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Abstract

The Metropolis-Hastings algorithm has been utilized in recent development of
Bayes methods, which algorithm generates random draws from any target distri-
bution. As well known, the Metropolis-Hastings algorithm requires the other aux-
iliary distribution, called the sampling distribution or the proposal distribution. In
this paper, we introduce three sampling distributions, i.e., the independence chain,
the random walk chain and the Taylored chain suggested by Geweke and Tanizaki
(1999, 2001), and investigate which is the best sampling distribution.



1 Introduction

Use of Monte Carlo methods increases, especially in a Bayesian framework, as a
personal computer progresses. In recent Bayes methods, random draws are gener-
ated from the posterior distribution. Consider the following situation. We want to
generate random draws from a distribution, which is called the target distribution,
but it is hard to sample directly from the target distribution. Suppose that it is easy
to generate random draws from another appropriately chosen distribution, which
is called the sampling distribution. Under the above setup, there are three rep-
resentative random number generation methods which utilize the random draws
generated from the sampling distribution, i.e., importance resampling, rejection
sampling and the Metropolis-Hastings (MH) algorithm. In this paper, we focus
on the MH algorithm and we see how the MH algorithm is influenced by the sam-
pling distribution. There is a great amount of literature on choice of the sampling
density. See, for example, Smith and Roberts (1993), Bernardo and Smith (1994),
O’Hagan (1994), Tierney (1994), Chib and Greenberg (1995), Geweke (1996),
Gamerman (1997), Robert and Casella (1999) and so on.

In this paper, three sampling distributions are introduced. One is known as the
independence chain and another is called the random walk chain. In addition to
these two sampling distributions, the density discussed in Geweke and Tanizaki
(1999, 2001) is also examined, which utilizes the second-order Taylor series ex-
pansion of the target distribution, where the target density is approximated by
the normal distribution, the exponential distribution or the uniform distribution.
Hereafter, we call this sampling density the Taylored chain. Chib, Greenberg and
Winkelmann (1998) also considered the Taylored chain, but their Taylored chain
is based only on the normal distribution. The Taylored chain discussed in this
paper utilizes the exponential and uniform distributions as well as the normal dis-
tribution, which is a substantial extension of Chib, Greenberg and Winkelmann
(1998).

The sampling densities based on the independence chain and the random walk
chain depend on hyper-parameters such as mean and variance. Therefore, choice
of the hyper-parameters is one of the crucial problems for both the independence
chain and the random walk chain. On the contrary, the sampling density based
on the Taylored chain does not include any hyper-parameter. In addition, some
simulation studies in Section 4 indicate that the Taylored chain performs quite
good and therefore we see that the Taylored chain is practically more useful than
the independence chain and the random walk chain.



2 A Review of the MH Algorithm

Let f(X) be the target density function afix|x;_;1) be the sampling density func-
tion. The MH algorithm is one of the sampling methods to generate random draws
from any target density(x), utilizing the sampling density, (x|x;_1).

Let us define the acceptance probability by:

w(Xi_1, X) = min( =

q(x1x_1) PRICOVAACT Y
a(xi_alx)’ 1) = min( f(xi-1)/ f.(X-1lx?)’ 1)

whereq(-|-) is defined agy(x|2) = f(x)/f.(X|2). By the MH algorithm, random
draws fromf(x) are generated in the following way: (i) take the initial valuexof
asX_y, (ii) given the { — 1)-th random drawy;_;, generate a random draw ®f

i.e., x*, from f.(x|x_1) and compute the acceptance probabilify;_1, X*), (iii) set

X = X* with probability w(x_1, X*) andx; = X;_; otherwise, and (iv) repeat Steps
(i) and (iii) fori = =M +1,-M+2,-- -, N. Thus, we can obtain a series of random
drawsX_m.1, X_ms2, - - -, Xn- FOr suficiently largeM, x; is taken as a random draw
from f(X). Then,x; is also a random draw frof(x) because; is generated based
onx. Thatis,x, i = 1,2,---,N, are regarded as the random draws generated
from f(X). There, the firsM random drawsx_y, X_m.1, - -+, Xo, are discarded,
taking into account convergence of the Markov chahis sometimes called the
burn-in period. M = 1000 is taken in the simulation studies of Section 4. See,
for example, Geweke (1992) and Mengersen, Robert and Guihenneuc-Jouyaux
(1999) for the convergence diagnostics.

The requirement for uniform convergence of the Markov chain is that the chain
should be irreducible and aperiodic. See, for example, Roberts and Smith (1993).
Let Ci(xo) be the set of possible values xffrom starting pointx,. If there exist
two possible starting values, say and x™, such thatC;(x*) n Ci(x**) = 0 (i.e.,
empty set) for alli, then the same limiting distribution cannot be reached from
both starting points. A Markov chain is said to be irreducible if there exists an
i such thatP(x € C|xg) > 0 for any starting poink, and any seC such that
fc f(x)dx > 0. The irreducible condition ensures that the chain can reach all
possiblex values from any starting point. Moreover, as another case in which
convergence may fail, if there are two disjoint €8tandC? such thatx,_; € C*
impliesx, € C? andx;_; € C? impliesx; € C!, then the chain oscillates between
C! andC? and we again hav€;(x*) n Ci(x**) = 0 for all i whenx* € C! and
x™ € C2. Accordingly, we cannot have the same limiting distribution in this case,
either. It is called aperiodic if the chain does not oscillate between twaC3ets



andC? or cycle around a partitio@!, C?, - - -, C" of r disjoint sets for > 2. See
O’Hagan (1994) for the discussion above.

As in the case of rejection sampling and importance resampling, noté(ttat
may be a kernel of the target density, or equivalent() may be proportional
to the target density. The same algorithm as Steps (i) — (iv) can be applied to the
case wherd (X) is proportional to the target density.

Precision of the random draws based on the MH algorithm depends on the
sampling densityf..(-|x_1). As Chib and Greenberg (1995) pointed oli{x|x_1)
should be chosen so that the chain travels over the supp&(kpfwhich implies
that the sampling densitf,(x) should not have too large variance and too small
variance, compared with the target densifx). See, for example, Smith and
Roberts (1993), Bernardo and Smith (1994), O’'Hagan (1994), Tierney (1994),
Geweke (1996), Gamerman (1997), Robert and Casella (1999) and so on for the
MH algorithm.

Based on Steps (i) — (iv), under some conditions the basic result of the MH
algorithm is as follows:

N
S0 — E@X) = [aed  asN — o,
i=1
whereg(-) is a function, which is representatively takengés) = x for mean and
g(X) = (x — X)? for variance.X denotesk = (1/N) 3N, x. It is easily shown that
(1/N) =1, g(x) is a consistent estimate of @&k)), even thoughxy, Xo, - - -, Xy are
mutually correlated. Remember that clearly we have &ou(x) > 0 because;
is generated based on; in Step (iii).

As an alternative random number generation method to avoid the positive cor-

relation, we can perform the casef= 1 as in the above procedures (i) — (iv)
N times in parallel, taking dierent initial values fox_y. In this case, we need
to generateV + 1 random numbers to obtain one random draw friix). That
is, N random draws fronf(x) are based oN(1 + M) random draws fronf.(x).
Thus, we can obtain mutually independently distributed random draws. However,
this alternative method is too computer-intensive, compared with the above pro-
cedures (i) — (iv). In this paper, Steps (i) — (iv) are utilized to obtdirandom
draws fromf (x).



3 Choice of Sampling Density

The sampling density has to satisfy the following conditions: (i) one can quickly
and easily generate random draws from the sampling density and (ii) the sampling
density should be distributed with the same range as the target density. Thus, the
MH algorithm has the problem of specifying the sampling density, which is the
crucial criticism. Several generic choices of the sampling density are discussed
by Tierney (1994) and Chib and Greenberg (1995). In this paper we consider
Sampling Densities | — 111 for the sampling densityx|x;_1).

3.1 Sampling Density | (Independence Chain)

One possibility of the sampling density is given dyfx|x_;) = f.(X), wheref,(-)
does not depend ox_;. This sampling density is called the independence chain.
For example, it is possible to takg(x) = N(u., ). u, ando? denote the hyper-
parameters, which depend on a prior information. Or, wkdies on a certain
interval, say &, b), we can choose the uniform distributidi(x) = 1/(b — a).

3.2 Sampling Density Il (Random Walk Chain)

We may take the sampling density called the random walk chainfj(glx_1) =
f.(x — x_1). Representatively, we can takg(x|xi_1) = N(X_1,07?), whereo?
indicates the hyper-parameter.

3.3 Sampling Density Il (Taylored Chain)

The alternative sampling distribution is based on approximation of the log-kernel
(see Geweke and Tanizaki (1999, 2001)), which is a substantial extension of
the Taylored chain discussed in Chib, Greenberg and Winkelmann (1998). Let
p(x) = log(f(x)), wheref(x) may denote the kernel which corresponds to the tar-
get density. Approximating the log-kernp{x) aroundx,_; by the second-order
Taylor series expansiom(x) is represented as:

1
P(X) ~ p(%i-1) + P'(Xi-1)(X = Xi1) + 5P"(X-1)(X — %i-1)?, (1)
wherep’(-) and p”(-) denote the first- and the second-derivatives. Depending on

the values ofp’(x) andp”(x), we have the following four cases, i.e., Cases 1 — 4.
Here, we classify the four cases by fif(X) < —e in Case 1 op”(X) = —e€ in
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Cases 2 —4 and (iip/(X) < 0in Case 2p/'(X) > 0 in Case 3 op’(X) = 0 in Case

4. Introducinge into the Taylored chain discussed in Geweke and Tanizaki (1999,
2001) is a new proposal in Geweke and Tanizaki (2002). Note-tha is chosen

in Geweke and Tanizaki (1999, 2001). To improve precision of random deaws,
should be a positive value, say= 0.1, which will be discussed later in detail.

Case 1. p’(xj-1) < —e: Equation (1) is rewritten by:

1 1 P'(Xi-1) \\2
X) = p(Xi_1) — =(————)(x = (Xi—1 — + r(Xi_1),
p(X) ~ p(Xi-1) 2(—1/p”(Xi-1))( (Xi-1 p”(Xi—l))) (Xi-1)
wherer(X;_1) is an appropriate function of_;. Sincep”(x_1) is negative,
the second term in the right hand side is equivalent to the exponential part
of the normal density. Thereford,(X|x_,) is taken asN(u.,o?), where
e = Xi-1 — P'(%-1)/ P’ (%-1) ando? = —1/p” (Xi_1).

Case 2: p’(Xi—1) = —e and p'(xi_1) < 0: Perform linear approximation qif(x).
Let x* be the nearest mode wilti < x;_;. Then,p(X) is approximated by a
line passing betweexi andx;_;, which is written as:

p(X") — p(Xi-1)
Xt = Xi_1

p(X) ~ p(X") + (x=X).

From the second term in the right hand side, the sampling density is rep-
resented as the exponential distribution with- x* — d, i.e., f.(X|X_1) =
/lexr(—/l(x— (x = d))) if Xt —d < xandf.(x|x_1) = 0 otherwise, wherga

is defined as:

1 'p(x+) — P(Xi-1)
Xt = X1
d is a positive value, which will be discussed later. Thus, a random draw
x* from the sampling density is generated ¥y= w + (x* — d), wherew
represents the exponential random variable with parameter

Case 3: p’(Xj-1) = —e and p'(xi-1) > 0: Similarly, perform linear approxima-
tion of p(x) in this case. Leix'* be the nearest mode with_; < x**.
Approximation of p(x) is exactly equivalent to that of Case 2. Taking
into accountx < x** + d, the sampling density is written ag;(x|x_1) =
Aexp(-A((x* +d) - %)) if x < x* +d andf.(x|x_1) = 0 otherwise. Thus, a
random drawx* from the sampling density is generatedty= (x**+d)—w,
wherew is distributed as the exponential random variable with parameter
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Case 4: p’(Xi—1) = —e€ and p(xi—1) = 0: In this case,p(X) is approximated
as a uniform distribution at the neighborhoodx»@f;. As for the range of
the uniform distribution, we utilize the two appropriate valxesand x**,
which satisfies<t < x < x**. When we have two modeg! andx** may
be taken as the modes. Thus, the sampling derfigiyx;_;) is obtained by
the uniform distribution on the interval betwerhandx**, i.e., f.(X|X_1) =
1/(x*" = xt) if x* < x < x™* andf.(X|x_1) = O otherwise.

Thus, for approximation of the kernel, all the possible cases are given by Cases 1
— 4 depending on the values pf(:) and p”’(-). Moreover, in the case wherds a
vector, applying the procedure above to each elemert 8ampling 11l is easily
extended to multivariate cases. Finally, we discuss abantld in the following
remarks.

Remark 1: ein Cases 1 — 4 should be taken as an appropriate positive number.
In the simulation studies of Section 4, we choese 0.1. It seems more natural

to takee = 0, rather thare > 0. The reason why > 0 is taken is as follows.
Consider the case ef= 0. Whenp”(x_1) is negative and it is very close to zero,
varianceo? in Case 1 becomes extremely large because?of —1/p”(xi_1). In

this case, the obtained random draws are too broadly distributed and accordingly
they become unrealistic, which implies that we have a lot of outliers. To avoid
this situation,e should be positive. It might be appropriate tkathould depend

on variance of the target density, becaesghould be small if variance of the
target density is large. Thus, in order to reduce a number of outkers 0 is
recommended.

Remark 2: Ford in Cases 2 and 3, note as follows. As an example, consider
the unimodal density in which we have Cases 2 and 3.xtdde the mode. We
have Case 2 in the right hand sidexdfand Case 3 in the left hand side xf.

In the case ofl = 0, we have the random draws generated from either Case 2 or
3. In this situation, the generated random draw does not move from one case to
another. In the case aof > 0, however, the distribution in Case 2 can generate a
random draw in Case 3. That is, for positethe generated random draw may
move from one case to another, which implies that the irreducibility condition of
the MH algorithm is guaranteed. In the simulation studies of Section 4, we take
d = 1/, which represents the standard error of the exponential distribution with
parameten.



4 Monte Carlo Results

4.1 Setup of the Simulation Studies

We have discussed the MH algorithm in Sections 2 and 3. In this section, we ex-
amine Sampling Densities | — llI, which are introduced in Section 3. For Sampling
Density |, in this papeff,(x|x_1) = f.(X) = N(u.,c?) is taken, wherg:, = -3,
-2,-1,0,1, 2, 3andr, = 1, 2, 3, 4. As for Sampling Density Il, we choose
f.(XI%-1) = N(x_1,02) for o, = 1, 2, 3, 4, 5, 6, 7. Sampling Density Il utilizes

the second-order Taylor series expansion of the target density, which is approxi-
mated by the normal distribution, the exponential distribution or the uniform dis-
tribution. We compare Sampling Densities | — Ill and examine which is the best
sampling density.

For each sampling density, the first and second moments are estimated based
on theN random draws through the MH algorithm. The three sampling densities
are compared by two criteria. For one criterion, we examine whether the estimated
moments are close to the theoretical values, i.e., whether the estimated moments
are biased, which is called tigéx) criterion in this paper. For another criterion, we
check whether the estimated moments have small standard errors or not, which is
called the S@y(X)) criterion in this paper. The notatiogéx) and Ség(x)) will be
discussed subsequently. When we compare two consistent estimates, the estimate
with small variance is clearly preferred to that with large one. Consider dividing
theN random draws int®\, partitions, where each partition consists\afrandom
draws. That isN; x N, = N holds. Letg(x;) be a function of the-th random draw,

X, which function is taken ag(x) = XX, k = 1,2, in this paper. Defing;(x) and
g(x) as follows:

1
909 = Z 9X-Dri)
N1><N2

g_x le N Z g( J) N Z Zg(x(l 1)N1+J) Zg(x)

for N = N; x Ny, whereN = 10/, N; = 104, N, = 10° andg(x) = X k
1,2, are taken. Thusy(x) represents the arithmetic averageg@i_in,+j), | =
1,2,---, Ny, andg(x) denotes the arithmetic averagegki),i = 1,2, - - -, Ny x N,.




If gi(x) is independent ofj;(x) for all i # ], the standard error @f(X) is given by:

Nz

SHG0)) = J 2. (60 - 3m)’

i=1

However, since it is clear thaj(x) is not independent of;(x) for all i # j,
Segg(x)) does not show the exact standard errogpf). But still we can take
Sgg(x)) as a rough measure of the standard error of the estimated moment. In or-
der to compare precision of the random draws based on the three sampling densi-
ties in theg(x) and Ség(x)) criteria, we take the following five target distributions,

i.e., bimodalt(5), logistic, LaPlace and Gumbel distributions.

Bimodal Distribution:  f(x) = %N(l, 1) + %N(—l, 0.5%),
where the first and second moments are given b)) E(0 and EK?) = 1.625.
o X2\ ~(k+1)/2
t(5) Distribution: ~ f(x) o< (1+ ?) ,
where EK) = 0 and EK?) = k/(k — 2). k = 5 is taken in the simulation studies.
et

1+ e)?’
where the first and second moments ar¥)&{ 0 and EK?) = n?/3.

Logistic Distribution:  f(X) =

o 1
LaPlace Distribution:  f(x) = > exp|x),
where the first two moments are given byXgE 0 and EK?) = 2.

Gumbel Distribution:  f(x) = e exp(-e *-),

where mean and variance areXgE a + v and V(X) = n?/6. y = 0.5772156599
is known as Euler’s constant. Since we take- —y in this paper, the first and
second moments are XY = 0 and EK?) = /6.

4.2 Results and Discussion

It is very easy to generate random draws from the densities shown above without
utilizing the MH algorithm. However, in this section, to see whether the sam-



pling densities work well or not, using the MH algorithm we consider generating
random draws from the above target distributions.

The results are in Tables 1 — 6. In order to obtainitbie random draw (i.e.,
x), we takeN(u., 02) for Sampling Density | (Tables 1 — 5), wheug = -3, -2,
-1,0,1, 2,3and, =1, 2, 3, 4 are taken, and(x;_1, o?) for Sampling Density I
(Table 6), wherer, =1, 2, 3, 4, 5, 6, 7 is chosen. Sampling Density Il (Table 7)
does not have the hyper-parameters sugh. ando .. For each sampling density,
the two moments B(¥), k = 1,2, are estimated, generatifjrandom draws,
whereN = 10’ is taken. Note that the estimates of the two moments are given by
WN) B X k=1.2.

The estimated moments should be close to the theoretical values, which are
given by EX) = 0 and EK?) = 1.625 in the bimodal distribution, &) = 0
and EK?) = 5/3 in thet(5) distribution, EX) = 0 and EK?) = 3.290 in the
logistic distribution, EX) = 0 and EK?) = 2 in the LaPlace distribution and
E(X) = 0 and EK?) = 1.645 in the Gumbel distribution. Thus, for all the five
target distributions taken in this section X}(= 0 is chosen. In each table, the
values in the parentheses indicatédb®)), whereg(x) = xin the case of E) and
g(x) = x? for E(X?). AP denotes the acceptance probability (%) corresponding to
each sampling density. Note that AP is obtained by the ratio of the number of the
cases wherg; is updated for = 1,2,---, N (i.e., X, # X_1) relative to the number
of random draws (i.eN = 107).

g(x) Criterion:  According to theg(X) criterion, we can observe the following
results. For Sampling Density | (Tables 1 —5), wlaeris small and., is far from

zero, the estimated moments are veiffatent from the true values. Since we have
E(X) = 0, E(X?) is equivalent to variance of. Wheno, is larger thanyE(X?),

the first and second moments are very close to the true values. For example, we
take Table 1 (the bimodal distribution). When = 2, 3, 4, the estimates of the
first moment are-0.001 to 0002 and those of the second one are from 1.623 to
1.627. Thus, the cases @f = 2, 3, 4 perform much better than thosevaf= 1.

In Tables 2 — 5, the similar results are obtained. Therefore, for Sampling Density
| we can conclude from Tables 1 — 5 that variance of the sampling density should
be larger than that of the target density. As for Sampling Density Il (Table 6), the
estimated moments are close to the true moments fer.a#1, 2, 3, 4, 5, 6, 7.

For Sampling Density Ill (Table 6), all the estimates of the two moments are very
close to the true values. Thus, by () criterion, Sampling Densities Il and |11

are quite good. Moreover, Sampling Density | also performs good, provided that
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o2 is larger than variance of the target density ani close to mean of the target
density.

Sgg(x)) Criterion:  Next, we focus on the $g(X)) criterion. In Tables 1 — 7,

the values in the parentheses indicate the corresponding standard errors. In Table
1, the cases qgf. = -1, 0, 1 andr, = 2, 3 show a quite good performance, and
especially the case ofi(, o) = (0, 2) gives us the smallest standard errors of the
estimated moments. In Table 2, the caseg.0 -1, 0, 1 ando, = 3, 4 are
acceptable, and especially the caseufd.) = (0, 3) show the best performance.

In Table 3, the cases of = -1, 0, 1 andr, = 3 are quite good, and especially
the case ofy.,o.) = (0, 3) indicate the best performance. In Table 4, the cases
of u. = =1, 0, 1 ando, = 3 give us good results, and especially the case of
(u., o.) = (0, 3) is better than any other cases. In Table 5, the casgs of-2,

-1, 0, 1, 2 andr, = 3, 4 are quite good, and especially.(c.) = (0,3) is

the best. Thus, for Sampling Density |, the sampling density should have the
same mean as the target density and the sampling density has to be distributed
more broadly than the target density. However, we find from Tables 1 — 5 that
too large variance of the sampling density yields poor estimates of the moments.
In Table 6 (Sampling Density II), the smallest standard errors of the estimated
moments are given by. = 3 for the bimodal distribution and-, = 4 for the

t(5), logistic, LaPlace and Gumbel distributions. As a result, we can see from the
tables that Sampling Density | shows the best performance whendo, are
properly chosen, compared with Sampling Densities Il and Ill. For example, the
smallest standard errors in Table 1 are 0.020 fof)E({nd 0.025 for EX?), those

of Bimodal in Table 6 are given by 0.029 for XY and 0.040 for EX?), and the
standard errors in Table 7 are 0.063 foKEand 0.047 for EX?). Thus, Sampling
Density | gives us the best results.

AP and Sdg(x)): We compare AP and $gXx)). In Table 1, at g.,0.) =

(0, 1), which is the point that gives us the maximum acceptance probability (i.e.,
66.98%), the standard errors of the estimated first and second moments are given
by 0.029 and 0.065. The standard errors of the estimated momepts @t)(=

(0, 1) are larger than those at.(o.) = (0, 2), because the standard errors of the
estimated moments at.(,o.) = (0,2) are given by 0.020 and 0.025. Therefore,
judging from the standard error criterion, the casewf€.) = (0, 2) is preferred

to that of (., o.) = (0,1). In Table 2, the largest AP is given hy.(c.) = (0,1)

while the smallest standard errors are aroundd.,) = (0, 3). Moreover, in Table

11



Table 1: Bimodal Distribution (Sampling Density )

‘u*\o'* H 1 2 \ 3 \ 4

E(X) || —0.167 (0.798)| 0.001 (0.055)] 0.000 (0.032)] —0.001 (0.031)
~3 | E(X?) | 1.289(0.832)| 1.625 (0.084)| 1.626 (0.045)| 1.623 (0.045)

AP 418 19.65 28.76 27.52

EX) 0.006 (0.589)| 0.000 (0.032)| 0.000 (0.026)| —0.001 (0.028)
2 | E(X) || 1626 (1.260)| 1.625 (0.044)| 1.625 (0.036)| 1.626 (0.042)

AP 20.21 37.44 37.87 31.90

E(X) 0.002 (0.143)| 0.000 (0.020)| —0.001 (0.023)| —0.001 (0.027)
~1 | E(X?) | 1.634(0.388)| 1.627 (0.029)| 1.626 (0.034)| 1.626 (0.039)

AP 54.09 56.89 4414 34.69

EXX) 0.001 (0.029)| 0.000 (0.020)| 0.000 (0.024)| 0.000 (0.028)
0| E(X?) || 1.626(0.065)| 1.626 (0.025)| 1.625(0.031)| 1.624 (0.040)

AP 66.98 6291 4581 35.40

EX) 0.002 (0.048)| 0.000 (0.024)| 0.000 (0.026)| 0.000 (0.029)
1| E(X?) | 1627(0.036)| 1.624 (0.028)] 1.625(0.034)| 1.626 (0.039)

AP 53.74 5347 4248 3393

EX) 0.012 (0.202)| 0.002 (0.036)| 0.001 (0.031)| 0.001 (0.033)
2 | E(X?) || 1.621(0.151)| 1.627 (0.035)| 1.625 (0.038)| 1.627 (0.041)

AP 2455 36.25 3537 3056

E(X) 0.030 (0.809)| 0.001 (0.056)| 0.001 (0.038)| 0.000 (0.035)
3| E(X?) || 1.618(0.499)| 1.624 (0.054)| 1.626 (0.044)| 1.626 (0.046)

AP 8.09 20.30 26.47 25.90

Table 2:1(5) Distribution (Sampling Density I)

pd |

L |

2

3|

4

E(X) || —0.122 (0.608)| —0.003 (0.063)| —0.001 (0.028)| —0.002 (0.026)
—3 | E(X?) | 1.274(0.587)| 1.643(0.316)| 1.661(0.093)| 1.665 (0.088)

AP 6.42 2013 2809 27.26

E(X) || ~0.008 (0.438)| ~0.001 (0.035)| ~0.001 (0.023)| 0,000 (0.024)
—2 | E(X?) || 1.503(0.994)| 1.643(0.203)| 1.662(0.107)| 1.668 (0.081)

AP 19.33 37.83 37.34 3193

E(X) || —0.016 (0.149)| —0.001 (0.027)| 0.000 (0.019)| —0.002 (0.022)
-1 | E(X?) | 1503(0.524)| 1.646(0.186)| 1.662(0.079)| 1.667 (0.082)

AP 50.13 57.07 44,37 3513

E(X) || —0.003 (0.157)| 0.001 (0.026)| 0.000 (0.019)| 0.000 (0.022)
0| E(X?) | 1541(0.747)| 1.650(0.213)| 1.661(0.070)| 1.666 (0.075)

AP 9280 65.95 47.02 36.28

E(X) || 0.014(0.195)] 0.001 (0.027)| 0.000 (0.019)| 0.000 (0.022)
1| E(X3) | 1510(0.699)| 1.647 (0.205)| 1.658 (0.078)| 1.667 (0.076)

AP 50.08 57.04 44,38 3515

E(X) || 0.060 (0.313)] 0.003 (0.035)] 0.001 (0.023)| 0.001 (0.024)
2 | E(X?) || 1.399(0.678)| 1.642(0.185)| 1.660 (0.088)| 1.667 (0.079)

AP 19.69 37.85 37.36 3198

E(X) || 0.138(0.597)| 0.005 (0.052)] 0.001 (0.029)| 0.000 (0.026)
3| E(X?) | 1.276(0.581)| 1.628(0.219)| 1.655(0.090)| 1.663 (0.088)

AP 6.47 2011 2807 27.27
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Table 3: Logistic Distribution (Sampling Density 1)

who | ¢t [ 2 | 38 | 4

E(X) || —0.369 (0.824)] 0.002 (0.180)| —0.001 (0.037)| —0.002 (0.033)
~3 | E(X?) | 2337(0.580)| 3.308(0.978)| 3.292(0.111)| 3.296 (0.107)

AP 14,67 2594 3751 3829

E(X) || —0.147 (0.669)| —0.002 (0.070)| —0.002 (0.029)| —0.001 (0.028)
—2 | E(X?) | 2651(1.183)| 3.279(0.371)| 3.293(0.091)| 3.295 (0.101)

AP 2977 44,99 50.90 4513

E(X) || —0.063 (0.431)| —0.001 (0.038)| —0.001 (0.024)| —0.002 (0.025)
~1 | E(X?) || 2.861(1.505)| 3.283(0.234)| 3.294 (0.083)| 3.293 (0.096)

AP 53.80 7045 6156 49.86

E(X) || —0.001 (0.338)] 0.001 (0.031)] 0.000 (0.022)| —0.001 (0.027)
0| E(X?) || 2908 (1.463)| 3.291(0.237)| 3.289(0.076)| 3.289 (0.093)

AP 70.65 88.26 65.65 5152

E(X) || 0.060 (0.450)| 0.002 (0.043)| 0.000 (0.023)| 0.000 (0.026)
1| E(X?) | 2.841(1.424)| 3.292(0.293)| 3.287 (0.079)| 3.290 (0.096)

AP 53.89 7041 6154 49.85

E(X) || 0218 (0.554)| 0.004 (0.068)| 0.001 (0.030)| 0.001 (0.028)
2 | E(X?) || 2552(0.985)| 3.273(0.339)| 3.286 (0.091)| 3.286 (0.102)

AP 3056 44,99 50.89 4514

E(X) | 0404 (0.785)| 0.004 (0.169)[ 0,002 (0.040)| 0.002 (0.034)
3| E(X?) || 2336(0.626)| 3.254(0.957)| 3.292(0.114)| 3.288 (0.114)

AP 14.87 2593 3752 3829

Table 4: LaPlace Distribution (Sampling Density 1)

pd |

L |

2|

3|

4

E(X) || —0.188 (0.599)| —0.001 (0.085)| —0.001 (0.029)| —0.002 (0.027)
~3 | E(X?) | 1.453(0.578)| 1.998(0.431)| 2.001(0.094)| 2.003 (0.093)

AP 8.32 2120 2901 28.40

E(X) [ ~0.052 (0.469)| ~0.001 (0.043)[ ~0.002 (0.023)|0.000 (0.024)
—2 | E(X?) || 1.692(1.010)| 1.997 (0.235)| 2.001(0.078)| 2.006 (0.085)

AP 20.88 3844 3854 3327

E(X) || —0.039 (0.204)| 0.000 (0.029)| —0.001 (0.020)| —0.002 (0.022)
~1 | E(X?) | 1754 (0.715)| 2.000(0.189)| 2.004 (0.071)| 2.003 (0.085)

AP 4954 57.49 45.86 36,60

E(X) || —0.011 (0.249)| 0.000 (0.021)| 0.000 (0.019)| 0.000 (0.023)
0| E(X?) | 1.845(1.151)| 2.001(0.155)| 2.000 (0.069)| 2.000 (0.083)

AP 8397 67.08 48,62 37.79

E(X) || 0.029(0.259)] 0.000 (0.025)] 0.000 (0.019)| 0.001 (0.023)
1| E(X3) | 1766 (0.915)| 2.001(0.137)| 1.998 (0.072) 2.002 (0.083)

AP 4945 57.48 45.86 36,62

E(X) || 0.108 (0.359)| 0.002 (0.044)| 0.001 (0.023)| 0.001 (0.024)
2 | E(X?) || 1.598(0.782)| 1.999 (0.224)| 1.997 (0.080)| 2.000 (0.087)

AP 2131 3845 3854 3328

E(X) || 0.201(0.579)] 0.005 (0.071)| 0.001 (0.031)| 0.001 (0.027)
3| E(X?) || 1.444(0.564)| 1.975(0.308)| 1.998(0.096)| 2.000 (0.097)

AP 8.35 2118 2901 28.39
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Table 5: Gumbel Distribution (Sampling Density |)

w7 |

1

|

2

|

3

|

4

E(X) || —0.151 (0.679)] 0.000 (0.090)] 0.000 (0.029)] —0.001 (0.029)
~3 | E(X?) | 1.100(0.822)| 1.637 (0.457)| 1.646(0.078)| 1.642 (0.074)
AP 3.79 19.76 29.21 2743
E(X) || —0.063 (0.516)| 0.000 (0.047)| 0.000 (0.025)| 0.000 (0.026)
—2 | E(X?) | 1.334(1.214)| 1.643 (0.298)| 1.644 (0.065)| 1.647 (0.070)
AP 1891 39.78 3817 3177
E(X) || -0.048 (0.214)[ 0.000 (0.029)| ~0.001 (0.022)| ~0.001 (0.026)
~1| E(X?) | 1407 (0.674)| 1.647 (0.195)| 1646 (0.058)| 1.644 (0.065)
AP 5587 5950 44.26 3451
E(X) || —0.017 (0.130)| 0.001 (0.023)| 0.000 (0.022)| 0.000 (0.026)
0| E(X?) || 1533(0.571)| 1.649 (0.155)| 1.645 (0.055)| 1.644 (0.064)
AP 80.23 63.99 4572 35.20
E(X) || —0.006 (0.075)| 0.000 (0.023)| 0.000 (0.024)| 0.000 (0.028)
1| E(X?) || 1595 (0.360)| 1.645 (0.073)| 1.645 (0.057)| 1.644 (0.065)
AP 4550 5293 42.26 3374
E(X) 0.006 (0.193)| 0.002 (0.032)| 0.000 (0.028)| 0.001 (0.030)
2 | E(X?) | 1627(0.361)| 1.647 (0.059)| 1.645 (0.062)| 1.647 (0.069)
AP 20.65 3544 3513 3042
E(X) || 0.034(0.717)| 0.001 (0.049)] 0.002 (0.035)| 0.000 (0.033)
3| E(X?) || 1.643(0.607)| 1.647 (0.083)| 1.647 (0.071)| 1.647 (0.075)
AP 8.55 19.98 26.36 25.80
Table 6: Sampling Density Il
o | Bimodal | t(5) | Logistc [ LaPlace | Gumbel
E(X) || 0.001 (0.046) -0.001 (0.054) 0.000 (0.088) ~0.002 (0.062) 0.001 (0.054)
1 |E(X?)| 1625(0.055) 1.676(0.318) 3.299 (0.284) 2.008 (0.222) 1.649 (0.176)
AP 7112 7221 80.81 69.95 7275
E(X) || 0.000 (0.033) —0.002 (0.037) —0.002 (0.054) —0.001 (0.039) 0.000 (0.035)
2 EO@) 1.625 (0.043) 1.673(0.193) 3.295(0.175) 2.003(0.138) 1.646 (0.107)
AP 53.76 5311 65.04 5232 53.36
E(X) |[—-0.001 (0.029) —0.001 (0.031) —0.002 (0.045) —0.002 (0.035) 0.000 (0.032)
3 |E(X?) | 1.625(0.040f 1.671(0.142) 3.298 (0.155) 2.005 (0.125) 1.646 (0.092)
AP 4158 4101 53.18 4118 4095
E(X) || 0.001 (0.032) —0.002 (0.030) —0.002 (0.042) —0.002 (0.032) 0.000 (0.033)
4 |E(X?)| 1.626(0.044) 1.666(0.128) 3.298 (0.140) 2.005 (0.112) 1.646 (0.090)
AP 3329 3305 4442 3364 3278
EO% 0.001 (0.035) —0.001 (0.030) —0.002 (0.041) —0.002 (0.032) 0.000 (0.035)
5 |E(X?) || 1.626(0.047) 1.675(0.137) 3.293 (0.141) 2.006 (0.115) 1.645 (0.091)
AP 2755 2755 37.87 2828 27.15
E(X) || 0.000 (0.036) 0.000 (0.032) —0.003 (0.041) —0.001 (0.033) 0.002 (0.036)
6 |E(X)| 1.627(0.049) 1.679(0.134) 3.297 (0.144) 2.002 (0.120) 1.649 (0.093)
AP 2342 2356 32.84 24.32 2311
E(X) || 0.000 (0.040) —0.002 (0.033) 0.000 (0.042) —0.001 (0.035) 0.001 (0.037)
7 |E(X?) || 1625(0.054) 1667 (0.125) 3.297 (0.148) 2.001 (0.123) 1.645 (0.099)
AP 2031 20.50 2892 2128 20.06
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Table 7: Sampling Density IlI
[ Bimodal | t(5) | Logistc | LaPlace | Gumbel

E(X) || 0.001 (0.063)| 0.000 (0.069)] —0.001 (0.049)| 0.000 (0.039)| 0.001 (0.054)
E(X?) || 1.626 (0.047)| 1.654 (0.261)| 3.284 (0.259)| 2.001 (0.094)| 1.644 (0.164)
AP || 7503 68.13 74.66 63.01 50.42

3, the largest AP is achieved at.(c.) = (0, 2) and the minimum standard errors

are given by g.,o0.) = (0,3). In Table 4, the maximum AP is(,0.) = (0,1)

and the smallest standard errors are aroundo(.) = (0,3). In Table 5, the
largest AP is achieved at(,o.) = (0,1) and the minimum standard errors are
given by (., 0.) = (0, 3). The acceptance probabilities which give us the smallest
standard error are 62.91 in Table 1, 47.02 in Table 2, 65.65 in Table 3, 48.62 in
Table 4 and 45.47 in Table 5, while the maximum acceptance probabilities are
given by 66.98, 92.80, 70.65, 83.97 and 80.23, respectively. Thus, for the inde-
pendence chain (Sampling Density I) we can conclude that the sampling density
which gives us the maximum acceptance probability is not necessarily the best
choice. We should choose the larger value tharsthevhich gives us the maxi-
mum acceptance probability. For Sampling Density I, the acceptance probability
decreases as. increases for all the target distributions (see Table 6). As dis-
cussed above, the smallest standard errors of the estimated moments are given by
o, = 3 for Bimodal,o, = 4 fort(5), o. = 4,5 for Logistic,o, = 4 for LaPlace
ando, = 3,4 for Gumbel (see Table 7), where the acceptance probabilities are
from 32.78to 44.42. These acceptance probabilities are consistent with the results
obtained in previous research (for example, see Carlin and Louis (1996, p.175),
Chen, Shao and Ibrahim (2000, p.24), Gelman, Roberts and Gilks (1995), Besag,
Green, Higdon and Mengersen (1995) and Gamerman (1997, p.165)). For all the
five distributions, the standard errors at the optimuin Sampling Density |l

are larger than those in Sampling Density I. Therefore, if the appropriate sampling
density is taken, Sampling Density | is better than Sampling Density II.

Final Comments: From Tables 1 — 7, Sampling Densities | and Il with the ap-
propriate hyper-parameters are better than Sampling Density 11l from {g&®e
criterion, but Sampling Densities | and Il are not todfelient from Sampling
Density Ill. The problem of Sampling Densities | and Il is that we have to choose
the hyper-parameters, which problem is a crucial criticism. If we take the hyper-
parameters which give us the least standard errors of the estimated moments, it
extremely takes a lot of time because we have to compute the standard errors for
many combinations of the hyper-parameters. Since Sampling Density 1l does not
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have any hyper-parameter, it is easy to use Sampling Density IIl in practice and
it can avoid the criticism of choosing the hyper-parameters included in Sampling
Densities | and II. In addition, Sampling Density Il shows quite good perfor-
mance for all the five target densities. Therefore, Sampling Density Il is more
useful than Sampling Densities | and 1.

5 Summary

In this paper, we have considered choice of the sampling density in the MH algo-
rithm. The three sampling densities have been examined, i.e., the independence
chain (Sampling Density 1), the random walk chain (Sampling Density II) and the
Taylored chain (Sampling Density 1ll). Through the simulation studies based on
the five target distributions, we have obtained the following results.

() Sampling Density | indicates the best performance when the appropriate
hyper-parameters are chosen. That is, a scale paramejerf(Sampling
Density | should be 1.5 — 2.5 times larger than that of the target density and
a location parametep() of Sampling Density | should be close to that of
the target density.

(i) Sampling Density Il is optimal when the acceptance rate is about 30% —
50%, which result is consistent with past studies.

(i) Sampling Density 11l shows a good performance for all the simulation stud-
ies. Moreover, because it does not depend on any hyper-parameter, Sam-
pling Density 11l is more useful than Sampling Densities | and Il in practical
use.
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