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Abstract

Two different single crystals, Si with the diamond structure and Al with face-
centered-cubic, are subjected to [001] tension in ab initio molecular dynamics (static)
simulations based on BHS pseudopotential. Not only the ideal tensile strength un-
der isotropic Poisson contraction, but also the crystal stability and bifurcation to
anisotropic contraction are discussed in terms of the elastic stiffness matrix and
the change in the charge density. The ideal tensile strengths are overestimated to
as high as ¢ = 0.18, ¢ = 18.7GPa for Si and ¢ = 0.25, ¢ = 23.5 GPa for Al
respectively. These values are inconsistent with the experimentally observed char-
acteristics such as the hardness of Al being lower than that of Si. The elastic stiff-
ness matrix reveals that the crystals become unstable at far lower strain and stress,
e =0.094, 0 = 10.7GPa for Si and ¢ = 0.055, o = 5.65 GPa for Al, and bifurcate
to the lower energy pass of the anisotropic contraction. The change in the electronic

structure suggests that nucleation/passage of a partial dislocation would take place
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in the bifurcated anisotropic contraction. Thus the instability point indicates the
onset of the nonelastic deformation and is much more important than the ideal

tensile strength.

Key words: Lattice Instability, Ab initio Molecular Dynamics, Bifurcation

Criteria, Ideal Strength, Elastic Stiffness Coefficient, Silicon, Aluminum

1 Introduction

Ab initio simulation based on the density functional theory have great po-
tential in material design since it can be used to precisely predict the actual
structure and motion of atoms without any experimental data. The recent
rapid progress in computers has made it possible to implement ab initio cal-
culations of the mechanical properties as well as the static atomic structure.
S6b et al. [1] studied the anisotropy of the tensile strength of tungsten and
NiAl. Kohyama [2] carried out tensile simulations of SiC bicrystals and re-
ported the ideal strength of the SiC grain boundary. Ogata and Kitagawa [3]
also conducted ab initio tensile testing on Al, AIN and their composite. Umeno
and Kitamura [4] and our research group [5] separately evaluated the shear
strength of Si single crystals for a critical shear strain, with respect to dis-
location nucleation. These ab initio simulations on deformation and fracture,

however, are implemented with no more than a hundred atoms because of
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computational limitation, so the ideal strength should be evaluated under the
assumption that crystals deform in a definite deformation pass. That is, the
crystals cannot change to another deformation pass even if they become un-
stable in the given pass, due to the deformation constraint arising as a result
of the insufficient number of atoms. Thus it is important, in ab initio defor-
mation analysis, to clarify the relationship between the ideal strength and the
bifurcation to another deformation pass from the viewpoint of crystal insta-

bility.

The lattice instability analysis [6-8] based on the classical interatomic poten-
tials, which was actively discussed in the 1970s, has revealed that the bifurca-
tion to the anisotropic Poisson contraction may become more important than
the ideal tensile strength in the case of uniaxial [001] tension. In fact, our
molecular dynamics simulation of a nickel single crystal, which was based on
the semi-empirical interatomic potential and involved a sufficient number of
atoms, showed that the onset of anisotropic Poisson contraction brings about
precursory deformation localization on the crystal and a dislocation nucleates
there [9]. Thus the lattice instability analysis, which is basically limited to
the ideal deformation of a homogeneous crystal, provides substantial insight
on the deformation mechanism and criteria for a larger system. The ab initio
calculation is well suited to lattice instabilty analysis since it cannot treat a
large number of atoms but evaluates the system energy precisely. The formu-
lation of stability criteria was also generalized by Wang and coworkers [10,11]
from Born’s conventional analytical method [12] to the computational method
based on the elastic stiffness coefficients [13], which can be numerically calcu-

lated in the ab initio simulation.

In the present study, ab initio molecular dynamics (static) simulations are



conducted on single crystals of silicon and aluminum under [001] tension. The
stress—strain curves and the ideal strengths are investigated under isotropic
Poisson contraction. The crystal stability is also quantitatively evaluated at
each strain in terms of the determinant of the elastic stiffness coefficients. The
bifurcation to anisotropic contraction and the internal change in the electronic

structure at the unstable point are also discussed.

2 Instability criteria based on elastic stiffness coefficients

The stress, 0;;, and the elastic coefficient, Cjji;, are defined as [13]
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for the adiabatic process. Here, U is the internal energy, V' the volume of the
crystal and 7;; the virtual infinitesimal strain measured in the equilibrium state
considered. Helmholtz’s free energy F' is substituted for U in the isothermal
process. The elastic stiffness coefficient, Bjji;, relates the stress described by
Eq. (1) with the actual large strain, ;;, measured from the unloaded reference

state via the following equation [13]:
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where 6;; is Kronecker’s delta. That is, the elastic stiffness coefficients rep-
resent the gradient of the nonlinear stress—strain curve. A crystal becomes
unstable when the symmetric tensor of B} = (Byjr + Bixji)/2 loses its pos-

itiveness [10,11]. Taking account of the Voigt symmetry, the stability limit is



evaluated by the determinant of the 6 x 6 matrix of Bj;, where Bj; is the
Voigt notation of ijy,f;‘ . In the case of [001] tension under isotropic Poisson
contraction, nonzero components of B;; decrease to 6 independent parameters,

Bi1, Bis, B3, B33, By, and Bgg, where I = 3 indicates the tensile direction.

3 Simulation procedure

Simulations are implemented using our ab initio molecular dynamics code of
the pseudopotential plane wave (PP-PW) method based on the density func-
tional theory (DFT) and local density approximation (LDA). The pseudopo-
tential adopted is the normconserving ab initio pseudopotential of Bachelet—
Hammann-Schliiter (BHS) [14]. The simulation for a Si single crystal is con-
ducted using the supercell containing 8 atoms, shown in Fig. 1(a). The k-
points of 2x2x 2 are sampled in the Brillouin zone according to the Monkhorst-
Pack scheme [15] and the cutoff energy is set to E.,, = 16.0 Ry in the simula-
tion for Si. On the other hand, the supercell with 4 atoms, shown in Fig. 1 (b),
k-meshes of 3 x 3 x 3 and E.;; = 20.0 Ry are used in the simulation for the
Al single crystal. The conditions are listed in Table 1. The cutoff energies
and k-meshes are basically defined from the energy convergence tests. The
number of k-meshes for Al, however, is the maximum of our calculation. It
would be desirable to sample more k-points, however, the value is justified
from another calculation of 13 x 13 x 13 k-points using VASP (Vienna ab-
initio simulation program) [16-18] with ultrasoft pseudopotential [19]. The
equilibrium lattice constant is evaluated to be 0.5374 nm for Si and 0.3970 nm
for Al, respectively, from the minimum energy of the supercells. Both val-

ues are about 1~2% smaller than the experimental values of 0.5429 nm and



0.405nm, respectively. This difference is expected for the ab initio calculation
based on the DFT-LDA [20], and our calculations have sufficient precision in

comparison with other ab initio results [3,4].

The strain increment of Ae,, = 0.005 or Ae,, = 0.001 is applied to the su-
percells along the z axis and the atomic structure is relaxed by means of
ab initio molecular dynamics (static). Here, the lateral strain of e,, (= gyy)
is varied with the interval of 0.0005 to make the transverse stresses of o,
and oy, zero. The sress is calculated with the ab initio formulation of Nielsen
and Martin [21]. After finding the suitable lateral strain and atomic struc-
ture, the strain components are perturbed with the magnitude of £0.0005, as
schematically illustrated in Fig. 2, in order to evaluate the elastic coefficients
numerically from the change in the stress. Then the crystal stability is investi-
gated using the stress and elastic coefficents. This procedure is repeated until
the stress—strain curve reaches its peak, or the ideal tensile strength, under

isotropic Poisson contraction.

4 Results and discussion

4.1 Ideal tensile strength and instability point

The changes in the system energy and the stress are shown in Figs. 3 and 4,
respectively. Here, not the total energy but the free energy is indicated for
Al in view of the noninteger occupation number near the Fermi level of the
metallic system. The stress—strain behavior of both the Si and the Al single
crystal is elastic since the simulations are conducted with homogeneous de-

formation of the unit lattice, although internal relaxation is permitted. The



curves, however, differ due to the lattice structure and the relaxation of in-
ternal strain in Si. The peak stresses are 18.7 GPa at ,, = 0.25 for Si and
23.5GPa at €,, = 0.18 for Al respectively. Thus the ideal strength indicates
that silicon is weaker than aluminum in terms of the proof stress; however,

this is clearly inconsistent with the experimental results.

The changes in the magnitude of the 6 x 6 determinant of Bj;, which repre-
sents the crystal stability, are shown Fig. 5. The figure focuses on the change
in the vicinity of the strain where the determinant changes its sign. Si loses
its stability at ,, = 0.094 while Al does at ¢,, = 0.052, and the correspond-
ing stresses are evaluated at 0,, = 10.7 GPa and o,, = 5.65 GPa, respectively.
From the viewpoint of crystal stability silicon has higher proof stress than alu-
minum; this coincides with the actual strengths, in contrast to the ideal tensile
strength described above. Table 2 lists all nonzero components of Bj; before
and after the instability point. It is noteworthy that B;; becomes smaller than
B at the critical strain. This makes the minor determinant of B, — B%, nega-
tive and leads to the unstable condition of det By; < 0. This instability causes
symmetry breaking in the lateral direction, or the crystals will bifurcate to

the anisotropic Poisson contraction.

4.2 Bifurcation to the anisotropic Poisson contraction

In order to follow up the bifurcated deformation after the instability, the aspect
ratio of the cell length in the lateral direction, L, /L,, is changed at the interval
of 0.001 under the condition of constant volume. Figure 6 shows the change
in the total energy of Si against the anisotropic contraction. The dashed line

indicates the energy of the isotropic contraction, or the value at L,/L, =



1. It is clear that the isotropic contraction is the lowest energy pass before
the instability strain of ,, = 0.094, as shown in Fig. 6 (a). The minimum
point, however, shifts toward higher aspect ratio as the tensile strain increases
beyond ¢,, = 0.094. The crystal will deform along the lowest energy pass of
anisotropic contraction bifurcated from the instability strain of ¢,, = 0.094.
Similar bifurcation can be seen in the free energy of Al, as shown in Fig. 7. The
energy minumium shifts about 15% from the isotropic contraction at the strain
of £,, = 0.052, where the crystal becomes unstable. The aspect ratio becomes
much larger than that of Si, so the Al structure may change drastically from

the bifurcation point.

Figure 8 illustrates the distributions of charge density on the (110) and (110)
planes of Si at the strain of £,, = 0.099, under the isotropic and the bi-
furcated anisotropic contraction. The inner core electrons are omitted in the
pseudopotential, thus the charge density rapidly vanishes near the nuclei. In
the isotropic contraction, the internal strain is relaxed to maintain the sym-
metric charge density. All bond charges of A~D in the figure have the same
intensity. On the other hand, the bond charge loses symmetry and increases
at B and D bonds and decreases at A and C bonds in the anisotropic con-
traction. The bond change is schematically illustrated in Fig. 9. The thick line
indicates the tightened bond, or the bonds shrinking back after stretching,
while the wavy line indicates the weakened bond, or one that will elongate
further. These bond changes lead to the atom migration indicated by the ar-
row in the figure, which corresponds to that induced by the nucleation/passage

of a partial dislocation on the (111) slip plane.

The distributions of charge density of Al are shown in Fig. 10 for each of the

isotropic and the bifurcated anisotropic contraction at ,, = 0.052. The figure



shows the distribution on the (111), (111) and (111) planes. The distance
between the nearest neighbors shrinks on the (001) plane due to lateral strain,
while it expands on the (100) and (010) planes under [001] tension. Thus the
charge density becomes higher at Point A on (001) than at Points B and C on
(010) and (100) planes, as marked in Fig. 10 (a). The distribution is symmetric
with respect to Points B and C, and the charge density on the (111), (111)
and (111) planes are the same in the isotropic contraction of Fig. 10 (a). In the
case of the anisotropic contraction of Fig. 10 (b), the valence electrons between
nearest neigbors decrease on the (100) plane while they increase on the (010)
plane. There is no notable change in the density of nearest neighbors on the
(001) plane. The change in the distribution of charge density is summarized
in the schematic of Fig. 11. The thick line corresponds to the nearest neighbor
where the charge density increases, while the wavy line is for the decreased
one. The thick white line corresponds to the unchanged high valance density
between atoms on the (001) plane. The elongated atom distance will shrink
back for the thick line and expand further for the wavy one. By this change,
Atom C will migrate toward the direction of the arrow in the figure, along the
trigonal lattice of Atom A. This atom migration and other equivalent ones

give rise to nucleation/glide of a partial dislocation.

5 Summary

Ab initio molecular dynamics (static) simulations were conducted on single
crystals of Si with a diamond structure and Al with a face-centered-cubic
lattice, respectively, under the [001] tension. Not only the ideal tensile strength

under the isotropic Poisson contraction, but also the crystal stability and



bifurcation to the anisotropic contraction were discussed from the viewpoint

of the elastic stiffness matrix and change in the charge density. The results

are summarized as follows.

(1)

The ideal tensile strengths were evaluated at ¢,, = 0.18, 0,, = 18.7GPa
for Si and ¢,, = 0.25, 0,, = 23.5GPa for Al under isotropic Poisson
contraction. These ideal strengths contradict the magnitude relationships
of the experimentally observed characteristics, such as the hardness of Si
and Al

The crystal stability was investigated by calculating the elastic stiffness
matrix at each strain under tension. The determinant of the matrix be-
comes negative, i.e., the crystal became unstable, at £,, = 0.094 for Si
and £,, = 0.055 for Al. The corresponding stresses were evaluated at
0,, = 10.7 GPa and o,, = 5.65 GPa, respectively.

The minor determinant of B — B%,, which is related to the symmetry
in the lateral direction, became negative in both Si and Al at the insta-
bility point. This suggests that the crystals bifurcate to the anisotropic
contraction from that point.

Ab inito calculations on the anisotropic contraction revealed that the low-
est energy pass actually bifurcates from the instabilty point. Detailed in-
vestigation on the change in charge density indicated that the atom mi-
gration, which is equivalent to that due to the nucleation/passage of a

partial dislocation, would occur in the bifurcated deformation.
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captions.

Fig. 1.

Supercells of the unit lattices of Si and Al.

Fig. 2.

Schematic of the evaluation of elastic coefficients.

Fig. 3.

Relationship between total (or free) energy and applied strain.
Fig. 4.

Relationships between stress and applied strain.

Fig. 5.

Change in crystal stability under [001] tension with isotropic Poisson contrac-
tion.

Fig. 6.

Change in total energy under anisotropic contraction (Si).
Fig. 7.

Change in total energy under anisotropic contraction (Al).
Fig. 8.

Distribution of charge density on the (110) and (110) planes of Si under
isotropic and bifurcated anisotropic contractions.

Fig. 9.

Schematic of change in bond charge of Si.

Fig. 10.
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Distribution of charge density on the (111), (111) and (111) planes of Al under
isotropic and bifurcated anisotropic contractions.

Fig. 11.

Schematic of change in valence electron density between the nearest neighbors

of Al
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Table 1

Conditions of ab initio calculation.

Material Si Al

Number of atoms 8 4

Lattice constant (in nm) || 0.5374 0.3970

Cutoff energy (in Ry) 16.0 20.0

k-mesh 2x2x2 3x3Ix3

Pseudopotential BHS BHS
Table 2

Components of the elastic stiffness coefficients calculated at the strain before and

after the instability point.

€2z B Bis B33 Bi13  Bis Bes

Si 0.093 || 196.4 195.2 2343 162.2 29.5 39.8

0.094 || 195.2 1975 231.8 153.2 289 39.6

Al 0.051 || 225.6 224.3 2422 1114 422 31.6

0.052 || 225.4 225.5 2422 109.0 422 31.3
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Total energy, FEtot, a.u.
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Magnitude of 6x6 determinant, detBu, Gpd
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Fig. 8.
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