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Abstract

This study considers the role of the upstream process research and development (R&D) when
downstream develops new products. We build a model in which an upstream firm conducts
cost-reducing investment and two downstream firms develop new products. We assume that
all products are differentiated. We show that downstream product development promotes up-
stream investment. We also demonstrate that downstream product development is a strategic
complement if upstream R&D efficiency is high, while it is a strategic substitute if it is low.
This implies that the occurrence of complementary equilibrium does not need asymmetry in the

differentiated final-product markets and is in sharp contrast to the previous study.
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1 Introduction

In vertical structures, research and development (R&D) in the upstream plays a key role. This
is because when markets expand due to introducing new products downstream, since use of
inputs increases, the upstream cost-reducing R&D becomes even more important (Fontana and
Guerzoni, 2008). For example, in assembly industries, such as automobiles and computers, if
new products are developed downstream, it be capable of promoting the upstream investment
to reduce the production cost of inputs.

We consider the role of upstream process R&D when downstream develops new products.
To do so, we build a model comprising an innovative upstream firm and two downstream firms
that develop new products in the case where all final products are differentiated. We show
that upstream investment increases as downstream product development progresses. We also
demonstrate that in a downstream product-R&D game, complementary equilibrium appears if
upstream R&D efficiency is high but asymmetric equilibrium appears if it is low. Basak and
Mukherjee (2018) reveal that emergence of complementary equilibrium always needs asymmetric
product differentiation. However, we find that complementary equilibrium appears even without
such asymmetry. This result arises from a fall in input price caused by increasing upstream
investment due to downstream market expansion. Hence, our findings provide new insights into
the studies of innovation and vertical structures.

Some studies also focus on upstream process R&D, however, their frameworks and purposes
substantially differ from ours. Chen and Sappington (2010) examine the effects of vertical
integration and separation on upstream innovation. Although Hu et al. (2020) consider upstream
process R&D, their purpose is to examine the relationship between upstream cost-reducing R&D
and cross-holdings among downstream.

In this study, all proofs are illustrated in the Supplementary Material.



2 Model and Results

We consider a vertically related market with an upstream firm (U) and two symmetric down-
stream firms (Di, ¢ = 1,2). Di uses one unit of the input to produce one unit of the final
product, and it competes in Cournot fashion.! For simplicity, we omit other production costs
for Di. The U decides the input price w and makes a take-it-or-leave-it-offer.

The U engages in R&D to reduce the constant marginal cost ¢ € (0,1). To create demands
by introducing a new product, Di chooses whether to conduct R&D paying a fixed-cost f > 0 or
not. Let Di be the existing product ¢.; and its new product ¢, ;. When D1 and D2 introduce

new products, inverse demands are?

Pei = 1= qei—V(@ni+ e+ nj),
(1)
Pri = 1= qui— V(e + ej + nj),

where pe; (pe,j) is the price of the existing product of Di (Dj) and p,; (pnj;) is the price of
the new product of Di (Dj), i # j and i,7 = 1,2. v € [0,1) measures the degree of product
substitutability among final products.

The gross profit of Di is

WDi(Qe,iy Qn,i) = (pe,i - w)Qe,i + (pn,i - w)qn,z’- (2)

If Di innovates, its profit is mpi(ge,i, n.i) — f. If Di does not, its profit is mp;(ge,i,0).
The profit of U is

v = (w—(c—2))Q — ka2, (3)

where z is the investment level and kz? is the R&D cost. k > 0 denotes R&D efficiency. @
is the demand for the input. @ = ), ¢e,; if nobody innovates. Q = ), gei + ¢n,; if only Dj
innovates. @ =), e + ) _; qn, if everyone innovates.

We consider the following four-stage game. In the first stage, D1 and D2 independently



and simultaneously choose whether to do R&D by paying the fixed cost () or not (V). In the
second stage, U decides the investment level. At the third stage, U charges input price. Last,
downstream competes a la Cournot.

This timing structure corresponds to the difficulty in R&D. In general, product development
requires a sunk cost, such as a long-term contract with researchers, and it takes much longer
time. Hence, the downstream R&D is at the first stage. It is not needed the effort such that
produces prototype and repeatedly tests its safety, so the upstream R&D is at the second stage.
Downstream can flexibly adjust their production, so the quantity of final products is decided in
the final stage. The solution concept is the subgame perfect Nash equilibrium.

Depending on downstream investment decisions, four regimes can arise: II, IN, NI, and
NN. Using (1)—(3), we obtain the equilibrium solutions, which are reported in Appendix A.

To ensure a positive marginal cost after investment, we assume

1

k>ky=—— .
Z 0= 52y

We establish the following results from Appendix A.

Proposition 1. (i) /1 > 2!V = Nl > 2NN (ii) 02" 0k < 0 and 0x" /9y < 0, where

r=1I,IN,NI,NN.

Corollary 1. (i) w™¥V > w™N = wNl > !, (i) ow"/ok > 0 and Ow" /0y > 0, where

r=II,IN,NI,NN.

The logic behind part (i) of Proposition 1 is as follows. As U engages in cost-reducing
investment, U invests a lot if it can sell input a lot. An innovation by D7 increases the number of
product varieties, so the demand for the input also expands. If D1 and D2 innovate, because the
input demand is the largest among all regimes and the sales opportunity of inputs is similarly

the largest, the investment level becomes the largest. Hence, when nobody innovates, the



investment size becomes the least among all regimes. If only Di innovates, the investment
becomes intermediate level.

Part (ii) is intuitive. The first result is natural. Although larger v makes competition
tougher, in our model, it reduces downstream market size. The latter effect is dominant, so the
input demand shrinks. This impedes upstream investments.

Proposition 1 immediately yields Corollary 1. Since a larger investment corresponds to a
lower input price, we obtain the ranking of the input price. Part (ii) is a natural one. The effects
of  are similar to those of part (ii) of Proposition 1.

Our model has a similar timing structure to Banerjee and Lin (2003): Downstream first
invests, and after observing it, the upstream charges the price. They emphasize that the raising
input price extracts benefits of downstream investment.> By contrast, in our study, since the
market expansion due to downstream R&D promotes upstream investment, as a result, the input
price falls. Corollary 1 implies that upstream R&D is very influential in vertical structures.

To illustrate equilibrium, we define two R&D benefits of Di (Chowdhury, 2005). One is

non-strategic benefit, which is ®; = WIDJ\{ — Wg{\] = Wgzl — Wgév. The other is strategic benefit,

which is & = 7rgl - ngl = 7TIDI2 — 7TID]\2[ . (®n and ®; are reported in Appendix B.) Di innovates

if f < @7, and it does not innovate if & < f. Hence, IN& NI can appear if 5 < ®7; NN&IT

can appear if &; < &p. These arguments and Appendix A yield Proposition 2.

Proposition 2.

1. Suppose that k € (ko, 1/(47v)). Then, &y < ®yn. (1) If f < @y, II appears, (i) if f > Pp,
NN appears, and (iii) if 7 < f < ®n, NNEII can appear.

2. Suppose k > 1/(47y) or 1/(4v) < ko. Then, &y < ®7. (i) If f < ®n, II appears, (i) if

f > ®;, NN appears, and (iii) if oy < f < &7, INENI can appear.

When the fixed-cost f is small (large) because I (NN) is the dominant strategy, I (NN)
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Figure 1: Equilibrium of the game (kg < 1/(47))

appears. If f is an intermediate size, Di’s strategy depends on the upstream R&D efficiency k:
(i) if k is small, NN&II can appear. (ii) If k is large, IN& NI can appear (see Figure 1).

The intuition is as follows. (i) When k& is small, the upstream R&D is efficient. In this case,
if Di deviates from I, its markets become half. Furthermore, the input price jumps, so D7 does
not deviate from II. If Di deviates from NN, the number of product markets increases. As
upstream R&D efficiency is high and the range of the drop in input price is larger, downstream
production costs largely fall. However, this promotes rival’s production and makes competition
in the existing product market tougher, so the benefit of R&D can be canceled. Di does not
deviate.

Basak and Mukherjee (2018) find that, in a unionized duopoly, emergence of the complemen-
tary equilibrium needs asymmetric product differentiation and decentralized unions. In contrast,
we show that the complementary equilibrium appears even if there is no asymmetry in product
differentiation. This implies that the upstream R&D has an important role for the downstream

innovation, and therefore, gives a new insight into the previous literature.



(ii) When £ is large (or 1/(47y) < ko), because upstream R&D is inefficient, the effects of
upstream investment on the input price weakens. If Di deviates from I, its product markets
become half and input price rises. However, when k is large because the input price is high and
the downstream production cost is also high, and the profit loss from losing a market is small.
That is, the R&D benefit is small, so Di chooses N when the rival chooses I. The deviation
from NN increases product market and lowers input price. Then, although the R&D benefit is
small, the input price is high because k is large. Hence, a fall in production cost through the

decrease in input price becomes attractive. Di chooses I when the rival chooses N.
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Appendix A. Equilibrium Solutions

NN
wNN:(l—kc)(’y—i—Q)k:—l. SNN _ l1—c . NN _ (1—c)2k
2y +2)k—1 20y +2)k -1 U 2(y +2)k — 1’
NN (1—c)k NN (NN>2 for i
qe,z 2(74—2)]?—17 TDi e, , lor ’
IN (NI)
LIN — NI _ (1-0B-1)
4242y -7k - (3-7)
wIN — NI — 2(1+¢)(2+2y _72)k -3 _'Y), IN _ (1 _0)2(3 -k
A2+27 =)k = (B—-7) Y 42+ 2y -9k~ (3—7)
JN = gIN = (1—-¢)(2—7)k N = 2(1 - o)k
ol 4242y k- (3—9) TP 42+ 27—k - (3—7)
v 200 =2+ )k IN_(qH%/)Q
D1 = i Tp2 = \de2) -
42+ 2y =)k — (3 - )]
where ¢y = ¢33 = /Y = ¢, ¢25 = @2, 7b3 = 7y, and 7] = 7Ly
11
_(+@y+ k-1 5 d-c -, (1=
Wy +2k-1 S Ay +2k-1 Y T Wy + 2k -1
A-ok  _;_ (1-c?(+ Dk

e, n,% 2[(4'Y+2)k_ 1]7 Di 2[(4/_}/4_2)]{:_ 1]2’



Appendix B.

o | 1H47—7% 4 16(2467+677+273—*)k?

1—¢)2(1—)k
A== o sy 13y2 )k

Py = 5 >0
2[(4y +2)k — 12 [4(2 + 27 —2)k — (3 — )]
o — (1—c)2(1—7)k? [8(8+8y—dyh)k? — 8(2+2v+72—73)k — 292 +57—1] =0
' 207 +2)k — 17 42+ 29 — 12k — (3 — 7))’ '
Notes

LOur main results do not alter in Bertrand competition.

2The other possible setting is that the existing and new products are differentiated. The formula in such case is
Deyi =1 — (geyi + Ge,j) — V(Gn,i + gn,;) for ¢ # j. However, our main results do not alter, so we employ a simpler
form (1).

3Banerjee and Lin (2003) show that a fixed-price contract of input-price resolves this hold-up problem. In contrast,

Takauchi and Mizuno (2019) demonstrate that the fixed-price contract can harm upstream and downstream.
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“Downstream new product development
and upstream process innovation”

Supplementary Material (Not for Publication)

This supplement provides all proofs and supporting results.

I Proofs
.- . k(1—c)(1—
Proof of Proposition 1. (i) 2!/ — 2!V = [(4V+2)k_21}[511(232%_;@%_(3_”] >0 and 2!V — 2NN =
T s e g=y > 0. (ii) The partial derivative of 2" (r = II,IN,NN) with
respect to k yields dx!!/0k = 29yl g 0xIN Jok = _A0—9B2+1—?) - 414
P Y (k=17 = 5 BTy k=B =
0xNN 9k = —% < 0. The partial derivative of 2" with respect to v yields dz! /0y =
4(1—c)k _ 4(1—c)(y2—67y+8)k _ 2(1—c)k
“T@E-E <0 0z' [0y = — [4(2+27*32)kj(37'y)}2 <0, and 9z /9y = ~ ek <0 U
. . k(1—c)(2—)(1—7)
Proof of Corollary 1. (i) w™V — w!N = [2(7+2)k;—1][4(2+2ﬂ1/—72)wk—(3—7)] > 0 and w'V —
wll = k(lfc)(lfv)g > 0. (ii) The partial derivative of w" with respect to k
([ +2)F—1][A(2+27— k= (3] P P

yields ow!! /ok = M > 0, owN/ok = 21-96-)C+2y—77) 0, and ow™N ok =

(4y+2)k—1]? [4(24+2y—7*)k—(3—7)]?
% > 0. The partial derivative of w” with respect to vy yields dw!! /9y = % >0,
— _2(—0)k(4—)(2—) . (—ok
ow!N /0y = [4(2“7_72),:_(3_1)]2 > 0, and Ow™N /9y = BeT—TE 0. O

Proof of Proposition 2. Comparing &y with ®;, we have

(1—)*(1 = 7)*k*(1 — 4yk) g(k,7)

Oy —Or= 201 — 2(y + 2)k|2[(4y + 2)k — 12 [y + (=472 + 8y + 8) k — 3]*’

where g(k,v) = 16(37* + 573 + 1672 + 22 + 8)k% — 12(59° + 572 + 8y + 6)k? + 2472k — 3y + 3.
We show that g(k,~) > 0 and sign{®y — ®;} depends only on 1 — 4vk. To prove g(k,~y) > 0, it
is sufficient to show that g(k,~) has its minimum value at k = ko and ¢ = 1, and that value is
positive.

First, we show that g(k,~) is an increasing function of k; that is, g(k,~y) is the smallest at
k = ko. The first derivative g(k,v) with respect to k is dg(k,~)/0k = 24[2(3y* + 573 4+ 169* +
22y + 8)k? — (5v3 + 572 + 8y + 6)k ++2]. The dg(k,~)/0k is a quadratic function of k and the
coefficient of k2 is positive. Hence, by solving dg(k,~)/0k > 0 for k, we have k < ky and k > ko,
where k1 and ko are roots in g(k,v) =0 on k and ky < ko.

As ko = 1/[2¢(2y + 1)] decreases with ¢, ko has its minimum value at ¢ = 1. We illustrate
k1, ko, and ko at ¢ = 1 in Figure I.1. Using numerical calculation, we find that for v € [0, 1],

the unique root for ko — kole.—1 = 0 is v = 1. Hence, dg(k,~)/0k > 0 for any k > ko. Therefore,
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Figure L.1: ko at ¢ = 1 and the two roots for g(k,v) =0

g(k, ) takes its minimum value at k = k.

Second, we show 0g(ko,y)/0c < 0. Derivation yields dg(ko,y)/0c = (0g(ko,7)/0k)(0ko/0c) =
(0g(ko,~y)/0k) [_W{ﬁl)} < 0. The last inequality is satisfied because dg(k,~)/dk > 0. Hence,
g(ko,7) is a decreasing function for ¢ and it takes its minimum value when ¢ = 1.

From the above discussion, g(ko,~y) has the following minimum value at k = k¢ and ¢ = 1:

—_ 2 . o« . .
g(ko,*y)‘czl = % > 0. Because g(ko,’y)‘czl is positive, Yk > ko, g(k,~) > 0. This result

implies that sign{®y — ®;} depends only on 1 — 4vk. Hence, & > @7 iff £ < 1/(4y). O

IT Downstream Differentiated Bertrand

This section provides the equilibrium of the game in which downstream market competition is
differentiated Bertrand. In this case, we also obtain a similar result as in the Cournot case. To

identify Bertrand rivalry, we attach “”” to the variables of the equilibrium solutions.

o NN regime: As qn; = qn; = 0 for i # j, the demand functions are g.; = %&?W and

1—y
_ (=) =Pe,jtPe,i . ~NN _ 1=(c+D)(2—)(y+1)k ~NN _ 1—c
qu’ = T From these, we Obtaln w = 172(277)(74»1)]6 , T = W,
ANN _ (1—¢c)%k SNN _ 1=(+Dk(e=29+3) 4 NN _ (1=¢)?(1=y) (y+1)k?
U 22—+ 1)k—1 Pei 2(V2—7—2)k+1 Di (2(2—y—2)k+1)%

e IN (NI) regime: Only Di innovates, so gn; = 0. The demand functions are
_ A=) =+ D)Pe,i+7(Pn,itPe.;) _ (A=) =(0+D)pn,i+7(Pe.itPe.;) — A=) =+ Dpe j+3(Pe.itPni)

Gei= =) (+) ) ni= =) (27 +1) and ge,j= =) (+1)

. O MIN _ 2(e+1)(29+1) ((2=)v+2)k—(v(v+5)+3)
Solving the game, we obtain /Y = 4(27;{)((2_7)71;),6_@(71;)%) )

#IN — (1-c)(y(y+5)+3) FIN _ (1—0)?(y(v+5)+3)k
42v+1)(2—7)r+2)k—(v(v+5)+3)* "U 4(2v+1)(2—7)v+2)k—(v(7+5)+3)’
AIN =y +Dk(e(y+1) (v 42)+5(1 =)y +6)+y(y+5)+3  AIN _ —(Cy+1)k(e(y+1) (v+2)+5(1—7)y+6)+y(y+5)+3
e,i Y(y+5)—4(2y+1)((2—7)v+2)k+3 ? i Y(y+5)—4(2y+1)((2—y)v+2)k+3 ’
5IN 220+ DERyctet2(1-y+3) 4y (y45)43 TN . 20=0)?(1—y) (2y+1)(37+2)*k? and #IN —
Pe,j Y(y+5)—4(2y+1)((2—7)v+2)k+3 » " Di (A2 +1)((2=7)v+2)k—(v(v+5)+3))%° Dj

4(1—c)?2(1—) (y+ 13 (2y+1)k?
42y +1)((2—7)v+2)k—(v(v+5)+3))% "

e ] regime: When D1 and D2 develop new products, the demand functions are

L (1*')’)*(2’Y+1)pe,i+’y(pn,i+pn,j+pe,j) R (177)*(27+1)pe,j+7(pn,i+pn,j+pe,i)
Qesi A-7)Br+1) » ey A-)B+1) ’

10



(1=9)—=(2y+1)pn,i +¥(Pn,j +Pe,i+Pe,5) (1=7)—(2y+1)pn,j +7(Pn,i+Pe,i+pe.;)

Qn; = A=) (37+1) , and g j = =)@y +1) . Solving the
s ATT (A D)ByFDE—(y+1) 71 . (1=¢)(y+1) ~11 . _(1=0?(y+Dk AT
game, we obtain &7 = F@T e =) 3 = e U ket e =
Byt Dk(yete=—y+3) =20y 1) 0 q A1l — (1=02(1=y) (y+1)By+ 1Dk
4(3y+1)k—2(v+1) AN D = T 3EEF Dk—(y+1))2

We next derive the best response. Given that Dj develops a new product, if f < &7, then

Di develops a new product; otherwise, it does not: ®; = (1 — ¢)2(y — 1)k2 [(2(7_2)?;;11),““)2 -
2(2y+1)(3v+2)?

(Y(y+5)+42y+1)((v=2)7—2)k+3)? |-
Given that Dj does not develop a new product, if f < &5, then Di develops a new prod-

) . . . & 8(y+1)2(2v+1
uct; otherwise, it does not:  ®x = (1 — ¢)*(y — 1)(y + 1)k? [(7(7+5)+4((277+1))(((,772)2%2)“3)2 -
3v+1

2GR |- Figure B illustrates the equilibrium in downstream Bertrand competition.

0.3
NN & IT NN
~ 9.2
= P
0.1 A
s
IT IN & NI

o(b
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®
IS
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©
R

Figure B: Equilibrium in the v-f/(1 — ¢)? plane, where k = 1

IIT Welfare Analysis

We define consumer surplus and gross total surplus (excluding the downstream R&D cost f) as

follows: C'S' = %[qil + qg,2 + q121,1 + q?m,Q] +7(4e,1(ge,2 + an1 + an,2) +4e,2(gn1 + Gn,2) + n,1Gn,2] and

TS = CS + 7y + mp1 + mp2. We have equilibrium surpluses: C S = %, TS =
(c=h((U3y4T)k=2)  ~gIN _ (c=1)?(P=T?48v+6)k> poIN _ (c=1)?k((T7°=337°+24y+42)k—(7-3)?)

2((4%2)/16*1)22 ) ('7+(*472+8’72+8)k*3)2 ’ N (v+ (=472 +87+8)k—3)? ’
CSVN = L 0ol and TSVY = Lo PMETAED  Note that €8T = CSNT and TS =
TSN,

A. Underinvestment in terms of consumer surplus

Comparing the consumer surpluses, we can show the following Result.

Result 1. (i) Assume that “I1” appears if the equilibrium regime is I1 and NN. Then, from

the consumer surplus perspective, underinvestment downstream occurs if f > ®n. (ii) Assume

11



that “NN” appears if the equilibrium regime is 11 and NN. Then, from the consumer surplus

perspective, underinvestment downstream occurs if f > min{®y, Pr}.

Proof of Result 1. Case (i). From Proposition 2, the equilibrium regime is either “IN&NI”
or “NN” if f > ®p; the equilibrium regime is “II” if f < ¢n. Hence, to prove the first
part of Result 1, we need only show that CS!! > CS™V(= CSN) > CSVN. This is because
underinvestment occurs only if f > ®p.

Case (ii). Applying a similar discussion, we find that underinvestment occurs only if f >
min{®y, P}, where the equilibrium regime is also either “IN&NI” or “NN”. Hence, in both
cases, if we show CS!1 > CS™V > CSNN  the proof is complete.

First, we consider sign{C S — CS'N}.

(1— o)1 = k* v

cslt — sty =
2[(4y + 2)k — 1)]2 [y + (=412 + 8y + 8) k — 3>’

where 1§ = 8(2 + 10y + 972 — 493 — 29M)k? — 8v(2 — v2)k — 72 + 2y — 3.
The sign{CST! — CS'™™} depends only on 1§, Because {° is a quadratic function of k
and the coefficient of k? is positive, 1CS = 0 has two roots, klcS and kgc S, Solving wlcs > 0 for

k, we obtain k < k'S or k > k§S, where

LCS = 27(2772)7\/6'%174073+3472+52'y+12. LS = 2ry(2—72)+\/6w4—4073+34y2+527+12
1 = 4(2+10v+9v2 —4v3—2+%) 2 = 4(2+10v+9v2 —4v3—2+%) :
Here, we compare kzc S with kg. Let us consider the case ¢ = 1. By using numerical calcu-
lation, we find that Vv € [0,1), kole=1 > kS'¥. Because ko takes its minimum value at ¢ = 1,
ko > kS > kS for any ¢ > 0. Hence, CSTT — CSINV > 0.

Next, we consider CSTN — CSVN and apply a similar proof as the above.

CSIN—CSNN:— (6_1)2(’7_1)k2 ¢2CS
(1—2(y+2)k)2 [y + (=472 + 8y + 8) k — 3]

where S = 4(37* — 693 — 672 + 167 + 8)k? — 4y(y% — 2y + 2)k — 3 + 27.
The sign{CS™ — CSNN1 depends only on ¢, Because the coefficient of k2 in ¢§* is

positive, by solving 1S > 0 for k, we obtain k < k:g Sor k> kS, where

LSS = V(2 =2742)— (2= /7 =673 +72+147+6 LCS = (2 =2942)+(2=7)/ 7 =673 +72+147+6
3 = 2(37*—673—672+167+8) G 2(3v1—673—6v24+167+8) :

We show ko > k% (> k§®). At ¢ = 1, by using numerical calculation, we find that V+y € [0, 1),
kole=1 > kfs . Because kg takes its minimum value at ¢ = 1, for any ¢ > 0, kg > kfs > kgs
holds. Therefore, CS™N — CSNN > 0. O
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B. Underinvestment in terms of total surplus

Hereafter, we assume k > max{1/2, ko}.

To consider the best regime maximizing total surplus, we define the gross benefits of an
increase in the number of downstream firms conducting R&D: WIS = 781 — 78N = 7811
TSN WIS = 18IV — TSNN = 7SNT _ TGNN and 1§ = (TS — TSVN) /2. More precisely,
a rise in the number of downstream firms conducting R&D increases the total surplus if the
following conditions are satisfied: \I/;Fls > f, ‘IITOS > f, or 2\11505 > 2f.

To provide the result for total surplus, we must compare the gross benefits of an increase in
the number of downstream innovating firms. Here, we implicitly define g7 (v, k), which has the

same sign as W2 — WIS, That is, k75 (> max{1/2, ko}) is the root of the following equation:

75 (7, k) = 647(99* + 72 — 8872 — 106y — 32)k* + 32(—159* + 2073 + 14272 + 1124 + 20)43
+4(297% — 977 — 298y — 126)k* — 4(* — 17y — 26)k — 3 — v = 0.

Note that we can depict all roots of g7 (v, k) = 0 as in Figure III.1. The blue curves are the
set of pairs (v, k) that satisfies g7°(y, k) = 0. The dashed line is k¥ = 1/2. Hence, given 7, we
can uniquely determine k& = k7 as the largest root if it exists for k£ > 1/2. In the shaded area,

9% (7, k) > 0.

Figure IIL.1: Region of g7%(k,~v) > 0

Then, comparing the total surpluses, we can show the condition under which underinvestment

occurs.

Result 2. We restrict the minimum value of k by max{1/2,ko}. (i) Assume that “NN” is
realized if the equilibrium regimes are “I1” and “NN”. Then, from the total surplus perspec-

tive, the conditions under which underinvestment in downstream development occurs is given as
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follows:

O < f <UL i min{1/2,ko} < k <1/(4y),
Oy < f<UIS if max{1/2 ko, 1/(47)} < k < kT,
Oy < f <UL if max{1/2 ko, k75, 1/(47)} < k.

(7i) Assume that “I17 is realized if the equilibrium regimes are “II” and “NN 7. Then, (ii) from
the total surplus perspective, underinvestment in downstream development occurs if the following

condition is satisfied:

Oy < f < WIS if max{1/2 ko} < k < max{1/(4y),kT5},
Oy < f <UL if max{1/(4v), k75 < k.

Proof of Result 2. In both regimes, we need to show, which regime maximizes total surplus
given the downstream R&D cost f.

We consider case (i) and compare the gross benefits. First, we consider W25 — w75

(1—¢)*(1 —7)%k? g"5(k,)

TS _ gTS _
W = ¥ig = 3
2[1 — 2(y + 2)k]?[(4y + 2)k — 12 [(—442 + 8y + 8) k — 3]

sign{ W1 — UT51 depends only on ¢g7°(y,k). From Figure IIL.1, we obtain g7 (v,k) > 0 if
max{1/2,ko} < k < kT5.

Next, we consider WS — w15

(1—¢)*(1 —)%k* g"5(v,k)

TS TS _
\Ij21 \1120 - 2
A1 —2(y + 2)k2[(4y +2)k = 12 [(—472 + 8y + 8) k — 3 + 1]

Hence, sign{ U1 — WIS is the same as sign{W1¥ — U], Then, we obtain U1 — 015 > 0 if
max{1/2,ko} < k < kT°.

Finally, we consider W15 — w15,

(1—¢)?(1 —7)%k? g"5 (7, k)

7S TS _
\1’20 \1110 - 2
A1 = 2(y + 2)k]?[(4y + 2)k — 12 [(—4+2 + 8y +8) k — 3+ 1]

sign{WI¥ — WIS is also same as sign{ UL — WI¥}. Thus, UI¥ — UT5 > 0 if max{1/2,ko} <
k< kTS

From these, we have the following ranking of thresholds:

OIS < OIS < OIS if max{1/2,ko} < k < k79,

TS TS TS ; TS

14



Then, we establish Lemma, 1.

Lemma 1. (i) Formax{1/2,ko} < k < kT, the best regime for total welfare is “I1” if f < WL
and “NN7” if f > \IITS (i) For k > k%, the best regime for total welfare is “IT” if f < \I/21 ,
“IN” or “NI” if U35 < f < WIS and “NN7if f > Wiy,

Comparing \I/m , \1120 , \Ilgls , @7, and ®, we show the ranking of thresholds. First, we show
that ®; < min{W1y WIS, The difference U — ®; yields

(1—0)?(1 =)k gl
[1—2(y +2)k]2 [(—492 + 8y + 8) k — 3 +1]*’

Vg - @ =

where gi'; = 4(77* — 107® — 429 4 32y + 40)k? — 4(47® — 119% — 67 + 16)k + 29° — Ty + 4.

The sign{\I/{ — ®;} depends only on 9101 Solving 910[ = 0 for k, we have two roots,
k%O,I and k%OJ’ where klO,I < klO,I' Since the coefficient of k% in 9101 is positive, we have
ngOSI >0if k < k:%o jork> k:%o ;- In addition, using numerical calculation, we can show that
k‘%OI < k2 fo; < 1/2. As we assume k > max{1/2,ko}, we obtain 9101 > 0, which leads to
UIv — @5 > 0.

Next, we consider W25 — ®;.

(1—0)*(1 =7k g3
2[1 — 2(y + 2)k|2[(4y + 2)k — 1]2[(—472 + 8y + 8) k — 3+ 1]’

S
i - =

where g71% = 32(1075 +47° — 237% — 147® 4 984% 4 128y + 40)k* — 96(57° — 29" — 129% + 72 +
267y + 12)k3 + 4(657* — 78y3 — 8772 + 118y +90)k% + 4(—1573 + 2872 + v — 14)k 4+ 572 — 12 + 5.
The sign{¥?¥ — ®;} depends only on gQTlSI To prove WIS — &; > 0, we show (i) g1}° >0
at k =1/2 and 9g%; I/@k > 0, and (ii) dgd; 1/814: >0 at k = 1/2 and 9%gL° 1/814:2 > 0.
First, we show (ii) dgl; I/@k: >0 at k= 1/2 and 9%g 51/3k2 > 0.

PolS | 48(107° + 495 — 239% — 1493 + 9842 + 128 + 40) &2

ok? —72 (57°—271—12734+79?+267+12) k + 6571 — 7873 —874%+118v+90

Solving 62g21 I / 0k? = 0 for k, we obtain two roots. Using numerical calculation, we can show
that all roots are less than 1/2. Because the coefficient of k2 in the equation 9?¢l° 1/ ok? is
positive, and we assume k > max{1/2, ko}, 9%g> I/@kz > 0. Further, substituting & = 1/2 into
dg3,°1/ Ok, we have (9g3°;/0k)|, _ 12 = 44090 = T4y + 99" 4 6797 + 2077% + 163y + 20) > 0.
Thus, we obtain (ii) dgi; I/ak‘ > 0at k =1/2 and 9%gL° /37{:2 > 0, which leads to dgJ; I/@k: >0
VEk > 1/2.

Since we already had dgl} ,/ak > 0, to prove (i) g&° ;> 0at k=1/2and dg3; I/@k > 0, we
show only that 921 > 0at k= 1/2: gzll‘k 12 = = 2070 — 5295 +43v* +8+3 + 8672 +52vy+3 > 0.
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Therefore, Yk > 1/2, we have 92Tf?1 > 0, which implies that \I/2Tls — ®; > 0. From this and

UT$ — &, > 0, we obtain Lemma 2.
Lemma 2. &; < min{¥?y vI5

Here, we show U1 > @y and \Iigos > ®x. We consider U1 — @ .

(1—0)?(1—7)k? g3°y
[(4y +2)k — 12 [(—472 + 8y + 8) k + v — 3]*’

U3 — oy =

where 2% = 4(49* — 167° + 397 + 267 + 10)k* —4(29° = T/* + 3y + 5)k + 92 =3y + 1.

The sign{¥Z5 — &5} depends only on gglsN. Solving gQTlSN = 0 for k, we have two roots,
k%LN and kgl,Nv where k%LN < k%LN. The coefficient of k2 in g21N is positive, so we have
nglSN >0ifk < k%l Nork> k%l - In addition, using numerical calculation, we can show that
k:21 N < k3, ~ < 1/2. Because we assume k > max{1/2,ko}, we obtain gld "y > 0, which leads

to VI — @y > 0.

Next, we consider W5 — @ .

(c—=1)%(y = DE? g3’y
41 =20y +2)k)2((4y + 2k — 1)2 (y + (—472 + 87 + 8) k — 3)*

‘1’2Tos — by =

where gy = 64(1375—8v°—1347* —4493 42007 +176y+40)k* —32(277° —497* - 21473+ 7292+
2807 +100)k3 +12(27v* =783 — 13172 4140y +114) k> —4(137> — 5092 — 17y +54) k+3v% — 14y +7.
The sign{¥25 — &y} depends only on 92TOSIN To prove W25 — &y > 0, we show (i) gQTOSN >0
at k =1/2 and 9g; N/@k > 0; and (i) Ogd; N/ﬁk >0at k=1/2 and 82920 /0K > 0.
First, we show (ii) 8g20 Sy/0k >0 at k= 1/2 and 82920 /0K > 0.

936N o 32(13~0 875 —1347*—44~> 4 20072 +1767-+40)k>
ok? —8(277° —4974 — 21443 4+7272+2807+100) k+27v* —78+3 — 13172 +140y+114

Solving 82920 N JOKk? = 0 for k, we obtain two roots. Using numerical calculation, we can show
that both roots are less than 1/2. Because the coefficient of k2 in §%gZ, g20 '/ Ok? is positive and we
assume k > max{1/2 ko}y, %9l N/6k2 > 0. In addition, substituting k£ = 1/2 into 8920 S/ 0k,
we have (9g35y/0k)],_, = 4(104~5—226~°—697~* +68573+825v24-165v+8) > 0. Therefore,
we obtain (ii) 8g20 Sy/0k >0 at k =1/2 and 82920 v/0k? > 0, which leads to 8920 Sy/0k > 0 for
any k> 1/2.

Since we already had 8920 Sy/0k > 0, to prove (i) g%}fN >0at k=1/2and 8920 Sy /0k >0,
we show only that g7y >0 at k = 1/2: g3/, _, o = 52+5 — 140+° — 259+* + 4203 + 222+2 +
24y +1 > 0. Therefore, Yk > 1/2, 920 y > 0, which implies that \Ilgos — &5 > 0. Hence, we

obtain Lemma 3.
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Figure II1.2: Region of gﬂfN(k, v) >0

Lemma 3. U1 > &y and VI > oy.

Finally, we compare \IllTOS to P .

(1= (= DR gl
2[1 = 207 + DRy + 2k — 12 [(~42 + 8y + 8k + 7 — 3]

Vg — ey =

where g{iy = 32(227° — 167° — 2237 — 627° + 27477 + 208y + 40)k* — 96(77° — 147" — 567> +
1792 46274-20) k3 +4(557* — 18073 — 29772 4296y +234) k2 — 4 (773 — 3472 —13y+40) k+~2 —8y+5.

Note that we can depict all roots for the above equation as in Figure II11.2. The blue curves
are the set of pairs (1, k) that satisfies ng(fN(% k) = 0. The dashed line is k = 1/2. Hence, given
v, we can implicitly define k = k‘ﬂfN as the largest root if it exists for £ > 1/2. In the shaded
area, g%‘?N(% k) > 0.

This result yields Lemma 4.

Lemma 4. V15 > &y if k > k%’N; VIS < @y if max{1/2,ko} < k < k%’N.

From Proposition 2 and Lemmas 1 and 4, we have three thresholds for k: 1/(4v), k79,
and leO*?N. Depicting them, we have Figure II1.3. Then, we obtain kzﬂfN < min{k™%, 1/(47)}.
However, we cannot conclude that k‘lTo*? N < kTS because k:r{d?N is implicitly defined and diverges
to infinity as 7 — 0. Hence, we potentially have five regions: (i) max{1/2,ko} < k < kﬂfN,
(i) max{1/2, ko, k{’y} < k < min{1/(4y),k"5}, (iii) max{1/2, ko, K"} < k < 1/(4y), (iv)
max{1/2, ko, 1/(47)} < k < kTS, and (v) max{1/2, ko, k7 1/(47)} < k. We depict each case

in Figure I11.4.
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Figure I11.3: Thresholds Figure II1.4: Threshold ranking cases

From Proposition 2, Lemmas 24, and (1), we obtain the threshold ranking:

Oy < Ul <Oy < WP < WP if (i) max{1/2,ko} <k < k{jy,

Oy <Py < UIF < WP <WIF if (i) max{1/2, ko, kigy} < k < min{l/(4y),k"5},

Oy <Oy < VI < WIS < WIS if (iii) max{1/2, ko, kT5} < k < 1/(4), (2)

by < @y < VY < WIS < UTS if (iv) max{1/2,ko,1/(4y)} < k < k79,

Oy < P < ULS < OIS <« OIS if (v) max{1/2, ko, kT°,1/(47)} < k.
21 20 10

Combining this ranking with Lemma 1 and Proposition 2, we can identify the condition for

underinvestment downstream. Therefore, the proof is complete. [
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