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Abstract 

In the present study, we clarify the micro- to mesoscopic deformation behavior of 

semicrystalline polymers by the finite element homogenization method. The crystalline 

plasticity theory using a penalty method for the inextensibility constraint in the chain 

direction and the nonaffine molecular chain network theory were used to the representation of 

the deformation behavior of crystalline and amorphous phases, respectively, in the composite 

microstructure of a semicrystalline polymer. Various directional tensions are applied to the 

two dimensional plane-strain unit cell model of a composite microstructure. The results reveal 

a highly anisotropic deformation behavior caused by the rotation of the chain direction and 

lamella interface, which depends on tensile direction and manifests as substantial 

hardening/softening in the early stage of deformation. The mesoscopic structure of a 

semicrystalline polymer was modeled using a voronoi polygon comprised of composite 

microstructures with different lamella interface directions. The initial isotropy of the response 

of the mesoscopic scale was verified. Due to their interaction with the surrounding grains, the 

individual grains of the mesoscopic scale show a conservative response as compared with that 

of the unit cell, and a very nonuniform response depending on the location of the respective 

grain is observed; these are typical of the mesoscopic response of semicrystalline polymers. 
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1. Introduction 

To enable the wide use of semicrystalline polymers as structural materials, the 

characterization of their mechanical behaviors is indispensable. Semicrystalline polymers 

have a very complex hierarchical structure, and their microstructures are that of a two-phase 

composite material consisting of a crystalline lamella and an amorphous layer. In the 

crystalline phase, molecular chains are oriented in a specific direction along with an enforced 

inextensibility. Spherulite is formed with a radial arrangement of broad thin lamellae. 

Although the deformation mechanisms of the microstructure strongly depend on the 

directions of the molecular chains and lamella interface, macroscopic deformation behavior 

still exhibits initial isotropy [1]. 

In accordance with the above characteristics of semicrystalline polymers, simplified 

models have been proposed to reproduce experimental results [2], [3]. In these studies, 

interaction laws based on the Taylor, Sachs and self-consistent models were employed to 

relate microscopic and macroscopic deformations. The initially isotropic response by 

modeling the aggregation of randomly oriented composite microstructures is realized. 

However, these models cannot be used in evaluating the interactions between adjacent 

composite phases which exhibit a largely scattered local rotation and deformation of lamellae 

in the mesoscopic scale, as clarified by AFM observation, depending on the initial orientation 

of the lamellae and deformation due to applied deformation [4]. Therefore these characteristic 

deformation behaviors on the micro- to mesoscopic scales are essential in evaluating the local 

deformation behavior of semicrystalline polymers. 

Here, we focus our attention to the mesoscopic modeling of the semicristalline polymer 

that has a patchworklike structure with different directions of the lamella interface [5]. 

Therefore, we will first provide constitutive equations for individual phases, namely, 

crystalline and amorphous phases. Subsequently, we introduce the unit cell model comprised 

of crystalline and amorphous phases with different volume fractions. The deformation 

behavior of a unit cell is evaluated by a large-deformation finite element homogenization 

method [6]. With regard to the mesoscopic structure, experimental observation suggests the 

existence of the patchworklike structure where the lamella interface has almost the same 

direction in each patchwork domain with several to several dozens of mµ square [5]. Based 

on this experimental evidence, we will generate the mesoscopic structure using a voronoi 
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polygon comprised of composite microstructures with different lamella interface directions. 

The constitutive equation at each material point of the voronoi polygon is assigned using the 

homogenized constitutive equation of unit cell. Thus, we will evaluate the interaction between 

such microstructures and the heterogeneous deformation behavior on the micro- to 

mesoscopic scales.  

2. Constitutive Equation 

Here, in order to describe the deformation behavior of semi-crystalline polymer, the 

crystalline plasticity theory [7] with the penalty method to introduce inextensibility of the 

chain direction and the nonaffine molecular chain network theory [8] are employed for 

crystalline and amorphous phases, respectively. 

The total strain rate ijd  is assumed to be decomposed into the elastic strain rate e
ijd  and 

plastic strain rate p

ijd . With Hooke's law for the elastic strain rate e
ijd , the constitutive equation 

that relates the rate of Kirchhoff stress ijS&  to strain rate ijd  becomes 
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where e

ijklD  is the elastic stiffness tensor and ijσ  is the Cauchy stress. 

The plastic strain rate p

ijd  in the crystalline phase is modeled using the crystalline 

plasticity theory [7], with shear strain rate )(αγ pv
&  on the α th slip system expressed by a power 

law [9], as 

,   ,

1
1

)(

)(

)(

)(

0

)(

)(

)()(

−

== ∑
m

cpcpcij

p

ij
gg

Pd α

α

α

α
α

α

αα ττγγγ &&&                                    (2) 

where c0γ&  is the reference strain rate in the crystalline phase, m  is the strain rate sensitivity 

exponent, )(αg  is the resistance to slip, ijijP στ αα )()( =  is the resolved shear stress, 

2/)( )()()()()( ααααα
jijiij smmsP +=  is the Schmid tensor, and )(α

is  and )(α
im  are unit vectors along 

the slip direction and the slip plane normal, respectively. Here, the penalty method is 

employed to approximately satisfy the inextensibility of the chain direction. The 

corresponding constitutive equation of the crystalline phase is expressed as [10] 
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where cE  is the penalty constant which has a large value, and physically, it represents the 

chain directional stiffness. ic  is the unit vector of chain direction. 

Subsequently, the plastic strain rate p

ijd  in the amorphous phase is modeled using a 

nonaffine eight-chain model [8], with plastic shear strain rate paγ&  [11], as 
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where a0γ&  and A  are constants, T  is the absolute temperature, *τ  is the applied shear 

stress, pss α+= 0
~ , )1/(077.00 νµ −=s  is the athermal shear strength [12], p  is the 

pressure, and α  is a pressure-dependent coefficient. Furthermore, ijB  in Eq. (4) is the 

back-stress tensor and the principal components ib  are expressed, by employing the 

eight-chain model [13], as 
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where 3/)( 2

3

2

2

2

1

2 VVV ++=λ , iV  is the principal plastic stretch, N  is the average number 

of segments in a single chain, TnkC B

R =  is a constant, n  is the number of chains per unit 

volume, Bk  is Boltzmann's constant, and xxx /1)coth()( −=L  is the Langevin function. In the 

nonaffine eight-chain model [8], the change in the number of entangled points, in other words, 

the average number of segments N , may change depending on the distortion ξ  which 

represents the local deformation of a polymeric material [8]. The simplest expression of the 

number of entangled points is ( ){ }ξ−= 1exp0 cNN  with 1=ξ  in the reference state, and 

0N  is the number of segments in a single chain in the reference state and c  is a material 

constant. 
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3. Computational Model 

 In order to establish the multiscale model of semicrystalline polymer, the lamella like 

micro structure comprised of crystalline and amorphous phases is assumed to be distributed 

periodically at the material point of mesoscopic scale as indicated in Fig.1, the 

homogenization method for large elastoviscoplastic deformation behavior [6], [15] is 

employed. The crystalline structure of HDPE exhibits orthorombic structure which has four 

chain slip directions where inextensibility constrain is enforced and four transverse slip 

directions perpendicular to the chain directions. 

Figure 1 (a) illustrates a hypothetical plane strain computational unit cell model in 

which crystalline and amorphous phases are assumed to be stacked periodically. To represent 

micro- to mesoscopic deformation behavior, we employ the homogenization method [6]. For a 

two-dimensional simulation, 2 slip systems, namely the chain slip and the transverse slip, are 

modeled, and the coherent boundary condition is applied to the lamella interface. The 

misalignment of the chain direction and lamella interface direction is o12000 =− ic θθ , as 

indicated in Fig. 1(a) [2].  

For the mesoscopic scale, an experimental observation suggested the presence of a 

patchworklike structure with several to several dozens of mµ square, on the plane with a 

normal parallel to the radial direction of spherulite. In each patchwork region, the lamella 

interfaces have almost the same direction. Therefore, we approximated this characteristic 

feature by introducing voronoi polygons as indicated in Fig. 1(b) and assign the interface 

angle 0iθ  randomly. The initial distribution of interface directions is determined such that we 

generated random numbers corresponding to the total number of polygons and specified the 

corresponding direction of the interface, and allocated the angle to each grain. Fig. 1(b) shows 

the distribution of angles on the mesoscopic scale.    

Each material point of the polygon, that is, finite element, obeys the homogenized 

constitutive equation of semi-crystalline unit cells as indicated in Fig. 1(a). Here, to capture 

the essential feature of the mesoscopic scale, the distribution of the initial shear strength [14] 

was disregarded. In such case, the unit cell under the periodic boundary condition deforms 

uniformly; therefore, very coarse mesh discretizations are acceptable without the loss of 

generality.   

For the representation of stress state and deformation, we introduce equivalent stress 
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and strain rate for a material point as 3/2
2

ijijeq dd=ε& , 2/3
,,2
ijijeq σσσ = , for the unit cell as 
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iieq ΣΣ=Σ  and for an average value of the mesoscopic scale as 3/2
2

iieq EEE
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2/3
,,2
iieq ΣΣ=Σ . Here, iE&  and iΣ′  are the homogenized strain rate and deviatoric part of stress 

iΣ  over a unit cell, iE
&~
 and iΣ′~  are the average strain rate and deviatoric part of stress 

iΣ
~
over a single grain, and iE

&  and iΣ′  are the average strain rate and deviatoric part of stress 

iΣ over a mesoscopic scale, respectively. Similarly, 3/iim σσ = , ( ) 3/321 Σ+Σ+Σ=Σm , 

( ) 3/~~~~
321 Σ+Σ+Σ=Σm and ( ) 3/321 Σ+Σ+Σ=Σm  represent the mean stress for a material point 

and a unit cell, and the average mean stress of the single crystal and that of the mesoscopic 

scale, respectively.  

The material parameters are specified in refs. [2], [3] and [8]. For the amorphous 

phase, 7.23/ 0 =sEAmo , 3.58/0 =TAs , 01.0=α , s/101 16

0 ×=aγ& , MPa9.710 =s , 

07.0/ 0 =sCR , 83.20 =N  and 33.0=c ; for the crystalline phase, 125/ )( =c

Cry gE , 

s/101 3

0

−×=cγ& , MPa0.8)( =cg , )()( 5.2 ct gg =  and 9/1 =m  are employed at K296=T . 

Here, the superscripts (c) and (t) represent the chain slip and transverse slip, respectively. 

Furthermore, to sufficiently reproduce inextensibility and to carry out stable calculation, the 

penalty constant 610=cE MPa is employed. 

Mesoscopically homogeneous deformations are applied by prescribing the strain rate 

sEEE /10 5
022

−=== &&&  and stress rate 011 =Σ=Σ &&  with respect to the coordinates 1x  and 2x , 

respectively. The rotation of the unit cell is evaluated by that of the coordinates 1y  and 2y . 

4. Results and Discussion 

4.1 Deformation Behavior of Unit Cell 

Figure 2 indicates the relationship between (a) equivalent stress eqΣ , (b) direction of 

chain axis cθ , and (c) direction of lamella interface iθ  and equivalent strain eqE for unit cell 

under various directional tensions with ooooo 120,90,60,30,00 =iθ and o150 . Here, the volume 

fraction of the crystalline phase is fixed at 0.5. According to Fig.2 (a), deformation responses 
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represents high anisotropy, which is attributable to preferential slip of the chain slip system in 

the crystalline phase which has a lower resistance of slip than that of transverse slip systems, 

and misalignment of lamella interface and chain directions. Chain and lamella interface 

directions rotate to the tensile direction as deformation increases. Due to the orientation of the 

chain direction in the tensile direction, the stiffness of the crystalline phase is increased by the 

inextensibility of the chain direction. Furthermore, the rotation of the lamella interface 

direction to the tensile direction causes the increase of equivalent stress because the 

crystalline phase supports the deformation resistance of the overall unit cell. In the case of 

o300 =iθ , equivalent stress decreases at 25.0≅eqE . When the chain direction rotates from the 

initial state ( o150=cθ ) to the tensile direction, the chain direction aligns the o135  which is 

the maximum shear stress direction. Then, the shear stress on chain slip rises beyond prior 

state while the slip resistance does not increase. As a result, softening occurs in the crystalline 

phase.  

Figure 3 indicates mean stress mΣ in (a) amorphous phase and (b) that in crystalline phase 

vs. equivalent strain eqE for unit cell. Because each phase is assumed to be layered infinitely 

in a unit cell, uniform deformation occurs in each phase. Regardless of the tensile directions, 

mean stress in the amorphous phase exhibits a higher value than that in the crystalline phase 

in a later stage of deformation. In the case of o00 =iθ , compressive deformation along the 

direction normal to the tensile deformation in the amorphous phase is strongly prescribed by 

the hardened crystalline phase, and which causes a substantial increase of mean stress in the 

amorphous phase. This suggests the onset of stress concentration in a region where the 

lamella interface normal is in the loading direction at the initial stage of deformation; this may 

lead to microscopic fractures. The same situation may occur in semi-crystalline polymer. 

Figure 4 indicates the deformation behavior of a two-phase composite microstructure at 

different degrees of deformation for ooo 90,30,00 =iθ , and o150 . These results also indicate 

the completely different deformation behavior depending on the initial direction of the lamella 

interface. For example, in the results for o300 =iθ  and o1500 =iθ , the lamella interface 

direction is symmetric with respect to the tensile direction but the chain directions in the 

crystalline phase are o150 and o90 , respectively, which leads to a marked difference in plastic 

deformation behavior and reflects the stress-strain relations in Fig. 2(a). Thus the deformation 
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behavior of single crystals of semicrystalline polymers exhibits a strong anisotropy depending 

on lamella interface direction, which implies that the single crystals interact with the 

surrounding crystals with different directional lamella interfaces to satisfy the equilibrium and 

compatibility conditions. This suggests the need for a suitable mesoscopic model that will 

account for such interaction between the grains.  

4.2 Deformation Behavior of Mesoscopic Scale 

Here the micro- to mesoscopic deformation behavior of semicrystalline polymers 

will be presented. Generally, the volume fraction of the crystalline phase is assumed to be 

50%.  Initially, we will clarify the deformation behavior of the mesoscopic scale. An initial 

isotropy of the model was examined by using a tension in two directions. Figure 5 indicates 

the relationships between the average equivalent stress eqΣ  and the strain eqE in mesoscopic 

scale for the tension indicated in Fig. 1(b) and that rotated clockwisely by o90 . Regardless of 

the tension directions, the responses are almost identical; therefore, the isotropic response of 

the mesoscopic scale in the small to large strain range has been essentially assured. The 

nonlinear behavior prior to mesoscopic yielding is attributable to the different magnitudes of 

resolved shear stress in the chain slip direction, which causes the yielding in the different 

stages of deformation. Figure 6 indicates the effect of the volume fraction of the crystalline 

phase on the average equivalent stress eqΣ  and strain eqE  relations for the mesoscopic scale. 

The effect of crystallinity on the stress-strain relations in the low strain regions is predominant 

and elasticity modulus is very sensitive to the volume fraction of crystalline phase, which is 

intensified by enhancing crystallization. This stress-strain behavior is the homogenized 

behavior of individual grains exhibiting quite different responses as indicated in section 4.1 

under the interaction of the surrounding grains.  

 Figure 7 indicates the equivalent strain rate 0/ Eeq
&&ε distributions at (1)-(5) in the 

stress-strain relations shown in Fig. 5. The magnitude of the strain rate is normalized by the 

average value of the mesoscopic scale 0E& . Due to orientation hardening in the amorphous and 

crystalline phases and the rotation of the lamella interface direction, mesoscopically localized 

deformation regions intersecting grains propagate to the remaining region. The highly 

nonuniform deformation accompanied by the onset and propagation of very localized 

deformations in specific grains is observed. These are the results of the interaction between 

the grains and the direction of the lamella interface. Figure 8 shows the deformation behavior 



 - 9 - 

of four different material points, A, B, C and D, in Fig. 7(1).  Points A and B have 

approximately similar lamella interface directions.  The material points in the mesoscopic 

scale with similar microstructures exhibit quite different deformation behaviors, which are 

closely associated with the interaction with the surrounding crystal. The AFM observation of 

the rotation of lamella in the mesoscopic scale of high-density polyethylene (HDPE) under 

tension indicates that the material points essentially rotate in accordance with the rotation of 

the mesoscopic scale with a very large fluctuation [4]. The present computational simulation 

is not necessarily the model of the HDPE employed in the experimental work, however, 

similar tendencies of the local deformation behavior of the lamella with different directions 

were observed.    

Figure 9 indicates average equivalent stress eqΣ  vs. strain eqE for the mesoscopic 

scale, average equivalent stress eqΣ
~
 vs. strain eqE

~
 for individual grains in the mesoscopic 

scale and equivalent stress eqΣ  vs. strain eqE  relations for unit cells indicated in 4.1. As can 

be predicted, individual grains exhibit very different responses. Several grains with specific 

direction of lamella interfaces show very significant hardening. Interesting points are the 

existence of grains with very large strains and stresses, that are two times larger than the 

average values for the mesoscopic scale. Due to the interaction with the surrounding grains, 

individual grains in the mesoscopic scale show a conservative response as compared with the 

single crystalline model, which is typical of the mesoscopic scale. Extremely unique 

deformation behavior exhibiting softening and hardening disappeared in the grains of the 

mesoscopic scale. Figure 10 indicates average equivalent stress eqΣ
~
 vs. strain eqE

~
 for 

individual grains in mesoscopic scale and equivalent stress 
eqσ vs. strain eqε relations for 

material points of specific grain in mesoscopic scale. All these suggest the importance of the 

evaluation of the deformation behavior of individual grains accounting for the interaction of 

the surrounding grains with different directional lamella interfaces to evaluate the local stress 

and strain that are indispensable for predicting the strength of the semicrystalline polymer.  

Finally, we will discuss the mean stress which is the key parameter for evaluating the 

possibility of the onset of damages such as cavitation and crazing. Figure 11 indicates the 

distribution of mean stress mσ  in the amorphous phase and grain α  in different 

deformation ranges indicated (1) to (5) in Fig.5. Figure 12 indicates the average mean stress 

mΣ
~
vs. equivalent strain eqE

~
relations for individual crystals of the mesoscopic scale and 
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average mean stress mΣ vs. equivalent strain eqE relations for unit cell. The high mean stress 

appears near the grain boundary with a large misalignment of the lamella interface direction. 

Very scattered distribution of mean stress depending on the location of material points in  

grain α can be seen. The mean stress in the mesoscopic scale is rather suppressed as 

compared with the unit cell case, which shows a tendency similar to that observed in the 

stress-strain relations in Fig. 9. Figure 13 indicates the average mean stress mΣ
~
vs. equivalent 

strain eqE
~
relations for crystal α  and mean stress mσ vs. equivalent strain eqε  relations for 

the material point of grainα which suggest the large distribution as compared with the case of 

an equivalent stress. The mean stress is very strongly affected by the interaction with the 

surrounding grains, particularly, deformation constraint. Therefore, these results indicate the 

importance of the mesoscopic model in evaluating the mean stress in semicrystalline 

polymers. 

  

5. Conclusion 

We proposed a new multiscale model relating micro- to mesoscopic deformation behavior 

of semicrystalline polymers by employing homogenization method and clarified the 

characteristic deformation behavior of semicrystalline polymers. The main results obtained 

are as follows.  

For unit cells  

1. The microstructure of semicrystalline polymers exhibits highly anisotropic deformation 

behavior due to the preferential slip deformation of the chain slip system and the 

misalignment of lamella and chain directions.  

2. Chain and lamella interface directions rotate to align the tensile direction as deformation 

increases. Depending on the initial direction of the interface, orientation hardening or 

softening occurs. When the chain direction aligns the maximum shear stress direction during 

deformation, the response exhibits orientation softening.   

3. When the lamella interface normal is in the loading direction, the mean stress of the 

amorphous phase substantially increases, which may cause stress concentration and leads to 

microscopic fractures in semicrystalline polymers.  
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For the mesoscopic scale  

4. The average responses of the mesoscopic scale are almost identical under different 

directional tensions that ensure an isotropy of the model and the validity of the present model.  

5. Due to the interaction and orientation hardening of individual grains, the onset and 

propagation of local nonuniform deformation in the grain are observed, resulting in the onset 

and propagation of mesoscopic nonuniform deformation intercepting grains.  

6. Equivalent stresses of individual grains are much more conserved than those of unit cells 

and suppress the unique response observed in the unit cells, which is closely associated with 

the interaction with the surrounding grains. The magnitude of mean stress exhibits a large 

scattering as compared with that of equivalent stress. 

7. The local deformation behavior in the grain differs depending on the location of materials 

points that may exhibit more than 50% stress and strain; these should be considered in the 

evaluation of the strength of semicrystalline polymer.  
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Figure Captions 

 

Figure 1.  Computational model  

(a) Unit cell model, (b) mesoscopic model 

 

Figure 2.  Deformation behavior of unit cells under different directional tensions. 

(a) Equivalent stress eqΣ , (b) direction of chain axis cθ , and (c) direction of 

lamella interface iθ vs.. equivalent strain eqE  

Figure 3.  Deformation behavior of unit cells under different directional tensions 

(a) Mean stress mΣ in amorphous phase and (b) mean stress in crystalline phase 

mΣ  vs.. equivalent strain eqE  

 

Figure 4.  Deformation behavior of microstructure under different directional tensions 

 Thick and thin lines indicate unit cell and finite element discretizations, 

respectively. The gray lines in crystalline phase indicate the direction of the chain 

axis. 

 

Figure 5.  Relationships between average equivalent stress eqΣ  and strain eqE in mesoscopic 

scale for different directional tensions   

 

Figure 6.  Effect of crystallinity on average equivalent stress eqΣ  and strain eqE  relations 

for mesoscopic scale.    

 

Figure 7.  Equivalent strain rate eqε& distribution on mesoscopic scale at different 

deformation stages indicated as (1) to (5) in Fig.5 

 

Figure 8.  Deformation behavior of specific materials points indicated as A, B, C and D in 

Fig.7 at different deformation stages as indicated (1) to (5) in Fig.5 

 The thin lines indicate finite element discretization. The gray lines in crystalline 

phase denote the direction of chain axis. 
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Figure 9.  Average equivalent stress eqΣ  vs. strain eqE for mesoscopic scale, average 

equivalent stress eqΣ
~
 vs. strain eqE

~
 for individual grains and equivalent stress 

eqΣ  vs. strain eqE  relations for unit cells 

 

Figure 10. Average equivalent stress eqΣ
~
 vs. strain eqE

~
 for individual grains in mesoscopic 

scale and equivalent stress 
eqσ vs. strain eqε relations for material points of 

specific grain in mesoscopic scale  

 

Figure 11. Distribution of mean stress mσ  in amorphous phase and grain α at different 

deformation ranges as indicated (1) to (5) in Fig.5 

 

Figure 12. Average mean stress mΣ
~
vs. equivalent strain eqE

~
relations for individual crystal of 

mesoscopic scale and average mean stress mΣ vs. equivalent strain eqE relations 

for unit cell. 

 

Figure 13. Average mean stress mΣ
~
vs. equivalent strain eqE

~
relations for crystal α of 

mesoscopic scale and mean stress mσ vs. equivalent strain eqε  relations for 

material point of crystal α . 
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