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ABSTRACT: For the last decade, various simulation-based non-
linear and non-Gaussian filters and smoothers have been proposed.
In the case where the unknown parameters are included in the
nonlinear and non-Gaussian system, however, it is very difficult to
estimate the parameters together with the state variables, because
the state-space model includes a lot of parameters in general and
and the simulation-based procedures are subject to the simulation
errors or the sampling errors. Therefore, clearly, precise estimates
of the parameters cannot be obtained (i.e., the obtained estimates
may not be the global optima). In this paper, an attempt is made
to estimate the state variables and the unknown parameters si-
multaneously, where the Monte Carlo optimization procedure is
adopted for maximization of the likelihood function.
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1 INTRODUCTION

Since Kitagawa (1987) and Kramer and Sorenson (1988) proposed the non-
linear and non-Gaussian filter and smoother using numerical integration, the
filtering and smoothing solutions have been developed, because it is difficult to
apply numerical integration to the higher dimensional cases of the state vector
from computational point of view. Tanizaki (1993) and Tanizaki and Mariano
(1994) suggested using Monte-Carlo integration to solve filtering and smooth-
ing problems in nonlinear and non-Gaussian cases. Carlin, Polson and Stoffer
(1992), Carter and Kohn (1994, 1996) and Chib and Greenberg (1996) applied
the Gibbs sampler to evaluate the smoothing means in a Bayesian frame-
work, which smoother is extended to more general cases using both the Gibbs
sampler and the Metropolis-Hastings algorithm simultaneously in Geweke and
Tanizaki (1999). Furthermore, to obtain the filtering and smoothing solu-
tions, Gordon, Salmond and Smith (1993), Kitagawa (1996) and Kitagawa
and Gersch (1996) proposed the resampling filter and smoother. In Tanizaki
(1996), Tanizaki and Mariano (1998) and Tanizaki (1999), rejection sampling
is utilized to generate random draws directly from the filtering and smoothing
densities. See Tanizaki (2000) for a survey on the simulation-based nonlinear
and non-Gaussian state-space models.

Thus, various kinds of nonlinear and non-Gaussian filters have been inves-
tigated. However, in the case where unknown parameters are included in the
system, estimation of the parameters are still an open question. Generally
there are a lot of unknown parameters to be estimated in the state space mod-
els.! The traditional maximization procedures such as the simple grid search
and the Newton-Raphson optimization are conventionally used for maximiza-
tion of the likelihood function. However, if the number of the parameters
increases, these procedures are not helpful.

Moreover, as Kitagawa (1998) pointed out, we encounter the following two
problems: (i) the non-Gaussian smoother is computationally intensive and the
repeated application of a numerical optimization procedure for evaluating the
likelihood may make it almost impractical and (ii) the log-likelihood computed
by the Monte Carlo filter is subject to a sampling error and accordingly pre-
cise maximum likelihood parameter estimates can be obtained only by using a
very large number of particles or by parallel application of many Monte Carlo
filters. To improve the two problems, Kitagawa (1998) proposed estimating
the state vectors and the unknown parameters simultaneously, which is called

IFor simplicity of discussion, consider the linear and normal state-space model given by
yr = o + € and ap = Pay_1 +1), where e, ~ N(0,%) and n ~ N(0,%,). Let e, o and
be px 1, kx1and k x 1 vectors, respectively. Then, the number of unknown parameters to
be estimated is p(p+1)/2 for &, k? for ® and k(k +1)/2 for ,,. Thus, as p or k increases,
the number of unknown parameters drastically increases.



the self-organizing filter and smoother in his paper. A vector of the unknown
parameters is regarded as the state vector which movement is appropriately
assumed by a researcher through the transition equation. One of the disad-
vantages in Kitagawa (1998) is that we need a large number of the sample
size to have the stable estimates of the unknown parameters. In this paper,
we consider the estimation method such that we can apply even in the small
sample.

Conventionally, as for maximization, the derivative-based methods such
as the Newton-Raphson optimization procedure are used, where the iterative
procedure is performed to obtain an optimum. The derivative-based methods
generally have a problem that there is no method of distinguishing between a
local optimum and a global one. It is well known that the method of the sim-
ulated annealing can find the best among multiple solutions (see, for example,
Kirkpatrick, Gelatt, Jr. and Vecchi (1983), Bohachevsky, Johnson and Stein
(1986), Goffe, Ferrier and Rogers (1994) and Brooks and Morgan (1995)). In
the case where the function to be maximized is known, the simulated anneal-
ing is a powerful tool. For the nonlinear and non-Gaussian state-space models,
however, we cannot obtain the explicit functional form of the likelihood func-
tion. Therefore, the simulated annealing suggested by Kirkpatrick, Gelatt, Jr.
and Vecchi (1983) cannot be directly applied to our problem. In this paper,
the likelihood function is regarded as a kernel of the density function with
respect to the unknown parameters. Based on the likelihood function, random
draws of the state vectors and those of the unknown parameters are generated,
where Gibbs sampling and the Metropolis-Hastings algorithm may be taken
for random number generation. Note that for random number generation it
might be possible to use the other sampling techniques such as rejection sam-
pling instead of the Metropolis-Hastings algorithm. See Geman and Geman
(1984), Tanner and Wong (1987), Gelfand and Smith (1990), Arnold (1993),
Boswell, Gore, Patil and Taillie (1993), Smith and Roberts (1993), O’Hagan
(1994), Tierney (1994), Chib and Greenberg (1995), Geweke (1996, 1997) for
the sampling techniques. Through the random draws of the unknown param-
eters, we numerically obtain the functional form of the likelihood function
with respect to the unknown parameters, where the nonparametric density
estimation technique is applied. Based on the nonparametric density estima-
tion, for each unknown parameter the mode is obtained, which corresponds
to the global maximum, i.e., the maximum likelihood estimate of the param-
eter. See Prakasa Rao (1983), Silverman (1986), Ullah (1988), Hérdle (1990)
and Izenman (1991) for the nonparametric density estimation. Thus, in this
paper, we propose estimating the state vectors and the unknown parameters
simultaneously, using the Monte Carlo optimization procedure.



2 STATE SPACE MODEL

We consider the following general nonlinear and nonnormal state-space model:

(Measurement Equation) v = qi(au, €:57), (1)
(Transition Equation) o = fe(a-1,m:0), (2)
fort=1,2,---,T, where T denotes the sample size. A vector y,; is observable

while a vector «; is unobserved. ¢(-,-;-) and fi(+,;-) are vector functions,
which are assumed to be known. ~+ and ¢ indicate the unknown parameters
to be estimated. The error terms ¢; and 7, are mutually independently dis-
tributed, which are typically assumed to be normal but not necessarily. Let
Y; be the information set up to time s, i.e., Yy = {y1,992,--,ys}. Define
Py (Yelow; y) and pa(ou|ay—1;6) as the density functions obtained from the mea-
surement equation (1) and the transition equation (2). We consider estimating
oy using information Y;. ays = E(a|Y;) is called prediction if ¢ > s, filtering
if t = s and smoothing ¢ < s, respectively.

Carlin, Polson and Stoffer (1992), Carter and Kohn (1994, 1996) and Chib
and Greenberg (1996) introduced the nonlinear non-Gaussian state-space mod-
els with Gibbs sampling (see Appendix 1 for the Gibbs sampler). They investi-
gated the nonlinear state-space models only in the Bayesian framework and in
addition they studied the special state-space models such that it is easy to gen-
erate random draws from the underlying assumptions. To improve these prob-
lems, Geweke and Tanizaki (1999) proposed the nonlinear and non-Gaussian
smoother using both Gibbs sampling and the Metropolis-Hastings algorithm,
which would be suitable to any nonlinear and non-Gaussian state-space mod-
els. See Appendix 2 for the Metropolis-Hastings algorithm. The nonlinear and
non-Gaussian smoother proposed by Geweke and Tanizaki (1999) is briefly
discussed as follows.

Smoothing: Let us define A, = {ag, a1, -+, o} and A} = {as, a1,

-+, ar}, respectively. We consider generating random draws of Ar from
p(Ar|Yr;v,0). According to the Gibbs sampler, random draws of Ar from
p(Ar|Yr;y,0) are based on those of oy from p(ou|Ai1, Af 1, Yr;7,0) for t =
1,2,---,T. Let us define p,(Yr|Ar;v) and p,(Ar;0) as

T
py(Yr|Ar;v) = pr(ytlat;’y),

T
ao) [[ pa(as]as—1;6), if ap is stochastic,
pa(AT; 5) = T =1
H (ov|ay—1;9), otherwise.



Then, p(ou|Ai—1, Afy 1, Yr;7,0) is given by the following conditional distribu-
tion function:

p(at’Atflv A:Jrla YT7 e 5)

_ py(YrlAz;7)pa(Ar; )
I py(Yr|Az; v)pa(Ar; 6)day

py(yt|at;7)pa(at|0¢t—1;5)pa(04t+1’04t;5)7
e fort=1,2,---,T —1, (3)

Py (Ye|a; ¥)palow]ou—1;9), for t =T (i.e., endpoint),

Equation (3) implies that a kernel of p(ow|Ai—1, Af 1, Yr;7,9) is given by
Py(Yelau; ) palai|ai—i; ) palauia|ay; 6) whent = 1,2, T—1 and py (yi|ev; )
Palat|az—1;6) when t = T (i.e., endpoint). Utilizing the Metropolis-Hastings
algorithm, random draws of oy from p(a¢|A;—1, Ay, 1, Yr;7,6) are generated.
Define Ai,t and A;(,t as Aiﬂg = {Ctip, i1, 0, ai,t} and AZt = {Oéi7t, Q41 "0,
a; 1}, respectively, which are the i-th random draws of A; and A}. Given (Y7,
v, 6), we can generate random draws of A as follows.

(i) Take an appropriate initial value for Ag r.

(ii) Given (Ass—1, A7 1411, Y7, 7, 6), generate a random draw of a;, denoted
by a ¢, from p(oy|Aii—1, A7y 141, Y737, 6), where the Metropolis-Hastings
algorithm is utilized in the case where it is intractable to generate random
draws from p(oy|Aii—1, A7 4141, Y157, 9).

(iii) Repeat (ii) for t =1,2,---, 7.
(iv) Repeat (ii) and (iii) for ¢ =1,2,---, V.

The first M random draws are excluded from consideration, taking into ac-
count stability of the Gibbs sampler and the Metropolis-Hastings algorithm.
In Section 4, M = 0.2N is taken. Thus, the random draws of Ay given Yr,
v and 9, ie., A;p, can be obtained using both the Gibbs sampler and the
Metropolis-Hastings algorithm.

Mean and Variance: Based on A; 1, E(m(a;)|Yr) is simply evaluated as

the arithmetic average of m(a;;), ¢ =1,2,---, N, which is represented by:
1 i
E(m(oy)|Yr) = m(aiz) = m(oy)
N—-M i=M+1

where m(-) is a function. Especially, the case of m(ca;) = oy represents the
smoothing mean, while m(a;) = (o — ayr)(ow — ayr)’ indicates the smoothing

bt



variance. From the basic result of the Metropolis within Gibbs sampling, we
can obtain the following result:

mlar) — E(m(ag)Vr) = [ mlapledlYr)day as N — o,

forallt=1,2,---,T.

Likelihood Function: In the case where equations (1) and (2) depends on
the unknown parameters v and 9, the likelihood function to be maximized is
written as:

p(Yr3;7,6) = /p(YT,AT;% 0)dAr
= [ py(YelAri7)pa(Ars 6)dAr, ()

where p(Yr, Ar;v,9) = py(Yr|Ar; ¥)pa(Ar; 6) is defined. The difficulty in this
maximization is that evaluating the integration above we need to maximize
equation (4) with respect to v and ¢. In the simulation-based procedures, the
integration above is evaluated by random numbers of Ay and accordingly the
sampling errors are always included. In the next section, we suggest maximiz-
ing the likelihood function (4) by a Monte Carlo optimization method.

3 MAXIMUM LIKELIHOOD ESTIMATION
BY MONTE CARLO OPTIMIZATION

In general, p(Yr;~,d) in equation (4) is not obtained in an explicit functional
form, because the integration in the right hand side of equation (4) cannot
be evaluated analytically in the case where the system is nonlinear and non-
Gaussian. Therefore, conventionally, the iterative procedure is applied for
maximization of the likelihood function. That is, (i) given the fixed values
for v and 4, the likelihood function p(Y7;7,d) is numerically estimated by
evaluating the integration, (ii) based on the estimated likelihood function, the
estimates of v and § are updated and (iii) we repeat (i) and (ii) until all the
estimates are stable. In (ii), the simple grid search or the Newton-Raphson
optimization procedure may be utilized to maximize the estimated likelihood
function.

As an alternative optimization method, Wei and Tanner (1990), Tanner
(1993) and Chan and Ledolter (1995) proposed the Monte Carlo EM algo-
rithm to maximize the likelihood function. In the case where the Monte Carlo
EM algorithm is applied to estimation of v and 4, (i) and (ii) are modified
as follows. In (i), the conditional expectation of p(Yr, Ar;vy,d) given Yr is
evaluated through the random draws of Ap given Yy (i.e., A;r). In (ii), the

6



expectation of p(Yr, Ar;~y,d) is maximized with respect to v and §. In any
case, since the iterative procedure is taken for estimation of v and 9, a great
amount of computation is necessary for the nonlinear and non-Gaussian filter-
ing techniques and accordingly implementation sometimes becomes impossible.
In this paper, we suggest applying a very simple optimization to the nonlinear
and non-Gaussian filtering problem.

3.1 Monte Carlo Optimization

Consider maximizing a function g(z) with respect to x. As it is well-known,
there is no guarantee that the traditional maximization methods such as the
Newton-Raphson optimization procedure give us the global optimum. The
Monte Carlo optimization methods such as the simulated annealing are the
useful tools which find the global optimum. Here, we apply the Metropolis-
Hastings algorithm to obtain the global optimum, where g(z) is regarded as
a kernel of a density function (i.e., p(x) = g(x)/ [ g(x)dz where p(x) denotes
the density function of x). Define the acceptance probability w(z, z) as:

wiz,2) =40 <g(x)P*(z|x)’1>7 Lg(@p(l) >0,
L, otherwise,

where p,(z|z) represents the sampling density function, which has to be appro-
priately specified by a researcher. Given x; 1, we generate a random draw z
from p.(-|z;—1) and set z; = z with probability w(z;_1, z) and x; = x;_1 other-
wise. Repeating the procedure for: =1,2,--- N, weobtainz;,i =1,2,---, N.

We have two strategies to obtain the value of x which maximizes the func-
tion g(x). For the first strategy, the function g(z) is evaluated at x = z; for all
i=1,2,---,N and the maximum value of g(x) can be obtained out of g(z1),
g(x2), -+, g(xn). For the second strategy, since we regard g(x) as a kernel of
a density function, we estimate the functional form of p(z) by nonparametric
density estimation, based on the random draws xq, s, - -+, xy. See Appendix
3 for the nonparametric density estimation method. Then, the mode obtained
numerically from the estimated density function of p(x), say p(x), can be taken
as the value of x which maximizes the function g(z). It is known that p(x)
converges to p(z) but the convergence speed is at most O(N'/%), which is very
slow (see Appendix 3). We can consider that the estimated mode also con-
verges at the same speed. Note in Section 2 that x and g(z) correspond to
(7,9) and p(Yr;~,0), respectively.

In the case where g(x) is not analytically obtained in an explicit functional
form, the second strategy is useful, which utilizes the empirical density func-
tion. In this paper, since the likelihood function p(Yr;~,d) is not analytically
obtained, we apply the second strategy to the nonlinear and non-Gaussian
filtering and smoothing problem.



3.2 Maximum Likelihood Estimation

The unobserved variable, which is called the state variable, is included in
the state-space model. Therefore, in practice, it is very difficult to evaluate
the integration in equation (4) together with maximizing equation (4) with
respect to the unknown parameters, because of the sampling errors and the
computational disadvantages. The second strategy discussed in Section 3.1 is
a helpful tool to this problem.

Let us define 8 = (v, ). Note in equation (4) that maximizing the marginal
density of Y7 with respect to 6 is equivalent to maximizing the joint density of
Yr and Ar with respect to 6, because clearly we have the following equality:

0 [p(Yr,Ar;0)dAr _ / op(Yr, Ar; 0)
00 00

dATv

which implies that the solution of 8 obtained by solving max / p(Yr, Ar; 0)dAr
is equivalent to that by max p(Yr, Ar; 0). Accordingly, the maximum value of 6

obtained from the joint density p(Yr, Ar;0) is equal to that from the marginal
density p(Y7;6). The maximization problem in this paper implies that the
joint density of Y7 and A7 can be maximized with respect to 6.

As mentioned in Section 3.1, the proportions of p(Yr, Ar;,d) in the inte-
gration of equation (4) can be regarded as the density functions of v and ¢,
ie.,

p(’Y’AT,YT,(S) ocp(YTaAT7’776) ocpy(YT’AT77)7 (5)
p(0|Ar,Yr, ) o< p(Yr, Ar; 7, 0) X pa(Ar;0). (6)

Using (3), (5) and (6), we generate random draws of A7, v and 0 simultaneously
from p(Yr, Ar;~y,d) through the Gibbs sampler. As for the random number
generation of oy from (3), that of v from (5) and that of ¢ from (6), importance
resampling, rejection sampling or the Metropolis-Hastings algorithm may be
adopted in the case where it is not easy to generate the random draws.

Note as follows. In equation (5), random draws of v from p(y|Ar, Yr, )
might be based on p(v1|Ar, Yr, d,v2) and p(y2|Ar, Yr, d,71) through the Gibbs
sampler, where v = (71, 72). Similarly, in equation (6), it is possible to obtain
random draws of § by blocking = (d;, d2).

Based on the random draws of v and 4, we construct the density functions
by nonparametric density estimation and obtain the modes from the empirical
densities of v and ¢, which are denoted by 7 and 5, respectively. The estimated
modes (i.e., § and S) correspond to the maximum likelihood estimates of v and
9. Therefore, in order to compute the smoothing estimate of Az (i.e., ayp for
t=12---.T), given 7 and ) , again we generate random draws of Ar from

-~

plag| A1, Ay 1, Yr;7,6), t =1,2,--- T, That is, replacing (v, d) by (7, 9), we



can perform the procedures (i) — (iv) discussed in Section 2. Accordingly, the
procedure suggested above indicates the two-step estimator, where the first
step obtains the modes based on the empirical densities of v and § and the
second step computes the state estimates given the estimated modes (7, S) As
discussed in Section 3.1, since the empirical densities of v and ¢ approach the
true underlying densities, 4 and ) go to the true parameter values. However,
we should keep in mind that the convergence speed is quite slow.

The correspondence between the maximum likelihood estimate and the
Bayesian estimate is given as follows. As mentioned above, random draws of
Ar, v and § are simultaneously generated from the three density functions (3),
(5) and (6) through the Gibbs sampler and the Metropolis-Hastings algorithm.
The densities (5) and (6) reduce to the posterior densities given the diffuse
priors. Therefore, the arithmetic averages obtained from the random draws
of v and ¢ correspond to the Bayesian estimates, while the modes are the
maximum likelihood estimates.

4 MONTE CARLO STUDIES

In this section, we compare the maximum likelihood estimator suggested in
Section 3 and the Bayesian estimator with the diffuse priors, utilizing the
state-space models shown in Simulations I — IV.

Simulation I (Linear and Normal Model): Consider the scalar system:
Yy = oy + € and oy = Bay_1 + 1. The initial value o and the error terms ¢
and 1, t =1,2,---, T, are assumed to be distributed as:

o, () ~((0).(7 3))

3 =0.5,0.9,1.0 and 0? = 07 = 1 are taken for the true parameter values.
For Gibbs sampling, p(o|Ai—1, Ar,q, Yr; 3 077, o), p(B|Ar, YT,O' o?),
p(op|Ap, Yr; 8, 02) and p(o?|Ar, Yp; 3, 07) are obtained as:

(at|At 1>At+17YTa67 0777 e)

1 1
exp(—ﬁ(yt - at)Q 2 ( — Bay- 1)
1
XX _20_727 at+l_ﬁat ) fOI'tzl,Q,"',T—l, (7)
1 , 1
exp(_QU (yt ) 2% 2( 60515 1) )7 for t = Tu
€ n
T
(ﬁ|AT7YT70—777 e) X eXp< 0_2 Z 60[15 1 )7 (8)
n t=1

9



1\7/2 1
2 . 2 2
p(0n|AT7YT7 7U€> (8 (0_727) eXp(— 20_% t:1(at - ﬂat71> )7 (9)
1\7/2 1 L
2 . 2 = o . 2
p(ae |AT7 YTa ﬁa 0'77) X (0_62> eXp( 20_62 tZI(yt at) ) (10)

Equations (7) and (8) reduce to normal distributions and equations (9) and
(10) can be converted to chi-square distributions with 7'+2 degrees of freedom.
Accordingly, the random draws from the above density functions are easily
generated.

Simulation IT (ARCH Model): We consider the state-space model: y, =
o+ € and oy = (B + Ba? )Y?n, for By > 0 and 0 < B < 1. In this simulation
study, By =1 — 3 is taken. 3y = 1 — 3 in the transition equation implies that
the unconditional variance of a; is normalized to be one. The initial value «y
and the error terms ¢, and 7, t = 1,2,---,T, are assumed to be distributed

o, () ~((9):(5 9)

8 =0.5,09 and 02 = 1 are taken. The transition equation indicates the first-
order ARCH process, while the measurement equation consists of the ARCH
process and the error term. See Engle (1982) and Bollerslev, Engle and Nelson
(1994) for the ARCH model.

To implement Gibbs sampling, p(oy|A;—1, Af.q, Yr; 3, 02) and p(B|Ar,
Yr; 0?) are represented as:

p(CYt|At71, A;_la YT; 67 062)

1 1 5 of

(Bo + Baz)'/? exp(;%?(yt ~ o 202(6 + Bai_y)
x —203(;[‘)?@%)), iort:1,2,---,T—1, (11)
exp(—%iz(yt — ) — 20%(600—3 ﬁa%_l)), fort =T,
1 1 T 2
p(B|Ar, Yr;0?) o 1L, (Go + Ba2_, )12 exp(—§ Z:l Bo +a5tat21)7 (12)

where fp = 1 — f and 0 < 8 < 1 by the assumptions. Since p(c?|Ar,
Yr;3) is given by equation (10), random draws of ¢? are easily obtained.
However, it is difficult to generate random numbers from p(a;|A;—1, Af .,
Yr; 3, %) and p(B|Ar, Yr;0?). In this case, as discussed in Section 3.1,
the Metropolis-Hastings algorithm is helpful, where the proposal densities are
taken as p.(ay) = pal(aw|ay—1;0) and p.(5) = U(0, 1), respectively (note that
U(a,b) denotes the uniform distribution between a and b).

10



Simulation III (Stochastic Volatility Model): Next, we take the fol-
lowing stochastic volatility model: y;, = exp(ay/2)e;, and oy = Poy_1 + 1, for
0 < 3 < 1. The initial value ay and the error terms ¢; and 0, t = 1,2,---, T,
are assumed to be distributed as:

20~ NOD, (1 )~V ((5) (5 o2))

We consider the cases of g = 0.5,0.9 and 02 = 1. See Ghysels, Harvey and
Renault (1996) for the stochastic volatility model.

In this simulation study, p(3|Ar, Yr; 0727) is equivalent to equation (8) with
the constraint 0 < # < 1 while p(a%|AT7 Yr; B) is given by equation (9).
Therefore, p(G|Ar, Yr; 0%) reduces to the truncated normal distribution func-
tion. Since it is difficult to obtain a random draw from a truncated normal
distribution in the case where the normal distribution is truncated around
tails (see Geweke (1991)), in this simulation study we apply the Metropolis-
Hastings algorithm to random number generation, where p,(5) = U(0,1) is
utilized for the proposal density.

Simulation IV (Logistic Model): The following logistic type of nonlinear
state-space model is taken as follows: y; = exp(ay)/(exp(ay) + exp(e;)) and
a; = exp(ay_1)/(exp(ay_1) +exp(n;)). The initial value ag and the error terms
e and ny, t =1,2,--- T, are assumed to be distributed as:

ag ~ U(0,1), (;) NN(<8>(%2 c?g))

In this simulation study, 07 = o7 = 1 is examined for the true parameter

values. Tanizaki (1993, 1996) took the logistic model as an example.

In order to perform Gibbs sampling, the conditional density functions
plaulAvy, Aryy, Yrsop, 02), plog]Ar, Yr;02) and p(o?|Ar, Yr;07) are rep-
resented as:

p(at|At71: A:H; Yr; ol 02)

nr Ve
1 1
——(log(— —1 2
(1 — ?t)at eXp( 20_62( Og(y ) + Oét)
———(log(— —1 ) Ei— -1 2
x fort =1,2,---. T —1, (13)
1 1 1
— —— (log(— —1 2
(1 _ Oft)Oét eXp( 2C17€2( Og(yf ) + Oét)
2
_T"?](log<a7t — 1) + Oft_l) ), for t = T,
1 Z 1
(02| Az, Yr;0%) oc ()2 exp(— 5= Y (log(— — 1) + ay1)?),  (14)
b 20,7 — o



1 1 & 1

p(o?|Ar, Yr;02) o <?3)T/2 exp(—zae2 ;aog(E — 1)+ a)?). (15)
Since equations (14) and (15) can be transformed into the chi-square distri-
bution with T + 2 degrees of freedom, both 02 and o2 are easily generated.
However, it is not easy to generate a random draw of «; from equation (13)
and accordingly the Metropolis-Hastings algorithm can be applied to random
number generation.

Simulation Procedure: For both the maximum likelihood estimator and
the Bayesian estimator, we compare the estimates of the unknown parameters
(i.e., 3, 0 and 07). Note that the correspondence between (7, 0) in the system
(1) and (2) and (8, 0?, 07) in the above simulation studies are: 7 = (07) and
6 = (8,07). The simulation procedure is as follows: (i) generating random
numbers of ¢ and 7, for t = 1,2,---, T, we obtain a set of data y, and «ay,
t =1,2,---,T, from equations (1) and (2), where T' = 40, 100, 200 is taken,
(ii) given Y7, perform each estimator, (iii) repeat (i) and (ii) G times, where
G = 1000 is taken in this paper, and (iv) compute the arithmetic average
(AVE), the root mean square error (RMS) and the 0.25th, 0.50th and 0.75th
quantiles (25%, 50% and 75%) based on the G estimates for each estimator.

Results and Discussion: The results are in Tables 1 — 9, where N denotes
the number of random draws. Usually, the first M random draws are excluded
from consideration because of stability of the random draws. In this paper, we
take M as 20% of N. Therefore, all the values in the tables are obtained from
0.8 N random numbers. We take the cases of N = 2000, 5000, 10000. Tables
1, 3, 5 and 7 represent the results from the maximum likelihood estimation
suggested in this paper, while Tables 2, 4, 6 and 8 are obtained from the
Bayesian estimation with the diffuse priors.

In Simulation I, a normal and linear state-space model is examined (see
Tables 1 and 2). In Tables 1 and 2, there is not significant difference for
N = 2000, 5000, 10000. That is, the number of random draws does not affect
precision of the estimates. AVE indicates the bias between the true parameter
value and the estimated one. As the sample size T increases, AVE’s approach
the true parameter values and RMS’s decrease. In this simulation study, for
almost all the cases, the maximum likelihood estimates are less biased than
the Bayesian estimates.

In Simulation II (Tables 3 and 4), the maximum likelihood estimator is
better than the Bayesian estimator only in the case of 3% in 8 = 0.5. In the
other cases, the latter performs better than the former with respect to AVE
and RMS criteria. However, in both Simulations III (Tables 5 and 6) and IV
(Tables 7 and 8), the former is better than the latter for almost all the cases.
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Table 1: Simulation I — Maximum Likelihood Estimation

BN

T

2000

40
5000

10000

2000

100
5000

10000

2000

200
5000

10000

0.5

=)

AVE
RMS
25%
50%
75%

0.444
0.233
0.307
0.461
0.599

0.443
0.233
0.295
0.463
0.595

0.442
0.235
0.292
0.455
0.600

0.467
0.181
0.353
0.446
0.573

0.468
0.179
0.349
0.454
0.569

0.468
0.181
0.351
0.447
0.575

0.474
0.156
0.358
0.445
0.574

0.467
0.154
0.352
0.440
0.577

0.467
0.153
0.355
0.438
0.564

AVE
RMS
25%
50%
75%

0.778
0.586
0.312
0.641
1.164

0.753
0.588
0.296
0.585
1.127

0.732
0.598
0.273
0.566
1.110

0.928
0.574
0.438
0.861
1.362

0.886
0.553
0.415
0.820
1.307

0.864
0.560
0.397
0.774
1.290

1.031
0.551
0.588
0.952
1.477

0.993
0.531
0.555
0.903
1.395

0.983
0.511
0.569
0.898
1.383

AVE
RMS
25%
50%
75%

0.958
0.567
0.482
0.936
1.358

0.975
0.553
0.483
0.979
1.373

0.990
0.547
0.507
1.003
1.395

0.922
0.523
0.489
0.931
1.317

0.968
0.500
0.576
1.003
1.330

0.988
0.498
0.597
1.015
1.371

0.893
0.497
0.484
0.946
1.269

0.925
0.480
0.563
0.981
1.280

0.940
0.455
0.597
0.999
1.285

0.9

AVE
RMS
25%
50%
75%

0.820
0.151
0.761
0.854
0.910

0.819
0.152
0.766
0.854
0.909

0.820
0.151
0.765
0.853
0.908

0.860
0.086
0.821
0.874
0.914

0.859
0.086
0.820
0.875
0.914

0.860
0.085
0.822
0.876
0.914

0.880
0.050
0.859
0.889
0.912

0.881
0.050
0.859
0.889
0.914

0.881
0.049
0.857
0.888
0.913

AVE
RMS
25%
50%
75%

1.308
0.675
0.844
1.274
1.720

1.300
0.663
0.862
1.268
1.703

1.282
0.644
0.864
1.262
1.673

1.168
0.480
0.824
1.118
1.448

1.168
0.466
0.842
1.122
1.453

1.161
0.469
0.826
1.111
1.426

1.081
0.317
0.875
1.057
1.252

1.075
0.307
0.867
1.052
1.256

1.072
0.300
0.863
1.048
1.245

AVE
RMS
25%
50%
75%

0.680
0.539
0.303
0.635
0.973

0.684
0.531
0.321
0.646
0.961

0.682
0.533
0.310
0.660
0.973

0.826
0.384
0.614
0.845
1.058

0.835
0.371
0.622
0.851
1.056

0.837
0.369
0.633
0.848
1.067

0.925
0.257
0.765
0.933
1.082

0.926
0.247
0.771
0.923
1.079

0.931
0.239
0.776
0.929
1.088

1.0

AVE
RMS
25%
50%
75%

0.904
0.133
0.878
0.935
0.962

0.903
0.135
0.881
0.935
0.961

0.903
0.135
0.879
0.936
0.961

0.959
0.056
0.949
0.972
0.983

0.959
0.056
0.948
0.972
0.983

0.959
0.056
0.948
0.972
0.983

0.981
0.026
0.976
0.986
0.991

0.981
0.026
0.977
0.986
0.991

0.981
0.026
0.976
0.986
0.991

AVE
RMS
25%
50%
75%

1.595
0.914
1.095
1.549
2.055

1.600
0.917
1.098
1.545
2.050

1.573
0.888
1.080
1.536
1.982

1.309
0.556
0.979
1.237
1.585

1.306
0.544
0.985
1.246
1.559

1.301
0.542
0.968
1.230
1.583

1.150
0.321
0.958
1.127
1.324

1.148
0.321
0.951
1.118
1.311

1.145
0.315
0.949
1.123
1.312

AVE
RMS
25%
50%
75%

0.607
0.568
0.252
0.550
0.870

0.599
0.569
0.254
0.555
0.853

0.600
0.569
0.229
0.569
0.856

0.798
0.360
0.609
0.813
1.002

0.801
0.353
0.609
0.805
0.989

0.801
0.352
0.615
0.804
0.998

0.907
0.227
0.766
0.909
1.041

0.907
0.226
0.768
0.902
1.040

0.909
0.221
0.773
0.907
1.039
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Table 2: Simulation I — Bayesian Estimation

BN

2000

40
5000

10000

2000

100
5000

10000

2000

200
5000

10000

AVE
RMS
25%
50%
75%

0.343
0.248
0.208
0.360
0.484

0.342
0.247
0.205
0.365
0.478

0.342
0.246
0.204
0.365
0.482

0.417
0.152
0.341
0.431
0.507

0.414
0.151
0.338
0.423
0.501

0.411
0.151
0.337
0.418
0.492

0.455
0.114
0.385
0.458
0.530

0.448
0.107
0.387
0.446
0.509

0.440
0.116
0.375
0.438
0.508

0.5

AVE
RMS
25%
50%
75%

1.363
0.557
1.073
1.298
1.584

1.361
0.531
1.087
1.313
1.598

1.359
0.516
1.096
1.323
1.584

1.233
0.439
0.964
1.207
1.472

1.264
0.432
1.014
1.234
1.479

1.281
0.428
1.054
1.258
1.477

1.158
0.380
0.902
1.135
1.393

1.228
0.395
0.987
1.203
1.434

1.236
0.390
1.025
1.214
1.430

AVE
RMS
25%
50%
75%

1.078
0.425
0.787
1.050
1.334

1.081
0.393
0.817
1.051
1.317

1.082
0.379
0.817
1.045
1.306

0.943
0.345
0.717
0.917
1.152

0.913
0.324
0.682
0.907
1.126

0.898
0.308
0.688
0.891
1.091

0.936
0.328
0.721
0.933
1.152

0.858
0.325
0.646
0.867
1.051

0.861
0.312
0.680
0.865
1.048

®)

AVE
RMS
25%
50%
75%

0.758
0.202
0.690
0.789
0.862

0.758
0.201
0.689
0.791
0.860

0.758
0.201
0.691
0.791
0.860

0.830
0.105
0.786
0.844
0.889

0.829
0.106
0.783
0.842
0.889

0.829
0.106
0.785
0.840
0.887

0.868
0.059
0.839
0.877
0.904

0.865
0.061
0.837
0.874
0.901

0.866
0.062
0.838
0.874
0.903

0.9

AVE
RMS
25%
50%
75%

1.850
0.989
1.485
1.809
2.158

1.855
0.987
1.505
1.823
2.158

1.853
0.982
1.503
1.819
2.140

1.468
0.620
1.171
1.432
1.716

1.480
0.617
1.203
1.457
1.746

1.485
0.626
1.209
1.455
1.728

1.240
0.393
1.014
1.216
1.447

1.265
0.408
1.047
1.226
1.460

1.249
0.389
1.047
1.227
1.442

AVE
RMS
25%
50%
75%

0.841
0.390
0.583
0.796
1.068

0.840
0.374
0.589
0.810
1.034

0.840
0.369
0.590
0.815
1.028

0.831
0.332
0.623
0.836
1.018

0.823
0.330
0.624
0.819
1.011

0.819
0.329
0.607
0.812
1.003

0.916
0.253
0.764
0.916
1.081

0.885
0.253
0.739
0.887
1.036

0.907
0.247
0.746
0.923
1.062

®)

AVE
RMS
25%
50%
75%

0.877
0.164
0.842
0.915
0.948

0.877
0.164
0.844
0.914
0.949

0.877
0.164
0.843
0.914
0.948

0.952
0.065
0.939
0.967
0.981

0.952
0.065
0.938
0.967
0.981

0.951
0.066
0.938
0.967
0.981

0.979
0.029
0.972
0.985
0.991

0.978
0.030
0.972
0.985
0.991

0.978
0.030
0.971
0.985
0.991

1.0

AVE
RMS
25%
50%
75%

2.132
1.294
1.704
2.055
2.486

2.136
1.300
1.711
2.067
2.485

2.142
1.303
1.704
2.081
2.505

1.575
0.726
1.251
1.516
1.855

1.583
0.731
1.262
1.537
1.854

1.586
0.729
1.263
1.551
1.850

1.288
0.401
1.088
1.270
1.456

1.305
0.412
1.109
1.282
1.472

1.296
0.407
1.102
1.290
1.469

AVE
RMS
25%
50%
75%

0.776
0.408
0.535
0.751
0.987

0.774
0.401
0.538
0.738
0.971

0.771
0.397
0.539
0.726
0.975

0.818
0.332
0.613
0.819
1.009

0.813
0.327
0.618
0.805
0.994

0.811
0.327
0.619
0.804
0.994

0.937
0.440
0.781
0.916
1.056

0.887
0.222
0.756
0.880
1.014

0.903
0.220
0.767
0.903
1.037
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Table 3: Simulation II — Maximum Likelihood Estimation

AN

T

2000

40
5000

10000

2000

100
5000

10000

2000

200
5000

10000

0.5

@)

AVE
RMS
25%
50%
75%

0.394
0.271
0.171
0.309
0.613

0.350
0.267
0.164
0.258
0.517

0.326
0.270
0.164
0.231
0.466

0.422
0.277
0.167
0.393
0.652

0.396
0.275
0.163
0.337
0.621

0.369
0.273
0.154
0.299
0.567

0.484
0.272
0.236
0.488
0.719

0.433
0.274
0.197
0.405
0.656

0.423
0.271
0.186
0.402
0.637

o™

AVE
RMS
25%
50%
75%

1.096
0.574
0.706
1.047
1.382

1.088
0.558
0.721
1.012
1.368

1.092
0.542
0.719
1.033
1.360

1.026
0.333
0.805
1.018
1.229

1.027
0.319
0.814
1.016
1.222

1.016
0.313
0.807
1.003
1.202

1.040
0.264
0.856
1.017
1.196

1.013
0.248
0.840
1.005
1.173

1.006
0.243
0.839
0.988
1.166

0.9

Q)

AVE
RMS
25%
50%
75%

0.453
0.528
0.172
0.414
0.742

0.412
0.558
0.160
0.326
0.684

0.396
0.568
0.162
0.300
0.649

0.470
0.530
0.151
0.447
0.782

0.416
0.572
0.126
0.325
0.732

0.400
0.581
0.123
0.301
0.708

0.577
0.449
0.261
0.693
0.845

0.493
0.523
0.147
0.534
0.811

0.477
0.534
0.138
0.491
0.794

m

AVE
RMS
25%
50%
75%

0.635
0.559
0.318
0.574
0.878

0.627
0.561
0.320
0.582
0.843

0.627
0.557
0.330
0.582
0.849

0.597
0.494
0.391
0.581
0.790

0.560
0.521
0.361
0.551
0.739

0.556
0.521
0.370
0.545
0.729

0.663
0.432
0.459
0.652
0.854

0.603
0.478
0.409
0.587
0.793

0.591
0.479
0.406
0.590
0.780

Table 4: Simulation II — Bayesian

Estimation

pAN

2000

40
5000

10000

2000

100
5000

10000

2000

200
5000

10000

0.5

®)

AVE
RMS
25%
50%
75%

0.463
0.077
0.417
0.459
0.499

0.464
0.066
0.428
0.456
0.491

0.463
0.064
0.433
0.453
0.483

0.464
0.114
0.389
0.450
0.529

0.466
0.101
0.394
0.454
0.521

0.463
0.098
0.400
0.447
0.511

0.481
0.152
0.368
0.475
0.576

0.475
0.136
0.370
0.467
0.568

0.474
0.124
0.384
0.471
0.557

AVE
RMS
25%
50%
5%

1.311
0.649
0.927
1.209
1.586

1.314
0.646
0.929
1.236
1.578

1.314
0.650
0.922
1.221
1.587

1.132
0.347
0.926
1.116
1.337

1.130
0.334
0.928
1.111
1.322

1.129
0.333
0.914
1.116
1.319

1.088
0.266
0.910
1.072
1.245

1.088
0.255
0.915
1.072
1.254

1.090
0.247
0.933
1.089
1.234

0.9

AVE
RMS
25%
50%
75%

0.484
0.427
0.419
0.470
0.534

0.482
0.426
0.426
0.464
0.514

0.481
0.426
0.431
0.463
0.511

0.496
0.434
0.375
0.477
0.617

0.484
0.439
0.382
0.464
0.576

0.483
0.438
0.390
0.458
0.565

0.568
0.388
0.416
0.567
0.719

0.522
0.423
0.369
0.519
0.675

0.506
0.434
0.360
0.505
0.646

AVE
RMS
25%
50%
75%

0.840
0.475
0.541
0.756
1.025

0.837
0.459
0.554
0.753
1.018

0.836
0.469
0.542
0.749
1.016

0.695
0.398
0.526
0.688
0.847

0.678
0.401
0.508
0.660
0.825

0.678
0.398
0.513
0.664
0.816

0.717
0.361
0.552
0.706
0.871

0.678
0.391
0.530
0.677
0.829

0.667
0.396
0.513
0.661
0.812
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Table 5: Simulation III — Maximum Likelihood Estimation

BN

T

2000

40
5000

10000

2000

100
5000

10000

2000

200
5000

10000

0.5

AVE
RMS
25%
50%
75%

0.336
0.264
0.153
0.296
0.503

0.327
0.270
0.137
0.302
0.482

0.330
0.271
0.131
0.297
0.504

0.383
0.234
0.207
0.387
0.545

0.382
0.234
0.217
0.391
0.540

0.382
0.232
0.219
0.396
0.545

0.423
0.186
0.308
0.439
0.548

0.425
0.190
0.308
0.443
0.557

0.424
0.181
0.319
0.439
0.549

AVE
RMS
25%
50%
5%

1.174
0.728
0.646
1.030
1.542

1.145
0.716
0.626
0.988
1.501

1.134
0.711
0.604
0.999
1.487

1.064
0.466
0.725
0.998
1.345

1.071
0.459
0.729
1.016
1.355

1.068
0.454
0.737
1.022
1.351

1.068
0.349
0.829
1.053
1.297

1.050
0.339
0.798
1.030
1.269

1.046
0.337
0.814
1.012
1.259

@)

0.9

AVE
RMS
25%
50%
75%

0.748
0.257
0.663
0.810
0.900

0.749
0.255
0.667
0.811
0.896

0.751
0.255
0.676
0.815
0.896

0.844
0.110
0.803
0.868
0.909

0.844
0.109
0.800
0.867
0.908

0.845
0.107
0.803
0.865
0.910

0.872
0.065
0.845
0.883
0.912

0.876
0.060
0.847
0.885
0.915

0.875
0.056
0.849
0.884
0.910

AVE
RMS
25%
50%
75%

1.695
1.089
1.102
1.516
2.092

1.671
1.062
1.098
1.470
2.035

1.657
1.044
1.098
1.467
2.048

1.307
0.562
0.975
1.239
1.547

1.298
0.547
0.967
1.229
1.552

1.295
0.542
0.971
1.232
1.561

1.154
0.363
0.923
1.114
1.347

1.136
0.336
0.921
1.112
1.303

1.138
0.345
0.906
1.106
1.318

Table 6: Simulation III — Bayesian Estimation

pAN

2000

40
5000

10000

2000

100
5000

10000

2000

200
5000

10000

®)

0.5

AVE
RMS
25%
50%
75%

0.387
0.156
0.309
0.370
0.455

0.387
0.155
0.311
0.372
0.449

0.387
0.154
0.312
0.372
0.451

0.392
0.167
0.298
0.377
0.475

0.393
0.164
0.302
0.379
0.475

0.393
0.164
0.302
0.380
0.470

0.406
0.156
0.314
0.401
0.495

0.412
0.150
0.322
0.411
0.501

0.408
0.154
0.318
0.408
0.493

AVE
RMS
25%
50%
75%

1.782
1.158
1.173
1.625
2.247

1.779
1.143
1.147
1.625
2.240

1.778
1.139
1.160
1.631
2.222

1.308
0.568
0.963
1.241
1.617

1.309
0.567
0.961
1.254
1.606

1.308
0.563
0.954
1.258
1.611

1.182
0.383
0.932
1.145
1.416

1.174
0.374
0.936
1.141
1.376

1.169
0.381
0.934
1.116
1.394

X)

0.9

AVE
RMS
25%
50%
5%

0.697
0.265
0.583
0.735
0.838

0.698
0.264
0.583
0.732
0.839

0.698
0.264
0.583
0.736
0.838

0.819
0.129
0.772
0.843
0.890

0.818
0.129
0.773
0.844
0.890

0.819
0.129
0.772
0.844
0.890

0.865
0.063
0.835
0.874
0.903

0.865
0.064
0.836
0.875
0.903

0.866
0.065
0.839
0.876
0.905

AVE
RMS
25%
50%
75%

2.460
1.781
1.747
2.261
2.949

2.461
1.780
1.740
2.271
2.948

2.460
1.773
1.770
2.261
2.963

1.576
0.762
1.206
1.508
1.879

1.577
0.762
1.210
1.518
1.884

1.577
0.761
1.206
1.516
1.872

1.270
0.424
1.044
1.226
1.472

1.271
0.418
1.049
1.251
1.451

1.260
0.425
1.002
1.232
1.467
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Table 7: Simulation IV — Maximum Likelihood Estimation

T 40 100 200
N 2000 5000 10000 | 2000 5000 10000 | 2000 5000 10000
AVE | 1.785 2.032 2.119 | 1.620 1.753 1.888 | 1.327 1.571 1.631
RMS | 1.411 1.647 1.764 | 1.173 1.320 1.440 | 0.942 1.130 1.195
3% 25% 10.786 0.900 0.931 | 0.692 0.727 0.821 | 0.526 0.635 0.654
50% | 1.577 1.777 1.839 | 1.566 1.646 1.819 | 1.179 1.473 1.529
75% |2.526 2.882 3.044 | 2.369 2.589 2.764 |2.039 2.352 2.464
AVE | 0.988 0.981 0.977 | 0.993 0.989 0.987 | 0.995 0.994 0.985
RMS | 0.232 0.230 0.230 | 0.151 0.152 0.151 | 0.108 0.104 0.106
2 25% [0.823 0.817 0.816 | 0.885 0.879 0.879 | 0.919 0.926 0.910
50% | 0.975 0.970 0.966 | 0.985 0.984 0.983 | 0.995 0.990 0.981
75% | 1.132 1.123 1.122 [ 1.091 1.083 1.081 | 1.063 1.058 1.056
Table 8: Simulation IV — Bayesian Estimation
T 40 100 200
N 2000 5000 10000 | 2000 5000 10000 { 2000 5000 10000
AVE | 2.403 2.750 2.912 | 1.856 2.047 2.163 | 1.593 1.720 1.850
RMS | 1.645 1.989 2.120 | 1.094 1.248 1.370 | 0.858 0.944 1.052
3127 25% | 1.805 2.083 2.249 | 1.371 1.555 1.663 | 1.149 1.267 1.427
50% | 2.185 2.483 2.674 | 1.723 1.879 1.955 | 1.488 1.602 1.720
75% | 2.763 3.148 3.318 | 2.159 2.383 2.445 | 1.941 2.033 2.141
AVE | 1.095 1.090 1.088 | 1.034 1.031 1.029 | 1.006 1.011 1.004
RMS | 0.267 0.266 0.265 | 0.159 0.159 0.158 | 0.110 0.107 0.105
o2 25% [0.915 0.908 0.907 | 0.924 0.919 0.916 | 0.926 0.937 0.930
50% | 1.091 1.080 1.073 |1.028 1.025 1.025 | 1.002 1.009 1.005
75% | 1.255 1.250 1.250 | 1.128 1.127 1.123 | 1.075 1.078 1.079
Table 9: Computational Time (Seconds)
Simu- T 40 100 200
lation | 8 \ N 2000 5000 10000 | 2000 5000 10000 | 2000 5000 10000
(a) Maximum Likelihood Estimation
I 0.5 0.94 2.36 4.72 | 1.65 4.12 8.24 1 282 7.06 14.12
I 0.5 1.23 3.07 6.14| 2.63 6.58 13.15| 4.97 1242 24.84
IIT | 0.5 1.26 3.15 6.30 | 2.68 6.70 13.40| 5.04 12.60 25.19
v 1.51 3.77 754 3.29 823 1647| 6.27 15.67 31.35
(b) Bayesian Estimation
I 0.5 0.90 231 452|160 4.01 8.00| 276 6.90 13.82
1II 0.5 0.83 208 4.16| 1.64 4.10 821|299 7.48 14.95
IIT | 0.5 0.85 213 4.26| 1.69 4.22 845 3.09 7.72 1543
v 0.96 240 481|196 491 9.82| 3.63 9.08 18.17
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Thus, except for Simulation II, the maximum likelihood estimation proce-
dure suggested in this paper performs better than the Bayesian estimator with
the diffuse priors from the criteria of the bias and root mean square errors of
the estimates. That is, the estimates from the maximum likelihood procedure
are closer to the true parameter values and they have the smaller root mean
square errors, compared with the Bayesian estimator.

The values in Table 9 indicate the CPU run times, where Pentium II
500MHz CPU and Watcom FORTRAN 77/32 Compiler (Version 11.0) are used
for comparison between the maximum likelihood estimation and the Bayesian
estimation. Each value represents the average time from the 1000 simulation
runs shown in Tables 1 — 9. As discussed in Section 3.2, since the proposed
maximum likelihood estimator is the two-step estimator, the maximum like-
lihood estimation takes more time than the Bayesian estimation, depending
on the underlying state-space models. For Simulations II — IV, the Bayesian
estimation is 1.6 — 1.7 times faster than the maximum likelihood estimation.
However, since even the case of Simulation IV, T = 200 and N = 10000
takes 31.35 seconds, it is concluded from computational point of view that the
proposed estimator does not have too much disadvantage, compared with the
Bayesian estimator.

5 SUMMARY

We have shown the maximum likelihood estimation procedure when the un-
known parameters are included in the nonlinear and non-Gaussian state-space
models. The traditional maximization procedures such as the simple grid
search and the Newton-Raphson optimization are conventionally used for max-
imization of the likelihood function. In the case where the number of the pa-
rameters increases, however, these procedures are not helpful. Furthermore,
since the simulation-based filtering and smoothing procedures yield the sam-
pling errors or the simulation errors, precise estimates of the parameters can-
not be obtained. In this paper, therefore, we have suggested applying the
Monte Carlo stochastic optimization method to maximum likelihood estima-
tion, where the features of the suggested procedure are: (i) the likelihood
function is regarded as the density function with respect to the unknown pa-
rameters, (ii) the random draws of the unknown parameters are generated by
the Gibbs sampler and the Metropolis-Hastings algorithm, and (iii) based on
the random draws, we construct the empirical densities of the parameters and
obtain the modes which correspond to the maximum likelihood estimates. If
the arithmetic averages based on the random draws is taken as the estimates,
the obtained estimates reduce to the Bayesian estimates with the diffuse pri-
ors. Thus, the maximum likelihood estimation is based on the mode while the
Bayesian estimation is the arithmetic average. In the Monte Carlo simulation
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studies, the maximum likelihood estimation is compared with the Bayesian
estimation, taking some kinds of state-space models. As a result, the maxi-
mum likelihood estimation performs better than the Bayesian estimation for
almost all the cases by the bias and root mean square error criteria. Moreover,
the CPU run times are compared between the suggested estimator and the
Bayesian estimator. We have the result that the suggested procedure does not
have too much computational disadvantage.

APPENDICES

Appendix 1: Gibbs Sampler

When the two conditional densities p(x|y) and p(y|z) are available, we consider
generating random draws of (z,y) from the joint density p(z,y). The Gibbs
sampler is performed as follows: (i) pick up an appropriate value for the initial
value of y (i.e., ¥o), (ii) generate a random draw of z (i.e., z;) from p(z|y;_1),
(iii) generate a random draw of y (i.e., y;) from p(y|x;), and (iv) repeat (ii)
and (iii) for i =1,2,---, N.

From the basic result of the Gibbs sampler, (zx, yy) converges to a random
draw from p(zx,y) for sufficiently large N. We have considered the bivariate
case, but it is easily extended to the multivariate cases. See Geman and Geman
(1984), Tanner and Wong (1987), Gelfand and Smith (1990), Arnold (1993)
and Geweke (1996, 1997) for the Gibbs sampler.

Appendix 2: Metropolis-Hastings Algorithm

Consider generating a random draw of z from p(z). The Metropolis-Hastings
algorithm utilizes the proposal density p.(z|z), which has to be appropriately
specified by a researcher. Define the acceptance probability w(z, z) as:

w(z,z) = (p(x)p*(zlxyl)’ Eelelp-(zle) > 0.

1, otherwise.

The Metropolis-Hastings algorithm is the random number generation method
such that we can generate random draws from any density function, which can
be implemented as follows: (i) take an initial value of x as xq, (ii) given x; 1,
generate a random draw z from p,(-|z;_1) and a uniform random draw u from
the interval between zero and one, (iii) set z; = 2z if u < w(w;_1,2) and set
x; = x;—1 otherwise, and (iv) repeat (ii) and (iii) for i = 1,2,---, N.

We can take zy as a random draw from p(x) for sufficiently large N. For
choice of the proposal density p.(z|z), the proposal density should not have too
large variance and too small variance, compared with the target density (see,
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for example, Chib and Greenberg (1995)). That is, the proposal density should
be chosen so that the chain travels over the support of the target density. This
may fail to occur, with a consequent undersampling of low probability regions,
if the chain is near the mode and if candidates are drawn too close to the
current value (see Chib and Greenberg (1996)). For a functional form of the
proposal density p.(z|z), we may take p.(z|x) = p.(z — z), called the random
walk chain, or p,(z|z) = p.«(z), called the independence chain. Note that p(z)
is not necessarily a probability density function, i.e., it is possibly a kernel of
the target density function, because of the form of the acceptance probability
w(z,z). Remember that we need the ratio of the target and proposal densi-
ties to derive w(x, z). Smith and Roberts (1993), Tierney (1994), Chib and
Greenberg (1995, 1996) and Geweke (1996) discussed the Metropolis-Hastings
algorithm.

Appendix 3: Nonparametric Density Estimation

The nonparametric density estimation is briefly described as follows. Let x;,
i=1,2,---, N, be the random observations associated with the density p(z).
When p(z) is not known but x;, i = 1,2,---, N, are available, p(z) is estimated
as follows.

N 1 X T —x;

ple) = Nhi:1K< h )
where h is called the window width or the smoothing parameter. K(-) de-
notes the kernel function which satisfies: [ K(z)dr = 1 and in many cases
[zK(z)dr = 0 and [2?K(x)dr = 1. Representatively, the standard nor-
mal density is chosen for K(-). Under some conditions, the estimate of h is
given by: h = 0.9AN"Y/5 where A = min(o, R/1.34). Note that o and R
represent the standard deviation and the interquartile range from the sample
{x1, 29, -+, xN}. See Silverman (1986, pp.45 — 48) for choice of the smoothing
parameter.

As for asymptotic properties, we need to assume as follows:

/|K(x)|dx < 0,
/K(m)dx =1,

|ltK(z)] — 0 as|z| — o0,

h — 0 and Nh — 00 as N — oo.

All the assumptions with respect to K(-) and h are satisfied when we take a
standard normal density for K(-) and h = 0.9AN~'/5 for h. Under the above
assumptions, we have the following results:

p(z) — p(x) in probability as N — o0.
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See Silverman (1986, pp.70 — 72) for consistency. In addition, we have the
following two convergence rates:

sgp‘ﬁ(m) — E(p(x))| = O(h~'N~""2(loglog N)'/2)
sup|E(p(x)) — p(a)| = O(h™").

See Prakasa Rao (1983, p.50) for the convergence rates. We can rewrite as
follows:

P(x) = p(x)|

p(z) = E(p(z)) + E(p(2)) — p(2)]
<[p(z) = E(p(2))| + [E(p(z)) — p(z)|

Since the supremum of the second term in the right hand side is the order
of O(h™'), the convergence rate from p(x) to p(x) is at most O(h™ 1), i.e.,
O(N'/?), which indicates that convergence speed is very slow.
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