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Abstract

After aggregation by chemotaxis, cells of the cellular slime mold Dictyostelium dis-
coideum form a multicellular structure and show coherent motion such as vortices.
Here we present a mathematical model to explain both aggregation and coherent
motion of cells in two-dimensional space. The model incorporates chemotactic re-
sponse of cells and the cell’s property, called “contact following”, to follow the other
cells with which they are in contact. Analytical study and computer simulation us-
ing the model show that with contact following cells form circular clusters within
which cell rotation occurs. Unidirectional cell motion in a long belt of cells is another
type of solution of the model. Besides, contact following has an effect to acceler-
ate cell cluster merging. By considering the mechanism of cell movement, possible
explanations of contact following are proposed.

1 Introduction

The study of self-organizing systems composed of motile elements is a fasci-
nating field of interests. A variety of living things such as birds, fish, slime
molds, and bacteria exhibit characteristic patterns of collective movement.
The self-organized motion of a swarm of social amoebae is of particular inter-
est because the behavior of individual amoebae and the underlying molecular
mechanisms are well characterized.
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After the vegetative growing phase, solitary amoebae of Dictyostelium dis-
coideum aggregate to become multicellular by chemotaxis towards cyclic AMP.
The organized movement of Dictyostelium cells during aggregation has been
a subject of extensive studies, both experimental and theoretical, and we now
know about its mechanism in great detail (Höfer et al., 1995; Dallon & Othmer,
1997; for reviews see: Parent & Devreotes, 1999; Kessin, 2001). Although the
chemotactic ability peaks at the aggregation stage, it is retained throughout
the multicellular phase and thought to play important roles in the morpho-
genetic movements during this period as well (Dormann et al., 2000). However,
chemotaxis is not the only component that rules the collective movement of
Dictyostelium cells. During and after aggregation, cells exhibit a striking ten-
dency to follow the other cells with which they are in contact. For example, a
cell coming into contact with the side of a stream of aggregating cells is guided
in the direction of the flow only after it touches the back end of a cell in the
stream (Shaffer 1964). Cells at the multicellular stages seem to have an even
stronger predisposition to follow the preceding cells. On close observation, it
is evident that such cells continuously extend their pseudopod towards the re-
tracting end of the preceding cells, suggesting that this behavior is not directly
caused by mechanical forces such as cell adhesion but requires active cell move-
ment (Inouye, 1977). A study using mutant strains showing no chemotactic
response to any of the known chemoattractants indicates that this tendency is
independent of chemotaxis (Ohtsuka, 1994). This property known as “contact
following” (Shaffer, 1962), has not been paid due attention, however, and its
possible roles in the organization of cell movements remain unexplored.

In this study, we have examined how the pattern of coordinated cell move-
ment is modulated by chemotaxis and contact following. For this purpose, the
relay reaction of chemotactic signals, which by itself can generate coordinated
cell movements such as rotational motion (Durston, 1973; Tyson et al., 1989;
Pálsson & Cox, 1996), is not incorporated in the model. In our model, the mag-
nitude of the propulsive force of individual cells is fixed while its direction is
determined by the concentration gradient of a diffusible chemical (chemotaxis)
and local interaction with the surrounding cells (contact following). In normal
development, Dictyostelium cells form three-dimensional motile tissues which
exhibit coordinated cell motion, but when confined in two-dimensional space,
they can still aggregate normally and show movement patterns characteris-
tic of the multicellular stage (Bonner, 1998). Rotational and unidirectional
movements of cell clusters are common under such circumstances and has re-
cently been a subject of experimental and numerical simulation studies (Nicol
et al., 1999; Rappel et al., 1999). In the present paper, we examine under what
conditions coordinated movements of cells such as vortices are generated in
two-dimensional space using analytical and numerical methods.
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2 Model

The model is based on our previous models for the movement of cell aggregates
(Inouye & Takeuchi, 1979; Umeda, 1989; Umeda & Inouye, 1999), in which a
cell at position xi generates motive force fi against resistance force which is
assumed to be proportional to their velocity vi = dxi/dt. This resistance force
is considered to be a sum of the resistance due to the viscoelasticity of the
cytoplasm and the force needed to break the adhesion to the neighboring cells
and the substratum (see Umeda & Inouye, 1999 for further discussion). We
assume that the cell receives an additional force Ti from the surrounding cells
if in a packed aggregate so that the cell density ρ of such aggregates is fixed
at ρ0. Since the forces are balanced, the following equation holds for each cell:

fi − avi + Ti = 0, (1)

where a is constant. The inertia force can be neglected because of the very
small size and low speed of cells. Furthermore, since there is no slip between
the lateral sides of cohesive cells, no viscous force acts between cells (Umeda
& Inouye, 1999). For isolated cells, ρ < ρ0 and the force Ti vanishes.

The magnitude of the motive force is assumed to be constant (f0) and its direc-
tion dependent on the gradient of a chemical substance, whose concentration
at position x and time t is denoted by c(x, t). Isolated cells generate constant
motive force in the direction of the gradient of c, that is, fi = f0∇c/ |∇c|.
When in contact with other cells, f is deviated by the effect of contact fol-
lowing. Although this effect depends on the velocity and configuration of the
surrounding cells, we here assume for mathematical simplicity that the direc-
tion of motive force is influenced by the mean velocity 〈v〉i of the surrounding
cells. The arithmetic average of the effects of chemotaxis and contact following
gives

fi = f0
∇c + b〈v〉i
|∇c + b〈v〉i| , (2)

where b is a constant representing the relative contribution of contact follow-
ing.

The chemical substance is assumed to be secreted by individual cells and decay
at a constant rate. So, the changes in c may be described by the following
equation:

∂c

∂t
= k1

∑

i

δ(x− xi)− k2c + D4c, (3)
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where δ(x−xi) denotes Dirac’s delta function, and k1, k2 and D are constants.

We derive the continuous model by treating cell density as a continuous func-
tion ρ(x, t) and cell velocity as v(x, t). Then equation (3) is rewritten as

∂c

∂t
= k1ρ− k2c + D4c. (4)

Substituting (2) into (1) and averaging it over a small area at position x give

f0
∇c + bv

|∇c + bv| − av − 1

ρ
∇p = 0, (5)

where 〈v〉i was identified with v. The last term of the left-hand side of (5) is
expressed in the form of the gradient of pressure p (Umeda, 1989). In packed
aggregates, the velocity field v satisfies

∇ · v = 0, (6)

since the cell density is constant everywhere. For isolated cells (i.e., ρ < ρ0),
p = 0, b = 0, and eqn (6) is replaced with

∂ρ

∂t
+∇ · (ρv) = 0. (7)

3 Stationary solution

3.1 ROTATIONAL MOVEMENT

Stationary solutions of the above model can be obtained under spatial sym-
metry conditions. We first consider the situation where cells are gathered to
form a circular aggregate of radius R, and assume that v, c and p are functions
of the radial distance r from the center of the circle. Then the cell density is
ρ = ρ0 (r ≤ R) and ρ = 0 (r > R), and the stationary solution of (4) is given
by

c(r) =





α [1− βR K1(βR)I0(βr)] (r ≤ R)

αβR I1(βR)K0(βr) (r > R),
(8)

where α = k1ρ0/k2, β =
√

k2/D, and I0, I1, K0, K1 are modified Bessel

functions. Since vr = 0 from (6), azimuthal velocity vθ is obtained by solving
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the azimuthal component of (5):

vθ(r) = 0, ±
√√√√

(
f0

a

)2

−
(

1

b

dc

dr

)2

. (9)

If |dc/dr| > bf0/a, vθ takes only the value zero and cells come to a standstill.
However, as |dc/dr| becomes smaller than bf0/a, there are two non-zero values
besides vθ = 0 and clockwise or counterclockwise cell rotation emerges. Since
eqn (8) indicates that dc/dr is a decreasing function of r in 0 ≤ r ≤ R and
zero at r = 0, all cells rotate if dc/dr|r=R > −bf0/a holds. Otherwise, only
cells within the central part of the aggregate rotate. The radial component of
eqn (5) then gives the equation for the pressure. Substituting (9), we have

dp

dr
=




−ρ0f0 if dc

dr
< − bf0

a

ρ0a
b

dc
dr

otherwise.
(10)

Solving (10) with the boundary condition p(R) = 0 gives the pressure distri-
bution at steady state.

Figure 1 shows an example of stationary solution for c, vθ and p against r. In
this case, cells within the central part of the aggregate rotate.

3.2 UNIDIRECTIONAL MOVEMENT

We next consider the case in which cells form a belt-shaped aggregate of a
uniform width and move straight within it. Cell density is assumed to be
independent of x, and ρ = ρ0 for −d ≤ y ≤ d and ρ = 0 otherwise (Fig. 2).
Then the stationary distribution of c becomes

c(y) =





α
[
1− e−βd cosh(βy)

]
(−d ≤ y ≤ d)

α sinh(βd)e±βy (|y| > d).
(11)

The concentration profile of c(y) is similar to the one for the rotationally
symmetric solution. Assuming vy = 0, eqns (5) and (6) give

vx(y) = 0, ±
√√√√

(
f0

a

)2

−
(

1

b

dc

dy

)2

. (12)
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Therefore, cells would move rightward or leftward along the x-axis. Cell speed
has a maximum at y = 0 and decreases with |y|. If |dc/dy| > bf0/a at y = ±d,
only the cells within an inner zone move.

4 Numerical simulation

To verify whether the cell population starting from random distribution reaches
the above stationary states, we numerically calculate the cell motions using
eqns (1)-(3). The calculation was performed using a hybrid method of particle
method and finite difference method (Dallon & Othmer, 1997). On a square
region of size 1 with periodic boundary conditions, the location of cells is up-
dated according to xi(t + ∆t) = xi(t) + vi∆t. Simultaneously, (3) is solved
using the Euler explicit method, in which the term including δ(x−xi), lagged
in time, is interpolated to the nearest grid points. Then ∇c at the location of
each cell is calculated from the values on the grid points. For the mean veloc-
ity 〈v〉i at position xi, we use a weighted mean of surrounding vj with lagged
time. The most difficult point is the calculation of Ti. To do this, we used a
method similar to the MPS method (moving particle semi-implicit method),
which was originally developed by Koshizuka et al. (1996) to solve the free
boundary problem of incompressible viscous flow. Using a weight function
w(r) = re/r − 1 (r ≤ re) and 0 (r > re), we define the cell density at the
location of the i-th cell as ρi = (1/ω)

∑
j 6=i w(|xj − xi|), where ω is an empiri-

cal constant. The term Ti is replaced with a continuous function −(1/ρ0)∇p,
and then pi = p(xi) for each cell is calculated by solving the simultaneous
equations derived from the incompressibility condition. Then (1/ρ0)∇p is cal-
culated using the values of pi’s and xi’s. In this method, the motion of isolated
cells can easily be treated as well; we merely put pi = 0 for the cells that satisfy
ρi < (1−ε)ρ0 with small ε. We also put b = 0 for ρi < (1−ε′)ρ0 where ε′ > ε so
that the cells on the boundary of the aggregate are active in contact following.
Detailed description of the numerical method will be presented elsewhere.

Figure 3 shows snapshots of a simulation started with randomly distributed
cells with vi = 0, and c = 0. Firstly, cells are gathered to form small clusters,
and then clusters merge to form larger clusters (Fig. 3(a)). As clusters grow to
a certain extent, cells come to rotate within them. Nevertheless, when a cluster
is going to merge with another cluster, cells do not rotate but move in the
direction of the other cluster (Fig. 3(b)). By time t = 1.5, two circular clusters
are formed (Fig. 3(c)-(d)). In the larger cluster, only the cells in its central part
rotate vigorously, but in the smaller one all cells rotate. The values of vθ for
cells within the larger cluster are plotted in Fig. 1(b). They roughly agree with
the rotationally symmetric solution of the continuous model, indicating that
the cluster is almost in the stationary state of our model. However, the outer
cells in the simulation rotate at a low velocity unlike the result of continuous
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model. This may be caused by the small number of total cells and the finite
size of cell-cell interaction range in the simulation.

Several calculations with various b showed similar results, but cells did not
rotate when b = 0. Increasing b accelerated cluster merging as well as cell ro-
tation (Fig. 4). This acceleration can be understood as a result of the coherent
cell motion toward other clusters. However, further increase of this parame-
ter destabilized the central symmetry of cell motion to give the non-uniform,
rotational movement of deformed cluster. The question of why this type of
instability occurs is still open, but it may be interesting because the symme-
try breaking from the rotating state is often observed in real two-dimensional
aggregates of slime mold amoebae.

The unidirectional stationary movement of cells had not been seen in the sim-
ulation started with randomly distributed cells. However, when the initial dis-
tribution of cells was arranged appropriately, such movements were obtained
in numerical calculations for some parameter values. This suggests that there
may be stable stationary solutions corresponding to unidirectional movement
at least with periodic boundary conditions.

5 Discussion

Since the aim of the present study was to know how contact following affects
the movement pattern of cells, the simple forms of chemotaxis (eqn (2)) and
reaction kinetics of the chemotactic substance (eqn (3)) were postulated. The
main conclusions do not depend on this specific formulation of the model,
although the spatial distributions of the chemoattractant and cell speed shown
in Fig. 1 may be slightly different. The model can be adapted to incorporate
other forms of chemotaxis, or even to situations where cells are held together
by non-chemotactic force such as cell adhesion. For instance, in the case of the
circular aggregate considered above, if the cells have a tendency u to move
towards the centre of the aggregate, the motive force may be written in the
form f = f0(u + bv)/ |u + bv|. Then, bifurcation occurs at b > bc = ua/f0 to
produce a rotating state. As is clear from this example, the important point of
the model is the alteration of the direction of the force by the effect of contact
following, and the cause of the centripetal force is not important.

We obtained two types of stationary solutions by assuming spatial symme-
try. Obviously, the rotationally symmetric solution would correspond to the
rotational cell movements observed in the numerical calculations and in two-
dimensional aggregates of real Dictyostelium cells. On the other hand, the
stationary solution of unidirectional movement can only be realized with pe-
riodical boundary conditions. Although this type of cell movement has not
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been observed experimentally (which would be a rotating band of cells on a
cylindrical surface), long lasting unidirectional movements have been obtained
in numerical calculations. Its existence implies a tendency of cells to form long
and thin aggregates moving in its longitudinal direction. Indeed, such move-
ments are frequently observed in numerical calculations (see Fig. 2(b)), and
also with real Dictyostelium cells (unpublished observations), which would
account for the acceleration of cluster merging as mentioned earlier.

In eqn (2), we assumed competition between the chemotactic effect and contact
following for the force generated by the cell. To asses the plausibility of this
assumption, we need to consider the mechanism of cell movement. When an
isolated cell moves in one direction, it extends one or more protrusions called
pseudopods in the direction of its movement (Condeelis, 1993). We would ar-
gue that the direction of pseudopod elongation would determine the direction
of the force generated by the cell. In the case of chemotaxis, a new pseudopod
is formed in the direction the chemotactic signal comes from, which directs
the force towards the signal source. If the cell is prevented by, for example, the
presence of other cells from extending the pseudopod in the direction dictated
by chemotaxis, the pseudopod would elongate in the direction with smaller
mechanical resistance, resulting in alteration of the direction of the force vec-
tor. In a packed cell mass, the retracting tail of an adjacent cell is most likely
the easiest direction for a cell to extend its pseudopod.

Obviously, this is not the only explanation of contact following, because a
chain of cells with head-to-tail connection is often seen to move meandering
like a snake under the two-dimensional conditions. One can envisage that the
surface of the retracting tail of a cell has an ability to stimulate elongation
of the pseudopod of the cell that follows it. Both mechanical means, such as
“pulling” of the pseudopod surface by strong adhesion, and chemical means,
such as “local chemotaxis” induced by a membrane-bound attractant, seem
possible mechanisms which will be worth testing.

Recent study of Rappel et al. (1999) demonstrates that a group of self-propelled
objects can produce a self-organized rotating state. They treated a cell as a de-
formable object with cohesive energy on cell-cell boundary, which would cause
a cell to follow the retracting tail of an adjacent cell. This force, together with
their additional assumption that the direction of the propulsive force is de-
termined based on the interactions with the forces of neighboring cells, may
produce the same effect as contact following presented here, resulting in the
rotating state.

The same kind of interaction between moving objects has been considered
by Levine et al. (2000) in their model consisting of self-propelled particles.
They assumed that the self-propelling force of each particle is directional to
the average velocity of the neighboring particles. Although their model does
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not consider cell contact so the cell-cell interaction is long-range, and involves
no chemotaxis, it also produces vortex state in the two-dimensional space.
In a sense our model is an extension of this model to explain the behavior
of cellular slime mold amoebae. Another model for vortex state have been
presented by Ben-Jacob et al. (1997) to explain the collective formation of
vortices by swarming bacteria. They proposed a special chemotactic response,
“rotational chemotaxis”, which is based on speed modulations according to the
concentration of a chemoattractant. However, there is no evidence to show the
existence of similar effects in cellular slime mold amoebae.

The results of the present study indicate that contact following may be playing
an important role in organized cell movement in two-dimensional cell aggre-
gates, and further suggest possible mechanisms for this phenomenon. To know
whether contact following gives similar effects on cell aggregates in normal
development where cells form three-dimensional aggregates, analysis of the
model in three-dimensional space is required. In such cell aggregates also, con-
certed cell motion such as spiral movement are very common. There is strong
evidence suggesting that these rotational movements are due to chemotaxis of
the cells in response to rotating waves of the signaling molecule cyclic AMP
(Weijer, 1999). Most theoretical models for the formation of 3-dimensional
mounds are primarily based on chemotaxis, and some of them have demon-
strated coherent cell motion such as rotational movement and stream forma-
tion (Vasiev et al. 1997; Pálsson and Othmer, 2000). However, it remains to
be shown whether any mechanism other than the rotating chemotactic signals
contributes to the generation of the coherent motion of cells. The arguments
of the present study are equally applicable to three-dimensional situations,
and point to the possibility that contact following plays a part in produc-
ing such coherent cell motion in three-dimensional space as well. Indeed, the
present model has rotating stationary solutions in three-dimensional space
with simple rotational symmetry boundary conditions. To elucidate the roles
of contact following during morphogenesis, more elaborate models incorpo-
rating both contact following and signal relay would be necessary. From the
experimental point of view, search for mutants with defective contact following
would obviously be important.

It will also be interesting to investigate the effects of contact following on the
process of cell sorting when two or more cell types differing in the properties
of individual cells, such as motive force or chemotactic sensitivity; cell sorting
occurs in rather straight-forward ways if contact following is not taken into
account (Umeda & Inouye, 1999), but its incorporation is likely to produce
more complex cell behaviors.

This research was supported in part by Grant-in-Aid for Scientific Research
(c)-11837011 from Japan Society for the Promotion of Science to T.U.
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Fig. 1. The stationary, rotationally symmetric solution of the model. (a) The chem-
ical concentration c (solid line) and the pressure p (broken line) are plotted against
the radial position r. Cells are uniformly distributed within a disk of radius R. (b)
The azimuthal velocity vθ (solid line) versus r. In this case, the cells located in
the region r < rc rotate clockwise (vθ < 0) or counterclockwise (vθ > 0). Pluses
represent the result of the numerical calculation using eqns (1)-(3) (See also Fig.
3(d)). The parameters are f = a = 1, k1 = 0.1, k2 = 100, D = 1, b = 15, ρ0 = 6900,
and R = 0.137.
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Fig. 2. Schematic representation of the stationary solution corresponding to the
unidirectional movement. Cells form an infinitely long belt bounded by y = ±d
(shaded zone), and move along the x-axis. Arrows indicate the velocity vector profile
along the y-axis.
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(a) (b)

(c) (d)

Fig. 3. A result of numerical calculation using eqns (1)-(3). Initially, 500 cells were
randomly scattered in a region of size 1×1 with periodic boundary condition. The
cell positions (grey circles) and velocities (lines) of the cells at the indicated times
are shown. (a) t = 0.1. Cells are forming small clusters. The speed of isolated cells is
v = f/a. (b) t = 0.4. Cell clusters merge to form larger clusters and rotational cell
movement can be seen in some clusters. (c) t = 1.5. Two clusters of cells showing
stable rotational movement. (d) Magnification of the larger cluster of (c). Cell den-
sity appears to be high at the periphery of the aggregate, but almost constant by
the definition used in the calculation. Parameters are f = a = 1,k1 = 0.1, k2 = 100,
D = 1, b = 15, and ρ0 = 6900.
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Fig. 4. Changes in the number of clusters as a function of time t. Numerical calcula-
tion was performed with various values of b, and the number of clusters determined
at each time point. Two cells are defined to belong to the same cluster if their dis-
tance is smaller than 0.02. The solid line: b = 0, dotted line: b = 5, dashed line:
b = 15. Other parameters are the same as in Fig. 3.
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