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How precisely can we reduce the three-flavor neutrino oscillation to the two-flavor
one only from ém3,/ 6m2,<1/15?

C. S. Lim* K. Ogure! and H. Tsujimotd
Department of Physics, Kobe University, Rokkodaicho 1-1, Nada ward, Kobe 657-8501, Japan
(Received 2 October 2002; revised manuscript received 8 November 2002; published 28 February 2003

We derive a reduction formula that expresses the survival rate for the three-flavor neutrino oscillation using
the two-flavor one to next-to-leading order when there is one resonance due to the matter effect. We numeri-
cally find that the next-to-leading reduction formula is extremely accurate and the improvement is relevant for
the precision test of solar neutrino oscillation and the indirect measurme@Pofiolation in the leptonic
sector. We also derive a reduction formula, which is slightly different from that previously obtained, in the case
when there are two resonances. We numerically verify that this reduction formula is quite accurate and is valid
for a wider parameter region than are those previously obtained.

DOI: 10.1103/PhysRevD.67.033007 PACS nuni§erl4.60.Pq, 12.15.Ff, 14.60.Lm

I. INTRODUCTION A more elegant way to investigate the three-flavor oscil-
lation is to reduce the three-flavor oscillation to an effective
The physics of neutrino oscillation is currently under verytwo-flavor one using the hierarchy between the two mass
active investigation, since it leads to physics beyond thdlifferences or the smallness of some mixing angle. For ex-
standard model. Two-flavor neutrino oscillation, however, isample, the following reduction formula for the survival prob-
adopted in most ana|yses of the data, a|th0ugh everyon@bi”ty of the electron neutrinﬁgy is found in the case that
knows that there are three active neutrino flavors. Two-flavoPn€ mass difference is much larger than the other one and the
oscillation is easy to investigate in comparison with three-matter effectAq,, A(x)<A5[11],
flavor oscillation because there are only two parameters: a
mass-squared difference and a mixing angle. In addition,
some exact solutions of the oscillation probability are known S30=So1,611 COS O35+ Sin’ 5. (1)
in the two-flavor oscillation scheme even in the presence of a
matter effec{1-8]. To make the analysis realistic, however, Here, ¢, is the mixing angle defined in Sec. Il A, while
we need to work in the full three-flavor system, where weg, . s the survival rate calculated in the effective two-
have six parameters, two mass-squared differences, thrégyor scheme with effective matter effecqr(X)
mixing angles, and on€ P phase. The analysis using three- =cog;,A(x). We show the definitions of each quantity in
flavor oscillation is particularly important when we compare detail in Sec. Il. This relation is often used in the analysis of
the outputs from different experiments, sensitive to differenthe solar neutring12—19. Although it is exact in the limit
mass-squared differences and mixing angles. The importande;,/A,5,A(x)/A,5—0, the actual hierarchy is not so good.
of the analysis in the full three-flavor context for terrestrial Taking the large mixing angle Mikheyev-Smirnov-
neutrino oscillation experiments has been discu$8etD]. Wolfenstein (LMA-MSW) solution for the solar neutrino
The simplest way to investigate the three-flavor oscilla-problem and the allowed range afj; from the analysis of
tion is by relying on a numerical calculation. There is nothe atmospheric neutrino oscillation, we find that the hierar-
serious technical difference between the two-flavor oscillachies are rather mildAj,/A13<1/15, A/A13<1/102 This
tion and the three-flavor one in numerical calculatibifie  indicates that the above relation possibly has an error around
parameter space, however, becomes very large, six dimegeveral percent or more.
sional, and is difficult to exhaust. What is worse, we cannot Such an error is not so important in just verifying the
easily understand the physical consequences from the ngxistence of the neutrino masses. Current interest in neutrino

merical results intuitively, even if the parameter space is exPhysics is, however, not only in verifying the finite masses
hausted. but also in determining the precise values of the parameters.

The allowed region of the mass differences and the mixing
angles may be affected due to error in the formula used in the

*Electronic address: lim@phys.sci.kobe-u.ac.jp analysis. This error would be more serious in attempts to
*Electronic address: tujimoto@phys.sci.kobe-u.ac.jp sizes of the unitarity triangle, since it requires a more precise

YThere is, however, a trick only for the two-flavor neutrino oscil- determination of the survival ra{@0-23.
lation. The equation of motion of the two-flavor neutrino oscilla-
tion, which is a coupled first order differential equation, can be
converted to a singldirst order differential equation[8]. This 2The atmospheric and reactor data also indicate that the hierarchy
makes the numerical calculation quite easy. of the mass differences is not very lafdeo].
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One of the aims of the present paper is to examine hovn Sec. Il B, we examine the validity of the next-to-leading
precise the reduction formula is. We then propose a next-toserder reduction formula using numerical calculation. In Sec.
leading order reduction formula, which is surprisingly pre-1l1 A, we derive the reduction formula in the case of two
cise. We assume only the mass hierardhy/A;5;<1/15 and resonances. The reduction formula E&4), which is the
do not impose any restriction ofy5 in order to keep our main result of this section, is expressed without the jump
analysis as general as possible. While we average the syprobability. In Sec. Il B, we numerically verify the validity
vival rate with respect to the final time, we do not average itof the reduction formula obtained in Sec. Ill A, comparing to
with respect to the initial time. The reduction formula ob- that expressed by the jump probability. In Sec. IV, we sum-
tained therefore can be used without averaging over the inimarize the results obtained in the present paper.
tial time.

Another example of the reduction formula is the follow-  Il. REDUCTION FORMULA FOR ONE RESONANCE

ing relation for ive resonan . . . .
g relation for two successive resonanth We derive the next-to-leading order reduction formula in

the case of one resonance in this section. While the formula

S;,= P Py c0€0,,c0€0,5+ Py (1— P, )sirt0,,c080,5 is suitable for investigation of the solar neutrino problem, it
would be applicable for other cases. We then verify its va-
+(1—Py)sirf63. (2) lidity using numerical calculation.

] o ] ] A. Derivation of the next-to-leading order reduction formula
Here, 6,1, is the mixing angle defined in Sec. Il A, ari®|

and Py, are the jump probabilities for resonances with lower We derive the next-to-leading order_ reduction f"_rm?'a n
and higher number densities, respectively. This relation i£N€ Presence of one resonance. Neutrino propagation in mat-
used for the investigation into neutrino oscillation inside ate' for three flavors is governed by

supernova, which has two successive resonances due to the

high matter density25-29. It is also used for investigation 0 A1)

into hypotheticalO(GeV) neutrinos from the sun produced  d¢

by the annihilation of weakly interacting massive particles Ia= \ A v+ 0 ¢
(WIMPs), which have two successive resonances due to the Aqz 0

higher neutrino energhB0]. In Ref.[30], an improved reduc- ©)

tion formula Eq.(55) is derived. The reduction formulas Eq.

(2) and Eq.(55) are expressed by the jump probability, while )

the reduction formula Eq(l) is expressed by the survival In the base of the weak eigenstafe, («=e,u,7). Here,

rate. We express the reduction formula by the survival raté\(t) = V2GgNe(t) is the matter induced mass of the electron

also in this case and numerically study the difference beneutrino withNg(t) being the electron number density. The

tween these expressions. quantities Aj,=[dm?, (=m5—mj)]/2E and Ajz=[sm7,
The present paper is organized as follows. In Sec. Il A, we{=m3—mZ)]/2E are given in terms of the neutrino masses

derive the next-to-leading order reduction formula in them;(i=1,2,3) and the neutrino enerdgy. Throughout the

case of one resonance with matter effect. The main result ipresent paper, we assume a hierarchical relatienAQ,

this section is the next-to-leading reduction formula &4). <A43. The mixing matrixV is parametrized as

io

C1C13 S1:C13 S13€
V=| —81C23~ C128,3515€" g C12C23~ $15523515€" 2 S23C13 (4)
12523~ C1C235138' % —C1sSp3—S1C23518€'°  CoaCia
1 0 0 Ci3 0 s’ C, Spp O
=1 0 cCa3 S 0 1 0 —S12 Ci2
0 =S, Cp/ \—5% 0 g3 0 0 1
=Vy3Vi3Vo, (5

wheres;; andc;; represent sif; and cos;, respectively. Since we discuss only the survival rate of the electron neutrino,
which does not depend ofp; and 8, we set them to zero in the present paper.
For our purpose, it is convenient to work in the b@seV1,v1.¢, where the time evolution equatidB) is rewritten as
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" 0 de 0 A1S1€12 O
ig:=1 Vi Ay Vi, = ApSiL,  Aci, 0
Az 0 0 0
A(t) ApSiytAct; 0 AsiCis
+ VJlr3 0 Viz( & (6) + 0 0 0 & (8
0

AS15C13 0 Ajs+Ash

In order to incorporate the effect of the perturbaths «C13,

ApsiytAcl; ApSiCi, 0 we then diagonalize the second matrix by moving to a new
_ A15815C15 A1z‘3§2 0 :Jfasen=VZ§, with V. being a time dependent unitary ma-
rix,
0 0 At AS,

cose(t) O sine(t)
V.= 0 1 0 ) 9
—sine(t) 0 cose(t)

0 0 As;Ci3
+ 0 0 0 3 (7)

Asi13 O 0 . o
The diagonalization goes as

Under the hierarchyA,,A(X)<A3, the second matrix in

2 2
the right-hand sidéRHS) may be treated as a perturbation, AiSiptAc; 0 AsiCig
while the 2x2 submatrix in the first matrix should not be vt 0 0 0
dealt with as a small perturbation, because neglect of the €

submatrix causes a degeneracy of eigenvalues. Thus, ne- AS1C1a 0 A13+As§3

glecting the second matrix, we obtain a block diagonalized

equation, and the leading order reduction formula @&g.is k_
easily obtained. In this approximation, the discarded terms 0 0 0
have the magnitude of ord€¥(As,sc;3), which handles the V= , (10)
error of this formula. We then derive a next-to-leading order 0 0 ki
reduction formula to reduce the magnitude of the error.
For this purpose, let us rewrite E(f) as where the two eigenvalues are given as
k=1 A3t S2A o J(A+Aa+52A )2~ 4{A 2 +A(C? 2s? 11
+ 2[A+ 13+ ST 127 V(A+ A3+ S7,A19) "= 4{A 130 1587, A(CA 13+ 15T A 19 ], (11)
|
and the angle: satisfies the relation 0 0 -1
ytdVe ., [0 0 0
A(t)sin 26,3 —iVigr =€’ (14
tan 2¢(t) = 5 . (12 1 0
A13—SA 1~ A(t)cos 2043
Alth h the hi hyA;,,A<<A 5 implies that the time . . .
depgrl:gent aeng;sriirgmya"l,z 13 IMP This term has a magnitude of the following order:
Asin 26,3 " ai i
= (13) ()] = A’ sin 26, ~ Asin26y, 15
2413 2015 | 2A44L

the angle plays an important role in the improvement of the

reduction formula. While the second matrix on the RHS ofwhereL denotes the typical length in which the matter effect
Eq. (8) is diagonalized, we have additional terms in the timeA changes. In the case of the sun, the typical length corre-
evolution equation in the base @f First, since the base  sponds to the scale height=Rs~R/10.54[24].

depends on time, the left-hand side of E§) yields the Second, the first matrix in Eq8) is also slightly altered
following extra contribution: due to the change of base to
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0 A1, 0
vi| A1Si, A 15, 0 Vv
0 0 0

€

0 S12C15C¢ 0
—Ay,| Si1Le cf,  SiL1Se (16)
0 $12C12S, 0

0 S1.C12( 1+ O(€?)) 0
_ | SiA1+0(e) ct, $126120(€) | 17
O Slzclzo( E) O

Ignoring the small extra off-diagonal terms, we approximately obtain the propagation equation in the time dependent base
n

Asin 260
k- A 158115+ O(A 1SN 20;2€%) (—13)
g LAys
id_7t7 =| AysS1€10+ O(A1,SiN 20,2€?) Ay 2, O(A1,8in2015¢) |
Asin 260
—13) O(A 1,5in 26,€) K.
AeritArst, A1SiCip 0
= A1581C12 A12C§2 0 [n (18
0 0 k.
where
Aer=k_— A 87, (19

This effective matter effect is well approximated under the hierafkfyA(X)<A,; as

Sinf26,A2

Aeff—’CisA_ 4A;;

(20

and reduces td\ ;s used in the leading formula in the limiA/A,3—0. The off-diagonal terms discarded in E48) are
smaller than the second matrix of E@) by the orderA5(sin 26,,)/A 5 in the case

Asin 2643 .
TBSAHSIH 20126, (21)
which can be rewritten as
E<LémZ,sin 26,,. (22)

This condition is well satisfied for the solar neutrinos, since the parametef=ai® MeV, L=R~3x10** eV, and
6m§2~ 10 % eV2. We also discard the element ©f A ;,sin 26;,€) in the 2x 2 submatrix because of its smallness. Thus, the
order of the neglected matrix elements in Et8) is much reduced, compared with that in the leading order formula, and a
considerable improvement is expected in the next-to-leading order formula obtained below.

The survival rate for the electron neutrino is calculated, by solving(Eg), to be
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2

R2x2(1,0) 0
S(re—ve)=|(L 0 OVaVuVuD)| o7 [ . fk+ dt) Vd(0)'Vivis| 0
0 0
1 2
=c0%0,3C0S[ 013+ €(0)]| (1 0)R,.5(t,0) ( 0 + i 0,3Sir?[ 0,3+ €(0)]. (23
|
Here, R, ,(t,0) is the resolvent matrix for the two-flavor A1,C0S 28,5~ Ag11(0)
neutrino oscillation with the matter effeéfteff and mass COS 2,0= — .
squared di_fferencé.\lz. Thus we get the next-to-leading or- \/[Alzcos 2015~ Agt1(0) ]2+ (A 1,SiN 261,)?
der reduction formula (26)
B ~ ~ We say that the resonance is complete in the case that the
Sau(ve— ve) = C0S 015 COST 15+ €(0) ISy eri(Aeit,A12) electron neutrino is produced far above the resonance point.
+ 5ir?6,3SiM[ 615+ €(0)]. (24)  Inthis case, the survival rate is represented by a jump prob-

ability as in Eqg.(25. On the other hand, we say that the
resonance is incomplete in the case that the neutrino is pro-
duced too near the resonance point. In this case, we cannot

Here,3,, o1i(Aerr, A1) is the survival rate for the electron represent the survival rate by tlhe jump probability. The sur-
neutrino in the effective two-flavor system with the matter Vival rate for an electron neutrino produced at a point with

~ i 1 i = 2 i
effectA¢; and mass squared differendg,. This reduction infinite matter effectAq¢i=CciA—, is represented by
formula has a twofold improvement compared with the lead-
ing order formula Eq(1); the matter effecf\s¢; is replaced

by A.¢s and the angle is corrected frof to 6,5+ € at the

production point of the neutrina=0.3 Savett=5 7|5 ~ Pe(Aetr, 012,419 (COS W15, (27)
This next-to-leading formula is valid no matter whether or

not the resonance due to the matter effect occurs. We can,

however, further simplify this relation if the effective sur-

vival rate S,, 11(Aefr,A1p) is represented using the jump For the CESGPC(Aeff,912’A12)2Pc(Aeff19121A12): the sur-
probability between the two mass eigenstates at the reswival rateS;, o¢¢ is rewritten as

nance poinP(Aqss,6,A), which is almost the same as that
for Aqt¢. The two-flavor survival rate is represented using

the jump probability a$2]* 1

- 1 -
SZV,effZE_(SZV,eff_ E) COS g - (29)

- 1 1 ~ ~
veff=5 T15 — Pc(Aets, 012,A15) | COS 20,4 COS 20 o , L . N
Soneri=5 7|5 " PelAerr b1 1) mo 12 Substituting this relation into Eq24), we obtain the simpli-

(25 fied formula

where?mo is the mixing angle in the matter at the neutrino
production point, S3,(Ve— ve) = COS 013COS( 013+ €)

1 1

Although thisangle correction is pointed out in Ref13], it is % §_<Szlf,eff_ 5) cos ZHmO)

neglected because of its smallness.

“This relation is valid only if the survival rate is averaged over
with respect to the initial time. Strictly speaking, we therefore can-
not use the obtained simplified reduction formula without averaging
over the survival rate with respect to the initial time. This is not the
case for the reduction formula obtained in the present paper, Eq. In some cases, the survival reBg, ¢ is known exactly,
(24). and the simplified formula can be represented in completely

+Sir12013sin2( 013+ 6). (29)
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FIG. 1. The error of the reduction formula is shown for the
parameters written in the figure as a function @t in (a). The
result using the leading formula E(.), denoted by “LRF,” has the
largest error of about 0.07. The next-to-leading order formula Eq

(24) without the replacememr;—Aqss, denoted by “NLRFE,”
has an error of about 0.01. The next-to-leading order formula Eq

24) with & “NLRF," . %
(24) with Ag¢¢, denoted by “NLRF,” has the smallest error of order (24) with the replacement., A has an error of only order

1074 L ise for | iM2. (b) Th f . c
0 arger errors arise for larger sifg. (b) The same(a for 10 4. Although the error of the leading order approximation van-
smaller value off,,. The magnitudes of each error are almost the;

. . ishes for extremely large or small values &b, this is accidental
E?r:;e as those @8). They arise, however, at relatively small values one. (b) Same aga) for f,5= /3. Although the magnitudes of the
13-

errors are almost the same as(a there remains a finite error for
extremely large or small values @f,. (b) shows the result for the
same parameter set except fgg= /3.

FIG. 2. (a) The error of the reduction formula for the parameters
written in the figure as a function af;,. The leading formula Eq.
{1 has the largest error of about 0.06. The next-to-leading order
reduction formula Eq(24) without the replacememq¢i— A has
error around 0.01. The next-to-leading order reduction formula Eg.

analytic form. For example, when the matter density distri-
bution is of the exponential typ&= A, exp(—r/rq), which

we adopt in the numerical analysis in the next section, the

survival rate is represented analytically using the jump probfication is valid only in the case that the survival rate can be

ability, represented by the jump probability. It cannot be used in the
case of incomplete resonance as is seen from the numerical
exp(2wAr,cosé?)—1 analysis in the next subsection.
Pc(A,0,A)= (30

exp2mwArg) —1

B. Numerical confirmation of the validity

Using Eqs.(19),(24),(26),(27),(28),(30), the survival rate for of the next-to-leading order reduction formula

lytically —under the  condition Pc(ﬁeff,ﬁlz,Alg precision of the next-to-leading order reduction formula. As
=P (Aett,012,A19), in this case. We notice that this simpli- an example, we use an exponential type electron density dis-
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tribution N(r) =249\, exp(—10.54/R), which is a good (a)
approximation for the solar neutrino propagation in most re- 001 - - -
gions[24].° Here,N, is Avogadro’s number. We consider the o
mass squared differences 1< om?, <107 % eV?, 1.5
X107 3< 6m2,<4x 102 eV? and the whole range of mix- 001 N —
ing angles < 64,<m/2,0<6,3<m/2. We average over the B "NLRF" -
survival rate with respect to the final time, and do not do it U;-S 002
with respect to the initial time, since we do not use averaging W o0
in deriving Eq.(24). %

Since we have a vast parameter region, we do not inves- oot] [dmE=15x10%eV?]
tigate the whole parameter region. Instead, we investigate the 312: :;10
parameter region where the error of the reduction formula is pad N [MeV]
expected to be large, since we would like to be conservative 006
concerning the precision of the reduction formula. We first "0 -9 8 7 5, 5 4
fix the values of the mass squared differencessas, log100ma/[eV-]
=10"* eV? and sm%,=1.5x 10" 2 eV2, where the hierarchy
between the mass differences is minimum in the region we (b)
consider and the error is expected to be maximally enhanced 0.0005

We show the error of the reduction formula, the deviation 0
from the exact resulBge— Seyact» @S a function off,5 in -0.0005 |
Fig. 1(a). The result derived from the leading formula E) oo | N F—
is known to have the largest error of about 0.07. The next- . s |
to-leading order formula Eq24) without the replacement 2 o002 |
Aeff—fAeff has an error of about 0.01. The next-to-leading UI) 200025 |
order formula Eq(24) with the replacemen— Ag i r_\as U;:L 0008 | |52 = 1 5x10%eV?)]
the smallest error, of order I0. We show the same figure 00035 | [8,= w/10
for smaller value ofd,, in Fig. 1(b). The magnitudes of each ogos | 0= =/4
error are almost the same as those of Fig).IThey arise, oooas | LE=10[MeV]
however, at relatively small value @ in this case. Gener- 0005
ally, the errors are small for small si®g as is expected 1o ® 8 7 ‘; 8 -
from the fact that the angle correctianis proportional to log1odmiz/[eV7]
sin 20,5 [Eq. (13)] and the correction to the matter effect is
proportional to sif26;3 [Eq. (20)]. FIG. 3. The error of the reduction formula is shown for the

We show the results of the error of the reduction formulaparameters written in the figure as a functionsofiz,. (a) and (b)
as a function ofg,, for sirf26,5=1 in Fig. 2a), where the are the same except for the scale of the vertical axis. The leading
error is expected to be large. The leading order formula Egformula Eq.(1) has the largest error of about 0.05. The other lines,
(1) has the largest error of about 0.06. The next-to-leadingvhich have errors less than 0.01, are the next-to-leading order for-
order reduction formula Eq(24) without the replacement mula Eq.(24) with and without the replacememsi— Aqys. For

~ i i 2
Aerr—Aers hias an error around 0.0L The nextto-leadingy e (818 BRI 1S TEEREE L e
order reduction formula Eq24) with the replacemenf\.¢; g g '

—Aqss has an error of order I0. Although the error of the Sin?26,5A(0)

leading order approximation vanishes for extremely large or #(553— 25, o) (31
small values of,,, this is accidental. Since the survival rate 13
~SZV'eff is apparently unity for extremely small or lardgg,,
the error comes from the angle correctierin this region.
The correction ofS;, due to the mixing angle correction is
estimated to be

from Eqs.(13),(24). For 615= /4 andS,, .;;=1, this quan-
tity accidentally vanishes. This error therefore remains for
other values o#,3 as shown in Fig. @), which is the same
figure as Fig. 2a) except forf,3= /3.

We next confirm that the error tends to be smaller for a

SThis approximation is not so good near the core and the sun‘ac@rger hierarchy, i.e., smalleﬁmiz and Iargerb“mfs, asis
of the sun. The density around the core causes the error of theuggested by the fact that the errors are handled by the rela-
reduction formula through the angle, Since the real density is tive importance of the neglected off-diagonal elements com-
smaller than the value obtained by the exponential approximationpared with the dominant matrix element;s, i.e., A(0)
the real error of the reduction formula for the sun is expected to be<(sin 26,3)/2A,;3 for the leading order formula and
smaller than the value obtained in the present numerical calculatior ;(Sin 26;,) €/2A 15~ A 15(Sin 26;,) A(0) (sin 20,3)/4A2,  for
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d
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2 -
omys/ 10 [eV ] tan'6,,
FIG. 4. The error of the reduction formula is shown for the 005 (b)
parameters written in the figure as a function&rﬁa. The leading '
formula Eq.(1) has the largest error of about 0.06. The other lines, ]
which have errors less than 0.01, are the next-to-leading order for- 004l N | R T
mula Eq.(24), with and without the replacememeffeﬂeff. All 005
2 4+ O i
errors tend to be reduced for largém?;. g
fol
n I
p e sm2 = 10[eV?]
. _ ) & $m? = 1.5x10%[eV2]
the next-to-leading order formula. We first show then?, D ool sin226, = 0.28
dependence of the error in Fig. 3. The leading formula Eqg. E =10 [MeV]
(1) has the largest error as in the above cases. There remair o} !
a finite error, even for extremely small values®h3,. The L
errors for the next-to-leading order approximations tend to -0.01

. .. 1x10®  1x10® 0.0001  0.01 1 100 10000  1x10°
vanish for smaller values afm3,. This is because the error * * §

2
is handled byA ;,(sin 26;,)A(0)(sin 26,3)/4A%,, and sug- tan 0,

FIG. 6. The error of the reduction formula for the realistic pa-
rameters(a) dm2,=3.0x10 % eV?, sirf26,5,=0.12 and(b) ém?,
=1.5x10"3 eV?, sirf26,,=0.28. The error of the leading for-
mula Eq.(1) is shown as “LRF.” The errors of the next-to-leading
order formula Eq.(24) without and with the replacemerfg¢;

Hﬂe” are shown as “NLRF’ and “NRF,” respectively. The al-

"RF" —— lowed region from the solar neutrino data is shaded. The error for
. "NLRF" oo the caseb) is found to be larger than that ¢d), and the errors are
-0.05 2 _ -4 2 " W ecrrerseres ’
g dmi; =10 V'] 2 SRF rather small for the shaded region in both cases.
o am2 = 1.5x103eV?]
. 8,,= m/1000
U)& 0.1 ""... 1= m/4
) gests that the correction to the matter effect @4) is neg-
ligible in this case. Therefore, the correction to the matter
-0.15

effect will be negligible for the LOW and vacuum oscillation
, . i ) , , (VO) solutions of the solar neutrino oscillation.
1 2 3 4 5 6 7 8 9 10 We next show the dependence of the error on the mass

E[MeV ] differencedm?, in Fig. 4. The leading formula Eq1) again

has the largest error. The error tends to be reduced for larger
FIG. 5. The error of the reduction formula is shown for the Values ofdms, as is expected.

parameters written in the figure as a function of the neutrino energy All of the above numerical results strongly suggest that
E. The error of the simplified formula is very large for smaller the reduction formula at the leading order potentially has an
values of the neutrino energies. On the other hand, the leading ordé&fror around 0.1. This corresponds to the fact that the error
reduction formula has an error around 0.06. The next-to-leadinglue to the neglect of the mixing angle correctiefD) is
order reduction formula has an error of order 10 estimated as
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SiF26,A0) , 5~ _ smZ,=1.5x10° eV?, the lowest mass squared difference
2A 15 (8137 C1352,e11) =0.1, (32) to account for the atmospheric neutrino da&3] at 90%
C.L. We now learn that the error of the leading order formula
from Eqgs.(13),(24). The numerical calculations also suggestis enhanced by both small@mfg and larger,5; the error
that the next-to-leading order correction drastically improveseaches 5% or so. Even for the shaded region, the error can
the reduction formula and the error is reduced to be of ordepq up to 1%.

10 %, These results indicate that the leading order reduction From these analyses, we can say that for the valu@s.of

fo;rgﬁﬁt'es pft% gooc:jf?rzea ;%u??oelzt'n;%t'or; %fethfoanovlvae(.jimplied by the reactor experimer{t31] the error of the lead-
par r region an xto-ieading orcer formu '?pg order formula can be rather small, while that of the next-

necessary for its precise determination. A detailed analysis Qto-leading order formula is completely negligible. If we fur-

the allowed parameter region from the solar neutrino data ia,]er impose the condition suggested by the LMA MSW

not within the scope of the present paper. . ; .
P P pap solution, the error is even smaller, i.e., at most 1%. Such an

Finally, we examine how precise the simplified reduction . i -
formula is® Since this formula is derived under the condition €"OF: however, will be problematic for precision tests of neu-

that the survival rate can be expressed by the jump probabiffino experiments, such as tiiedirecy search forCP vio-

ity, it will not be precise when the resonance is incomplete)ation [20—23, which require the precise determination of
For the case of the above exampl(r)=245N,exp the size of the unitarity triangle with an accuracy of a f_ew
(—10.54/R,), the resonance is incomplete for neutrinospercent[23], and therefore a better precision of the reduction
which have smaller energies1 MeV. The simplified re- formula itself. We hope that the next-to-leading order reduc-

duction formula therefore is not expected to be valid in thist'(.)n formula proposed here, being a §|mple formula to use,
ill be useful for study of the precision tests of neutrino

case. On the other hand, the simplified formula is expected t )
be precise for neutrinos that have larger energid® Mey, ~ €XPeriments.

because in this case the resonance is expected to occur al-

most completely. We show in Fig. 5 the error of the reduction

formula as a function of the neutrino ener§y One can 1. REDUCTION FORMULA IN THE CASE
observe that the simplified formula is not valid for smaller OF TWO RESONANCES
energies of the neutrino from this figure. The errors of both

the leading and the next-to-leading order reduction formum%uccessive resonances in Sec. Il A. The expression we de-

are also shown in the figure. According to the above resultrive is slightly different from previously proposed ones and

we learn that we should not use the simplified formula with-i' o o ojicaple for wider situations. This formula is relevant for

?UI erlusqring thaﬁ thg resonanfcg is_corlnplete, although tr\ﬂvestigation into the supernova neutrino data or the hypo-
ormula is attractive ecause o Its simplicity. ..__thetial very high energy solar neutrino data due to the anni-
So far we have not restricted the values of the mixingyiation of WIMPSs [25-30. We then verify the validity of

angles, since our aim was to conservatively clarify the prey,s roqyction formula using the numericai calculation in Sec.
cision of the next-to-leading order reduction formula. How—III B

ever, there exist meaningful upper bounds on the mixing
angle 6,3 from the reactor experiments CHOJ21] and
Palo Verddg 32]. The smaller the mixing anglé;; becomes,
the better the precision of reduction formulas is expected to
be. Thus we have calculated the errors of the reduction for- ) ) )
mulas for sif20;5=0.12, the upper bound corresponding to  SUPPOSEv is produced at time 0 and detected at time
the best fit valuesm2,=3x 10 ° eV? to account for the at- 9°'N9 .through higher” and Iqwer resonances, caqsed by
mospheric neutrino da83]. The results are shown in Fig. Matching the matter effect with,; and A;,, respectively.
6(a), as functions of the remaining mixing angle tap,.  'Ve divide the time interval intg0ty] and[ty,t] (0<ty

Also shown by a shaded area is the region allowed at 909%-1), Where the conditiond ;;<A;5,A andA;p, A<Ajz are

C.L. by the LMA MSW solution[34]. We learn from this _met, |.e.,_the hlgher_and lower resonances are operative. The
figure that the leading order formula has an error up to 1% ofntermediate time,, is chosen so thah;,<A(ty)<Ajs.

so for some values of taf,,, while the error of the next- We first consider the time range where the higher reso-

to-leading order formula Eq24) is essentially negligible. Na&nce occurs, i.eA1;<Ay3, A(t). A convenient base to de-
The error of the leading order formula is, however, less tharscribe this region is

We derive a reduction formula wher), experiences two

A. Derivation of the reduction formula in the case
of two resonances

0.2% if we remain in the shaded region. In Fighg we _
. 0 10
have also shown the errors of the reduction formulas for
sirf26,3=0.28, the upper bound corresponding to the value w=Ug, u=(1 0 0 Vi, (33
0O O

SStrictly speaking, we cannot use the simplified reduction formula
without averaging over the survival rate with respect to the initial
time. The error due to this, however, seems to be very small nu-
merically. where the time evolution equation E() can be cast into

033007-9



C. S. LIM, K. OGURE, AND H. TSUJIMOTO

PHYSICAL REVIEW D57, 033007 (2003

0 A(t)
d
i——{ uy| Ao viut+u 0 Ut} o (34)
dt A 0
13
C%zA 12 —S12C1€13 12 S1€155134 12
_| sty STt 1ot STAIE AL S1C1s0 13— STS1sC15A 1o o (35)
$1€15513812  S13C13A 13— 552313013A 12 SizsisA 12t CiaA 13
COS 201,54 15 0 0
2 2 2
~ 0 S1a(A13~SpA 122) +A(1) 513:13(A 13 fle 12 | h+ A0 (36)
0 S13C13(A 13— S0 1)) C1a(A13—S1A19)
cos2 A, O
= 0 My(t) | @ (37

Here, we neglect the term proportional to the unit matrix
The resolvent matrix in this bas®! is

e—i COs 2015415t

0

OT

Ry(t,0)= REL(10))"

(38)

where RS, , is the resolvent matrix for the effective two-
flavor neutrino system with matter effe&{t), mass squared
differenceA 53— sszlz, and mixing angled,s.

We next consider the time rande,, ,t], where the lower
resonance occurs, i.é\;,,A(t)<<A;3. A convenient base in
this region is the time dependent bagét)=Z(t) ¢, by
which the Hamiltonian for fixed is diagonalized,

0 A(t)
2 v Ay, v+ 0 Z'(t)
Aqs 0
ky(t) O 0
0 ki(t) O (ky<kp<Ks). (39)
0 0 kst

Because of the hierarchy;,,A<A,3, the Hamiltonian and

therefore the resolvent are approximately block diagonal-
ized:

R 2(t,ty) 0

RL(t,ty)= o (40)

e—if{Mk3(t')dt’

Since the lower resonance is nearly complete, i,
<A(ty) <Az, the 2X2 resolvent matrix can be generally
written as

1

0
RIZ_XZ(tItM)Z(O eiAlZ(ttL))

[Per  Pet
X \/P_Lei'}’ _,ll_PLefi(afﬁfy) ’

(41

wheret, is some time far after the lower resonance, i.e.,
A(t))<<A4,, and P is the jump probability between adia-
batic states with respect to the lower resonance.

Using these resolvent matrices, the survival rateofs
given as
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om2 = 10%[eV?]
dm3 = 1.5x103[eV?]

Sm:' Sexact
bbbbdd ooooo
38388.28388

Q
&
X
o
)]
1
[T
T
w

%107

‘g 5x10':

x 5x10°
1]

) oo

1 -0.0002

™ -0.00025

m[: -0.0003

-6

0.0001

5 5x1o';

@ a0’

5 e

@D om

1 -0.0003

& -0.00035
n

L
Rzx2(ttw) 0
S=[(1 0 0)z'(t [t Z(ty)u'
( ) ® o' exp —i | kg(t")dt’ (tw)
tw

Here, the matrixZ(ty,)U" is approximately written as

033007-11

PHYSICAL REVIEW D 67, 033007 (2003

FIG. 7. The error of the reduction formula Eq.
(54) is shown for the parameters written in the
figure as a function o, and 6,5 for various
values of the neutrino energy E
=0.1,1,10,100 GeV. The largest error occurs in
the case of the lowest enerfy=0.1 GeV. Even
in this case, the error has magnitude less than
0.005.

efi C0S 2015A 15t OT

0
0 RO 2(tw,0), 0

(42
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1 0 0
.
Z(tM)UT:<:L TO )2 0 ci3 —si3], (43
0 Van(tw)
0 si3 Cy3

wherevgm(t) is the matrix that diagonalizes thex2 mass matrixM, as

VI (OMyg(HVan(t) = 0 0 (44)
From Eq.(42) and Eq.(43) andU(1,0,0)'=(0,1,0)",
L 0 2
Rzx2(titm) 0 1
~|(1 0 0)zf t
=00 070 oo o) | vistmano[o | -
tm
|
In order to express the survival rate in terms of the two- SH ,—sir 63 coS 13— S,
flavor survival rate, we set la|?= p— o |2=W (51
13 13
a 1 ) )
b =V§m(tm)R?xz(tM,0) ol (46) The survival rate is thus expressed as
0 2
L
The survival rate for the two-flavor system with respect to RZM(MM)( a)
the higher resonance is expressed by these quantities as S=[{(1 0 0 Z'(t) .
bex;{—if k3(t’)dt’)
tm
H ' 1)|? (52)
Shxo=|(1ORE(10)| o (47
—>|a.|2 CO§913{PL C0§012+(1_ PL)S|r]2012}
1|2 +|b|2sir?a
- <10)v3m<t>V£m<t>Rz‘xz<t,0>(O) (@8) [l i 53

In Eq. (53), we averaged the survival rate with respect to the

e*ifiMkz(t’)dt’ 0 a 2 final time and use(ZT(t)z_V. Us?ng Eq.(51), we get the
_ (10)V3m(t)< : ) reduction formula, which is our final result,
0 e il ka(t)dt’ b
49 s—g S5 o~ Sin 01 20 coS 013~ Sy i
=Szx2int™ cos 255 0 137 " os 005 b13.
—|a|? cog 6,5+ |b|? sirf 3. (50) (54)

In Eg. (50), we averaged with respect to the final titnand
used Here, S5, inil = PLcOS01,+ (1— P\ )sirPy,] is the two-
flavor survival rate for the lower resonance in the case that
the electron neutrino is produced at a point with>o. We
V(1) =Van(ty) = 13 S13) verify the validity of this formula by a numerical method in
3m Smi oM the next subsection.
This reduction formula coincides with the reduction for-

Using the unitarity conditioal?+ |b|?=1, we get mula obtained in Ref30]:

—S13 Ci3
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0.1 , - where two resonances occur, we assume that the energy of
0 the produced electron neutrino is very high compared to that
of the solar neutrinoE>100 MeV. This situation is quite
similar to that considered in Ref30]. To get conservative
results, we take the mass squared differencessms,
=10"* eV? and 6m?,=1.5x 10" eV?, where the hierarchy
between the mass-squared differences is mildest in the ex-
dm3 = 10%[eV?] perimentally allowed region and the error is expected to be
dmé = 1.5x10°[eV?] enhanced maximally.
E = 1[GeV] We show the error of the reduction formula E&4) in
6= n/10 Fig. 7 for various values of the electron enerdy
645= n /1000 =0.1,1,10,100 GeV. We observe the largest error for the
lowest energye=0.1 GeV. Even in this case, however, the
-0.9 . : error is less than 0.005. For higher energy neutrinos, the
0.01 0.1 1 10 reduction formula is more accurate. This reduction formula
@ is apparently accurate enough for the investigation into su-
pernova neutrinos and the hypotheti€qlGeV) solar neutri-
nos[25-30.
We finally compare the reduction formula obtained here
[Eq. (54)] with that obtained in Refl30]. We compare the

SRF' Sexacl

FIG. 8. The errors of the reduction formulas E§4), Eq. (55),
and Eq.(2) as a function of the initial electron density. The hori-
zontal axis is ® which is defined asN(r)=2450N,exp

(—10.54/Ry). The lines(1), (2), and(3) correspond to Eqg54), . o
(2), and (55), respectively. The reduction formula E4) is ex- errors as a function of the initial electron densiy(0)

tremely accurate for all values &@. While the reduction formula =2430N, in Fig. 8. The reduction formula E@54) is ex-

Eq. (55) is better than Eq(2), neither is accurate for smaller values rémely accurate for all values @. While the reduction
of ©. formula Eq.(55) is better than Eq(2), it is not accurate for

smaller values of® where the higher resonance becomes
S=PHco20.-SE .+ (1—P)sirke incomplete. The error, hovyever, is small .enough in the; pa-
2 1552 <2int F ( 2) 13, rameter range considered in RES0] for their purpose. This

b1 (1 result shows that the reduction formula E®4) can be
( P2=5+|5~Pn|cos 2013m)a (55  safely used even in the region where the higher resonance is
incomplete.
provided the higher resonance is complete and the two-flavor
survival rateS, , can be written in terms of the jump prob- IV. SUMMARY
ability P, as

In the present paper, we derive the next-to-leading order
reduction formula for the, survival rate Eq(24) from the
COS 2,57, COS 215 (56) three-flavor neutrino oscillation to the two—flavpr one in 'ghe
case when there is only one resonance, as in the ordinary
solar neutrino oscillation. Together with an analytic argu-
This reduction formula Eq55) is the same as the reduction ment, we numerically verify the accuracy of the reduction
formula Eq.(2) obtained in Ref[6], if 6,3 is set to ben/2  formula, leaving the mixing angles free for generality. While
andséxzyinf is further expressed by the jump probabilRy we find that the leading order reduction formula E#). is

as Shypint=3—(3—PL)cos ¥y, Although the reduction accurate enough for a rough estimation, the next-to-leading

formulas Eq.(54) and Eq.(55) are the same when the higher order reduction formula is extremely accurate and adequate
resonance is complete, they are different in case the highé?r precision tests of neutrino oscillations. Next, we study the

resonance is incomplefae also confirm the difference nu- accuracy of the reduction formulas in a realistic case, i.e.,
merically in the next subsection. taking into account the current upper boundfg. We find

that the largest error of the leading order reduction formula is
about 1% or so while the error of the next-to-leading order
reduction formula is negligible. We thus point out that this
precise next-to-leading order formula will be useful for pre-
In the present subsection, we examine the precision of theision tests of neutrino oscillations, for example ftiedi-
reduction formula for the case of two resonances &¢) rech study of CP violation [20—23. We also verify he ac-
using a numerical calculation. As a typical example, we useuracy of the reduction formula written using the jump
the same electron density distributidd(r)=245N,exp  probability. This formula is accurate when the resonance is
(—10.54/Ry) as in Sec. IIB. Since we consider the casecomplete, i.e., for high energy neutrinos, although it is not
valid when the resonance is incomplete, i.e., for low energy
neutrinos.
’Since the higher resonance is complete at the parameters in Ref. We also derive the reduction formula E&4) in the case
[30], the use of the reduction formula E(B5) is valid there as  Of two resonances as in the oscillations of the supernova
shown in Sec. Il B neutrinos and the hypothetical high ener@yGeV) solar

w1 (1
Sz><2:§+ P Py

B. Numerical confirmation of the validity of the reduction
formula for the case of two resonances
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