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Abstract

In this paper we consider a regression model and propose estimators which are the weighted
averages of two estimators among three estimators; the Stein-rule (SR), minimum mean squared
error (MMSE) and the adjusted minimum mean squared error (AMMSE) estimators. We derive the
formula for the mean squared error (MSE) of the proposed estimators. It is shown by numerical
evaluations that one of the proposed estimators has smaller mean squared error (MSE) than the
positive-part Stein-rule (PSR) estimator over a moderate region of parameter space when the number
of the regression coefficients is small (i.e., 3). Also, its MSE performance is comparable to the PSR
estimator even when the number of the regression coefficient is not so small.
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1 Introduction

In the context of a linear regression, the Stein-rule (SR) estimator proposed by Stein (1956) and James and
Stein (1961) dominates the ordinary least squares (OLS) estimator in terms of mean squared error (MSE)
if the number of the regression coefficients is larger than or equal to three. Though the SR estimator
dominates the OLS estimator, Baranchik (1970) showed that the SR estimator is further dominated by
the positive-part Stein-rule (PSR) estimator.

Also, as one of improved estimators, Theil (1971) proposed the minimum mean squared error (MMSE)
estimator. However, Theil’s (1971) MMSE estimator includes unknown parameters, Farebrother (1975)
suggested an operational variant of the MMSE estimator which is obtained by replacing the unknown
parameters by the OLS estimators. As an extension of the MMSE estimator, Ohtani (1996b) considered
the adjusted minimum mean squared error (AMMSE) estimator which is obtained by adjusting the
degrees of freedom of the operational variant of the MMSE estimator. He showed by numerical evaluations
that the AMMSE estimator has smaller MSE than the SR and PSR estimators in a wide region of the
noncentrality parameter when k& < 5, where k is the number of regression coefficient. In particular,
when k = 3, the MSE of the AMMSE estimator can be much smaller than that of the PSR estimator
for small values of the noncentrality parameter. Therefore, Ohtani (1999) considered a heterogeneous
pre-test estimator such that the AMMSE estimator is used if the null hypothesis that all the regression
coefficients are zeros (in other words, the value of the noncentrality parameter is zero) is accepted,
and the SR estimator is used if the null hypothesis is rejected. Although the results were obtained by
numerical evaluations, he showed that a heterogeneous pre-test estimator dominates the PSR estimator
when & = 3 and the critical value of the pre-test is chosen appropriately. Extending the result of
Ohtani (1999), Namba (2000) proposed another heterogeneous pre-test estimator and numerically showed
that the proposed estimator has smaller MSE than the PSR estimator even when k > 4. However, since
the estimators considered by Ohtani (1999) and Namba (2000) connect two different estimators via a
pre-test based on the F-statistic, they are not smooth. This is a drawback of their estimators common
to the PSR estimator because the smoothness is required for the estimator to be admissible.

In this paper, we propose estimators which are weighted averages of different kinds of estimators.
The proposed estimators are smooth since they do not incorporate the pre-test. In the next section, we
introduce the estimators, and derive the explicit formula for MSE of the estimators in section 3. Using
this formula, we examine the MSE performance of the estimators by numerical evaluations in section 4.
Our numerical results show that one of our estimators has smaller MSE than the PSR estimator over a

moderate region of parameter space. Finally, some concluding remarks are given in section 5.



2 Model and estimators

Consider a linear regression model,
y=XpB+e, e~ N(0,0%I,). (1)

where y is an n X 1 vector of observations on the dependent variable, X is an n x k matrix of full column
rank of observations on nonstochastic independent variables, § is a k x 1 vector of coeflicients, and ¢ is
an n x 1 vector of normal error terms with Ee] = 0 and Elee'] = 021,,.

The ordinary least squares (OLS) estimator of 3 is
b= 51Xy, 2)

where S = X’X. In the context of linear regression, the Stein-rule (SR) estimator proposed by Stein

(1956) is defined as

ae’e

where e = y — Xb, and a is a constant such that 0 < a < 2(k — 2)/(v + 2), where v = n — k. If we use

the loss function

L(B; B) = (B—B)'S(B - B), (4)

where (3 is any estimator of 3, the SR estimator dominates the OLS estimator in terms of mean squared
error (MSE) for & > 3. As is shown in James and Stein (1961), the MSE of the SR estimator is minimized
when a = (k—2)/(v+2). Thus we use this value of a hereafter. Although the SR estimator dominates the
OLS estimator, Baranchik (1970) showed that the SR estimator is further dominated by the positive-part

Stein-rule (PSR) estimator defined as

ae'e
bPSR = max |:O,1 — b/S’b:| b. (5)
As one of improved estimators, Theil (1971) proposed the minimum mean squared error (MMSE)

estimator. However, since Theil’s (1971) MMSE estimator includes unknown parameters, Farebrother

(1975) suggested the following operational variant of the MMSE estimator

b'Sb
b = (b’Sb—i—e’e/u) b. (6)

Hereafter, we call the operational variant of the MMSE estimator the MMSE estimator simply. There are
several studies about the MMSE estimator and its variants. Some examples are Vinod (1976), Dwivedi

and Srivastava (1978), Tracy and Srivastava (1994) and Ohtani (1996a, 1996b, 1997). Ohtani (1996a)



derived the exact MSE of the MMSE estimator and a sufficient condition for the MMSE estimator to
dominate the OLS estimator.
Furthermore, as an extension of the MMSE estimator, Ohtani (1996b) considered the following esti-

mator which is obtained by adjusting the degrees of freedom of ¥'Sb (i.e., k),

b Sb/k
bam = (b’Sb/k: + e’e/y) b. @

We call this estimator the adjusted MMSE (AMMSE) estimator. Ohtani (1996b) showed by numerical
evaluations that if & < 5 the AMMSE estimator has the smaller MSE than the SR, PSR and MMSE
estimators in a wide region of noncentrality parameter defined as A\ = 3'S3/0?. Thus, Ohtani (1999)

considered the following heterogeneous pre-test estimator:
Bpr(r) = I(F < 7)bant + I(F > 7)bsg, (8)

where F' = (V/Sb/k)/(e’e/v) is the test statistic for Hy : § = 0 against Hy : § # 0, 7 is the critical value
of the pre-test, and I(A) is an indicator function such that I(A) =1 if an event A occurs and I(A4) =0
otherwise. He showed by numerical evaluations that the heterogeneous pre-test estimator dominates the
PSR estimator for k& = 3 if the critical values of the pre-test is chosen appropriately. Also, extending
the result of Ohtani (1999), Namba (2000) proposed another pre-test estimator obtained by replacing
the AMMSE estimator with the 2SHI estimator proposed by Tran Van Hoa and Chaturvedi (1990),
and showed the dominance of the proposed estimator over the PSR estimator by numerical evaluations.
Though the estimators proposed by Ohtani (1999) and Namba (2000) dominates the PSR estimator, they
are not smooth because of the pre-test. This is a drawback of their estimators, since the smoothness is
a necessary condition for the admissibility of the estimator.

Thus, in this paper, we propose the following two estimators which are weighted averages of the

estimators introduced above:

—~ F F
Bwai = <1+F) bum + (1 - 1+F> bam, 9)

—~ F F
Bwaz = <1+F) bsr + (1 — 1+F> bam. (10)

These estimators are smooth since they do not incorporate any pre-test. Similar to BpT(’T) given in (8),
bam plays an important role in both BVVAl and /B\WAQ when the value of F' is small.

In the next section, we derive the explicit formula for the MSEs of BWAl and /B\WAQ.

3 MSE of the estimators

In this section, we derive the formula for the MSEs of BWAl and BWAQ.



Noting that ¥'Sb/e’e = kF/v, substituting (3), (6) and (7) into (9) and (10), and conducting some

calculations, we have

- F? F ],

Pwar = (F+1)(F + 1/k) + (1 +F)2]
and

~  [F—av/k F

ﬂWAz—_ Fril (1+F)2]b'

Thus, the MSE of EWAl is given by

MSE[BWAI] = E[(BWAl - ﬁ)/S(BWAl — )]

P 3 2o,
=B H Fr1P(F ke 2FripE i/ | (Fyr 1)4}b Sb]
F? F , ,

—F H FrOFE+1/R (F+1>2}“b} oS

Similarly,

. 1 F F? /
MSE[Bwaz] = E {{ (F+1)2(F — av/k)~2 +2(F+ 1)3(F —av/k)~1 M (F + 1>4}b Sb]

9B H F2 —
(F+ 1)(F —av/k)-1 " (F+1)2

Here, we define the functions H(p, q,r,m;a) and J(p,q,r,m;a) as

} B/Sb} + 3'SB.

E u
{(F + 1)P(F + a)d

Hp,g,r.ms ) — <b’Sb)m]

and

— E FT
) = [(F + 1)P(F + )t

J(p,q,m,m; (b’Sb)mﬁ’Sb] )

Then, we can express the MSEs of BWAl and BWAQ as
MSE[EWM] = H(2,2,4,1;1/k) +2H(3,1,3,1;1/k) + H(4,0,2,1;1/k)
—2J(1,1,2,0;1/k) — 2J(2,0,1,0; 1/k) + 3'S3
and
MSE[Bwa1] = H(2,-2,0,1; —av/k) + 2H(3,-1,1,1; —av/k) + H(4,0,2,1; —av /k)
—2J(1,-1,0,0; —av/k) — 2J(2,0,1,0; —av/k) + 3'Sp.
As is shown in appendix, explicit formulae for H(p, ¢, r,m; ) and J(p, q,r,m; «) are given by

k ptq—r o0
H(paQ7T7m;a) = (20.2)771 <V> Zwi(A)Gi(ILQaram;a)a
=0

k ptq—r o0
So.aurmsa) = 35920%" (£) Y wsNGin (. gormia).

=0

(13)

(16)



where w;(\) = exp(—A/2)(A/2)/i! and

D((v+k)/24+m+i) [P th/2Hmbrtizl _ pyv/2tpte—r—1
L(v/2)L(k/2 + 1) /0 [t + k(1 —t)/v]P[t + ak(1 — t)/,,]th' (21)

Substituting (19) and (20) into (17) and (18), we obtain explicit formulae for the MSEs of Bwai and

Gi(p7Q7T7m;a) =

Bwaz-
Since further theoretical analysis of the MSEs of BWAl and BWAQ is difficult, we execute numerical

evaluation in the next section.

4 Numerical results

In this section, we compare the MSEs of estimators by numerical evaluations.

The parameter values used in the numerical evaluations were &k = 3, 4, 5, 8, 10, n = 20, 30, 50,
and A\ = various values. The numerical evaluations were executed on a personal computer, using the
FORTRAN code. In evaluating the integral in G;(p, ¢, r, m; ) given in (21), we used Simpson’s rule with
500 equal subdivisions. The infinite series in H(p, q,r, m;«) and J(p, ¢, r, m; ) were judged to converge

12 Tn order to compare the MSE performances

when the increment of the series gets smaller than 10~
of the estimators, we evaluated the values of relative MSE defined as MSE(3)/MSE(b), where j3 is any
estimator of 3. Thus, the estimator 3 has smaller MSE than the OLS estimator when the value of relative
MSE is smaller than unity. Since the results for £ = 3, k = 5 and n = 30 are qualitatively typical, we
show the results only for these cases.

Table 1 shows the results for £ = 3 and n = 30. We can see that all estimators considered here except
for baoy dominates the OLS estimator b in terms of MSE, and ﬁVVAg has smaller MSE than the other
estimators considered here except for bay when A is small (i.e., A < 2.0). Moreover, ,/B\WAQ has smaller
MSE than bpsgr when A is small and moderate (i.e., A < 8.0). Though bay has smallest MSE among all
the estimators when X is small and moderate (i.e., A < 12.0), it has slightly larger MSE than the OLS
estimator for large values of A (i.e., A > 22.0). Also, though BWAQ has smaller MSE than ,§WA1 around
A = 0, the region where BWAl has smaller MSE than bpgr (i.e., A < 10.0) is slightly wider than that of
BWAQ (i.e., A <8.0). Comparing 3WA1 and //B\WAQ, the MSE of I/B\WAQ around A = 0 is smaller than that of
BWAl while the MSE of 3WA2 is slightly larger than that of awm for A > 3.0). Comparing the gain and
loss of MSE, BWAQ may be preferred to bpsg and /@WAL

Table 2 shows the results for kK = 5 and n = 30. Comparing Tables 1 and 2, we see that when
k increases from 3 to 5, the MSE performance changes largely. Though all estimators considered here
dominate the OLS estimator, EWAl is dominated by bpsr, and both EWAl and §WA2 no longer have

smaller MSE than bpsgr around A = 0. Also, /B\WAQ dominates BWAl and by, and BWAQ has smaller MSE



than bpgr for 0.4 < A < 22.0. This indicates that the MSE performances of two estimators, BWAQ and
bpsr, are comparable.

When it is difficult to derive an exact distribution of an estimator, the bootstrap methods proposed
by Efron (1979) have often been applied. (Some examples are Chi and Judge (1985), Brownstone (1990)
and Yi (1991).) However, as is shown in Zaman (1996), the bootstrap methods are not so valid when an
estimator is not smooth. Since the MSE performances of BWAQ and bpgr are comparable and BWAQ is
smooth while bpggr is not smooth, we can say that BWAQ can be a good smooth alternative to the PSR

estimator, in particular when we apply the bootstrap methods.

5 Concluding remarks

In this paper, we proposed estimators for regression coefficients which are weighted averages of two
shrinkage estimators. Our numerical results show that the estimator B\WAQ which is a weighted average
of the SR and the AMMSE estimators has smaller MSE than the PSR estimator over a moderate region
of parameter space when k& = 3. Even when k& > 3, B\WAQ has comparable MSE performance to the
PSR estimator bpsg. Also, the proposed estimators BWAl and BWAQ have smaller MSE than the OLS
estimator for all parameter values considered in this paper. Moreover, because of their structure, the
proposed estimators are smooth. Compared with the PSR estimator, this is the virtue of proposed
estimators.

Considering this result, we may able to construct smooth estimators which have more preferable
performance by taking weighted averages of possibly some other estimators. However, seeking for such

estimators is beyond the scope of this research and a remaining problem for future research.

Appendix

First, we derive the formula for H(p, ¢, 7, m; ). Let u; = b'Sb/0? and uy = €’e/a?. Then, u; is distributed
as the noncentral chi-square distribution with %k degrees of freedom and noncentrality parameter A =
B3'SB/c?, and usy is distributed as the chi-square distribution with v = n — k degrees of freedom.

Using u; and ug, H(p,q,r, @) is expressed as

(Fax)"
H(p,q,r,m;a) = E o 1’;p(2%%2 o) (c%uy)
e Sk
. k/2+'m+7"+z 1 y/2+p+q r—1
/ / (vur T k)P (uul T akuy)d exp[—(uy + uz2)/2]duy dus, (22)



Table 1: MSEs for £k = 3 and n = 30.

A Bwa1 Bwaz bsr bpsr bm bam

0.0 0.50673 0.48203 0.68966 0.56393 0.63163 0.35991
0.1 0.52033 0.49737 0.69980 0.57820 0.64115 0.37482
0.2 0.53354 0.51223 0.70954 0.59196 0.65038 0.38935
0.3 0.54636 0.52663 0.71890 0.60522 0.65932 0.40352
0.4 0.55880 0.54059 0.72791 0.61800 0.66799 0.41733
0.6 0.58260 0.56721 0.74487 0.64220 0.68455 0.44394
0.8 0.60503 0.59221 0.76056 0.66469 0.70012 0.46923
1.0 0.62617 0.61569 0.77507 0.68559 0.71478 0.49329
1.5 0.67386 0.66836 0.80679 0.73164 0.74775 0.54845
2.0 0.71505 0.71344 0.83301 0.77006 0.77614 0.59720
3.0 0.78145 0.78519 0.87286 0.82900 0.82184 0.67859
4.0 0.83125 0.83806 0.90069 0.87037 0.85619 0.74270
5.0 0.86875 0.87716 0.92046 0.89964 0.88228 0.79347
6.0 0.89712 0.90620 0.93476 0.92055 0.90229 0.83391
7.0 0.91867 0.92784 0.94531 0.93565 0.91781 0.86628
8.0 0.93512 0.94404 0.95324 0.94671 0.92997 0.89233
9.0 0.94774 0.95621 0.95933 0.95493 0.93960 0.91341
10.0 0.95747 0.96539 0.96409 0.96114 0.94732 0.93055
12.0 0.97087 0.97764 0.97098 0.96965 0.95868 0.95604
14.0 0.97910 0.98478 0.97565 0.97507 0.96644 0.97336
16.0 0.98426 0.98901 0.97902 0.97876 0.97196 0.98531
18.0 0.98759 0.99157 0.98156 0.98145 0.97602 0.99369
20.0 0.98979 0.99315 0.98354 0.98349 0.97910 0.99962
22.0 0.99128 0.99414 0.98513 0.98511 0.98151 1.00386
24.0 0.99233 0.99478 0.98644 0.98643 0.98343 1.00692
26.0 0.99309 0.99521 0.98754 0.98753 0.98500 1.00912
28.0 0.99366 0.99550 0.98847 0.98847 0.98631 1.01072
30.0 0.99410 0.99571 0.98927 0.98927 0.98741 1.01186
40.0 0.99535 0.99626 0.99203 0.99203 0.99102 1.01399
50.0 0.99601 0.99659 0.99366 0.99366 0.99304 1.01374
100.0 0.99756 0.99770 0.99686 0.99686 0.99672 1.00951
150.0 0.99824 0.99830 0.99792 0.99792 0.99786 1.00694




Table 2: MSEs for k£ =5 and n = 30.

A Bwa1 Bwaz bsr bpsr bm bam

0.0 0.52260 0.33082 0.44444 0.32567 0.72274 0.32731
0.1 0.53091 0.34252 0.45540 0.33899 0.72730 0.33660
0.2 0.53904 0.35396 0.46605 0.35200 0.73175 0.34573
0.3 0.54700 0.36514 0.47640 0.36470 0.73610 0.35469
0.4 0.55478 0.37609 0.48646 0.37709 0.74035 0.36349
0.6 0.56984 0.39726 0.50576 0.40100 0.74856 0.38063
0.8 0.58427 0.41751 0.52402 0.42378 0.75639 0.39718
1.0 0.59808 0.43690 0.54130 0.44549 0.76387 0.41315
1.5 0.63013 0.48184 0.58062 0.49539 0.78115 0.45072
2.0 0.65896 0.52219 0.61507 0.53964 0.79660 0.48517
3.0 0.70835 0.59118 0.67204 0.61375 0.82289 0.54592
4.0 0.74865 0.64733 0.71666 0.67225 0.84422 0.59743
5.0 0.78172 0.69330 0.75210 0.71865 0.86170 0.64132
6.0 0.80902 0.73119 0.78061 0.75567 0.87617 0.67890
7.0 0.83169 0.76261 0.80386 0.78541 0.88825 0.71123
8.0 0.85063 0.78882 0.82306 0.80950 0.89843 0.73918
9.0 0.86654 0.81083 0.83908 0.82918 0.90708 0.76346
10.0 0.88000 0.82943 0.85262 0.84543 0.91450 0.78463
12.0 0.90122 0.85875 0.87410 0.87036 0.92648 0.81949
14.0 0.91692 0.88044 0.89029 0.88837 0.93567 0.84667
16.0 0.92879 0.89686 0.90287 0.90190 0.94290 0.86818
18.0 0.93796 0.90955 0.91291 0.91242 0.94871 0.88544
20.0 0.94518 0.91957 0.92109 0.92085 0.95348 0.89948
22.0 0.95097 0.92763 0.92787 0.92775 0.95745 0.91103
24.0 0.95569 0.93422 0.93359 0.93353 0.96080 0.92063
26.0 0.95959 0.93969 0.93847 0.93844 0.96367 0.92870
28.0 0.96287 0.94430 0.94269 0.94267 0.96615 0.93554
30.0 0.96566 0.94823 0.94637 0.94636 0.96832 0.94138
40.0 0.97498 0.96152 0.95940 0.95940 0.97601 0.96094
50.0 0.98026 0.96919 0.96735 0.96735 0.98071 0.97164
100.0 0.99026 0.98424 0.98350 0.98350 0.99025 0.98941
150.0 0.99350 0.98934 0.98896 0.98896 0.99348 0.99388




where

Ki = Soavmmim i 2 + ) (23)
and w;(\) = exp(=\/2)(\/2)"/i!.
Making use of the change of variables, v1 = u1/us and ve = ug, the integral in (22) reduces to
o0 k/2+7R+r+z 1 (V+k)/2+m+z 1
/ / o e e P+ 1/2d s (24)

Again, making use of the change of variable, z = (1 + v1)v2/2, (24) reduces to

Uk/2+m+r+i—1

2(1/+k)/2+m+11—‘ k)/2 . /OO 1 dor. 25
((V+ )/ +m+2) o (1/1}1+k)p(l/111+Oék)q(v1+1)(y+k)/2+m+1 U1 ( )

Further, making use of the change of variable, ¢t = v; /(141 ), and substituting (25) in (22) and performing
some manipulations, (22) reduces to (19) in the text.
Next, we derive the formula for J(p, g, r, m; «). Differentiating H(p, q,r, ) given in (19) with respect

to 3, we obtain

OH(p.a,1,0) _ (5 2ym (lj)pﬂr i [awi()‘)} Gi(p, g, r,m; )

op ~ op
NPT SB Sp
_ 2\m .
- (20 ) (V) ZO |:0_2w (A) + 71[)1 1()‘):| Gl(pa q,T,m; OZ)
Sﬂ Sﬁ om k p+q—r oo
= 0_2 H(p7Qaram;a) + ?(20’ ) ; ;wi(A)Gi+l(p7Qaram;a)) (26)
where we define w_;1(\) = 0.
Expressing H (p, q,, m;a) by b'Sb and €’e, we have:
(g b’ Sby\r
H(p,q,r,m;a) =B | — ke (b’ Sb)
<k beib + 1)p(ﬁbeib + Oé)
(% "Sby\r
e’e / m / /
-] I g VI IO (21)

where f.(€’e) is the density function of €’e, and

1 b—B)'S(b—
fn(b) = an)F 22112 P [_W} : (28)

Differentiating H (p, ¢, , m; ) given in (27) with respect to 3, we obtain:

OH(p,q,r,m;a) 1 (R / Sp
i S Lt R A ) e'e m _ 2Py ca). 9
93 o | T (s ay | T i) (29)

Equating (26) and (27), and multiplying 8’ from left, we obtain (20) in the text.
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