aj—np—0, (28)

where T'(0) < 0. In equilibrium g < r + n — p must be satisfied because g < r/a. Also, by

taking the total derivative of Equation (28), we obtain the following property of I'(r):

o9 _(rla-g)+(r+n-p-g)/a
or (rlo—g)+(r+n-p-g)

r'(r) = >1.

Furthermore, (using Equations (24) and (28)) we can confirm that at the threshold level 1
(given in Equation (26)) the growth rate in a non-bubble regime is equivalent to the growth
rate in a bubble regime; g = r+ u=T(r), as shown in Figure 1.

Next, we consider the equilibrium unemployment rate, which determines the interest
rate r = r(u). We know from Equation (17) that 6 is given by a function of 6 = 6(u; d); 06/0u
< 0 and 06/05 > 0. Then, by substituting Equation (28) and r = r(u) into Equation (20), we

find that the equilibrium unemployment rate in a non-bubble regime (u"®) is determined by

O (u";B,A,Y,8) =D (u";8,n), (29)

where @ (u™;B,A,v,8) = {W —0(u™®; 8)}q(6(u NBL8)),
Y

D, (u";8,n=ru")+5-g(r"®))+n,

15 See Appendix C for the explicit expression for I'(r).

11



®| (u)>0,and ®;(u)>0.

By defining W(u) = @ (u) — dr(u), we can obtain the following conditions: ¥(0) < 0 and
Y(1) > 0. Furthermore, if we assume that the equilibrium is unique, then ¥'(u) > 0 (®'.(u) >
®'r(u)) must be satisfied. Figure 2 (a) shows the equilibrium unemployment rate under a
non-bubble regime at the point EN®. Additionally, we can confirm that the intersection of
®g(u) and & + n — p gives the threshold level of T in Equation (27), sinceg"®=g= 7 +p
at the threshold. From Equations (18) and (28), we obtain the equilibrium interest and growth
rates under the non-bubble regime, r'® = o A(1— u®)"™* and g"® = I'(r"®). This relationship is
depicted at the point EN® in Figure 3.

With Equation (29), we can examine the properties of the equilibrium level of uM®
depending on various parameters, including B, A, v, 8, and n. Consequently, we find that the

partial derivatives of u™® indicate

ou™ _(1-2)q 50 ou™ _(1-B)q 50 ou™ _(1-p)I-2)g 50 (30)
B BY T A pry o By’ |

ou™® :i[u{q—a—q{(l_ﬁ)(l_k)—9}@}0, a1 0.

o5 W 00 By 05 on ¥

Using Equation (30) in conjunction with (18) and (28), we get

NB NB NB
sign 9" sign =sign - 8ua. ,  (fori= B,A,y,6,n). (31)
i

Thus, we obtain the following proposition from Equations (30) and (31).

Proposition 2: Under a non-bubble regime, the bargaining power of labor (p),
unemployment benefits (1), the vacancy cost (), the separation rate (5), and the population
growth rate (n) all serve to increase the unemployment rate, so that the equilibrium interest

and output growth rates fall.

Intuitively, greater bargaining power among workers (B) results in higher wages, this implies
that the incentive for job creation would decrease and firms would reduce vacancies. Then,
the tightness of the labor market (6 = v/u) would decrease and the steady state unemployment
rate would rise. The effects of the vacancy cost (y) and unemployment benefits (1) are the

same as mentioned above. In addition to the above effect, a higher separation rate (5) would

12



also shift the Beveridge curve and raise unemployment. These findings regarding the effects
on the unemployment rate are in line with those of the standard search friction model
(Pissarides, 2000).

Moreover, we can see from Equation (19) that the wage growth rate decreases as the
population growth rate (n) increases. A decrease in the growth rate of wages means that
future vacancy costs will be lower; hence, firms would postpone creating them. As such, the
labor market would become more restrictive and, in turn, the unemployment rate would rise.
As a result of this effect on the unemployment rate, the changes in the parameters

(B,A,y,0,n) that increase the unemployment rate would also have a negative effect on the

interest and output growth rates (see Equations (18) and (28)).

3.3. The properties of Bubble regime

In this subsection, we analyze the properties of bubble regime. Under this regime, there are

two equilibria: the positive bubble equilibrium (B) and the bubble-less equilibrium (N). We
denote the variables in this regime as u®, r®, and g° where 1 = (B, N). The variables in
the bubble-less equilibrium are given by uZ, rg,and g5 and are equivalent to those in the
non-bubble regime described in the previous subsection. The bubble-less equilibrium
unemployment rate (u;) is given by @, (u) = ®g(u) and shown at the point E; in Figure 2
(b). Then, from Equations (18) and (28), we obtain the equilibrium interest and growth rates,
r®=oaA(l-ul)*and gB=T(u). This relationship is depicted at the point EZ in Figure
3.

Next, we consider the positive bubble equilibrium unemployment rate. When there is a

positive bubble, the growth rate can be given by g; =r + p. By substituting this expression

into Equation (20), we can obtain the equilibrium condition for the unemployment rate (ug ),
@, (Ug:BA,7,8) =8+n—p. (32)

As shown at the point EZ in Figure 2 (b), the equilibrium unemployment rate with a
positive bubble is larger than that without a bubble; that is, u$ > uf, which implies rf <
r2. The positive bubble equilibrium interest and growth rates are r’= aA(1-u2)'™ and
gs= rg+ u. This relationship is depicted at the point EZ in Figure 3.

By taking the partial derivatives of ug we find

13



g _(@-Mg_, Mz _(-Pg_, Mz _(A-B)A-Ma_ (33)

o pHo, T o pol T oy By’
B _ _ B B _
Oug _ 1 14 q_&_q @-p)a k)_e 20 -0, 6uB= 1 -0, 6uB= 1<0.
% @ o0 By o8 on @ ou @

Then, using Equation (33) in conjunction with (18) and (24), we also find

B B B
sign ag_B = sign ar? =sign — au_B <0, (fori=B, A,y 8 n), (34)
ol ol ol
B B B B
signai: sign — U >0, Do _ M 150,
ou ou ou  op

Consequently, we obtain the following proposition from Equations (33) and (34).

Proposition 3: In a positive bubble equilibrium, the bargaining power of labor (p),
unemployment benefits (1), vacancy cost (»), the separation rate (8), and the population
growth rate (n) raise the unemployment rate so that the equilibrium interest and output
growth rates fall. The bubble expansion rate (), on the other hand, decreases the

unemployment rate and increases the equilibrium interest and output growth rates.

The effects of B, A, y, 8, and n on unemployment, the interest rate, and the output growth rate
are all analogous to those in a non-bubble regime.

The bubble expansion rate (1) has two positive effects on the output growth rate: The
first occurs directly by means of an increase in asset holdings (asset effect) (Futagami and
Shibata, 2000); this effect shifts the g5 = ry + p curve upward. Furthermore, this increase
in economic growth raises wages growth, which in turn increases the number of operating
vacancies so that the unemployment rate falls. The second effect stems from the improvement

in employment; this induces economic growth through an increase in the interest rate. This

effect moves the positive bubble economy along the g curve at interest rate r, . Figure 4
depicts how the presence of bubbles makes EJ (bubble economy) approach E; (bubble-less

economy).
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3.4. Comparison between regimes

The economy will be in a non-bubble regime (bubble regime) when the equilibrium
unemployment rate is higher (lower) than the threshold level. Thus, when policies or
parameters are changed in such a way that decreases the equilibrium unemployment rate (e.g.,
a decrease in unemployment benefits) the economy will shift from a non-bubble regime to a
bubble regime. As shown in Figure 3, the output growth rate is always higher under a bubble
regime than under a non-bubble regime, even if bubbles occur.

Additionally, under a bubble regime, a steady state equilibrium can be achieved in either

the presence or the absence of bubbles (Tirole, 1985). As for equilibrium unemployment, the

relationship uy; <uf <T holds under bubble regimes. Thus, the conditions rd >ry >T

and gy >gg are satisfied. In regards to the growth rate, we find that bubbles create a

crowd-out effect by reducing capital accumulation (Grossman and Yanagawa, 1993;
Futagami and Shibata 2000).

The above properties can be formally restated as follows:

Proposition 4: The growth rate (g"®) in a non-bubble regime (u>T) is lower than the
growth rate (g?) in a bubble regime (u <), that is,g"® < g?. Under a bubble regime, the

growth rate is lower when there are bubbles (gg) than when there are not (g;), that is,

ge <Uy-

4. Conclusion

In this paper, we developed a continuous-time overlapping-generation model with labor
market friction and examined the conditions for bubbles. We showed theoretical relationships
between bubbles, economic growth, and unemployment. In contrast to previous studies that
only accounted for production technology in the calculation of the interest rate, we introduce
labor market friction into our endogenous growth model, so that the interest rate depends on
labor market conditions. This, in turn, determines the efficiency of labor in the production.
Allowing for unemployment, fluctuations induced by the labor market determine the type of
regime that the economy will be under. In particular, the lower the equilibrium
unemployment rate is (when the interest rate is relatively high), the more likely it is that there

will be a positive bubble equilibrium. Furthermore, labor market efficiency affects capital
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accumulation by means of the marginal product of capital, so that economic growth is also
deeply contingent upon the employment situation.

Based on our finding that bubbles can (not) occur when the equilibrium unemployment
rate is low (high), and the interest and economic growth rates are high (low), we conclude
that policies that have a positive impact on the labor market (e.g., a decrease in
unemployment benefits) can improve employment and place the economy under a bubble

regime. This, in turn, will raise both the interest rate and the economic growth rate.

Appendix

Appendix A: The derivation of the flow budget constraint (8)

We define bubble asset holdings in nominal terms as b(s, t). Then, the flow budget constraint

of generation s at time t is
[db(s, t)/dt]/p + dk(s, t)/dt = rk(s, t) + w(l — u) + Awu + V' — t — ¢(5, t).

Since the real value of the bubble asset is given by m(s, t) = b(s, t)/p, we obtain dm(s, t)/dt =
[db(s, t)/dt]/p + rm(s, t) by using the arbitrage condition —( p /p) = r. Substituting this into the

above-equation yields
dm(s, t)/dt — rm(s, t) + dk(s, t)/dt = rk(s, t) + w(l — u) + Awu + V' — T — ¢(s, t).
Therefore, using z(s, t) = k(s, t) + m(s, t), we can obtain the flow budget constraint (8).
Appendix B: The derivation of the equilibrium condition in the goods market (16)
From Equations (13) and (14) and Z = K + M, we have
K = rK +[w(l—u)+yw]N -C. (B1)

Because there is perfect competition in the market for production factors firms receive

zero profits. By using this information in conjunction with Equations (2) and (5), we find
Y =rK +[wl—u) + ywvN,, (B2)

implying that total output is distributed among the capital income, the wage income, and the
vacancy income. Substituting (B2) into (B1) yields the goods market equilibrium condition
(16).
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Appendix C: The explicit expression for I'(r)

Using Equation (28), the quadratic equation for the growth rate (g) can be solved for the two

following solutions:

9 =[(r+n—p+ rlo)ty(r+n—p+ria) —4((I’+n—p)l’/a—np)}/2. However, since it is

required that g < r/a in order for c to take positive value (from Equation (23)), only one

solution may be used:

g :1“(r)z%[(r—p+n+r/oc)—\/(r—p+n+r/oc)2 —4((r—p+n)r/oc—np)]

where T'(0) z[(n—p)— (n—py +4np}/2 <0.
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Figure 1. The threshold between a non-bubble regime and a bubble regime
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Figure 4. The effect of bubble growth ()
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