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Global Convergence and Suppression of Spurious
States of the Hopfield Neural Networks

Shigeo Abe, Senior Member, IEEE

Abstract— Assuming that the output function of neurons is
monotonic and differentiable at any interior point in the output
range, we clarify the condition necessary for a vertex of a hyper-
cube to become a local minimum of the Hopfield neural networks
. ‘and the form of the convergence region to that minimum. Based
on this, we derive a method to analyze and suppress spurious
states in the networks. Finally we show that all the spurious
states of the TSP for the Hopfield original energy function can
be suppressed by our method, and we demonstrate validity of the
method by computer simulations.

I. INTRODUCTION

SINCE Hopfield showed that neural networks can give the
near optimal solution for the traveling salesman problem
(TSP), which belongs to a class of the NP complete problems,
much effort has been made to apply them to several combi-
natorial optimization problems [1]-[23]. (Hereafter, we refer
to the Hopfield neural networks as the Hopfield model.) In
the Hopfield model, the combinatorial optimization problem
that minimizes a discrete objective function is converted
into a continuous optimization problem that minimizes an
energy function, that is, a weighted sum of constraints and
an objective function. From it, a set of differential equations,
each of which specifies the behavior of a neuron, is derived. Its
integration with respect to time decreases, or at least it does not
increase the value of the energy function. Thus we can obtain a
local minimum solution where the state of each neuron is fired
or not fired, namely its output is one or zero. (Hereafter we
use a local minimum and a stable solution interchangeably.)
The major problem of the Hopfield model, however, is
how to determine the energy function. As for the TSP,
several energy functions have been proposed because the
Hopfield original formulation does not seem to work properly.
-Evaluation, however, is based on trial and error because there
are no systematic analysis approaches when we obtain an
infeasible solution or when the solution is not so good.
Contrary to the heuristic approach, some eigenvalue analy-
ses have been reported to clarify the convergence of the
Hopfield model [18]-{22]. In [20], by eigenvalue analysis
around an equilibrium point, we clarified the condition that
a vertex of a hypercube becomes a local minimum of the
Hopfield model, and based on the condition we derived a
general algorithm to determine the weights in the energy
function, which guarantees that all the feasible solutions
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become local minima [21]. The algorithm was successfully
applied to an LSI module placement problem [23]. In [22],
approximating the hyperbolic tangent function by a piecewise
linear function, and neglecting the energy term concerning
distance, modification of the energy function was proposed
to obtain feasible solutions.

Our paper aims at establishing the method of analyzing the
convergence of the Hopfield model. In this paper, we first
show the condition necessary for a vertex of a hypercube to
become a local minimum of the Hopfield model and the form
of the convergence region to that minimum. Then, based on
the condition, we derive a method to analyze and suppress
spurious states in the Hopfield model. Finally, we show that
all the spurious states of the TSP can be suppressed if the
weights in the energy function proposed by Hopfield are set
according to the criteria derived by our method, and we show
validity of the method by computer simulations.

II. THE HOPFIELD MODEL

Consider minimizing the following objective function:
1
Ey = §:rtP:1: +q¢'z )

under the linear equality constraints:

riz =3 foréi=1,---,1 ¥))
where
x = (z1,--,2,)" the variable vector z; = 1 or 0,i =
1’...,71;

P: the n X n symmetric constant matrix;
g: the n-dimensional constant vector; and
r; = (r1;, -+, Tns)t: the constant vector.

Now we can formulate the energy function E as follows:
E=AFE, + BE, 3)

where A and B are weights and E is the energy corresponding
to the equality constraints (2), and is derived by adding the
square of (2), divided by two, and subtracting the constant
terms as follows:

1

Ey = §a:tRz + stz @
where
l
R=>Y rr} ®)
=1
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§ = —Zsin. ' (6)

Now let

T=AP+ BR; and

b= Aq+ Bs where T is symmetric. @)

Thus the energy E given by (3) becomes
1
E = Ea:th +b'z. ©))

Then the Hopfield model for the energy function £ is given
by introducing’ the internal variable vector u, and extending
the range of z;(s = 1,---,n) to [0, 1]:

z; = f(u;) for1>z;>0 O
du oF :

hebndU e — 10
dt oz Tz—b (10)

where f(u;) = 1/2(1 + tanh u;): a hyperbolic tangent func-
tion; and

t .
w= (U, - ,Up)’, O0O>u;>—00, t=1---,n,

It is easy to see that dE/dt < 0 holds [19]. Thus integrating
(9) and (10) for an arbitrary initial value of u, we obtain a local
minimum solution in the sense that the energy function E is
locally minimized.

III. CONVERGENCE REGION OF LOoCAL MINIMA

Local Minima

The square term T;z2/2 in the energy function (8) can be
replaced by the linear term Tj;z;/2 since the energy at any
vertex in the n-dimensional hypercube does not change. Thus
we delete the square terms as follows [3], [19], [20]:

bi(—bi—!-Tii/fZ and T <0 fore=1,---,n.
Therefore, in the following study, we assume that all T;; are
zero.

In the original Hopfield model, f(u;) in (9) is assumed to be
a hyperbolic tangent function. But we need not restrict f(u;)
to the hyperbolic tangent function so long as it is monotonic
and differentiable for 0 < z; < 1 and it saturates to 1 or 0 as
u; approaches +oo, for example a piecewise-linear function
proposed in [22] (see Fig. 1). Using the piecewise-linear
function, (9) and (10) become a linear system that operates
on the hypercube as follows [24]:

Eg:—Tz—b, 0<z; <1,
Therefore, in the following we assume that f(u;) is monotonic
and differentiable for 0 < z; < 1 and it saturates to 1 or 0
as u; approaches +oo.

Now let the hypercube and the interior of the hypercube be
defined by

L

fore=1,---,n.

H={z|0<z;<1fori=1,---,n} (12)
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Fig. 1. Piecewise-linear function.
and
H ={z|0<z;<1lfori=1,--,n} (13)
respectively. And for the vertex ¢ = (c1,---,¢,) in H
we define n adjacent vertexes ¢(i) = (c1,--,Ci—1, 1 —
Ciy Cit1, " yCn) Where ¢; = 1, or O foréi=1,---,mn.
The solutions of (9) and (10) (local minima) are stable
equilibrium points among all the equilibrium points of (9) and

(10) given by
1. vertex e = (e1, +,¢n), c;=1,0r0 fori=1,---,n;
2. the solution of Tz +b = 0; and
3. the combination of 1 and 2
where for the equilibrium points 2 and 3, if z satisfies 1 >
z; > 0, for ¢ = 1,---,n. The equilibrium points 3 are on
the surface of H. In the following, stability of the above
equilibrium points is discussed.

Stability of Vertexes

To investigate the stability of vertexes, we first consider the
behavior of the solution for (9) and (10) on the edge between
¢ and ¢(7), namely, at

z=vyc+ (1 —7)ef) for0<y< 1. (14)
From (10) and (14),
%:0 j#4i,  j=1,---,n, and
du;
L= Tz - b 15
7 Tz —b (15)

hold where T; is the ith row vector of T". Also from T3; = 0,

Tic+b; = Tie(i) + by = Tz + b; (16)

holds. This means that the velocity of u; is the same for
0 < v < 1. The difference in the piecewise-linear function
and the hyperbolic tangent function is, therefore, that for the
former z; moves to 0 or 1 with thie same speed, but for the
latter z; slows down as it approaches 0 or 1. Equation (16) also
means that hyperplane T;z + b; = 0 is parallel to the z; axis.

It is easy to see that
E¢ — Eey = (2¢i — 1)(Tic' + b;) a7

holds where E. is the energy E evaluated at ¢ and

1
’
c = (Cla"'aci—la 5, Citl," " "HCn |-

Therefore, (i) for E¢ = Eg¢(;), all the values of the right-hand
side of (15) are zero, and x given by (14) is an equilibrium
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point of (9) and (10), and (ii) for E¢ < E¢(;),  moves to c(e)
and for E¢ > Eg¢(;),  moves to c(i).

Here we say vertexes ¢ and c¢(i) are degenerate when
energies Fe and Ec(i) are the same. This is equivalent to
the condition that hyperplane T;z + b; = O contains vertexes
¢ and ¢(3).

Now we investigate the behavior when = is in the interior
of the hypercube H~. Let H~ be divided into three parts by
the hyperplane T;z + b; = 0 as follows:

Df(i)y={z|0<z;<1,j=1,---,n, Tiz+b; >0},
D~(i)={z|0<z;<1,j=1,---,n, Tiz +b; <0}, and
D4 ={z|0<z;j<1,j=1,---,n, Tiz+b; =0} (18)

For £ € D™ (i), as time elapses component z; always de-
creases from (9) and (10) so long as z is in domain D*(3).
Likewise for z € D~(4), z; increases and for z € D°(3), z;
does not change. If either Dt () or D~ (3) is empty, z;
increases or decreases for 0 < z; < 1. Thus z; converges
to the same value O or 1 for any initial value satisfying
0<z; < 1.

Then for each vertex ¢ in hypercube H we define domain
D¢ as follows:

D.= () Z() (19)
i=1,-,n
where
D*(:) for Tic+b; >0
Z(@)=< D=(i) for Tie+b;<0. (20)
H- for T,e+b; =0

If ¢ and (%) are degenerate, namely T;c+b; = 0, any point on
the edge between ¢ and ¢(%) given by (14) may become stable.
Therefore, to confine our discussion to the nondegenerate
component of ¢, we set Z(4) = H~ for T;e+b; = 0. According
to the definition it is easy to see that for any € De,
component z;, in which ¢ and ¢(¢) are not degenerate, moves
monotonically so long as z remains in De. Now we classify
vertex ¢ as follows.

1) Ee < Fe(;) holds for ¢ =
inequality holds for at least one .

Component x;, in which ¢ and ¢(i) are not degenerate,
moves monotonically to ¢; so long as x remains in De.
If the strict inequalities hold for all i, ie., vertex ¢ and
all ¢(¢) + = 1,---,n are not degenerate, then we say the
vertex is strongly stable and the domain is strongly convergent.
Otherwise, we say that the vertex is weakly stable and the
domain is weakly convergent.

i) E¢c > Egy holds for 4 = 1,---,n.

So long as z remains in D¢, component z;, in which ¢ and
c(4) are not degenerate, monotonically goes away from c; as
long as z remains in D¢. We say that the vertex is unstable
and the domain is divergent.

i) B¢ > Ec;y or B¢ < E¢(;y holds for i = 1,- -+, n where
at least the strict inequality holds for one 7 for each type of
inequalities.

So long as x remains in D¢, component z;, in which
E¢ < E¢(;y holds, monotonically moves to ¢; and component

1,---,n and the strict
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Fig. 2. Loci of a two-neuron network.

xi, in which E¢ > FEg(;) holds, monotonically goes away
from ¢; so long as x remains in D¢. We say that the vertex is
a saddle and the domain is transit.

Now for a strongly stable vertex ¢ we define convergent
domain Dy as follows:

D.={z|z€D.and (z1, -, Ti—1, T, Tit1, ", Tn) € D¢
i =v¢+ (1 -7z, 0<y<lfori=1,---,n}. @
The condition that (z1,--,Zi—1%}, Tiy1, *,Tn) € De
means that a line segment connecting x and (z1,- -, T;-1, ¢,

Tit+1, ", ZTn) excluding the latter point, which is parallel to
the x; axis, does not intersect with hyperplanes T;x + b; =
0(¢2 = 1,---,n). Also it is easy to see that Dy is a connected
domain. Therefore, so long as z is in Dg, = does not go back
to H- — Dg.

When n = 2, convergent domain D[, coincides with domain
De as will be seen later (see Fig. 2). When n is larger than
two, a case exists that convergent domain Dy, is included in
domain De¢. But it is nonempty since hyperplanes T;x + b; =
0(i = 1,---,n) do not include a strongly stable vertex e.

From the above definitions it is easy to see that the following
theorem holds.

Theorem I: Let vertex c¢ be strongly stable. Then for any
x € Dg, £ converges monotonically to c.

Proof: Since E¢ < Eg(;y and also from (17), ¢ does not
satisfy T;z+b; = 0 for i = 1,---,n. Thus for z € D, z is
corrected towards c. Since hyperplane T;z+b; = 0 is parallel
to the z; axis, the hyperplane does not exist in the corrected
direction. Also since (z1,- -+, Tj-1, Tj, Tj—1, ", ZTn) € D¢
where 77 = y¢; + (1 —7)z;, 0 <y <lforj=1,---,m,
hyperplanes T;z+b; = 0 for j #4, 7 =1,---,n do not exist
in Dg in the corrected direction. Thus while the corrected
< remains in D¢, £ monotonically converges to ¢. When =
reaches the surface of H, namely =z is in the closure of Dy,
it is clear, from the definition of the convergent domain, that
x is still in the convergent domain on that surface. Thus the
theorem holds (end of proof).

In [20] we proved a similar theorem linearizing (9) and
(10) around a vertex and investigating the eigenvalues (see
Appendix A). The above theorem not only validates the
previous approach but also clarifies global convergence to
a local minimum. Theorem 1 also means that two adjacent
vertexes having different energies cannot be stable solutions
of the Hopfield model at the same time.

The following corollary is evident.
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Corollary I: Let vertex ¢ be weakly or strongly stable.
Then for E¢gy < Eesy, #i( € De) monotonically converges
to ¢; so long as z remains in De.

If vertex ¢ is weakly stable, there is a p0551b111ty of
converging to an analog value, even if the diagonal elements
of T are set to zero. Fig. 2 shows an example of a two-neuron
network with

Tz +b= [(1) (ﬂ"’* [—Ob] - [wlwib]

where 0 < b < 1. Vertexes (0,0) and (1,0) are degenerate and

Do,0y = D(o,1), D@1, 0) = D1, -

Vertexes (0,0) and (1, 1) are unstable, vertex (0, 1) is strongly
stable, and vertex (1,0) is weakly stable. Clearly convergent
domain D/ ©,1) coincides with D(g, 1). As seen from the figure,
points on the edge connecting (0,0) and (1, 0) are equilibrium
points and become stable when b < z; < 1.

Stability of Non-Vertex Equilibrium Points

As for the stability of the equilibrium point which satisfies
Tz + b = 0 the following theorem holds.

Theorem 2: Let s be the solution of T'z+b = 0 and satisfy
0<s;<1lfor:i=1,---,n. Then s is an unstable equilibrium
point.

Proof: Assume that there is a strong stable vertex ¢ and
take £ € D¢ in the neighborhood of s. According to the
definition of D¢, £ moves towards ¢, namely goes away from
s. Thus s is unstable.

If there is no strongly stable vertex, we can at least take
a weakly stable vertex ¢ in which for some ¢, Ee < E¢g)
holds. To prove this, suppose the energies of all the vertices
are the same. Then for ¢ = (0, --,0), E¢ = 0. Thus for ¢(3),
Ee;y = b; = 0. Also for ¢(4, j), in which only ith and jth
elements are 1, E¢(;, jy = T;; = 0. Thus the Hopfield model
reduces to a trivial case where all the elements of T;; and b;
are 0.

For a weakly stable vertex ¢, take £ € D¢ in the neigh-
borhood of s. Thus z;, in which E¢ < FEg(;) holds, moves
towards c;, namely goes away form s;. Thus s is unstable
(end of proof).

This theorem is a sophisticated version of [20, Theorem 7],
which only states that the energy Es is equal to or greater
than Ee.

From Theorem 2, if for a strongly stable vertex, Dy = De
holds, this vertex can be reached from the neighborhood of
sif0 < s < 1fori=1,---,n holds. Even if D, #
De, it is conjectured that vertex ¢ can be reached from the
neighborhood of s. Namely,

Conjecture: Let vertex ¢ be strongly stable. Then for any
T € D¢, z converges to c.

If this holds, it seems to be a good policy to select the initial
value of z in the neighborhood of s. Or if we do not want to
solve Tz +b = 0, at least we should not select the initial value
in a strongly convergent domain. The second best choice is in
a divergent domain.

The remaining equilibrium points are on the surface of H.
Let Sy include k integers selected from {1,---,n}. Then the
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equilibrium points on the surface are the solution of
T;x+b; =0forie Sy
z; =0or 1 fori ¢ Sk, 1=1,---,n  (22)

which satisfies 0 < z; < 1 for i € S, &k = 1,---,n
We can reduce the dimension of (9) and (10) from =n to
k by substituting variables z; fixed to 0 or 1 to the ith
(¢ € Sk) component of (10) and deleting the remaining n — &k
components corresponding to the fixed variables. Now for
the reduced system, the diagonal elements of the coefficient
matrix are still zero. Thus Theorem 2 holds for the reduced
system, and the non-vertex equilibrium point given by (22)
is an unstable equilibrium point. Thus the following corollary
holds.

Corollary 2: 1f solution s of (22) satisfies 0 < s; < 1 for
i =1,---,n, s is an unstable equilibrium point.

IV. SUPPRESSION OF SPURIOUS STATES

According to the discussion in the previous section, the non-
vertex equilibrinm points in H are unstable. Thus they cannot
be spurious states (infeasible solutions). Then all we need is
to suppress spurious states at vertexes.

Accordingly, we only need to suppress infeasible solutions
at the corner of the n-dimensional space H. Using Theorem
1 we can: i) suppress spurious states adjacent to feasible
solutions; and ii) suppress spurious states not adjacent to
feasible solutions.

Step i) is relatively easy. From Theorem 1 if all the
feasible solutions are strongly stable, there are no spurious
states adjacent to feasible solutions. Take an arbitrary, feasible
solution. The solution can be strongly stable if its energy is
the smallest among those of the solutions that are adjacent
to it. Thus all we have to do is to select weights A and B
in the energy function (8) so that for any feasible solution ¢,
its energy becomes the smallest among those of the solutions
which are generated by reversing the state of any one neuron
in the feasible solution from 1 to 0 or O to 1. Namely, weights
are selected so that

Eewy > Ec

holds for an arbitrary vertex ¢, which satisfies the constraints,
and corresponding adjacent vertexes ¢(i)(1 = 1,---,n).

Step ii) is not so easy since we need to investigate, using
Theorem 1, what kind of vertex becomes a local minimum for
a given energy function. If spurious states are found that are
not adjacent to feasible solutions, we check whether they can
be suppressed by changing weights. If they cannot but should
be, we need to add suitable constraints to suppress those types
of spurious states.

V. TRAVELING SALESMAN PROBLEM

Problem Formulation

Original formulation: The traveling salesman problem is
to travel to n cities within the minimum distance with the
constraints that all the cities must be visited only once.
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Hopfield assigned 7 neurons for each city and stated that if the
output of the ith neuron of the city is one, the city is visited at
the ¢th order. He defined the energy function as follows [3]:

A B
E=33 00 VaiVaj + 500 0 VaiVis

T 1 g# i T yFz

Sz

FE Y eV i1+ Vo) 23)

T yFx i )
where
Vi ith neuron for city z, and 0 < V,,; < 1,
day distance between city z and city y,
A, B, C weights and subscripts 7 — 1 and 7 + 1

are calculated by modulo n.

We call this the original formulation. The first term of the
energy function specifies that for city z, the number of
subscripts 7 that satisfy V,; = 1 is at most one. The second
term specifies that for subscript ¢, the number of cities x that
satisfy V; = 1 is at most one. And the third term specifies
that the total number of neurons that fire is n. The first three
terms are constraints.

Now consider determining weights to suppress spurious
states (invalid tours). If more than n neurons fire, the energy
always increases. Thus spurious states only occur when n
neurons or less fire. )

To suppress spurious states adjacent to feasible solutions, we
assume an arbitrary feasible solution (valid tour), and change
the state of any one neuron from one to zero. (We need not
consider changing one neuron from 0 to 1 since it will fire n4-1
neurons.) With this change the values of the first two terms in
(23) are still zero since that does not violate the corresponding
constraints. But the value of the third term increases by

c

2

and the value of the fourth term decreases by
D(dyy + daz)-

Note that in the summation at cities z, y, and z, distances
dey + dyz, dye, and d,, are added. Thus from Theorem 1, if

C > 2D max (dyy + dzz) (24)
T,Y,z

holds and weights A and B are positive, all the feasible

solutions become strongly stable. In order for the constraints

to work equally we set

A=B=0C. (25)

The procedure to derive the condition to suppress spurious
states not adjacent to feasible solutions is not so straightfor-
ward. Also, as will be seen from the simulation, they can
be suppressed so long as (24) holds. So we leave detailed

discussions to Appendix B. From the procedure, the spurious
states not adjacent to feasible solutions can be suppressed if

(4)
C > 2D max Z dzy

Y

(26)

holds where the summation is added for the maximum to
fourth maximum distances from city x. Therefore, from (24)
if (26) holds all the spurious states are suppressed and stable
states are feasible solutions.

Modified formulation: After Hopfield’s formulation several

" energy functions have been proposed. Among them we con-

sider the following energy function which is often used:

2 2
A B
E = Ezm:(zvm - 1) + 52(%:‘/3” — ]_)
+§ZZZ oy Vai(Vy,it1 + Vg, im1). - 27)

T y#z 1

We call this the modified formulation. The first and the second
terms impose the constraint that V,,; = 1 holds for one z or
1 while varying them from 1 to n.

First consider suppressing spurious states adjacent to fea-
sible solutions. Assume an arbitrary feasible solution. If the
state of any one neuron changes from one to zero, the energies
corresponding to the first and the second constraints increase
by A/2 and B/2. The energy of the third term decreases by

D{dyy + dzz).

Thus in order for all the feasible solutions to be strongly
stable, the following inequality must hold:

%(A +B)> D ma (duy + dex). 28)
For the two constraints to work equally, we set
A=B. (29)
Thus (28) becomes
A>D gn;ui (dgy + dzz)- 30)

When 7 is odd, the spurious states not adjacent to feasible
solutions can be suppressed, if

4)

A> Dmadewy (31
y

holds (see Appendix B). With the modified formulation all
the spurious states cannot be suppressed if n is even. We can
suppress them by constraining not more than one neuron to fire
in each column. One example is to add the second constraint
in (23).
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Initial Value Selection

Since we do not have a priori knowledge about the optimal
solution, we need to set the initial value of V,; (or ) at such
a point as will lead to the optimal solution. For the original
and modified formulations, the equilibrium point s exists in
H~ as shown in Theorem A2 in Appendix C. Therefore,
from Theorem 2 and the conjecture, if we set the initial value
around s, the probability to obtain the optimal solution may
be increased compared to a random initial value. We can set
the initial value around s without solving 7'z + b = 0. If we
set the initial values at the center of the hypercube, or more
generally if we set the initial values as

sz=05+'UJz: fOI'Z=].,,n (32)

where w, takes a value in (=0.5, 0.5), V,; fori =1,---,n
“ehave in the same way, and the network is reduced from
n? dimensions to n dimensions [3], [20]. Since the diagonal
elements of the reduced matrix of 7' become large, the interior
equilibrium point s becomes the only stable point in the
hypercube as shown in Appendix C. Thus by selecting initial
values by (32) we obtain the singular point s. Therefore,
setting the initial values around the equilibrium point s without
solving Tz + b = 0 can be achieved by adding noise to the
initial values given by (32). Thus in our following study we
set the initial values as follows:

Vei = 0.5 + a X RAND (33)

where « is a parameter and RAND is a uniformly distributed
random variable ranging from —0.5 to 0.5.

Numerical Calculations

The purpose of this section is to demonstrate the validity
of the criteria of the weights (24), (26), (30), and (31), and to
investigate the quality of the solution of the Hopfield model.
An accurate way to demonstrate the validity is to enumerate all
the spurious states. But this is impractical since it would take
roughly nine days in CPU time to enumerate them only for the
six-city TSP using-a 30 MIPS mainframe computer. Therefore,
we repeatedly solved (9) and (10) setting the initial values
by the uniformly distributed random variable in [0, 1]. To
investigate the quality of the solutions we set the initial values
around the center of the hypercube as discussed previously.

In the study we used the 10- and 30-city TSP’s in [3]. In-
stead of the hyperbolic tangent function we used the piecewise
linear function shown in Fig. 1. And we applied the Euler
method to (11) to obtain combinatorial solutions, namely,

.'L‘; =1x; — At{TiI + bi}
zi for0<z;<1 :
(34)

newz; =4 1 forz,>1
0 forzy <0
t
At — cons (35)

max; (371 + b)i
where At is a time interval of integration; 1 denotes an n-
dimensional vector whose elements are 1; j denotes the jth

row of a vector; and const is selected as 0.3 in our study.
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Fig. 3. Number of feasible solutions of 10-city TSP
with random initial values in O to 1 (1000 trials).

Equation (35) limits the correlation at z; = 0.5 to at most the
value of the const so that the solution does not converge to
the origin by over-correction of . The calculation of (34) was
terminated when all the corrections of the variables z; were
within the specified limit.

Ten-city TSP: Fig. 3 shows the number of feasible solutions
obtained for 1000 trials with the uniformly distributed random
initial values ranging from O to 1, and changing weights. The
conditions (24) and (30), that all the feasible solutions become
strongly stable, are given by

A=B=0C>33

(36)
and
A=B>1.65 (37N
and those for (26) and (31) are
A=B=C>62 (38)
and
A=B>3.1 39)

respectively. So long as the weights satisfy (36) and (37), feasi-
ble solutions are almost always obtained for both formulations.
The one infeasible solution for the original formulation with
weights A = B = C = 4.0 is shown in Fig. 4, which is a
special case of Fig. 12(c) and becomes unstable when weights
A = B = C = 6.0. Also, the number of feasible solutions
decreases drastically as the weights violate these conditions.

Fig. 5 shows the average tour length among the feasible
solutions corresponding to Fig. 3. It is seen that the quality of
solutions is improved as the weights become smaller and that
the modified formulation performs better.

Figs. 6 and 7 show the number of feasible solutions obtained
for 1000 trials, setting the initial values around the center with
weights A = B = C = 4.0 for the original formulation.and
A = B = 2.0 for the modified formulation. The average tour
length for Figs. 6 and 7 is shown in Fig. 8. The one infeasible
solution for @ = 10~! in Fig. 6 is the same type as in Fig.
12(c).
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T

Fig. 4. Spurious state of the 10-city TSP for the
original formulation (weights A = B = C = 4.0).
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Fig. 6. Number of feasible solutions of 10-city TSP by the original formula-
tion (1000 trials, initial values around the center, weight A = B = C' = 4.0).

For both formulations the quality of solutions improves as
o approaches 0 or equivalently, the initial values are set as
close as possible to the interior equilibrium point. But for the
original formulation the optimal solutions are rarely obtained,
only 6.7% of the 1000 trials for o = 10~%. For the modified
formulation the best case occurs when o = 10~7. The optimal
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Fig. 7. Number of feasible solutions of 10-city TSP by the
modified formulation (1000 trials, weights A = B = 2.0).
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Fig. 8. Average tour length of 10-city TSP

(1000 trials, initial values around the center).

solution is obtained at a rate of 43% against 1000 trials. Also
the solution with tour length less than 3 is obtained at a rate
of 73% for a = 1077.

From these results we can conclude for the TSP problem

that:

1) We only need to suppress spurious state adjacent to
feasible solutions.

2) From the standpoint of the quality of solutions, the
weights should be the smallest values that satisfy 1),
and the initial value should be set as close as possible
to the interior equilibrium point.

3) The modified formulation is much better than the origi-
nal formulation in the quality of solutions obtained.

In the following study we used only the modified formu-

lation.
Thirty-City TSP: Fig. 9 shows the optimal solution for the

30-city TSP [3]. According to (30), if the weights satisfy
A=DB>2.18 (40)

all the feasible solutions become strongly stable. Figs. 10 and
11 show the convergence characteristics for 1000 trials when
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Fig. 9. Optimal tour of 30-city TSP with tour length=4.312.
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Fig. 10. Number of feasible solutions of 30-city TSP by the
modified formulation (1000 trials, weights 4 = B = 2.2).

the initial values are set around the center of the hypercube.
The difference with the former results is that it becomes
difficult to obtain the near optimal solutions.

VI. DISCUSSION OF RESULTS

When the weights in the energy function are set so that all
the infeasible solutions adjacent to feasible solutions become
unstable, feasible solutions are almost always obtained for
the original and the modified formulations. One reason that
the original formulation did not work in the previous study
[5] is mal-selection of the weights. Another reason is slow
convergence of the network due to the use of the hyperbolic
tangent function instead of the piecewise-linear function [22].
With the hyperbolic tangent function, corrections of £ become
smaller as = approaches 1 or 0. Therefore, convergence slows
down immensely and the calculation is terminated before it
reaches a feasible solution.

Although the rate at which the feasible solutions is obtained
is the same for two energy functions so long as we set the
weights in the energy function according to our theory, the
quality of the solutions depends heavily on the formulation of
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Fig. 11.  Average tour length of 30-city TSP by the modified formulation
(1000 trials, initial values around the center, weights A = B = 2.2).

the energy function. Further study requires clarification of a
good formulation to improve the quality of solutions.

The selection of the initial values near the center of the hy-
percube performed better than that of the uniformly distributed
random values in O and 1 as is a direct conclusion of our
theory. For the 10-city TSP the quality of the solution is good.
But for the 30-city TSP, performance is very poor. One way
to improve the quality is to use simulated annealing [25]-[27].
Another way may be to combine the Hopfield network with
other methods as discussed in [28]. In our future study, we
need to clarify why the quality of the solution becomes inferior
for a large size problem.

VII. CONCLUSIONS

Assuming that the output function of neurons is monotonic
and differentiable at any interior point in the output range, we
clarified the condition necessary for a vertex of a hypercube to
become a local minimum of the Hopfield neural networks and
the form of the convergence region to that minimum. Then
based on this we derived a method to analyze and suppress
spurious states in networks which are adjacent to feasible
solutions and not adjacent to them. Finally we showed that all
the spurious states of the TSP for the Hopfield original energy
function could be suppressed by our method. According to
computer simulations, feasible solutions were almost always
obtained when all the infeasible solutions which were adjacent
to feasible solutions were suppressed.

APPENDIX A

Stability of a Vertex by Eigenvalue Analysis

Investigate stability of a vertex when (9) is expressed by a
hyperbolic tangent function. Eliminating « from (10) we obtain

2(1 —.'L']_)ib'l 0
= - Tz +b.
0 2(1 — zp)zn

dx

dt A
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The linearized equation of (Al) around vertex ¢ in the
n-dimensional hypercube is given by substituting

z=12 +c (A2)
into (A-1):
2(2¢; — 1)(T{e+b1) O
da’ _ - z (A3)
dt R '

0 2(2ch — 1)(The+bn)
Thus the eigenvalues of (A3) are given by
Ac,i = 2(262‘ - 1)(Tilc+ bi)

fori=1,---,n. (A4)

The condition that vertex ¢ becomes a stable equilibrium
point is given by the following theorem.
Theorem Al: Vertex ¢ which satisfies

Ee < E¢y fori=1,---,n

is a stable equilibrium point of (A-3).
Proof: From (8) and T being symmetric,
Ec — Eci
= "Te + b'c — ¢(i) Te(i) — bre(i)
=c'Te - c(i)'Te+ ¢ Te(d)
— ¢(3)"Te(i) + b'e — ble(i)
=(0,--+,0,2¢; —1,0,---,0){Te+ Tc(3)}

+ (2Ci - l)bi
= (207; - 1){Tic + TZC(Z) + 2b1’}
= Ac;i — Ac(s), i (A5)

From (A4) and T;; = 0,
)‘C(i),i = —2(261' - 1)

. {T;(Cl;' S0 Cil1, 1-— ci’...,cn)t + bz}
== '—/\c’i.
Therefore, from (A5),
Ac,i <0 fore=1,---,n

holds and thus vertex ¢ is stable.
APPENDIX B

Suppression of Spurious States for the Original Formulation

Consider suppressing spurious states not adjacent to feasible
solutions as follows (see Fig. 12).

i) State which only violates the third constraint.

By changing one neuron from O to 1 without violating
the first and second constraints, the energy corresponding to
the third term decreases by at least C//2 and the fourth term
increases by D(dy + d,) at most, thus from (24) this state
cannot be a spurious state.

ii) State which only violates the first and second constraints.

By changing one neuron that violates constraints from 1 to
0, the first, second, and fourth terms decrease by at least A
in total and the third term increases by C/2. Thus from (25),
this state is not stable.

(@)

(®)

bl

©

Fig. 12. Analysis of spurious states for the original formulation.

iii) In the same column k(> 2) neurons fire at most and
n — [ neurons fire in total.
By changing one neuron in the column from 1 to 0, the first
and second constraints and the fourth term at least decrease by
k(k—1) (k—1)(k-2)

A~ 5 A= (k-

in total, and the third constraint increases by

1)A (A6)

{(121)2__5;}0:<1+%>0. (A7)
Therefore, spurious states may exist when
(l + %)O >(k-1)A (AB)
holds. From (25), (A8) becomes
[>k— g (A9)

Also by changing the state of one neuron from O to 1 that is
in the same column as the k¥ neurons and that belongs to the
row in which no neurons fire, the first and second constraints
and the fourth term increase by at least kA in total, and the
third term decreases by (I — 1/2)C. Thus if

kA > (l - %)O (A10)
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holds, spurious states may exist. From (25), (A10) becomes

1
l<k+§.

Thus from (A9) and (A1l), spurious states may exist when

(A11)

k=1, or k=1+1 ‘(A12)

holds.

Now change the state of one O-state neuron that does not
violate the first and second constraints when the state is
changed to one, and which is adjacent to a 1-state neuron
in the column. (Here we mean adjacent in the modulo n sense
i.e., neurons in the first and (n + 1)st are adjacent.) The first
and second constraints and fourth term increase at most by
(see Fig. 12(c))

(2k)

Dmax ) day (A13)
Yy

in total where the summation is added for the maximum to
2kth maximum distances from city z, and the third constraint
decreases by (I — 1/2)C. From (A12) the maximum value of
(A13) is obtained when & = [ + 1. Thus if

(21+2)

( max Z dzy

C > (A14)

holds, we can suppress this kind of spurious states. Since

1 (4) (2142)
1 mﬁxgdzy > T max zy: day (A15)
it is easy to see that -
4 141 &)
2Dma,xzd$y T Dmadewy

(2l+z)

> — max Z dey ~ (A16)
- 5

holds. Thus we need to check (A14) for [ = 1, namely (26).
Therefore, from (24) if (26) holds all the spurious states are
suppressed and stable states are all feasible solutions.

Suppression of Spurious States for the Modified Formulation

Consider suppressing spurious states not adjacent to feasible
solutions as follows.

1) At most one neuron fires in any row or column (Fig.
12(a)).

If the number of neurons that fire is less than n, we can
select a O-state neuron which does not violate constraints when
the state is changed to 1. With this change the first and second
constraints decrease at least by (A + B)/2 in total and the
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Fig. 13. Analysis of spurious states for the modified formulation.

third term increases at most by D(d,, + dy.). Thus so long
as (30) holds this state is not stable.

ii) £ neurons (k > 3) in a row or column fire.

By changing the state of the above one neuron from 1 to
0, the energy always decreases. Thus the state that satisfies ii)
is not stable.

ii1) Two neurons fire in a row or column.

If Vi, Vi, and V,; = 1, the energy always decreases by
changing V; to 0. Thus we need not consider this situation.
Also, we exclude the situation in which a 1-state neuron is
adjacent to the above neuron(s), since, by changing the state
of one of the two neurons next to the adjacent neuron, the
third term decreases although the total energy of the first and
the second constraints is the same.

According to the above discussion the spurious states may
exist for the situation in which two neurons fire in a row or
column and there are no 1-state neurons adjacent to them as
follows.

iv) Two neurons fire in columns (n neurons in total) and no
1-state neurons are adjacent to them.

Since by changing any 1-state neuron to zero the energy
does not change, thus this state is weakly stable, and cannot
be suppressed by changing the weights. This spurious state
occurs when n is even (See Fig. 13 (i)).

v) Two neurons fire in at least two columns.

Consider the most critical case in which two neurons fire at
columns 7 and ¢ + 2. Then all the neurons at column ¢ + 1 are
zero. By changing the state of one neuron at column 2+ 1 to 1,
which does not violate the constraints, the first and the second
constraints decrease by (A + B)/2 in total and the third term
increases at most by

)
Dmax Y day. (A17)
Y

Therefore, from (30) if (31) holds this state is unstable (see
Fig. 13(b)).
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APPENDIX C

Stability of the Reduced System of the TSP

The reduced matrices and coefficient vectors for the original
and modified formulations are given by (A18) and (A19) at

the bottom of the page, and
(n— 1)A A+2Ddqo A+2Dd,
A+2Ddp (n—-1)A
(A20)
b=—(4,---,A) (A21)

respectively. Thus T is symmetric with positive elements, b
has negative elements, and from (25) and (29)

T = Ty, b; = b;
Tii>TiJ 'Tij>—bi fore# 34,4, 7=1,---,n
(A22)

Now we can show the following.

Theorem A2: LetT and b satisfy (A22). Then a set of linear
equations Tz + b = 0 has a unique solution which satisfies
O<z;<1fori=1,---,n

Proof: We prove the theorem by reduction.

i) For n = 2 the solution is

—by
Ti1+Tia

Therefore, from (A22) the theorem holds.

i) Let the theorem hold for n = k and prove that it also
holds for n = k + 1.

According to (A22) the value at which hyperplane T;z +
b; = 0 intersects the z; axis is the smallest among the
remaining hyperplanes. Thus two hyperplanes Ty 12+br+1 =
0 and T;z+b; = 0(: # k+1) intersect in H~ since hyperplane
Tix 4+ b; = 0 is on different sides of Tyy1 + bpy1 = 0 at
z; = 1 on the z; axis and at xk+1 = 1 on the 1 axis
(see Fig. 14).

According to the assumption of reduction, the solution of
Tis+b;, =006t =1,---,k) for s = 0 satisfies 0 < s <
1(i # k). Thus the intersection of the k hyperplanes T;z+b; =
0(i =1,---,k) is on different sides of Ty 41% + bgs+1 = O at
ZTr4+1 = 1 on the z,4; axis and at (s, 0). Thus the intersection
of £ + 1 hyperplanes exists in the interior of the hypercube.

T1 =Ty = (A23)

Xk +1 Tk+1 X+ bia=0

\v,x+b, 0

Xi

Fig. 14. Intersections of hyperplanes.

Thus from 1) and ii) the theorem holds (end of proof).

Now let’s consider the stability of equilibrium points (22).
According to (A22) any z; cannot be 1 in H. Thus the
equilibrium points (22) are obtained by solving

T.x+b;=0
:L‘i=0

for i € Sy

fori @ Se,i=1,--,n (A24)

which satisfies 0 < z; < 1 for i € S, because for (A24)
Theorem A2 holds.

Since hyperplane T;z + b; = 0 is not parallel to the x;
axis but intersects it, and since for x € D~ (%) the component
z; increases and for £ € D™ () it decreases, at any point
x € H™ except Tz + b = 0 the component z; is corrected
so that z moves to the hyperplane. If z is included in the
space spanned by k z; axes where ¢ € S, £ converges to the
solution of (A24), but if z is not in that space, £ moves away
from the solution towards the hyperplane T3z + b; = 0¢ & Si.
Thus the equilibrium points given by (A24) are saddle points.
Likewise, all the vertexes are unstable. Thus for any = in H
x converges to the solution of Tz+b = 0 which is the only
stable solution.
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nC + »g + 2D dy,
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