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Based on the Enss-Weder [“The geometrical approach to multidimensional inverse
scattering,” J. Math. Phys. 36, 3902-3921 (1995)] time-dependent method, we
study one of multidimensional inverse scattering problems for Stark Hamiltonians.
We first show that when the space dimension is greater than or equal to 2, the high
velocity limit of the scattering operator determines uniquely the potential such as
|x|=” with y>1/2 which is short range under the Stark effect. This is an improve-
ment of previous results obtained by Nicoleau [“Inverse scattering for Stark Hamil-
tonians with short-range potentials,” Asymptotic Anal. 35, 349-359 (2003)] and
Weder [“Multidimensional inverse scattering in an electric field,” J. Funct. Anal.
139, 441-465 (1996)]. Moreover, we prove that for a given long-range part of the
potential under the Stark effect, the high velocity limit of the Dollard-type modified
scattering operator determines uniquely the short-range part of the potential.

© 2007 American Institute of Physics. [DOL: 10.1063/1.2713077]

I. INTRODUCTION

In this paper, we consider one of the inverse scattering problems for quantum systems in a
constant electric field £ € R". Throughout this paper, we assume that n=2. For brevity’s sake, we

suppose that £=¢;=(1,0,...,0). The free Stark Hamiltonian under consideration is given by
H IA (1.1)
=——-A-x, .
0="5 1
acting on L>(R"), where x, is the first component of x=(x,, ...,x,) € R". It is well known that H,

is essentially self-adjoint on S(R"). The self-adjoint realization of H, is also denoted by H,. We
here assume that the potential V is the multiplication operator by V(x), and that V(x) is represented
as a sum of parts of very short range, short range, and long range under the Stark effect:

V(x) = V¥(x) + V3(x) + Vi(x), (1.2)

where Vs € V5, V* € V¥, and V! € V. We here assume that V' is the class of real-valued potentials
V¥S(x) satisfying that V"5(x)=V|*(x)+ V3*(x) with V3*(x) bounded, V}*(x)—A/2-bounded with rela-
tive bound less than 1, and V{*(x)x;—A/2-bounded, and that

J V() (= A+ 1D)7'F(|x] = R)||pe2dR < =, (1.3)
0

where F(|x|=R) is the characteristic function of {x € R"||x|=R}. Since V**(x) is a multiplication
operator, the condition (1.3) is equivalent to
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f ||F(|)C| = R)VVS()C)(— A+ 1)_1||B(L2)dR < oo, (14)
0

as is well known (see, e.g., Ref. 13). Moreover, V* is the class of real-valued potentials V*(x)
satisfying that V*(x) € C'(R") and that

V()| < Cx)77, (1.5)

[PV < Clry™ % |Bl=1, (1.6)

with some 1/2<a<y=<1, where (x)=11+|x[%. Finally, ' is the class of real-valued potentials
Vl(x) satisfying that V'(x) € C>(R") and that

|PV(x)| < Cptx)y ol 1B <2,

with 0<yp<1/2 and 1-yp<u<I.
We first consider the case where V'=0. It is known that for Ve V*+)*, H=Hy+V is self-
adjoint, and the wave operators

W* = s-lim e/He~iHo (1.7)
t—s+%0
exist (as for two-body direct scattering under the Stark effect, see, e.g., Refs. 3, 8, 6, 10, 12, 14,
15, 17, and 18; as for N-body direct scattering under the Stark effect, see, e.g., Refs. 2 and 9).
Then the scattering operator S=S(V) is defined by

S=(WH'W. (1.8)

Then one of the main results of this paper is represented as follows.

Theorem 1.1: Let V,,V, € V+ V5. If S(V,)=8(V,), then V,=V,.

It is well known that V** is short range and V*® is long range in the absence of the external
electric field, and that both V** and V* are short range in the presence of a constant electric field.
Thus this theorem implies that a certain potential that may be long range in the absence of the
electric field can be determined by the scattering operator S under the Stark effect. This theorem
was first proven by Weder'® under the conditions v>3/4 and n=2. Later Nicoleau'' proved this
theorem for real-valued V e C*(R") satisfying

|V 0| < Caley 1,
with some y>1/2, under the condition n=3. Our result improves their result. The key for
improving the result of Weder'® in Ref. 11 is to introduce the Dollard-type modifier
e=0V' st 2)ds que to White,'” where p=-iV=(p;,p ). The assumption n—1=2 is needed for
his method. We will here use the Graf-type (or Zorbas-type) modifier e=0¥"@s+1572)d5 (see Refs.

6 and 19) with a certain constant vector v € R" instead of e/ 0V us+ers’’Dds in order to deal with
the case where n=2 and to relax the smoothness condition on potentials supposed by Nicoleau."!
Our proof as well as theirs are based on the Enss-Weder time-dependent method.?

We next consider the case where V!#0. It is known that for Ve VS+V+ V!, H=H+V is
self-adjoint, and the Dollard-type modified wave operators due to Jensen—YajimalO

VVE =s-lim eitHe_itHoMD(t), MD(t) — e—ifgvl(ps+e1s2/2)ds (1.9)

—+%

as well as the Graf-type modified wave operators
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WJE; =s-lim eitHe_ilHOMG(t), MG(I) — e—if6V1(6|s2/2)dS’ (1'10)

t—+0

and the Dollard-type modified wave operators due to White'’

W;_r/V= s-lim eirHe—itHoMW(t)’ My(t) = e—iff)vl(piﬁelszﬂ)ds (1.11)
[—+0
exist by virtue of the condition yp+u>1 (see Refs. 1 and 17). Then the Dollard-type modified
scattering operator Sp=S,(V'; V¥*+V®) is defined by

Sp=(Wp) Wy, (1.12)

The reason why W7, are used for defining the modified scattering operator in place of W¢; and Wy,
is that Wy, match the Enss-Weder time-dependent method as seen below. Then we obtain the
following new result.

Theorem 1.2: Let V' e V! be given. Let V,,V, e V*+ V5. If Sp(V';V))=Sp(V';V,), then V,
=V,. Moreover, any one of the Dollard-type modified scattering operators Sy, determines uniquely
the total potential V(x).

The plan of this paper is as follows: In Sec. II, we consider the case where V'=0. In Sec. III,
we consider the general case. The main purpose of these two sections is deriving the reconstruc-
tion formula (see Theorems 2.1 and 3.1) for potentials in the class V'*+V*+)), which is fairly
suitable for studying the scattering problems under the Stark effect. We note that Theorems 2.1
and 3.1 imply that the high velocity limit of the (modified) scattering operator determines uniquely
the short-range part of the potential.

Il. SHORT-RANGE CASE

In this section, we consider the case where V'=0. The main purpose of this section is showing
the following reconstruction formula, which yields the proof of Theorem 1.1.

Theorem 2.1: Let © € R" be given such that |6|=1 and |6-e,|<1. Set v=|v|i. Let >0 be
given, and ®y, Wy e LX(R") be such that &y, ¥, e C;(R") with supp D, supp ¥oC{éeR"||{
< m}. Here <f)0 and \f’O stand for the Fourier transforms of ®q and W, respectively. Set ®,
=e*®, and V,=e"*V,. Then

lim |U|(i[S,Pj]CDw‘I’u) = f (V" + le)ij:'o"I’o) - (V"(x + ﬁT)‘Do,Pj‘I’o)

jol ==
+i((0,V°) (x + 67D, Wo) d7 (2.1)

holds. Here p;=—id;.
We will make preparations for the proof of Theorem 2.1. Throughout this paper, we need the
following proposition due to Enss’ (see Proposition 2.10 in Ref. 4).
Proposition 2.1: For any f e C;(R") with supp fC{x € R"||x| < 5} for some n>0, and any

Ll € N, there exists a constant C; dependent on f only such that
[F(x € M")e™?f(p—v)F(x € M)||< C,(1+r+t])” (2.2)

for veR", t e R, and measurable sets M, M' with the property that r=dist(M’, M +uvt)—n)t|
=0. Here F(x € M) stands for the characteristic function of M.

The following lemma has been proven by Weder.'

Lemma 2.1: Let v and ®, be as in Theorem 2.1. Then

f V(e di = 0o 23)

holds as |v|— for V' e V**.
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Proof: We will sketch the proof for consistency. By virtue of the Avron-Herbst formula®
-itHy = o=if 16 gitx g=ip1*124itA/2 (2.4)
and

P . 2 .
wxettA/Z ivx iv<tl2 tpvteztA/Z’ (25)

€ € =¢ (]

one has
[V¥S(x)e ™o || = [|[V¥S(x + vt + e,142)e™ 2Dy
Take f e C;j(R") such that fd,=d, and supp fC{¢ e R"||£ < 7}. Then one has
[V¥S(x + v + e,£2)e™ 2D = [|[V¥S(x + v + €,%/2) (= A + 1) 1™ 2f(p) (= A+ DD < I, + L, + L5,
with
L= [V + v+ e,272) (= A+ D)7 sz [F (] = 3N[ol[d)e™F(p) (x| < NollDllse2)
(= A+ 1)®,

>

L=|VS(x+ vt +e,22)(— A+ 1)_1||3(Lz)||F(|x| = 3\|vl|e)e™2f(p)F(jx| > Mollth 2502
X (= A+ 1),

b}

L=V + vt +ei2/2) (= A+ D7 Fllx] < 3Nl sz le™f(p) (= A+ Dy

s

where X\ >0, which is independent of |v|, will be determined below. Since

||VVS(X + vt + €1t2/2)(— A+ 1)_]||B(L2) = ||VVS()C)(— A+ 1)_]||B(L2)7
we have

L+ 1< C(1+ofe) 2,

for Av| = 7. Here we used Proposition 2.1 for estimating 7, under the condition \|v|= 7. As for I3,
we note that

[VS(x + vt + e,22) (= A+ 1)7'F(Jx| < 3N\ [o]|t) |52
= [V (= A+ D)7 F(lx = vt — e,%72] < 3Nl 52
We put =|de,|<1. Then we have
vt + e, 212> = [v* 2 + 14 + Poe, = [vt)* + |1]*74 - dv]|1)?
= [e()* = 40lollf| + 4804 + (1 = S)oe = (1 = S|Pl (2.6)
If one takes \ as 4A=(1-8%)"2>0, one has
F(jx — vt — e 2] <3\|vllt]) = F(]x = vt — e, 272] < 3\|v||)) F(|x| = \|v]|1]).
Then we have
L=<[V*@) (= A+ 1D)7F(x] = Mol [s2)I(= A+ DPy.

Therefore we obtain
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o0

(I, + I, + I)dt = O(Jv[™)

—00

by assumption, which implies the lemma. O
The following lemma is the key in this paper.
Lemma 2.2: Let v and ®, be as in Theorem 2.1. Then

" » o[ ifa<i
f . ||(Vs(-x) - Vs(vt + eltz/z))e H0¢U||dt= {0(|v|—(l—€)) lf a=1 (27)

holds with any 0<e<1 as |v|— > for V* € )>.

Proof: As in the proof of Lemma 2.1, take fe C;(R") such that fdy=D, and supp fFC{&
€ R"||&§ < n}. Then one has

[(V3(x) = Vvt + e,%/2))e o || = |(V*(x + v + €,1%/2) = V¥ (vt + €,1%/2))e™ f(p)D||
by virtue of Egs. (2.4) and (2.5). This can be estimated as

IV (0 = V(v + e,2/2))e™H0®, | < 1 + 1 + I,

with

1=2 sup [VOIF(k] = 3JolleDe™ () F(le| < [ol]e]) 22| Dol

yeR"

L=2 sup [VO)|IF (x| = 3[v[l)e™f(p) F(lx] > [v]?|a])(x) s [0 P,
yeR"

L=][(VS(x + vt + e,712) = Vit + e, 212)) F(|x| < 3|v]?|e])] g2 le™*F(p) Dy

s

where 0 <p<1, which is independent of |v|, will be determined below. By using Proposition 2.1
for estimating /; under the condition |v[?= 7, we have

I+ 1< C(1+v]f])~2,
for [v|P= 7, which implies

f ’ (I, + L)dt = O(|jv|?). (2.8)

We set =[0-e,|<1. If |x| <3|v|?|t| and 3|v|~'<(1-8)/4,
|x+vt+ e 217 = |x + vt + 74 + A(x + v)e; > (1 =3)v|P" D)2 ot + |t */4 = (5+ 3|v|P~ |||
= (34 0)/4)? vt +|e|¥74 - (1 + 38)|v||¢]*/4.
Since [t[*/4—(1+38)|v]|t|*/4+((1+38)/4)*|[v|t|*=0, we have
|x + vt + e, 22> = {((3 + 8)/4)> = (1 + 38)/4) 2 v *t)* = (1 = &)|v|*|e]>/2.

We here set ¢;=((1-8%)/2)"2. Moreover, since ((3+68)/4)%|v*|t|*~(1+38)|v]||f|*/4+((1+38)/(3
+6))%f|*/4=0, we have

|x+vi+e, 22> ={1 = ((1+38)/(3 + 8)}|*14 =2(1 = &)|1|¥(3 + 6)°.
We here set ¢,=(2(1-6%)"?/(3+ ). Thus we obtain
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t

Lol (2.9)

if |x|<3[v||7| and 3|v|*~! < (1-8)/4. Now we introduce V, (x) as

|x + vt + e,£2/2| = max{c,|v|

V,(x) = V(x)g(x/(|vll2]),
where g € C*(R") such that

) 1 if x| = ¢
EYZ N0 if | < ey2.

Then /5 is estimated as
L<|(V, (x+vt+e;1/2) =V, (vt + e,;1/2)) F(|x| < 3[v[’|t])]| 52| Dol

if 3jv|P~'<(1-8)/4. By using
1
Vyx +vt+et22) =V, (vt +e,1*2) = J (VV, )(6x + vt + e,%/2)xd 6,
0
we estimate 3 as

1
h<ﬂ¢MWMfHWWX%+w+qWDHM<3M%Mmyw+d@wﬂﬁ
0

I
Xf [VE(Ox + vt + e,212) F(|x| < 3[v|?|t))]|5.2)d 0.
0
By virtue of Eq. (2.9), we have

f gmsc<wﬁ[ VPJMHWM”f thOgomM4%+me%
lt=eylolic, lf=eylolic, li1=eyfolic,

= 0lfol 2

because |6x| <|x| for 0< #=<1. We here used that 1/2<a<'1. On the other hand,

f Ldt < Clole f A1+ [vlle)~"=de + Clof! f (1+ fof|)dz
[f|<eqfvliey [f]<eyfvlrey [t|<eqfvlrey
< 2C|v|”“f (1 + [vljg)~edt < 2C|v|P‘2f (1+|7)"“dr
<, lolfe [n<eyfvl¥ey
_ O(Jv]P~2%) ifa<l
o] loglv]) if a=1

is obtained. Therefore we have

_r1d< O(Jv|P~?%) if <1 2.10)
TS .
. O(jv|*loglv|) if a=1.

—00

Noticing Egs. (2.8) and (2.10), and taking p as

o ifa<l1
P=l1-¢ ifa=1,

with 0 < e<1, we obtain the lemma. O
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We now introduce auxiliary wave operators,

. . s ety 2
QiG—,U =s-lim eltHUG,U(t)7 UG,v(t) = e-itHog=ilgV*(us+es/2)ds

—+©

We here emphasize that the Graf-type modifier e~//0V"(este1s*12)ds

This fact will be used frequently. Then we have the following.
Lemma 2.3: Let v and ®, be as in Theorem 2.1. Then

commutes with any operators.

O(|v[™) if a<l

O(lp["~9) ifa=1 210

supl(e 005, = U, (1), = {
te
holds with any 0<e<1 as |v|— c°.

Proof: Noting that |0, ~ Ug,,(0)®,]=](©25,,~e™Uq ,(0)®,

il

t

t
(5, ~ U (1), < f V) U (9D, dr+ f

[(V*(x) = V¥(uT+ e, 7/2))Ug o (1) D, |ld T

$f ||Vvs(x)e'iTHOCDU||dT+J [(VS(x) = V¥(v7+ e, 7/2))e” ™0 ||dT

—00

yields the lemma by virtue of Lemmas 2.1 and 2.2. We here used the commutativity of

RS 2 .
g0V (wsters™/2)ds mentioned above. 0

Proof of Theorem 2.1: Since the proof is quite similar to the one of Theorem 2.4 in Ref. 16,
we sketch it.
We first note that S is represented as

S=(WH'w = IG,v(QE,u)*Qé,w Ig,= oIl 2V (wbe 812)d0.

Since [S,Pj]=[S—IG,u,Pj_Uj], (Pj—vj)q)z;:(ij)o)v, and

[

xs-1a9®v=Qmana,—ﬂagiuﬁ¢5=laﬁf U, (1) V(x)e Qg @ dt,

with V,(x)=V¥*(x)+ V*(x) = VS(vt+e,1%/2), we have
|U|(i[s’pj](bv’q,v) = IG,U{I(U) +R(v)}

with

I(v) = |v|f [(Vi(X) Ugo()(pj®0)y. Ug o ()W) = (V(X)Ug o ()P, Ug o (1) (p %)) 2,

R(v) = |v|f [0, = Ugo(0)(pPo)y, Vi(x) Ug o ()W)

- ((e_iZHQB,U - UG,U(t))(Dw Vt(x) UG,v(t) (p]\I’O)U)]dt
By Lemmas 2.1, 2.2, and 2.3, one has

O(lv]'?) ifa<1
IR(v)| = “142ey
O(Jv] ) ifa=1.

. 2
We here used the commutativity of e=0 V'©s+1572)d5 Since o> 1/2 by assumption and one can
take € as 0<e<1/2,
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lim R(v)=0

|U‘—>OC

holds. Using the commutativity of eifo Viosrers12) ds_ the Avron-Herbst formula (2.4) and (2.5),
I(v) is rewritten as

Iv)= |v|f [(V(x+vt+ e]t2/2)ei'A/2pj<IJo,e”A/Z\PO) -V (x+vt+ e1t2/2)ei’A/2(D0,e”Nij\IfO)]dt.

Since

(VS (x + vt +e,212) = V(v + e1t2/2)}ei’A/2pj(I)0,e”Nz\I’O) —({V(x+ vt +e,1212)
- V(vt + 6‘1tz/z)}eiZA/z(Do,eitA/zpj\I,o) = l((ﬁjw) (x + vt + 61t2/2)eitA/2q)0,eitA/2lP0)

and d;V* € V** by assumption, /(v) is rewritten as

I(v) = |v|f [(VS(x+ vt + elt2/2)ei’A/2pj<D0,ei’A/Z‘IfO) - (VS(x+vt+ e1t2/2)e”A/2q>0,ei’A/ij\I’O)

+ l((ﬁ,W)(x + vt + elt2/2)eim/2q30, eirA/zq,Q)]dt = J ZU(T)dT

with
L(n=(V*x+07+ e1(T/|v|)2/2)ei(7/‘”|)A/2qu>0,ei(T/‘"l)A/Z‘Ifo) —(Vo(x+01
+ ey (7/|v])2/2)e DA el D2, ) 4 i(9,V) (x + D7
+e (T/|U|)2/2)ei(f/\v|)A/2q)0’ei(f/\v|)A/2\P0) )
Since

(D] = Vo) (= A+ D)T'F(x| = N a)llg) + (1+|74)72+ (1 +[) 77
is obtained as in the proof of Lemma 2.1, we see that

©

lim I(v) = [(VE(x+07)p,®0, W) = (VE(x + 1) P, p Vo) +i((9;V°) (x + 57D, W) ld T

|U‘—>OC —00

by the Lebesgue dominated convergence theorem. Since

vt + e 22127 = v + 414 + Poe, = o[t + [1]*14 = olvl|t]® = (v |¢* = dlvl|e]* + &°|¢|*/4)
+(1=&)|*4 = (1-8)|1Y4,

as well as Eq. (2.6) holds, we see that limy,_.. I, =1 by the Lebesgue dominated convergence
theorem because of y>1/2. These imply the theorem. O

By virtue of Theorem 2.1 and the Plancherel formula associated with the Radon transform
(see Ref. 7), Theorem 1.1 can be shown in the same way as in the proof of Theorem 1.2 of Ref.
16 (see also Ref. 5). Thus we omit the proof of Theorem 1.1.

lll. LONG-RANGE CASE

The main purpose of this section is showing the following reconstruction formula, which
yields the proof of Theorem 1.2.

Theorem 3.1: Let 0 € R" be given such that [6|=1 and |5-e,|<1. Set v=|v|0. Let p>0 be
given, and ®y, Wy e LX(R") be such that &y, ¥, e C5(R") with supp D, supp WoC{éeR"||¢
<7} Set ®,=e*®, and V,=e"*V. Then
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o)

lim |U|(i[SD’pj]q)v9\I,v) = [(V*(x + le)ij)o,\I’o) - (Vo(x + ﬁT)q)o,ij’o)

‘U —®© —00

holds.
We first need the following lemma.
Lemma 3.1: Let v and ®, be as in Theorem 3.1. Then

fulg||<x>2MD,v(r)<I>oll =0(1) 3.2)

holds as |v|— o, where MD,U(I)=e_"ff)vl(‘””””e”2/2)ds.
Proof: As in the proof of Lemma 2.1, take f e C;(R") such that fdy=D, and supp fFC{£
e R"||&< 7). Since x=id,, one has

MD,U(I)<fts(VV1)(ps +us

0

M p (D f () ) g2y < 1M p o () ()X 522) + 2

+ els2/2)ds>f(p)x(x>_2

+2|Mp (VA (P)x) 2 52)
B(LZ)

+2

Mp (1) ( fl s(VW)(ps +vs + 6152/2)ds) (VA (p){x)~2

0 B(L?)

+[1Mp o (VAN P) )2 + MD,U(I)( J s(VV)(ps +vs

0

+
B(L?)

Mp (1) ( f’ sH(AVY(ps +vs

0

2
+ eISZ/Z)ds> F(p)(x)2

+ e152/2)ds>f(p)(x)_2

B(L2)

Set 8=|0-¢,|<1.If |& <5 and 5/|v|<(1-5)/4, then

|ét+ vt + e 2P = |E+v|?P + 14 + P (E+v)e, > (1= i) o)|e* + |t]*4 = (8+ 7/|v])|v||7
= (3 + )/4)?ot)? + |t*14 = (1 + 3)|v]|t|>/4. (3.3)
Since ((3+68)/4)?|v)?|t|>=(1+38)|vlit 14+ ((1+38)/(3+))*|t|*/4=0, we have

|& + vt + e 2212 = 2(1 = P)|t|*1(3 + 8) = (c,)t]H)?. (3.4)

This implies the lemma because 1-2(yp+wp) <—1 and 2=2(yp+2u)=2-4(yp+m)+2y,<-1 by
assumption. O
Lemma 3.2: Let v and @, be as in Theorem 3.1. Then

| wusoar= ool (35)

—00

holds as |v|— for V* e V*5.
Proof: By virtue of the Avron-Herbst formula (2.4) and (2.5), one has
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[V Up(t)®, || = [[V¥S(x + vt + e,£/2)e™ M p, () Dy

Then the lemma can be proven in the same way as in the proof of Lemma 2.1, by virtue of Lemma
3.1 O
The following lemma can be also proven in the same way as in the proof of Lemma 2.2. Thus
we omit the proof.
Lemma 3.3: Let v and ®, be as in Theorem 3.1. Then

* o[ ifa<1
f v - v+ e ?12))Up()®,||dr = { oo 1-9) if a=1 (3.6)

holds with any 0<e€<1 as |v|—® for V* € )*.
The following lemma is the key in this section.
Lemma 3.4: Let v and ®, be as in Theorem 3.1. Then

[ 1070~ Vior - et =00 37)

holds with some 1/2<p<1 as |[v|— for V!e V.
Proof: Before showing the lemma, we note that

e MoV (pt + e,%12) = V(pt — e,1*/2)e "o (3.8)

holds by virtue of the Avron-Herbst formula (2.4).

As in the proof of Lemma 2.1, take f e Cj(R") such that fd,=d, and supp fC{¢éeR"||¢]
< m}. By virtue of the Avron-Herbst formula (2.4) and (2.5), one has

[(Vi(x) = Vi(pt = e, 2712) Up(0) @, || = [|(Vi(x + vt + €,£12) = V!(pt + vt + €,1%/2))e ™ f(p) M, , (1) Dy .
Set 8=|0-¢,|<1.If |& <5 and 5/|v|<(1-6)/4, then

|& + vt + e, 22> = (1 = S)|v|t]*12 = (¢, |v]|1])?

as well as Eq. (3.4) hold by virtue of Eq. (3.3). Thus we obtain

|& + vt + e,1%12] = (c|v]|t])” X (e,)t) == c’l'cé_”|v|”|t|2_”, (3.9

where 0 < v<1, which is independent of |v
as

, will be determined below. Now we introduce V:)’t(x)

Vi (0) = Vi) g, (e (o)), (3.10)
where g, € C*(R") such that
L I =cfey™
gv(x) = v 1-v
0, |x|<cje,7"2.
If x| <3|v|?|¢| and 3|v|P~'<(1-6)/4 for 0<p<1, then we also obtain

v 1-v

[x + vt + e, £2| = cle, "ot

by virtue of Eq. (2.9). Then we have

[(Vi(x) = Vi(pt = e212) Up(0) D |
=[[(VM(x + v + e,22) = Vi(pt + vt + €,£212))e ™ F(p) M p (1) D
=|[(Vi(x + vt + e,£12) - Vlv’,(pt +vt+ elt2/2))e”A/2f(p)MD,U(I)CIDOH
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< ||(Vi(x + vt + e,/2) - VLJ(x + vt +e,%12))e" 2 f(p) M, (D
+ (V) (x + vt +€,£%12) = V), (pt+ vt + e,2/2))e ™ f(p) M p , (1) Dy
sL+5L+1,
with

1 = sup [V (x| = 3JolleDe™f(p) F(x| < [olliDllsez) |Mp., (1)) Do
yeR"

|5

L= sup [VIIF (x| = 3[v]|)e™f(p)F (x| > [u]?]e)x) sz 00> Mp . ()P
yeR"

>

)

L=V, (x + pt +vi+e,22) = Vi, (pt + vt +e,2/2))f(p)Mp , (1) D

where 0 < p< 1, which is independent of |v], will be determined below. By virtue of Proposition
2.1 for estimating /; under the condition |[v|?= 7 and Lemma 3.1, one has

Il +12 = C(l + |U|p|t|)_2
for |v|P= 7, which implies

(I, + I)di = O(v] ™).

—o0

By the Baker-Campbell-Hausdorff formula,
VLJ(x +pt+vt+et2) - v pt+ut+ e,1’12)

1
= f [(VV, )(6x + pt + vt + e,£/2)x + it(AV, )(0x + pt + vt + €,1°/2)/2]d 6,
0

we estimate /3 as
L < C{(|U|V|t|2—v)—(y[)+,u) + (|U|V|t|2—v)—(yD+l) + |v|—V(yD+2p,)|t|—(2—V)(7D+ZM)+1 + |U|—V(7D+M+l)
X|t|—(2—V)(7D+M+1)+l + |v|—V(yD+2)|t|—(2—V)(yD+2)+l}.

On the other hand, one has

;<2 sup|[Vi(y)| .

yeR"

Thus, by a straightforward computation, we obtain

f Idr= 0(|v|—v/(2—v)) + 0(|v|—v(7D+2u)/{(2—v)(70+2M)—1}) + 0(|v|—V(’)’D+M+1)/{(Z—V)(7D+/.L+l)—1})

+ O | NC- (D1
— 0(|U|—V/(2—V)) ,

if 2=v)(yp+2u)>2. Since 0<7y,<1/2 and yp+u>1, one has yp+2u>2-y,=3/2. Take
1/2<p<1 such that y,+2u>p+1, and make v as v/(2—v)=p. Then (2—v)(yp+2u)>2 are
satisfied by p+1=2/(2-v), and
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fo I(Vi(x) = Vi(pr = e,212)) Up ()@, |dr = O(Jo] ™) (3.11)

—00

holds. O
By virtue of (3.8), Lemmas 3.2, 3.3, and 3.4, the following lemma can be obtained as Lemma
2.3. Thus we omit the proof.
Lemma 3.5: Let v and ®, be as in Theorem 3.1. Let p be as in Lemma 3.4. Then

sug”(e_”Hﬂz) — Up(0)®,| = O(|Jv|™nlerhy (3.12)
te

holds as |v|— <.

Noting that 1-2 min{a, p} <0 by assumption, Theorem 3.1 can be proven in the same way as
in the proof of Theorem 2.1. Moreover, Theorem 1.2 can be shown in the same way as in the proof
of Theorem 1.2 of Weder'® (see also Ref. 5). Thus we omit the proofs.
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