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ABSTRACT

According to theCARVE algorithm, any patternclassifica-
tion problemcanbesynthesizedin threelayerswithout mis-
classification.In this paper, we proposeto train multilayer
neural network classifiersbasedon theCARVE algorithm.
In hidden layer training, we find a hyperplanethat sepa-
ratesasetof databelongingto oneclassfrom theremaining
data.Then,we remove theseparateddatafrom thetraining
data,andrepeat this procedureuntil only the databelong-
ing to oneclassremain. In determining thehyperplane, we
maximizemarginsheuristicallysothatdataof oneclassare
on onesideof thehyperplane. In outputlayer training, we
determine thehyperplaneby a quadratic optimizationtech-
nique. Theperformance of this new algorithm is evaluated
by somebenchmarkdatasets.

1. INTRODUCTION

Support vectormachines(SVMs) have beenproposedasa
new paradigm for patternclassification.In SVMs theinput
spaceis mappedinto a high dimensional featurespace,and
in the featurespacethe hyperplaneis determined so that
classmargins aremaximized. This leadsto improvement
in generalizationability. Usingsigmoidkernel functions,a
threelayerneuralnetwork canbetrained.But sinceSVMs
are basedon two-classproblems, for multiclassproblems
unclassifiableregionsaregenerated andthis leadsto degra-
dationof generalization ability.

The CARVE algorithm [1, 2] guaranteesthat any pat-
ternclassificationproblemcanbesynthesizein threelayers
if we train thehiddenlayer in thefollowing way. First, we
separatea partof (or whole) databelonging to a classfrom
the remainingdataby a hyperplane. Thenwe remove the
separateddatafrom thetraining data.We repeatthis proce-
dureuntil only thedatabelonging to oneclassremain.

In thispaper, weproposeanew methodof training neu-
ral network classifiersbasedon theCARVE algorithm. To
improvegeneralizationability, wemaximizemarginsof hid-
denlayerhyperplanesandoutput layerhyperplanes.Since
thetrainingdataon onesideof thehiddenlayerhyperplane
needto belongto oneclass,we cannot apply thequadratic
optimization techniqueusedfor training SVMs. Therefore,

we extend theheuristictrainingmethodcalledDirectSVMs
[3], which sequentially searchsupport vectors. For theout-
put layer, sincethereis nosuchrestriction,weusethequad-
ratic optimizationtechnique.

The paper is organizedas follows. In Section2 we
presentsanoverview of theCARVE algorithm. In Section3
weextendtheDirectSVMsothatit canbeusedfor training
hiddenlayerhyperplanes.In Section4,wediscussthetrain-
ing methodof output layer hyperplanesby the quadratic
optimizationtechnique. In Section5, we compare perfor-
manceof the proposedmethodwith that of conventional
methods usingsomebenchmarkdatasets.

2. CARVE ALGORITHM

By the CARVE algorithm [1, 2] any patternclassification
problemcanbe synthesizedin threelayers. In the hidden
layer, we determine the hyperplane,on onesideof which
dataof a singleclassexist. Thentheseparateddataarere-
moved from the training data. Thehiddenlayer training is
completedwhenonly thedataof a singleclassremain.

We explain the procedure usingthe example shown in
Fig. 1. The classdatashown in circles include a datum
which is thefarthestfrom thecenterof all thetraining data
shown in the asterisk. Thus we separatethe dataof this
classfrom theremaining data.As shown in Fig. 2, ahyper-
planeis determined sothatdataof thisclassareononeside
of thehyperplane.Thentheseparateddatacolored in gray
areremoved from the training data. Thenfor the reduced
trainingdata,theclassdatashown in trianglesincludeada-
tum which is the farthestfrom the center. Thuswe deter-
mine a hyperplane so that only the dataof this classis on
onesideof the hyperplaneasshown in Fig. 3. We repeat
this procedureuntil theremaining trainingdatabelong to a
singleclass(Fig. 4). We saythata hyperplane satisfiesthe
CARVE condition if ononesideof thehyperplaneonly data
of oneclassexist.

Let the input of a hiddenunit be � , which is theoutput
of thedecisionfunctionassociatedwith thehidden layerhy-
perplane. Theoutput of thehiddenunit, � � ��� , is calculated
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 ��� ��������� (1)

where� is aparameter for slopecontrol.

In theoutput layer, we determine a hyperplane for class�
so thatclass

�
dataareseparatedfrom all otherdata(Fig.

5). Sincethereareno constraints for the output layer, we
usethetrainingmethod for conventionalSVMs. In thisway
wecanconstruct a threelayerneural network for an � -class
problem.

Figure5: Sampledatain theoutput layer

3. DETERMINATION OF HIDDEN LAYER
HYPERPLANES

We determinea hiddenlayerhyperplane in theinput space.
Thus, if the problemis not linearly separable,the hyper-
planedetermined by the quadratic programming technique
mayhavedataof oneclasson bothsidesof thehyperplane.
Therefore, we cannot usethe quadratic optimization tech-
niquefor determining thehiddenlayerhyperplanes.

To overcomethis problem, we extend the DirectSVM
[3], whichdeterminestheoptimalhyperplanegeometrically.
Let the farthestdatumfrom the centerof the training data
belongto class

�
. Initially, we consider separatingclass

�
datafrom theremaining data.And we setthetarget values
of thedatawhich belongto class

�
to ��� , the targetvalues

of the datawhich belong to otherclassesto
� � . We call

the sideof thehyperplanewherethedatawith thepositive
targetsresidepositivesideof thehyperplane.

First, asinitial support vectors we choosethedatapair
that hasthe minimum distanceamong the datapairswith
oppositetarget values.Theinitial hyperplane is determined
sothatit goesthrough thecenterof thedatapairandorthog-
onalto theline segment thatconnectsthedatapair. If there
aredatawith negative targetson thepositivesideof thehy-
perplane, thesedataviolate the CARVE condition. Thus,
to satisfy the CARVE condition, we rotatethe hyperplane
until nodataviolatethecondition. Thepreviouslyviolating
dataareaddedto the support vector. In the following, we
describetheproceduremore in detail.

3.1. Rotation of a hyperplane

Let the initial support vectors be ���� and ���� . Then, the
weightvectorof theinitial hyperplane is givenby

 � � ���� � ����"! (2)

Thehyperplanecanbewrittenby

 �$# � �  �$#&%�� �(' � (3)

where % � is the centerof the datapair
� � �� � � �� � , and the

secondtermis thebias. If thereareno datathatviolatethe
CARVE condition in the remaining data,we finish train-
ing. If thereareviolating dataof negative targets,we add
the mostviolating datato the support vectors. Let the ob-
tainedsupport vectorbe ���) , andthecenterof thedatapair� � �� � � �) � be % ) . Thehyperplaneis updatedsothatit passes
through the two data %&� and % ) . If therearestill violating
data,we repeatupdating.

Considerthe * -th updating in � -dimensionalspace.
Here,in caseof the * -th updating, we needto updatethe
hyperplaneso that it passesthrough the centersof support
vectorpairs % � � !+!,! � %.- . Thusthe maximum number of up-
datingis

� � � � � . Whenwe updatethehyperplane
� � � � �
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times,thehyperplanemustgothrough � centersandnofur-
therrotationis possible.For the * -th updating, we find the
mostviolating datawith negative targets. And we set the
datato � �- . Then,% - is thecenterof

� � �� � � �- � , / - is given
by / - � % - � %&� .

The hyperplanewith  - � ) passesthrough the vector0 / ) � !,!+! � / - � )�1 . Let the vectors
0�2 ) � !,!+! � 2 - � )�1 be the or-

thogonal systemof
0 / ) � !+!,! � / - � )�1 . Obviously, the hyper-

planewith  - � ) passesthrough
0�2 ) � !+!,! � 2 - � )�1 .

We usethe Gram-Schmidtorthogonalization to calcu-
late

2 - . Then,
2 - is givenby

2 - � /�3 - � - � )
465 )

� /�3 - # 2 3 4 � 2 3 4 � (4)

where 7 3 is the normalizedvector of 7 . Theweightvector - � ) of thehyperplaneis determinedsothatit is orthogo-
nal to theorthogonalsystem

0�2 ) � !+!+! � 2 - � ) 1 . For the * -th
update, it is updatedsothatit is orthogonalto

2 - . Namely, - is obtained by rotatingthehyperplanein thedirection
of
2 - with %&� asthecenter:

 - �8 3- � )
�  �9- � ) #

2 9- 2 9- ! (5)

The updated hyperplane passesthrough the vector
0 / ) �!,!+! � / - 1 .

Next, we show the updating method in 2-dimensional
spaceusing Fig. 6, which shows the initial hyperplane.
Sincetherearedatathat violate the CARVE criterion, we
rotatethehyperplaneasshown in Fig. 7. In this case,/ ) is
given by / ) � % ) � % � (Fig. 8). We calculatethe weight
vector  ) thatis orthogonalto / ) :

 ) �: 9� �  9� # 2 9 ) 2 9 ) � (6)

where
2 ) is theorthogonalsystemof

0 / ) 1 in the2-dimen-
sionalspace,andis expressedas

2 ) � / ) , becausetheor-
thogonal system

0 / ) 1 hasonly oneelement.

3.2. Learning algorithm

Step1 To determinetheinitial support vectors
� ���� � ���� � , we

find thedatapair of oppositetargetswith thenearest
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Figure8: Detail of updating

distanceamong all datapairsof oppositetargets.The
center% � andtheweight  � aregiven by

% � � �; � � �� � � �� � � (7)

 � � ���� � ���� ! (8)

Step2 We determine thedecisionfunction:
< � �>= ���: -?# �>= �  -8#@% �BADCFE � � � � !,!+! �HGI� (9)

where - #J%�� is thebiasterm,and G is thenumberof
remaining data.

Step3 If all thedatawith negative targetssatisfy

K�L < � � �L �NM?O�P < � ���� � ADCFE � � � � !+!,! ��Q8� (10)

we consider that the hyperplanethat satisfiesthe
CARVE conditionis found,andfinishupdating. Here,
� �L is thedatawith negative target, Q is thenumber
of datawith negative targets,and O P accomplishes
therole of soft-margin. Usually, O P is setto O PSR � .
If O P is negative, the datawith negative target may
exist in thepositive sideof thehyperplane.Thusfor
negative O P , theCARVE condition is violated.

Step4 In the * -th updating, we include the most violated
data � �- in the support vectors. Then, we calculate%@- � )T � � �� � � �- � , andcalculate/ - � %@- � % � .
From

0 / ) � !,!+! � / - 1 , the * -th component of the or-
thogonal system,

2 - , is

2 - � /�3 - � - � )
465 )

� /�3 - # 2 3 4 � 2 3 4 ! (11)

Theweightvector  - is writtenasfollows:

 - �8 9- � )
�  9- � ) #

2 9- 2 9- ! (12)

We canobtain the orthogonalvector  - for hyper-
planethatpassthrough % � � % ) � !,!+! � %@- by updatingin
this way.



Table1: Featureof benchmarkdata

Data Inputs Classes Train. Test
Blood cell 13 12 3097 3100
Thyroid 21 3 3772 3428

Hiragana-50 50 39 4610 4610

Table2: Performancefor blood cell training databy MM-
NN

O P HiddenUnits Time [s] Train. [%] Test[%]
-1.5 65 66 96.90 92.32
-1.0 95 122 97.64 92.48
-0.5 151 242 98.48 93.39
0.0 320 1776 99.23 92.55

Step5 If updatingwasrepeated� or Q timesreturnto Step
1 to renew the initial hyperplane. Otherwise,return
to Step2.

4. DETERMINATION OF OUTPUT LAYER
HYPERPLANES

We determinethe output layer hyperplanes by using the
sametechnique that trains SVMs. The hyperplaneis ob-
tainedby solvingthefollowing dualproblem.

U�V ��W U W+X�	ZY �\[ ���
]
= 5 )

[ = � �;
]

=_^ ` 5 )
[ = [ ` K = K `�a@b= a.` (13)

ced�f�g 	�hHiji C
4
= 5 )

K = [ = �k' � 'ml [ = l?O�n (14)

where
[ � �o[ ) � !+!+! � [ ] � b is theLagrangemultiplier, O n is the

margin parameterfor the output layer, and a.= is theoutput
vectorof thehiddenunits.

5. PERFORMANCE EVALUATION

Weevaluatedtheperformanceimprovementof theproposed
methodover the support vectormachine [6] andthe three-
layer neural network usingthe blood cell data[4], thyroid
data,1 andthehiragana data[5] listed in Table1. We used
a PentiumIII 1GHzPCto measure therecognition ratesof
thetrainingandtestdata.

1ftp://ftp.ics.uci.edu/pub/machine-learning-databases/

Table3: Performancecomparisonfor bloodcell data

Classifier Parm Train. [%] Test[%]
MM-NN O�PS� � ' ! p 98.48 93.39

SVM q �sr 98.22 93.26
BP Epochs= 15000 95.61 91.42

Blood cell data. The blood cell classification in-
volvesclassifyingoptically screenedwhitebloodcellsinto
12 classesusing13 features.This is a very difficult prob-
lem;classboundariesfor someclassesareambiguoussince
the classesare definedaccording to the growth stagesof
white blood cells.

In this simulation, we set the output layer margin pa-
rameterO�n�� � 'F' . We determinedtheslopeof thesigmoid
function � so that theoutput of the hidden (output) unit ist � ; �u�v' ! w (t � r>�x�y' ! z ) for the support vector with the
targetvalueof 1. Here,t is given by

t � �
���{	H�|
 �o� � � �}��� � (15)

where � � is the neuroninput associatedwith the support
vectorwith thetarget valueof 1.

Table2 shows the resultsof the blood cell datafor the
proposedmethod(MM-NN). Here,we show thenumberof
hiddenunits, training time, the recognition ratesof train-
ing data,andthatof testdatawhenwe changethevalueof
thehiddenlayermargin parameter O P . Negative O P means
thathiddenlayerhyperplanesmightnotsatisfytheCARVE
condition. The bestrecognition rate of the test datawas
achieved for O P � � ' ! p . For O P �~' ! ' , the recognition
rateof thetraining datais lessthan100%.This wascaused
by low valueof t � ; � .

Table3showsthecomparisonamongtheproposedmeth-
od, conventional SVM, andthe three-layer neural network
trainedby BP. Parm shows O P in MM-NN, the kernelpa-
rameterin SVM andthenumberof epochsin BP. For SVM,
we usethefollowing polynomial kernelfunction:

� � � � ��3 ��� � �>b���3 �Z� �I� !
For BP, we show themaximum recognition ratefor 10 ex-
perimentschangingtheinitial weights. Fromthetable,MM-
NN andSVM show thecomparablerecognition ratesof the
testdatabut BPshowsa lower recognition rate.

Thyroid data. Thethyroid datainclude15 digital fea-
turesandmore than92% of the databelong to oneclass.
Thusthe recognition ratesmallerthan92% is useless.Ta-
ble 4 shows theresultsfor thethyroid datafor theproposed
method. In the simulation, we setthe output layer margin
parameterO n � � 'F'F' , thesupport vector output of hidden



Table4: Performancefor thyroid databy MM-NN

ONP HiddenUnits Time [s] Train. [%] Test[%]
-1.0 22 19 99.10 98.10
-0.5 49 28 99.07 98.42
0.0 95 84 100 98.13

Table5: Performancecomparisonfor thyroid data

Classifier Parm Train. [%] Test[%]
MM-NN O�P�� � ' ! p 99.07 98.42

SVM q � 3 99.26 97.55
BP Epochs� 4000 99.15 97.93

layerunits t � ; �N�s' !D� , andthesupport vectoroutputof out-
put layerunits t � r>����' ! z . For O P � � ' ! p the maximum
recognition of thetestdatawasobtained.

Table5 shows performancecomparisonfor the thyroid
data.Therecognition ratesof thetestdatafor thethreeclas-
sifiersarecomparable,but MM-NN shows the bestrecog-
nition rate.

Hiragana-50 data. Hiragana-50 data were gathered
from Japaneselicenseplates. The original gray-scaleim-
agesof hiragana characterswere transformed into 5 � 10-
pixel with thegray-scalerange beingfrom 0 to 255. Then
by performinggray-scaleshift, positionshift, random noise
additionto the images,thetrainingandtestdataweregen-
erated.Table6 shows the resultsfor the hiraganadatafor
the proposedmethod. We showed the number of hidden
units, training time, the recognition ratesof training data,
andthoseof testdatawhenwe changethevalueof hidden
layermargin parameterO�P . Also in this simulation, we set
theoutput layermargin parameter O n � � '�'F' , thesupport
vectoroutput of hiddenlayerunits t � ; �N�s' !D� , andthesup-
port vector output of output layer units t � r>�x��' ! z . ForO�Pk��' ! � , � ' ! � themaximumrecognition of the testdata
wasobtained.

Table7showsperformancecomparisonfor thehiragana-
50 data.Both MM-NN andSVM show comparablerecog-
nition ratesof the test data,while the BP shows inferior
results,which is causedby thefact thatBP doesnot have a
mechanism to maximizemargins.

6. CONCLUSIONS

In this paper we proposeda new method for training neu-
ral networksbasedon theCARVE algorithm. To determine
thehiddenlayerhyperplaneweextendedtheDirectSVMso
that the trainedhyperplane satisfiesthe condition that the

Table6: Performancefor hiragana-50databy MM-NN

O�P HiddenUnits Time [s] Train. [%] Test[%]
0.2 356 945 100 99.15
0.1 341 889 100 99.07
0.0 325 848 100 98.96
-0.1 308 756 100 99.15
-0.2 280 629 100 99.00

Table7: Performancecomparisonfor hiragana-50data

Classifier Parm Train. [%] Test[%]
MM-NN O P � � ' ! � 100 99.15

SVM q � 5 100 99.46
BP Epochs� 10000 98.92 95.77

CARVE algorithm is applicable. We determine the out-
put layer hyperplane by the quadratic programmingtech-
nique. Computer simulationsusingsomebenchmark data
setsshowed that the generalizationability of the proposed
methodis comparablewith thatof theconventional support
vectormachinesandsuperiorto that of three-layer neural
networkstrainedby BP.
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