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On Least-Squares Bias in the AR(p) Models: Bias
Correction Using the Bootstrap Methods⋆

Hisashi Tanizaki, Shigeyuki Hamori and Yoichi Matsubayashi

Graduate School of Economics, Kobe University, Kobe 657-8501, Japan.

Abstract In the case where the lagged dependent variables are included in the
regression model, it is known that the ordinary least squares estimates (OLSE)
are biased in small sample and that the bias increases as the number of the ir-
relevant variables increases. In this paper, based on the bootstrap methods, an at-
tempt is made to obtain the unbiased estimates in autoregressive and non-Gaussian
cases. We propose the residual-based bootstrap method in this paper. Some simula-
tion studies are performed to examine whether the proposed estimation procedure
works well or not. We obtain the results that it is possible to recover the true pa-
rameter values and that the proposed procedure gives us the less biased estimators
than OLSE.

Key words AR(p) Model, OLSE, Unbiased Estimator, Exogenous Variables,
Nonnormal Error, Bootstrap Method.

1 Introduction

In the case where the lagged dependent variables are included in the regression
model, it is known that the OLSEs of autoregressive (AR) models are biased in
small sample. Hurwicz (1950), Marriott and Pope (1954), Kendall (1954) and
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White (1961) discussed the mean-bias of the OLSE. Quenouille (1956) introduced
the jackknife estimator of the AR parameter which is median-unbiased to order
1/T asT goes to infinity, where the trend term is not taken into account. Orcutt
and Winokur (1969) constructed approximately mean-unbiased estimates of the
AR parameter in stationary models. Sawa (1978), Tanaka (1983) and Tsui and
Ali (1994) also examined the AR(1) models, where the exact moments of OLSE
are discussed. Shaman and Stine (1988) established the mean-bias of the OLSE
to order 1/T in stationary AR(p) (also see Maekawa (1987) for the AR(p) mod-
els). Grubb and Symons (1987) gave an expression to order 1/T for bias to the
estimated coefficient on a lagged dependent variable when all other regressors are
exogenous (also see Tse (1982) and Maekawa (1983) for the AR models includ-
ing the exogenous variables). Peters (1989) studied the finite sample sensitivity of
OLSE of the AR(1) term with nonnormal errors. In Abadir (1993), an analytical
formula was derived to approximate the finite sample bias of OLSE of the AR(1)
term when the underlying process has a unit root.

Moreover, in the case where the true model is the first-order AR model, An-
drews (1993) examined the cases where the estimated models are the AR(1), the
AR(1) with a constant term and the AR(1) with constant ane trend terms, where the
exact median-unbiased estimator of the first-order autoregressive model is derived
by utilizing the Imhof (1961) algorithm. Andrews and Chen (1994) obtained the
approximately median-unbiased estimator of autoregressive models, where An-
drews (1993) is applied by transforming AR(p) models into AR(1) and taking the
iterative procedure.

Thus, the AR models have been studied with respect to various aspects, i.e., (i)
a stationary model or a unit root model, (ii) the first-order autoregressive model or
the higher-order autoregressive models, (iii) an autoregressive model with or with-
out exogenous variables, and (iv) a normal error or a nonnormal error. Tanizaki
(2000) proposed the median- and mean-unbiased estimators using simulation tech-
niques, where the underlying assumption is that the error term is normal. In this
paper, in more general formulation which can be applied to all the cases (i) – (iv),
using the bootstrap methods we derive the unbiased estimates of the regression
coefficients in small sample.

2 Bias Correction Method

We take the autoregressive model which may include the exogenous variables, say
xt. That is, consider the following simple regression model:

yt = xtβ +

p∑

j=1

α jyt− j + ut = ztθ + ut, (1)

for t = p + 1, p + 2, · · · ,T, wherext andβ are a 1× k vector and ak × 1 vector,
respectively.θ andzt are given byθ = (β′, α′)′ andzt = (xt, yt−1, yt−2, · · ·, yt−p),
whereα = (α1, α2, · · ·, αp)′. ut is assumed to be distributed with mean zero and
varianceσ2. We will discuss later for the distribution function of the error term
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ut. In this paper, the initial valuesyp, yp−1, · · ·, y1 are assumed to be constant for
simplicity.

Since it is well known that OLSE of the autoregressive coefficient vector in the
AR(p) model is biased in small sample (see, for example, Andrews (1993), An-
drews and Chen (1994), Diebold and Rudebusch (1991), Hurwicz (1959), Kendall
(1954), Marriott and Pope (1954), Quenouille (1956) and so on), OLSE ofθ,
θ̂ = (β̂′, α̂′)′, is clearly biased.

To obtain the unbiased estimator ofθ, the underlying idea in this paper is de-
scribed as follows. Letθ be an unknown parameter andθ̂ be the biased estimate of
θ. Suppose that the distribution function ofθ̂ is given byfθ̂(·), which is not obtained
analytically in the case where the lagged dependent variables are included in the
explanatory variables. Sincêθ is biased, we haveθ , E(θ̂), where the expectation
E(θ̂) is defined as follows:

E(θ̂) ≡
∫ +∞

−∞
x fθ̂(x)dx. (2)

To obtain the relationship betweenθ̂ andθ, let {θ̂∗1, θ̂∗2, · · ·, θ̂∗n} be a sequence of the
biased estimates ofθ, which are taken as the random draws generated fromfθ̂(·).
Note thatθ̂ implies the OLSE obtained from the actual data whileθ̂∗i denotes the
ith OLSE based on the simulated data given the true parameter valueθ. Therefore,
θ̂∗i depends onθ, i.e., θ̂∗i = θ̂

∗
i (θ) for all i = 1, 2, · · · ,n. Suppose that givenθ we can

generate then random drawŝθ∗1, θ̂∗2, · · ·, θ̂∗n from fθ̂(·). Using then random draws,
the integration in equation (2) can be represented as follows:

E(θ̂) = lim
n→∞

1
n

n∑

i=1

θ̂∗i (θ). (3)

Let us define the unbiased estimator ofθ asθ. Equation (3) implies thatθ is given
by theθ which satisfies the following equation:

θ̂ =
1
n

n∑

i=1

θ̂∗i (θ) ≡ g(θ), (4)

whereθ̂ in the left-hand side represents the OLSE ofθ based on the original data
yt andxt. g(·) denotes a (k + p) × 1 vector function, which is defined as equation
(4). The solution ofθ obtained from equation (4) is denoted byθ, which corre-
sponds to the unbiased estimator ofθ. Conventionally, it is impossible to obtain an
explicit functional form ofg(·) in equation (4). Therefore, equation (4) is numer-
ically solved by an iterative procedure or a simple grid search. In this paper, the
computational implementation is shown as the following iterative procedure.

1. Given the actual time series data (i.e.,xt andyt), estimateθ andσ2 in equation
(1) by OLS, Let us denote the OLS estimates ofθ andσ2 by θ̂ = (

∑T
t=p+1 z′tzt)−1

(
∑T

t=p+1 z′tyt) andσ̂2 =
∑T

t=p+1(yt − ztθ̂)2/((T − p) − (k+ p)).
2. Letu∗t be the random draw with mean zero and variance ˆσ2. Suppose for now

that the random drawsu∗p+1, u∗p+2, · · ·, u∗T are available. We will discuss later
for the random number generation method ofu∗t .
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3. Let θ( j) be the jth iteration ofθ andy∗t be the random draw ofyt. Given the
initial values{y∗p, y∗p−1, · · ·, y∗1}, the exogenous variablext for t = p + 1, p +

2, · · · ,T andθ( j), we obtainy∗t substitutingu∗t into ut in equation (1), where the
initial values{y∗p, y∗p−1, · · ·, y∗1} may be taken as the actual data{yp, yp−1, · · ·,
y1}. That is,y∗t is generated fromz∗t θ

( j) + u∗t givenθ( j) and the random drawu∗t ,
wherez∗t = (xt, y∗t−1, y∗t−2, · · ·, y∗t−p). For j = 1 we may setθ(1) = θ̂.

4. Given{y∗1, y∗2, · · ·, y∗T} and{xp+1, xp+2, · · ·, xT}, compute the OLSE ofθ( j), which
is denoted bŷθ∗.

5. Repeat Steps 2 – 4n times, wheren = 104 is taken in this paper. Then,n
OLSEs ofθ( j) are obtained, which correspond toθ̂∗i (θ

( j)), i = 1,2, · · · ,n, in
equation (4). Based on then OLSEs ofθ( j), compute the arithmetic mean for
each element ofθ, i.e., the functiong(θ( j)).

6. As in equation (4),̂θ should be equal to the arithmetic averageg(θ( j)) ≡ (1/n)∑n
i=1 θ̂

∗
i (θ

( j)). For each element ofθ, therefore,θ( j+1) should be smaller thanθ( j)

if θ̂ is less than the arithmetic average, and it should be larger thanθ( j) oth-
erwise. Here, we consider that each element ofg(θ) is a monotone increasing
function of the corresponding element ofθ. Thus,θ( j) is updated toθ( j+1). The
optimization procedure taken in this paper is described in Appendix 2.

7. Repeat Steps 2 – 6 untilθ( j+1) is stable, where the limit ofθ( j+1) is taken asθ.
Note that the random draws ofut, generated in Step 2, should be same for all
j, i.e.,n× (T − p) random draws are required.

Now, in Step 2 we need to consider generating the random draw ofut, i.e., u∗t ,
which is assumed to be distributed with mean zero and variance ˆσ2. In the re-
gression model (1), the underlying distribution ofut is conventionally unknown.
To examine whether the suggested procedure is robust or not, using the bootstrap
methods we take the following four types of random draws foru∗t , i.e., the normal
error (N), the chi-squared error (X), the uniform error (U) and the residual-based
error (R).

(N) u∗t = σ̂ϵt, whereϵt ∼ N(0,1) andσ̂ denotes the standard error of regression by
OLS.

(X) u∗t = σ̂ϵt, whereϵt = (vt − 1)/
√

2 andvt ∼ χ2(1).
(U) u∗t = σ̂ϵt, whereϵt = 2

√
3(vt − .5) andvt ∼ U(0,1).

(R) u∗t is resampled from{cûp+1, cûp+2, · · ·, cûT} with equal probability 1/(T −
p), whereût denotes the OLS residual at timet, i.e., ût = yt − ztθ̂, andc =√

(T − p)/((T − p) − (k+ p)) is taken (see Wu (1986) forc). Note as follows.
If the constant term is not included in the regression model,

∑n
t=p+1 ût = 0 is not

guaranteed, which contradicts the assumption of mean zero error. Accordingly,

in this case, ˆut should be replaced by ˆσ(ût − u)
/√∑T

t=p+1(ût − u)2/(T − p),

which represents mean zero and variance ˆσ2, whereu =
∑T

t=p+1 ût/(T − p).

Thus, fort = p+1, p+2, · · · ,T, it is necessary to generate the random draws ofut in
Step 2. In practice we often have the case where the underlying distribution of the
true data series is different from that of the simulated one, because the distribution
of ut is not known. (R) does not assume any distribution forut. Therefore, it might
be expected that (R) is more robust, compared with (N), (X) and (U).
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In the next section, for the true distribution ofut we consider the three types
of the error term, i.e., the standard normal error, the chi-squared error and the
uniform error. For each of the three errors, (N), (X), (U) and (R) are examined
through Monte Carlo experiments.

3 Monte Carlo Experiments

3.1 AR(1) Models

Let Model A be the case ofk = 0, Model B be the case ofk = 1 andxt = 1 and
Model C be the case ofk = 2 andxt = (1, x1t), i.e,

Model A: yt =

p∑

j=1

α jyt− j + ut,

Model B: yt = β1 +

p∑

j=1

α jyt− j + ut,

Model C: yt = β1 + β2x1t +

p∑

j=1

α jyt− j + ut,

for t = p + 1, p + 2, . . . ,T, given the initial conditiony1 = y2 = · · · = yp = 0. In
Model C, we takex1t as the trend term, i.e.,x1t = t.

The true distribution of the error termut is assumed to be normal in Table
1, chi-squared in Table 2 and uniform in Table 3, respectively. For all the tables,
mean and variance of the error are normalized to be zero and one. Since the true
distribution of the error term is not known in practice, we examine (N), (X), (U)
and (R) for Models A – C.

The case ofp = 1 is examined in Tables 1 – 3, although the suggested pro-
cedure would be applied to anyp (see Table 4 forp = 2 and Table 5 forp = 3).
The sample size isT = 20,40 in Table 1 andT = 20 in Tables 2 and 3. For the
parameter values,α1 = 0.6,0.9, 1.0, β1 = 0.0,1.0,2.0 andβ2 = 0.0 are taken. We
perform 103 simulation runs. The arithmetic averages from the 103 estimates ofα1

are shown in Tables 1 – 3. The values in the parentheses are the root mean square
errors (RMSE) from the 103 estimates. In Tables 1 – 3, (O) represents OLSE,
and (O)′ denotes the bias-corrected estimate based on Grubb and Symons (1987),
which is discussed in Appendix 3. (R)′ indicates the bias-corrected estimate sug-
gested by Efron and Tibshirani (1993), which is discribed in Remark of Appendix
2. (N), (X), (U) and (R) are discussed in Section 2. We compare (O), (O)′, (N),
(X), (U), (R) and (R)′ in Table 1, and (O), (N) and (R) in Tables 2 and 3. (1) – (5)
in each table denote as follows:

(1) The true model isα1 = 0.6,0.9,1.0 and (β1, β2) = (0,0), i.e., Model A, while
the estimated model is Model A.

(2) The true model isα1 = 0.6,0.9,1.0 and (β1, β2) = (0,0), i.e., Model A, while
the estimated model is Model B.

(3) The true model isα1 = 0.6,0.9,1.0 and (β1, β2) = (1,0), i.e., Model B, while
the estimated model is Model B.
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Table 1 Estimates ofα1: Case ofβ2 = 0 andN(0, 1) Error

(1) (2) (3) (4) (5)
T Est. Model A B B B C

α1 \ β1 0.0 0.0 1.0 2.0 0.0
(O) .537(.209) .435(.274) .471(.233) .524(.162) .336(.350)
(O)′ .600(.223) .579(.260) .622(.231) .684(.190) .558(.294)
(N) .592(.219) .594(.269) .588(.226) .591(.156) .593(.321)
(U) 0.6 .564(.225) .573(.264) .572(.227) .581(.155) .567(.314)
(X) .591(.221) .588(.271) .585(.228) .589(.157) .585(.323)
(R) .591(.219) .591(.269) .587(.226) .591(.156) .590(.322)
(R)′ .587(.218) .561(.260) .570(.221) .585(.155) .516(.295)

(O) .818(.181) .662(.312) .837(.117) .882(.048) .518(.445)
(O)′ .914(.181) .848(.244) 1.056(.195) 1.110(.217) .790(.311)
(N) .892(.170) .838(.236) .898(.103) .899(.045) .800(.311)

20 (U) 0.9 .876(.179) .820(.244) .891(.103) .896(.044) .772(.319)
(X) .893(.171) .837(.239) .899(.104) .899(.045) .796(.316)
(R) .892(.170) .837(.237) .899(.103) .899(.045) .798(.313)
(R)′ .891(.174) .815(.251) .894(.103) .899(.045) .724(.331)

(O) .919(.167) .753(.315) .982(.048) .996(.021) .544(.512)
(O)′ 1.027(.165) .957(.235) 1.229(.234) 1.245(.246) .823(.344)
(N) .990(.146) .901(.224) 1.005(.050) .999(.020) .818(.341)
(U) 1.0 .980(.155) .887(.234) .999(.047) .998(.020) .791(.355)
(X) .991(.146) .900(.227) 1.006(.050) 1.000(.020) .815(.345)
(R) .991(.146) .900(.225) 1.006(.050) .999(.020) .817(.342)
(R)′ .995(.152) .890(.241) 1.003(.049) .999(.020) .749(.376)

(O) .574(.135) .527(.162) .539(.146) .558(.118) .475(.196)
(O)′ .606(.140) .598(.156) .611(.144) .632(.124) .586(.169)
(N) .606(.140) .604(.160) .605(.144) .604(.117) .599(.178)
(U) 0.6 .592(.140) .598(.158) .598(.143) .600(.116) .592(.176)
(X) .603(.140) .602(.161) .603(.145) .603(.117) .597(.179)
(R) .604(.140) .603(.160) .603(.144) .603(.117) .598(.178)
(R)′ .602(.139) .595(.157) .598(.142) .601(.116) .580(.171)

(O) .861(.103) .789(.162) .866(.070) .890(.032) .713(.231)
(O)′ .907(.101) .883(.129) .966(.093) .992(.097) .852(.159)
(N) .904(.098) .893(.130) .903(.064) .901(.031) .874(.165)

40 (U) 0.9 .895(.101) .886(.132) .902(.064) .901(.031) .865(.167)
(X) .903(.099) .892(.131) .904(.064) .902(.031) .874(.166)
(R) .902(.099) .892(.130) .903(.064) .901(.031) .874(.165)
(R)′ .902(.100) .882(.133) .901(.063) .901(.031) .843(.166)

(O) .958(.089) .874(.162) .996(.015) .999(.008) .763(.272)
(O)′ 1.010(.083) .975(.114) 1.107(.108) 1.110(.111) .907(.175)
(N) .997(.076) .954(.108) 1.001(.016) 1.000(.007) .916(.170)
(U) 1.0 .992(.079) .950(.112) 1.000(.016) 1.000(.007) .907(.175)
(X) .996(.076) .954(.109) 1.001(.016) 1.000(.007) .915(.170)
(R) .996(.076) .954(.108) 1.001(.016) 1.000(.007) .915(.170)
(R)′ .999(.079) .953(.116) 1.001(.016) 1.000(.007) .891(.185)
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Table 2 Estimates ofα1: Case ofβ2 = 0, (χ2(1)− 1)/
√

2 Error andT = 20

(1) (2) (3) (4) (5)
Est. Model A B B B C

α1 \ β1 0.0 0.0 1.0 2.0 0.0
(O) .575(.197) .454(.237) .493(.202) .537(.162) .352(.319)
(O)′ .642(.222) .602(.222) .648(.209) .700(.203) .580(.257)
(N) .632(.215) .613(.229) .606(.197) .597(.161) .608(.280)
(U) 0.6 .605(.217) .590(.224) .590(.197) .588(.160) .579(.272)
(X) .632(.216) .607(.231) .603(.199) .595(.162) .601(.281)
(R) .612(.218) .598(.224) .597(.198) .592(.160) .593(.274)
(R)′ .609(.216) .572(.217) .582(.192) .588(.159) .528(.254)

(O) .841(.163) .691(.274) .848(.124) .886(.052) .540(.416)
(O)′ .940(.174) .883(.211) 1.070(.217) 1.114(.222) .817(.277)
(N) .915(.158) .864(.197) .899(.121) .900(.050) .825(.276)
(U) 0.9 .900(.165) .845(.205) .892(.119) .898(.049) .794(.285)
(X) .916(.159) .863(.200) .901(.122) .900(.050) .822(.280)
(R) .905(.161) .855(.200) .897(.120) .899(.049) .815(.278)
(R)′ .903(.165) .833(.211) .892(.118) .899(.049) .740(.295)

(O) .936(.149) .780(.284) .988(.045) .997(.021) .565(.484)
(O)′ 1.046(.157) .989(.214) 1.236(.242) 1.247(.248) .850(.309)
(N) 1.007(.132) .922(.192) 1.006(.049) 1.000(.021) .850(.308)
(U) 1.0 .997(.139) .910(.202) 1.000(.046) 1.000(.020) .822(.323)
(X) 1.008(.132) .922(.194) 1.007(.049) 1.001(.021) .848(.312)
(R) 1.001(.136) .919(.195) 1.003(.047) 1.000(.020) .843(.312)
(R)′ 1.004(.142) .906(.210) 1.001(.045) 1.000(.020) .771(.344)

Table 3 Estimates ofα1: Case ofβ2 = 0, U(−
√

3,
√

3) Error andT = 20

(1) (2) (3) (4) (5)
Est. Model A B B B C

α1 \ β1 0.0 0.0 1.0 2.0 0.0
(O) .541(.207) .441(.271) .474(.233) .525(.164) .343(.348)
(O)′ .605(.222) .586(.261) .626(.234) .687(.193) .568(.298)
(N) .596(.218) .600(.269) .595(.229) .595(.159) .602(.324)
(U) 0.6 .568(.224) .580(.265) .579(.230) .585(.158) .575(.316)
(X) .596(.220) .595(.271) .592(.231) .593(.160) .594(.326)
(R) .598(.219) .600(.270) .596(.230) .596(.159) .600(.325)
(R)′ .594(.218) .569(.260) .578(.224) .590(.158) .527(.299)

(O) .819(.177) .668(.304) .837(.120) .883(.049) .526(.438)
(O)′ .915(.177) .855(.237) 1.056(.197) 1.111(.218) .799(.305)
(N) .893(.166) .845(.227) .901(.107) .900(.046) .809(.303)
(U) 0.9 .877(.175) .826(.236) .893(.106) .897(.046) .781(.312)
(X) .894(.166) .843(.230) .902(.108) .900(.046) .806(.307)
(R) .896(.166) .845(.228) .903(.108) .900(.046) .810(.304)
(R)′ .894(.169) .824(.243) .898(.107) .900(.046) .734(.322)

(O) .918(.166) .760(.300) .983(.049) .996(.021) .550(.505)
(O)′ 1.026(.163) .964(.217) 1.229(.235) 1.245(.247) .830(.337)
(N) .990(.145) .911(.203) 1.006(.051) 1.000(.021) .826(.332)
(U) 1.0 .979(.154) .896(.214) .999(.047) .999(.020) .799(.347)
(X) .991(.145) .910(.205) 1.008(.051) 1.000(.021) .824(.337)
(R) .992(.145) .912(.204) 1.007(.051) 1.000(.021) .827(.333)
(R)′ .996(.151) .900(.221) 1.004(.049) 1.000(.020) .758(.368)
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(4) The true model isα1 = 0.6,0.9,1.0 and (β1, β2) = (2,0), i.e., Model B, while
the estimated model is Model B.

(5) The true model isα1 = 0.6,0.9,1.0 and (β1, β2) = (0,0), i.e., Model A, while
the estimated model is Model C.

Suppose that the true model is represented by Model A withp = 1 and that
x1t = t is taken in Model C. Then, it is well known that the OLSE ofα1 estimated
by Model C gives us the largest bias and the OLSE ofα1 estimated by Model A
yields the smallest one (see, for example, Andrews (1993)). That is, the OLSE bias
of the AR(1) coefficient increases as the number of exogenous variables increases.
In order to check this fact, first we compare (1), (2) and (5) with respect to (O).
Note that (O) represents the arithmetic average and the root mean square error
from the 103 OLSEs. For (O) in Table 1, in the case ofT = 20 andα1 = 0.6, (1) is
0.537, (2) is 0.435 and (5) is 0.336. For all the cases ofT andα1 in Tables 1 – 3,
(O) is biased as the number of exogenous variables increases.

Next, we compare (2) – (4), taking the caseT = 20 in Table 1, where the
true model is Model A or B while the estimated model is Model B. We examine
whether the intercept influences precision of OLSE. The results are as follows.
When the intercept increases, the OLSE approaches the true parameter value, i.e.,
0.435 for (O) in (2), 0.471 for (O) in (3) and 0.524 for (O) in (4), and in addition,
the root mean square error (RMSE) of the OLSE is small, i.e., 0.274 for (O) in (2),
0.233 for (O) in (3) and 0.162 for (O) in (4). Thus, as the intercept increases the
better OLSE is obtained. As for (O), the similar results are obtained in both Tables
2 and 3.

The error term is assumed to be normal in Table 1, chi-squared in Table 2 and
uniform in Table 3. It is observed from Tables 1 – 3 that the bias of OLSE depends
on the underlying distribution of the error term. That is, the OLSE with the uniform
error is very close to the OLSE with the normal error (see (O) in Tables 1 and 3),
while the OLSE with the chi-squared error yields the smallest bias and RMSE of
the three (see (O) in each table).

In Table 1, under the condition that for the true distribution of the error term
ut is normal, we compute the unbiased estimate of the AR(1) coefficient assuming
that the error term follows the normal distribution (N), the chi-square distribution
(X), the uniform distribution (U) and the residual-based distribution (R). Accord-
ingly, it might be expected that (N) shows the best performance, because the es-
timated model is consistent with the underlying true one. Similarly, (X) in Table
2 and (U) in Table 3 should be better than any other procedures. That is, the best
estimator should be (N) in Table 1, (X) in Table 2 and (U) in Table 3. In Table 1, as
expected, (N) shows the best estimator because (N) is close to the true parameter
values in almost all the cases. However, (X), (U) and (R) are not too different from
(N). We cannot see that (X) is the best in Table 2 and that (U) is the best in Table
3. It is clear that (N),(X), (U) and (R) are much better than (O). (R) is distribution-
free, while (N), (X) and (U) are based on the distribution of the error term. The
underlying distribution is conventionally unknown. In the three tables, (R) is not
necessarily the best estimator, but it is relatively good. Therefore, it might be bet-
ter to choose (R), rather tan the distribution-based error terms such as (N), (X) and
(U).
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Table 4 AR(2) Model:N(0, 1) Error andT = 20

(λ1, λ2) (α1, α2) Est. ofα1 Est. ofα2

(O) −.008 (.248) −.062 (.250)
(0.0, 0.0) (0.0, 0.00) (N) −.009 (.262) −.008 (.282)

(R) −.010 (.262) −.009 (.282)

(O) .465 (.249) −.051 (.242)
(0.5, 0.0) (0.5, 0.00) (N) .490 (.260) .003 (.274)

(R) .489 (.261) .002 (.274)

(O) .933 (.254) −.020 (.248)
(1.0, 0.0) (1.0, 0.00) (N) .988 (.266) .002 (.280)

(R) .989 (.266) .002 (.280)

(O) .937 (.245) −.254 (.228)
(0.5, 0.5) (1.0,−0.25) (N) .989 (.251) −.239 (.262)

(R) .989 (.251) −.239 (.262)

(O) 1.393 (.252) −.438 (.243)
(1.0, 0.5) (1.5,−0.50) (N) 1.487 (.247) −.492 (.263)

(R) 1.488 (.248) −.493 (.263)

(O) 1.863 (.246) −.865 (.260)
(1.0, 1.0) (2.0,−1.00) (N) 1.985 (.208) −.986 (.230)

(R) 1.986 (.207) −.988 (.229)

(O)′ denotes the bias-corrected estimate based on OLSE, which is discussed
in Appendix 3. Also, see Grubb and Symons (1987). (O)′ gives us the asymptotic
result and accordingly it is expected that (O)′ still has bias and large RMSE. As a
result, in Tables 1 – 3 we have a lot of cases where (O)′ is overestimated. More-
over, RMSE is extremely large for (3) and (4) in Tables 1 – 3, because of large
bias. Thus, we can conclude that in small sample (O)′ is not useful in practice.
Furthermore, as discussed in Appendix 3, (O)′ cannot be applied to higher-order
AR models, which implies that (O)′ is quite restrictive.

(R)′ corresponds to the bias-corrected estimate based on Efron and Tibshirani
(1993, Chap.10), which is discussed in Remark of Appendix 2. Using the OLS
residuals{cû1, cû2, · · ·, cûT} with c =

√
(T − p)/((T − p) − (k+ p)), (R) is ob-

tained by the iterative procedure shown in Steps 1 – 7 of Section 2. (R)′ is equiv-
alent to the case ofj = 1, i.e.,θ(2), in Steps 1 –7, where the iterative procedure
is not taken. In this paper, we suggest taking the iterative procedure to obtain less
biased estimate. In Tables 1 – 3, (R)′ is much less biased than (O), but (R) is more
unbiased and more efficient in the sense of the smaller RMSE, compared with (R)′.

3.2 AR(p) Models

In this section, we consider the AR(p) models, wherep = 2,3 is taken. Assume
that the true model is represented by Model A, i.e.,

yt = α1yt−1 + α2yt−2 + · · · + αpyt−p + ut,

for t = p + 1, p + 2, · · · ,T, whereut is assumed to be distributed as a standard
normal random variable and the initial values are given byy1 = y2 = · · · = yp = 0.
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Table 5 AR(3) Models:N(0, 1) Error andT = 20

(λ1, λ2, λ3) (α1, α2, α3) Est. ofα1 Est. ofα2 Est. ofα3

(O) −.006 (.261) −.073 (.265) .005 (.261)
(0.0, 0.0, 0.0) (0.0, 0.00, 0.000) (N) −.005 (.277) −.016 (.297) .006 (.317)

(R) −.010 (.277) −.021 (.297) .003 (.316)

(O) .466 (.266) −.069 (.292) .021 (.268)
(0.5, 0.0, 0.0) (0.5, 0.00, 0.000) (N) .496 (.281) −.013 (.332) .021 (.324)

(R) .491 (.281) −.014 (.331) .019 (.323)

(O) .931 (.280) −.062 (.355) .057 (.290)
(1.0, 0.0, 0.0) (1.0, 0.00, 0.000) (N) .993 (.289) −.014 (.405) .019 (.338)

(R) .988 (.289) −.013 (.404) .022 (.337)

(O) .938 (.274) −.278 (.344) .027 (.275)
(0.5, 0.5, 0.0) (1.0,−0.25, 0.000) (N) .997 (.286) −.262 (.402) .022 (.328)

(R) .991 (.286) −.259 (.401) .022 (.328)

(O) 1.399 (.288) −.483 (.419) .049 (.294)
(1.0, 0.5, 0.0) (1.5,−0.50, 0.000) (N) 1.491 (.290) −.505 (.486) .016 (.341)

(R) 1.485 (.290) −.501 (.485) .017 (.340)

(O) 1.853 (.306) −.864 (.511) .016 (.317)
(1.0, 1.0, 0.0) (2.0,−1.00, 0.000) (N) 1.979 (.297) −.980 (.579) .005 (.366)

(R) 1.973 (.297) −.973 (.578) .006 (.365)

(O) 1.403 (.283) −.693 (.407) .120 (.281)
(0.5, 0.5, 0.5) (1.5,−0.75, 0.125) (N) 1.494 (.288) −.752 (.470) .138 (.331)

(R) 1.488 (.288) −.747 (.469) .137 (.331)

(O) 1.857 (.300) −1.098 (.495) .223 (.300)
(1.0, 0.5, 0.5) (2.0,−1.25, 0.250) (N) 1.984 (.288) −1.234 (.544) .251 (.344)

(R) 1.979 (.289) −1.228 (.544) .251 (.344)

(O) 2.296 (.332) −1.666 (.621) .369 (.344)
(1.0, 1.0, 0.5) (2.5,−2.00, 0.500) (N) 2.468 (.295) −1.944 (.614) .479 (.368)

(R) 2.461 (.295) −1.934 (.613) .476 (.367)

(O) 2.740 (.371) −2.455 (.790) .710 (.449)
(1.0, 1.0, 1.0) (3.0,−3.00, 1.000) (N) 2.957 (.292) −2.905 (.656) .948 (.393)

(R) 2.949 (.292) −2.889 (.656) .940 (.392)

In Section 3.1 we have examined the three kinds of distributions forut but in this
section we consider only the normal error. The above AR(p) model is rewritten as:

(1− λ1L)(1− λ2L) · · · (1− λpL)yt = ut,

whereL denotes the lag operator.λ1, λ2, · · ·, λp are assumed to be real numbers.
Taking the cases ofp = 2,3, we estimate the true model by Model A. However,
the true model is not necessarily equivalent to the estimated model. The case of
λ1 , 0 andλ2 = · · · = λp = 0 implies that the true model is AR(1) but the estimated
one is AR(p). The results are in Table 4 for AR(2) and Table 5 for AR(3), where
the arithmetic averages and the root mean squares errors (RMSE) from the 103

coefficient estimates ofα1, α2 andα3 are shown. In both Tables 4 and 5,T = 20
is taken as the sample size. As shown in Tables 1, the cases ofT = 40 are similar
to those ofT = 20 except that the former cases are less biased than the latter ones.
We examine the cases whereλi takes 0.0, 0.5 or 1.0 fori = 1,2,3 andλ1 ≥ λ2 ≥
λ3 holds.
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Under the assumption that the error termut is normally distributed in the true
model, we obtain the unbiased estimates using (N), (X), (U) and (R) in Section 2,
(R)′ in Remark of Appendix 2, and (O)′ in Appendix 3. In Tables 4 and 5 we focus
on (O), (N) and (R), i.e., (X), (U) and (R)′ are omitted, because we have computed
all the cases but the obtained results were very similar to those in Table 1. Since
(O)′ can be applicable to the AR(1) cases (see Appendix 3), it is also excluded
from Tables 4 and 5.

In Table 4, RMSEs of (N) and (R) are smaller than those of OLSE only in
the case ofα1 = 2 andα2 = −1, i.e.,λ1 = λ2 = 1. Therefore, (O) is better than
(N) and (R) in the RMSE criterion. For all the estimates ofα1 andα2, however,
the arithmetic averages of (N) and (R) are closer to the true parameter values than
those of (O). Therefore, it might be concluded that the OLSE bias is corrected by
the suggested estimators. (R) is very close to (N) for both bias and RMSE criteria.
In Table 4, the true distribution of the error is normal and (N) requires the normal
random draws in the estimation procedure. Thus, (N) should be the best in Table
4, because the estimation procedure is consistent with the true distribution. As a
result, since (R) is very close to (N), (R) might be useful in empirical studies.

Next, we examine the AR(3) models and the results are in Table 5. For esti-
mation of zero coefficient, all the three estimators are close to the true parameter
value. For example, in the case of (α1, α2, α3) = (0,0,0), the estimates ofα1 are
between−.010 and−.005, those ofα2 are from−.073 to−.016 (the estimate of
α2 in (O) is−.073, which is slightly biased), and those ofα3 are between .003 and
.006. However, for estimation of non-zero coefficient, the suggested estimators are
superior to OLSE, which implies that (N) and (R) are less biased than (O). For
example, see the estimate ofα1 in the case of (α1, α2, α3) = (0.5,0,0), which is
.466 for (O), .496 for (N) and .491 for (R), where (N) is very close to (R) and both
(N) and (R) are less biased than (O).

Thus, for all the cases of AR(p) for p = 1,2,3, it is shown from Tables 1 –
5 that OLSE bias is corrected using the proposed estimator (R), even if the data
generating process is not known. Finally, note as follows. In Table 4, the case of
α1 , 0 andα2 = 0 (i.e., λ1 , 0 andλ2 = 0) implies that the data generating
process is AR(1). In Table 5, the case ofα1 , 0 andα2 = α3 = 0 (i.e.,λ1 , 0
andλ2 = λ3 = 0) implies that the data generating process is AR(1) and the case
of α1 , 0, α2 , 0 andα3 = 0 (i.e.,λ1 , 0, λ2 , 0 andλ3 = 0) implies that the
data generating process is AR(2). For example, in the case of (α1, α2) = (0.5,0.0),
(1.0,0.0) in Table 4, both (N) and (R) ofα1 are close to 0.5 or 1.0 and those ofα2

are also close to 0.0. Thus, even if the true model is AR(1) but it is estimated as
AR(2), i.e., even if the true model is different from the estimated model, we can
obtain the bias-corrected coefficient estimate based on the suggested estimators
such as (N) and (R).

4 Summary

It is well known that the OLS estimates are biased when the autoregressive terms
are included in the explanatory variables. In this paper, we have proposed the bias
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correction method using the simulation techniques, where the bootstrap methods
are applied. We obtain the unbiased estimate ofθ, i.e.,θ, which is theθ such that
the OLSE computed from the original data is equal to the arithmetic average of
the OLSEs obtained from the simulated data givenθ. When we simulate the data
series, we need to assume a distribution of the error term. Since the underlying
true distribution of the error term is not known in practice, the four types of ran-
dom draws are examined for the error term, i.e., the normal error (N), the chi-
squared error (X), the uniform error (U) and the residual-based error (R). Because
the residual-based approach is distribution-free, it is easily expected that (R) shows
a good performance for all the simulation studies even in the case where the dis-
tribution of the error term is misspecified. As a result, we can conclude that (R) is
practically very useful, because it is relatively unbiased efficient and robust in the
sense that (R) can be applicable to any underlying distribution of the error term.

Appendices

Appendix 1: OLSE Bias

In this appendix, we examine by Monte Carlo simulations how large the OLSE
bias is. We focus only on the case ofp = 1, i.e., the AR(1) model. Suppose that
the true model is represented by Model A withp = 1. Whenx1t = t (time trend) is
taken in Model C, it is known that OLSE ofα1 from Model C gives us the largest
bias and OLSE ofα1 from Model A yields the smallest one (see, for example,
Andrews (1993)). Figure 1 shows the relationship between the true autoregressive
coefficient (i.e.,α1), the arithmetic mean of OLSEs from 104 simulation runs. In
order to draw the figure, we take the following simulation procedure.

(i) Generatey2, y3, · · ·, yT by Model A givenα1, ut∼N(0,1) andy1 = 0, where
T = 20.

(ii) Compute OLSE ofα1 by estimating Model A, that of (β1, α1) by Model B, and
that of (β1, β2, α1) by Model C.

(iii) Repeat (i) and (ii) 104 times.
(iv) Obtain the arithmetic mean from the 104 OLSEs ofα1.
(v) Repeat (i) – (iv) given the exactly same random draws forut (i.e., 104× (T − p)

random draws forT = 20 andp = 1 have to be stored) and the different
parameter value forα1 (i.e.,α1 = −1.20,−1.19. − 1.18, · · · ,1.20).

Thus, we have the arithmetic mean from the 104 OLSEs corresponding to the true
parameter value for each model. The true model is given by Model A and it is
estimated by Models A – C. The horizontal line implies the true parameter value
of the AR(1) coefficient and the vertical line indicates the OLSE corresponding to
the true parameter value. Unless the OLSE is biased, the 45 degree line represents
the relationship between the true parameter value and the OLSE.

The obtained results are as follows. There is the largest bias aroundα1 = 1
for all the Models A – C. The bias drastically increases as number of the exoge-
nous variables increases. That is, in the case whereα1 is positive, OLSE of Model
C has the largest downward-bias and OLSE of Model A represents the smallest
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Fig. 1 The Arithmetic Average from the 104 OLSEs of AR(1) Coeff.
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downward-bias, which implies that inclusion of more extra variables results in
larger bias of OLSE.

Now we consider correcting the OLSE bias. In Figure 1, we see the arithmetic
mean from the 104 OLSEs given the true coefficient. It is also possible to read the
figure reversely. For example, when OLSE is obtained as ˆα1 = 0.5 from actually
observed data, the true parameter valueα1 can be estimated as 0.555 for Model A,
0.675 for Model B and 0.853 for Model C.

In practice, no one knows the true model. What we can do is to estimate the
model assumed by a researcher. When we estimate Model C and OLSE of the
AR(1) coefficient is obtained as 0.5, the unbiased estimate of the AR(1) coefficient
is taken as 0.853. Thus, Figure 1 indicates that inclusion of more extra variables
possibly yields serious biased OLSE and furthermore that the true parameter val-
ues can be recovered from the estimated model even if we do not know the true
model. In Section 2, based on this idea, we obtain the unbiased estimator, which
can be applied to any case of the higher-order autoregressive models, the nonnor-
mal error term and inclusion of the exogenous variables other than the constant
and trend terms. Here, we take the constant term and the time trend asxt, although
any exogenous variables can be included in the model.
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Appendix 2: Optimization Procedure

As for a solution of equation (4), in this appendix we take an example of an itera-
tive procedure, where the numerical optimization procedure is utilized.

Sinceθ̂∗i is computed based on the artificially simulated data,θ is numerically
derived by the simulation technique (see, for example, Tanizaki (1995) for the
numerical optimization procedure). Using equation (4), we update the parameterθ

as follows:
θ( j+1) = θ( j) + γ( j)

(
θ̂ − g(θ( j))

)
, (5)

where j denotes thejth iteration. In the first iteration, OLSE ofθ is taken forθ(1),
i.e.,θ(1) = θ̂. γ( j) is a scalar, which may depend on number of iteration, i.e.,j.

Whenθ( j+1) is stable, we take it as the unbiased estimate ofθ, i.e., θ. As for
convergence criterion, in this paper, when each element ofθ( j+1) − θ( j) is less than
0.001 in absolute value, we consider thatθ( j+1) is stable.

For an interpretation ofγ( j) in equation (5), it might be appropriate to consider
that the Newton-Raphson optimization procedure is taken. which is described as
follows. Approximatingθ̂ − g(θ) aboutθ = θ∗, we have:

0= θ̂ − g(θ) ≈ θ̂ − g(θ∗) − ∂g(θ∗)
∂θ′

(θ − θ∗).

Then, we can rewrite as:

θ = θ∗ +

(
∂g(θ∗)
∂θ′

)−1 (
θ̂ − g(θ∗)

)
.

Regardingθ asθ( j+1) andθ∗ asθ( j), the following equation is derived:

θ( j+1) = θ( j) +

(
∂g(θ( j))
∂θ′

)−1 (
θ̂ − g(θ( j))

)
,

which is equivalent to equation (5) with the following condition:
(
∂g(θ( j))
∂θ′

)−1

= γ( j)Ik+p,

whereIk+p denotes a (k+p)×(k+p) identity matrix. Sinceg(θ) cannot be explicitly
specified, we take the first derivative ofg(θ) as the diagonal matrix. Moreover,
taking into account the convergence speed,γ( j) = c j−1 is used in this paper, where
c = 0.9.

Remark: In Efron and Tibshirani (1993, Chap.10), the bias correction method us-
ing the bootstrap is discussed. Letθ̂ be an estimate ofθ andθ be the bias-corrected
estimate. Then,θ is obtained as follows:

θ = θ̂ − b̂ias, b̂ias= θ̂∗ − θ̂, θ̂∗ =
1
n

n∑

i=1

θ̂∗i (θ̂),

whereθ̂∗i (θ̂) denotes theith bootstrap estimate given̂θ. The θ shown above cor-
responds toθ(2) with θ(1) = θ̂, j = 1 and (R) in Steps 1 – 7 of Section 2. This
procedure is denoted by (R)′ in Tables 1 – 3.
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Appendix 3: Bias Correction by Grubb and Symons (1987)

Grubb and Symons (1987) derived an expression to order 1/T for bias to the es-
timated coefficient on a lagged dependent variable when all other regressors are
exogenous. Their procedure is applied to only the case ofp = 1 in equation (1).
They have shown that the maximum bias for|α1| < 1 is given by:

E(α̂1 − α1) = −k(1+ α1) + 2α1

T − 1
+O(T−1).

Ignoring the second term in the right-hand side of the above equation,α1 is ap-
proximately written as:

α1 ≈ E
( (T − 1)α̂1 + k

T − k− 3

)
.

Therefore, ((T−1)α̂1+k)/(T−k−3) is taken as the bias-corrected estimate, which
is given by (O)′ in Tables 1 – 3. Note that the sample size is given byT − 1 when
p = 1, i.e.,T − 1 in the above bias-corrected estimator is replaced byT in Grubb
and Symons (1987).

The above bias formula has been derived under the assumption|α1| < 1 by
Grubb and Symons (1987). Atα1 = 1, the bias with no exogenous variables (i.e.,
the case ofk = 0) is−1.785/(T − 1), the bias with a constant term (i.e., the case of
k = 1) is−5.6/(T − 1), and the bias with a constant term and trend term (i.e., the
case ofk = 2) is−9.4/(T −1). However, practically we do not know the true value
of α1. Therefore, for (O)′ in Tables 1 – 3, ((T − 1)α̂1 + k)/(T − k − 3) is taken as
the bias-corrected estimate irrespective ofα1.
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