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ABSTRACT 

A constitutive equation accounting for strain rate, temperature and applied stress 

system dependencies of strain-induced martensitic transformation is given. A series of 

computational prediction of monotonic and cyclic deformation behavior including tension, 

compression and shearing of typical 304 austenitic stainless steel, have been performed under 

different environmental temperatures from 77K to 353K. The effect of stress range, pre-strain, 

temperature and applied stress system on such responses of TRIP steels as the evolution of 

martensitic phase, the accumulated plastic strain, and the asymptotic nature of the stress-strain 

relation with an increase in the number of cycles is clarified. The predictability of the present 

constitutive model is checked against the experimental results. Furthermore, simulation of the 

cyclic deformation behavior of TRIP steel bars with ringed notch is performed. 
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1. Introduction 

Martensitic transformation of transformation-induced plasticity (TRIP) steel is 

observed during large deformation in the low-temperature range. A TRIP steel possesses 

advantageous mechanical properties including high strength, ductility and toughness due to 

the effect of strain-induced martensitic transformation which strongly depends on temperature, 

stress, strain and strain rate. Therefore, computational simulations using an appropriate 

constitutive equation are indispensable for predicting the deformation process as well as the 

final strength of the products. To date, the constitutive equation accounting for the 

temperature and strain effect on the martensitic transformation [1] and its generalization to 

account for the effect of stress state [2], strain rate [3] and stress state for stacking fault energy 

[4] have been proposed and computational simulations have been conducted to exemplify the 

transformation behavior and the mechanisms in order to improve the mechanical properties 

through the forming processes. However, the problems associated with the predictability of 

the constitutive equation for the cyclic deformation process are still unclear. 

In order to clarify the validity of the constitutive equations, a series of computational 

simulation are carried out for cyclic loading under such different stress systems as tension, 

compression and shearing. Subsequently, computationally predicted results are compared with 

results [5],[6] obtained from carefully performed experiments which include the effect of 

stress range, number of cycles and pre-strains on the subsequent response of TRIP steels. A 

simple equation is proposed to reproduce the numerically predicted cyclic deformation 

behavior. Furthermore, the computational method thus established is applied to the prediction 

of the deformation behavior of ringed-notched bars deformed under cyclic loading. 

 

2. Constitutive Equation 

Olson and Cohen [1] established a model for strain-induced martensitic 

transformation kinetics, which can express the temperature dependence of the transformation 

phenomena. This phenomenological model was constructed under the assumption that the 

transformation occurred at the intersection of the shear band in the austenite mother phase 

with a certain probability. Stringfellow et al. [2] generalized the Olson and Cohen model so as 

to include the stress state and the contribution of the martensite phase to the strength. Tomita 

and Iwamoto [3] modified the two models to account for the experimental finding that the 

mode of the deformation behavior is controlled by the shear band mode as the strain rate 

increases [7]. The rate of increase of the volume fraction of martensite, 'αf& , is given by 
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where pslip

γε&  is the equivalent strain rate of slip deformation in austenite, f sb  is the volume 

fraction of the shear band, p  is the probability that an intersection forms a martensitic 

embryo [2],[3], g is the driving force for martensitic transformation, )(gH &  is the Heaviside 

step function with respect to g& which describes the irreversible process of martensitic 

transformation, and n  and η  are geometric constants. α  is a parameter related to the 

stacking fault energy and is a function of temperature T  [1], strain rate pslip

γε&  [3] and the 

stress triaxiality parameter ( )Σ = σ σii / 3  [4] as  
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where M  is the strain rate sensitivity exponent, α α1 4−  are material parameters and &ε y  

is the reference strain rate. 

For the loading function, to account for the experimentally observed evidence [4] 

that uniaxial tension and compression curves for austenite and martensitic phase in TRIP 

steels are different, the third invariant of deviatoric stress ijσ ′  is introduced as 
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where σ is the equivalent stress and κ is the parameter which reflects the development of 

microstructure and texture inside the materials. The simplified evolution equation for κ  

proposed by Miller and McDowell [8] is 

 ( ) pslipC εκκ κ
&& −= 1         (4) 

where κC  is a constant.  

Next, using the standard notation of an updated Lagrangian formulation [9],[10], the 

total strain rate ijε&  is the rate of stretching tensor and is assumed to be the sum of the elastic 

component e

ijε&  and the plastic component p

ijε& .  The plastic strain rate &ε ij
p  is decomposed 

into the plastic strain rate &εij
pslip  induced by slip deformation in austenite and martensite, and 

&ε ij
ptrans induced by the transformation. Furthermore, the transformation plastic strain rate is split 
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into a deviatoric part, &ε ij
pshape , related to shape change, and a dilatational part, &ε ij

pdilat , 

expressing volume change. Under the assumptions that the strain rate &ε ij
pshape  is considered to 

be coaxial with deviatoric stress [2] and that &ε ij
pdilat can be expressed in terms of volume 

change ∆v , which has a value of 0 02 0 05. .−  for austenite steel, the plastic strain rate &ε ij
p  

can be expressed as 
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where &ε p  is the work equivalent measure of the equivalent plastic strain rate with respect to 

equivalent stress σ  defined by Eq.(3) and R  is the parameter accounting for the 

magnitude of shape changes and depends on the stress [2]. The constitutive equation for the 

stress rate can be established by introducing the plastic strain rate in Eq.(3) into the thermo- 

elastic constitutive equation, as discussed by Tomita et al. [11]  
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where 
∇

ijS is the Jaumann rate of the Kirchhoff stress ijS  which is identical to the Cauchy 

stress ijσ  in the current state, e

ijklD  is the elastic stiffness tensor which contains the 

elasticity modulus E  and Poisson’s ratio ν . Eα  is the thermal expansion coefficient.  

The constitutive equation for a two-phase composite material of austenite with the 

volume fraction of the martensitic phase 'αf  is established in a manner similar to that 

described by Stringfellow et al. [2], applying Eshelby's theory [12].  The forward gradient 

method is introduced to improve computational efficiency. 

The constitutive parameters employed are those indicated in previous works [4],[13] 

and the parameters κ  and κC  in Eq.(3) are newly determined based on the experimental 

results [4]. For the remaining material parameters required for the developed constitutive 

equation, a similar procedure [2],[3] is applied to experimentally obtained data, as indicated in 

the Appendix.  
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3. Boundary Value Problem and Computational Method 

 With an updated Lagrangian formulation, the weak form of the equation governing 

the rate of stress and traction yields the virtual work principle [14],[15], 

 ( )∫ ∫=+
V S

iijililjij
t

dSvPdVvvS δδσ &&
,, ,                             (7) 

where iP
& is the nominal traction rate and ivδ is the virtual velocity satisfying the 

homogeneous boundary condition over surface vS .  

 The numerical procedure uses the finite element method [10],[11] developed based 

on the virtual work principle (7) along with the proposed constitutive equations (5) and (6).  

 For homogeneous deformation, a single finite element is employed and the velocity 

boundary conditions corresponding to the specific strain rate are specified for the nodal 

velocity of the finite element. Figure 1 shows the computational model for the ringed notch 

specimen. Due to symmetric deformation, the deformation behavior has been simulated with 

the finite element discretization shown in the figure. Each quadrilateral consists of four 

crossed-triangular axisymmetric elements.  

 

4. Results & Discussion 

4.1 Monotonic Tension and Compression 

Figure 2 shows the predicted (a) stress-strain relations and (b) volume fraction of 

martensitic phase by thus-obtained material parameters and these experimentally obtained 

results [4]. The corresponding reproduction of the stress-strain relation and the evolution of 

volume fraction of martensitic phase shown in Fig.2 is quite good. For comparison, evaluation 

of the stress-strain relation for different stress conditions was performed under an 

environmental temperature of 77K. Fig.3 shows the predicted (a) stress-strain relation   and 

(b) volume fraction of martensitic phase with respect to equivalent plastic strain for tension, 

compression and shear deformation under relatively small strain of which magnitude is 

comparable to the case of cyclic loading that will be discussed in the following section. The 

results clearly capture the stress state dependency of the evolution of the martensitic phase, 

which results in the difference in the magnitude of deformation resistance of the materials. 

These tendencies well correspond to the experimentally obtained results [5]. However, 

quantitative comparison is required for further identification of the material constants 

introduced in the present constitutive equation.  

4.2 Effect of stress system applied to cyclic uniform deformation 

The computational simulation of plane strain block deformed under cyclic loading 
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with and without pre-strain at environmental temperatures of 77K and 298K was performed. 

The temperature of 77K corresponds to the lowest temperature achieved by cooling with 

liquid nitrogen with the maximum volume fraction of the martensitic phase, and 298K is for 

the case with maximum ductility [3] in our experiments. Three different strain ranges, 0.02, 

0.03 and 0.04, were selected for the simulation.  

 In order to explain the characteristic feature of the deformation processes under 

cyclic loading condition, the typical cyclic stress-strain relation [6] is shown in Fig.4. In the 

figure, σ∆ is the stress range corresponding to the strain range ε∆ , +
maxσ and −

maxσ  are the 

absolute maximum values of stress attained during a deformation cycle, P
iS∆ is the magnitude 

of strain difference at zero stress as indicated in the figure, e and pS is the accumulation of 

the strain difference up to the Nth cycle. These notations will be used for the explanation of 

the cyclic deformation behavior under different loading conditions. 

Figure 5 shows the stress-strain relations under (a) axial and (b) shear cyclic stress at 

77K and 298K with a strain range ε∆ =0.02. Due to the martensitic transformation, rapid 

hardening, which causes an increase in the stress range σ∆ , and monotonic decrease in the 

width of the hysteresis loop p
iS∆ with respect to strain, are observed. Eventually elastic cyclic 

loading can be approached in the case of low temperature, whereas plastic deformation 

remains in the case of high temperature and the deformation is mainly consumed in the 

austenitic phase. Figure 6 indicates the volume fraction of the martensitic phase 'α
f and the 

stress range σ∆  with respect to the applied number of cycles  N under (a) axial and (b) 

shear   loading with strain range ε∆ = 0.02，0.03，0.04 and temperatures 77 and 298K. As 

expected, a rapid saturation of the volume fraction of the martensitic phase is attained with a 

larger strain range ε∆  at a lower temperature, which is manifested as the saturation of the 

stress range σ∆  at a lower number of cycles. On the other hand, the saturation of the stress 

range σ∆  was not observed at 40 cycles of loading in the high temperature range. The 

results obtained are similar to those experimentally obtained for type 304 austenitic stainless 

steel [6],[16]. It should be noted that the saturation value of the volume fraction of the 

martensitic phase for cyclic axial loading is higher than that for monotonic tension [13],[17], 

which is attributable to the different probability of martensitic transformation at the 

intersection of shear bands, as indicated in Eq.(1). That is, in cyclic loading, the 

transformation favorably occurs during the compression process. The stress-dependent 

features of cyclic deformation processes can be seen in Figs.5 (a) and (b), −+ ≥ maxmax σσ , which 

are also attributable to the dependence of martensitic transformation on the stress as shown in 

Eq.(2). Thus, the typical nature of the cyclic deformation processes observed in TRIP steels is 
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attributable to the martensitic transformation due to plastic deformation. 

4.3 Effect of pre-strain on cyclic deformation 

Figure 7 shows stress-strain relations for (a) axial and (b) shear cyclic deformation 

with strain range ε∆ = 0.02 and pre-strain preε = 0.02 under environmental temperature 77K. 

Similar to the  asymptotic nature observed in Fig.5 for the case without pre-strain, a gradual 

reduction of the width of stress-strain relation p
iS∆ , an increase in stress range σ∆ , and their 

saturation with the number of cycles are seen．The stress range σ∆ for shear deformation is 

larger than that for axial deformation. These characteristic features are compatible with those 

obtained from experiments [6]. 

The effect of pre-strain on the stress range and volume fraction of martensitic phase 

with respect to accumulated plastic strain can be seen in Fig.8. The asymptotic nature of 

cyclic stress-strain relations in Fig.7 implies that the rate of accumulation of plastic strain 

decreases as the number of cycles increases and asymptotically approaches a specific value, 

which is due to the martensitic transformation of the austenitic phase and is attributable to the 

identical saturation value of the martensitic phase for the case with different pre-strains, as 

shown in Fig. 8(b). On the other hand, the stress range σ∆  in Fig.8(a) increases with 

accumulated plastic strain pS , whereas the rate of increase is suppressed with pre-strain preε . 

This can be explained by the fact that the fraction of hardening due to martensitic 

transformation after pre-straining decreases as the magnitude of pre-strain increases.  

   4.4 Prediction of deformation behavior of TRIP steels under cyclic loading by simple 

equations 

 Based on a comprehensive experiment [16], the relation between stress range σ∆  

and accumulated plastic strain pS  is  established and expressed as  

00 ]})(exp[1){( σσσσ +−−−=∆ ip

S Sa                           (8) 

where Sσ  is the saturation value of stress range with increasing accumulated plastic strain, 

0σ  is the initial value of stress range for N = 0, a  is a material constant. To reproduce the 

experimentally obtained results which exhibit substantial temperature dependence a parameter 

i  takes a value of 2 in the case of low environmental temperature and 1 in the case of room 

and high temperature.  

With regard to the relationship between volume fraction of martensitic phase and  

accumulated plastic strain as shown in Fig.8(b), the martensitic phase gradually starts to 

increase depending on the temperature and eventually saturates with the increase in 

accumulated plastic strain and exhibits an S-shaped curve. This phenomenon resembles the 

volume fraction of martensitic phase-plastic strain relations for monotonic loading so that in 
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order to approximately predict the martensitic transformation behavior for cyclic deformation 

process,  the relation proposed by Olson and Cohen [1] for monotonic loading is extended to 

the case of cyclic loading and expressed as 

'
0

' })]exp(1[exp{1 αα αβ fSf cnp
cc +−−−= ,                     (9) 

where '
0
αf  is the volume fraction of martensic phase at cycle number N = 0，and cα ， cβ ，

cn  are constants which are identified so as to reproduce the results.  

 Here, Eqs. (8) and (9) are applied to the prediction of stress range σ∆  and volume 

fraction of martensitic phase 'αf in relation to accumulated plastic strain pS  under different 

environmental temperatures. Fig. 9 shows (a) stress range σ∆ -accumulated plastic strain pS  

relation and (b) volume fraction of martensitic phase 'αf -accumulated plastic strain 

pS relation for axial cyclic deformation under ε∆ = 0.02. This figure indicates the capability 

of Eqs. (8) and (9) for reproducing the computationally estimated results with suitably 

identified parameters. 

Figure 10 shows the variation of identified values of parameters (a) cα  and (b) cβ   

by the least mean squares method. cα and cβ decrease with increasing of environmental 

temperature. The value cα  for shear deformation is larger than that for axial deformation in 

the low temperature range, whereas the relation becomes the reverse as the temperature 

increases. Furthermore, the value cβ for shear deformation is small as compared with that for 

axial deformation over the entire temperature range. As in the case of monotonic loading, 

parameters cα and cβ that are expressed by the suitable function of temperature and 

deformation state may well predict the transformation process under cyclic loadings with 

different environmental conditions. 

4.5 Cyclic deformation behavior of ringed notched specimen 

Although quantitative comparison between computationally predicted results and 

those obtained experimentally was restricted to the case of monotonic deformation 

[13],[17],[18], based on the discussion in this section, we expect that the present 

computational strategy to predict the deformation behavior of TRIP steels will provide  a 

valuable tool for clarifying the general feature of deformation under the monotonic, as well as 

the cyclic, loading process of TRIP steels. Here we consider the cyclic loading process of 

ringed-notched specimens at an environmental temperature of 77K. 

The computational model employed is shown in Fig.3. The typical load-displacement 

relation for 40 continuous cycles is shown in Fig.11 (a). The corresponding load amplitude 

versus number of cycles is shown in (b). For comparison, nontransforming austenitic case is 

also shown. Since the deformation is localized to the notched region, the saturation of the 
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volume fraction of the martensitic phase is restricted to a rather small area. Therefore, the 

asymptotic nature of the load amplitude versus number of cycles can be seen in the early stage 

of the cycles, and the hysteresis loop in load-displacement relations is very small and 

converges very rapidly to the quasi-elastic deformation process. This also results in the small 

difference between the results for TRIP steels and nontransforming austenitic steel.  

Figure 12(a) shows the evolution of the volume fraction of the martensitic phase for 

different numbers of cycles. The area with a high volume fraction of the martensitic phase 

starts from the notch root and penetrates into the interior of the specimen at approximately 45 

degrees with respect to the tension axis. This martensitic transformation causes the 

distribution effect of the deformed region, as indicated in Fig.12(b) which shows the 

distribution of the equivalent plastic strain. The comparison between the evolution of plastic 

strain (b) for TRIP steels and (c) for the nontransforming austenitic steel, namely, the 

austenite phase, clearly exhibits the distribution effect. For comparison, Fig. 13 shows (a) 

equivalent plastic strain, (b) volume fraction of the martensitic phase and (c) axial stress 

distribution  for monotonic tension and compression. Due to the high value of the 

transforming probability of the intersection site of micro shear bands to a martensitic embryo, 

the transformation in the case of compression is promoted further than that in the case of 

tension. Therefore, the evolution of the volume fraction of the martensitic phase under the 

cyclic loading process is mainly promoted during the compressive loading process. 

Furthermore, the blunting of the notch root proceeds in the order of tension, cyclic loading 

and compression, so that the volume fraction of the martensitic phase becomes saturated in 

the reverse order. For cyclic loading, further transformation mainly occurs in the austenitic 

phase during the compressive process. 

 

5. Conclusions 

In this study, the constitutive equation that  models for martensitic transformation 

depending on strain rate, temperature and applied stress system, was developed as an 

extension of those proposed in [1] and [2]. The computational strategy for the prediction of 

the deformation behavior of TRIP steels was  developed using the established constitutive 

equation. Subsequently, the computational strategy was applied to clarify the deformation 

behavior of cyclic axial tension and compression and shear deformation of TRIP steels with 

and without pre-strain preε . The effect of stress σ∆  and strain ε∆  range, temperature T  

and pre-strain preε on the stress-strain relation and the saturation nature of stress range 

σ∆ and strain range ε∆  in stress-strain relation were clarified. Due to the lack of information 



10

of the materials employed in the experiments of cyclic loading, the discussion was restricted 

to a qualitative one; nevertheless, it was confirmed that the essential features of the 

deformation behaviors could be reproduced by the computational simulation. Based on 

thus-obtained computational results, the simple equation that reproduces the volume fraction 

of martensitic phase 'αf  and the accumulated plastic strain pS  for cyclic loading process 

was established.  

Finally, the computational simulation of the deformation behavior of TRIP steel bars 

with the ringed notch under uniaxial tension at 77K was performed. Since the predictability of 

the cyclic deformation behavior of TRIP steels for simple stress cases was verified by the 

present investigation, the deformation behavior thus predicted for the ringed-notched 

specimen under cyclic loading would provid suitable information of the deformation behavior 

of TRIP steels under complex loading. 
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Appendix 

     Material parameters at temperature T employed in the present investigation are 

summarized. A discussion on the identification of material parameters is given in [2]-[4] .  

     Stress-strain relation for austenite and martensite phases is  

     ( ){ } 3

21 exp0.1
c

py cc ε−−+σ=σ , ( )Tccy 54 exp −=σ , 

where c1 18610= . , c2 0 628= . , c3 0 748= . , c4 660 0= . , c5 0 0027= .  with elastic modulus 

E T GPaa = −2157 0 0692. . ( )  and Poisson’s ratio υ = 0 3.  for austenite phase and 

c1 11910= . , c2 133= . , c3 0540= . , c4 1056 0= . , c5 0 0013= .  with elastic modulus 

E T GPam = −237 3 0 0692. . ( )  and Poisson’s ratioυ = 0 3.  for martensite phase. 

Evolution of volume fraction of martensitic phase is indicated as Eqs. (1) and (2) 

with material parameters η = 4 5. , M = 0 013. , α1

42 02 10= − × −. , α 2

2327 10= × −. , 

α 3 117= . , 23.104 =α  for T K≤ 273  and α1 0 0= . , α2

27 92 10= − × −. , α3 271= .  , 

23.104 =α  for T K≥ 273 . The standard deviation gσ , mean value 0g  and constant 

1g are 17.0, –276.0 and 28.7, respectively  [2]-[4].  

     Constitutive equation for plastic strain rate is expressed as in Eq. (5) with R0 0 02= . , 

R1 0 02= .  and ∆v = 0 02. . Evolution equation for parameter κ  is given by Eq.(3) with 

=kC 0.49. 
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Figure captions 
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Fig. 1 Computational model of ringed notch specimen for finite element simulation. 

Fig. 2 Predicted and experimentally obtained results for uniaxial tension and compression 

Solid lines and dotted lines are predicted results and □■○…are experimentally 

obtained results. 

Fig. 3 Effect of stress system applied on the stress-strain relation and evolution of volume 

fraction of martensitic phase. 

Fig. 4 Schematic illustration of cyclic stress – strain curve and explanation of stress range and 

accumulated plastic strain. 

Fig. 5 Cyclic stress-strain curve under (a) axial stress and (b) shear stress at 77K and 298K 

with a strain range of 0.02. 

Fig. 6 Volume fraction of the martensite and the stress range with respect to the applied number of cycles 

under (a) axial stress and (b) shear stress at 77K and 298K with strain range ε∆ = 0.02, 0.03 

and 0.04. 

Fig. 7 Cyclic stress – strain relations for (a) axial stress and (b) shear stress at 77K with pre- 

strain preε =0.02 and strain range ε∆ =0.02. 

Fig. 8 (a) Stress range – accumulated plastic strain and (b) volume fraction of martensite- 

accumulated plastic strain relations for various pre – strains at 77 K under axial cyclic 

loading. 

Fig. 9 (a) Stress range and (b) volume fraction of martensite-accumulated plastic strain 

relations at various environmental temperatures for ε∆  = 0.02. 

Fig. 10 Parameter cα  and cβ  in Eq. (9) versus environmental temperature for ε∆ =0.02 

under axial and shear cyclic loading. 

Fig. 11 (a) Load-displacement relation and (b) load amplitude-number of cycle relation for 

ringed notched specimen under cyclic loading. 

Fig. 12 Evolution of volume fraction of martensitic phase (a) for different number of cycles, 

equivalent plastic strain distribution for (b) TRIP steels and (c) nontransforming 

austenitic steel. 

Fig. 13 Deformation behavior of ringed-notched specimen under monotonic tension and 

compression. 
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Figure 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) stress – strain relation 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) volume fraction of martensitic phase-strain relation 

 



3

Figure 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) Stress-strain relation 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b)Volume fraction of martensitic phase-strain relation 
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Figure 4 
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Figure 5 

 

 

 

 

 

 

 

 

 

 

 

 

(a) axial stress 

 

 

 

 

 

 

 

 

 

 

 

 

(b) shear stress 
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Figure 6 
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(b) shear stress 
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Figure 7 
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Figure 8 
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Figure 9 
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Figure 10 
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Figure 11 
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(b) Load amplitude-number of cycles 

 

 

 

 

 

 



12

Figure 12(a) 
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Figure 12 (b) and (c) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                    (b)                                (c) 

 

 

 

 

 

 

 

 
 



14

Figure 13 
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(a) equivalent plastic strain 

 

 

 

 

 

 

 

 

 

 

(b) volume fraction of martensic phase 
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