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Abstract.
We consider the blowup rate of solutions for a semilinear heat equation

u=Au+uff 'u, zeQc RN, t>0,

with critical power nonlinearity p = (N + 2)/(N — 2) and N > 3. First we investigate the profiles
of backward self-similar solutions by making use of the variational method, and then, by employing
the intersection comparison argument with a particular self-similar solution, we derive the criteria of
the blowup rate of solutions, assuming the positivity of solutions in backward space-time parabola. In
particular, we show the existence of the so called type II blowup solutions for the Cauchy-Dirichlet
problems on suitable shrinking domains in the case N = 3.
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1. Introduction

We are concerned with the blowup rate of solutions for a semilinear heat equation
(1.1) up = Au+ [ufflu, € QcRY, t>0,

with critical power nonlinearity

_ N+2

= > 3.
N3 and N >3

(1.2) p

In order to recall some notations, let us consider the solution u of (1.1) satisfying the

initial condition
(1.3) u(z,0) =ug € L*(Q)NC(Q),

where either Q = RY or Q is a bounded domain in R" with smooth boundary 9. In

the latter case, we impose the Dirichlet boundary condition v = 0 on 92 and ¢t > 0.
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It is well known that, for each initial data wg, there exists T' = T'(up) € (0,00] such
that the problem (1.1) and (1.3) has a unique solution v € C([0,7"), L*°(2)) which is
classical for 0 < ¢ < T, and that if T < oo then limy 7 |[u(-,t)| foc () = oo. In the
case where T' < 0o, we say that the solution blows up in finite time, and T is called
the blow up time. Let u be a solution which blows up at a finite time 7. A simple

comparison argument (cf. [9]) shows that
lu(-, ) Lo ) = ((p — (T — t))_l/(p_l) for0<t<T.

Here the function ((p — 1)(T —t))~/®=1) is a solution of the corresponding ordinary
differential equation w; = |w|P~tw. We say that the blowup is of type I if u satisfies

limsup(T — £) D Ju(-, 1)]| Lo () < 00.
t—T

The blowup is called type II if it is not of type L.

We briefly review some known results concerning blowup rate estimates. In the
case p > 1, Friedman and McLeod [9] showed that the solution of (1.1) and (1.3)
blows up in type I rate when €2 is a bounded convex domain and wug satisfies ug > 0
and Aug + uff > 0. In the case 1 < p < (N + 2)/(N — 2), Giga and Kohn [13,
14] proved that the solution of (1.1) and (1.3) blows up in type I rate when  is
a bonded convex domain or Q = R under the assumption that either uy > 0 or
1<p<(3N+8)/(3N —4). Later, Giga, Matsui, and Sasayama [16, 17] improved this
result by removing such assumptions. In the case (N +2)/(N —2) < p < p., where

00, 3 <N <10,

DPc = 4
1+ ,
N—-4-2yN -1
Matano and Merle [25] showed that solutions of the problem (1.1) and (1.3) blow up
in type I rate when € is a finite ball and u is radially symmetric. A similar result for
Q = RY can also be found in [25] under the additional condition. On the other hand,
in the case N > 11 and p > p., Herrero and Veldzquez [19, 20] obtained a radially

N > 11,

symmetric positive solution in R which blows up in type II rate. A new simpler proof
of this result was shown by Mizoguchi [26]. In the critical case p = (N +2)/(N — 2),
Matano and Merle [25] showed that the solution of (1.1) and (1.3) blow up in type
I rate when € is a finite ball or @ = RY and wg is radially symmetric and positive.
Filippas, Herrero, and Veldzquez [8] showed by a formal analysis that there exists a
sign-changing solution which blows up in type II rate when 3 < N < 6. We refer to
[16, Remark 2.3] and a survey [7] for details.



Our main concern in this paper is to characterize the blowup rate of solutions in the
critical case, assuming the positivity of solutions in backward space-time parabola. In
particular, we will show the existence of the type II blowup solutions for the Cauchy-
Dirichlet problems on suitable shrinking domains. In the rest of the paper, we assume
that (1.2) holds.

The basis of our method is the scaling property of (1.1), the fact that (1.1) is invariant

under the scaling
u (2, 1) = NP Vu(ag + Ma — xo), to + A2(t —tg)) for A >0

with each (7g,t9) € RY x (0,00). A solution is called self-similar about (xg,tg) if

u = u for each X\ > 0, and is called backward if the solution w is defined for all t < t.

Choosing (zg,t9) = (0,T), a backward self-similar solution of (1.1) has the form
u(w,t) = (T =)~y (2/(T - 1)12),
where v satisfies the elliptic equation

1
Av——-z-Vv—
2 p—1

v+ [wPlv =0 in R"

First we consider the existence of positive solutions of the Dirichlet problem

1 1
Av——x-Vv— v+ovP =0 in Bpg,
(1.4) 2 p—1

v=20 on 0Bg,

where Bp = {z € R" : |2| < R} with R > 0. We obtain the following result.

Theorem 1. (i) Let N > 4. Then the problem (1.4) has a positive radially symmet-
ric solution for any R > 0.

(ii) Let N = 3. Then there exists Ry > 0 such that (1.4) has a positive radially
symmetric solution for R > Ry, and that (1.4) has no positive radially symmetric
solution for R € (0, Rp].

Remark 1.1. (i) The constant Ry is given as a first zero of the solution ¢ of

1 1
¢”—|—(§—1—6’r2)¢—0, 7“>0,

satisfying ¢'(0) = 0 and ¢(0) > 0. It is easy to see that the solution ¢ is given by
é(r) = F(—1/4,1/2;7%/4), where F(a,;s) is a Kummer’s function. (See Remark 2.1
below.) We see that Ry = 2.2325....



(ii) We denote by v, a solution of the ordinary differential equation

N-—-1 1
U”_|_< —i>q/— v—|—|v|p_17):0 for r >0
T 2 p—1

satisfying v'(0) = 0 and v(0) = «, where o > 0 is a parameter. Denote by o = ro(a) >

0 the first zero of v, (7). We will find that there exists a sequence ay, — oo such that

{ro(ak)—>0 ask — oo if N >4, and

ro(ak) — Ry ask — oo if N=3.

Furthermore, for any constants A and B with 0 < A < B, we have
inf{—v;, () : A <vq, (r) < B} = 00 as k — oo.

(See Proposition 3.1 below.) A closely related result was obtained in [8, Section 6] by
a different method.

We will show Theorem 1 by applying the variational method due to Brezis-Nirenberg
[5]. The idea is to compare the best Sobolev constant S of the embedding H' C
L2N/(N=2) and Se.Rr given by (2.2) below. One can prove that if S, p < S then (1.4)
has a positive solution, and that S, g < S holds when either N > 4 or N = 3 and
R > Ry. Non-existence part will be shown by the Pohozaev-type argument following
the idea by Atkinson-Peletier [2]. By an ODE argument we will show the properties
of solutions mentioned in (ii) of Remark 1.1.

Next, we consider the blowup rate of solutions, assuming the positivity of solutions
in backward space-time parabola. We say that a solution u of (1.1) blows up at
(z,t) = (a,T) if there exist sequence a, € 2 and ¢, € (0,7) such that a, — a,

t, — T, and u(an,t,) — 00 as n — oo.

Theorem 2. Let u be a radially symmetric solution of (1.1) such that u blows up
at (z,t) = (0,7), and that u satisfies
u>0 in U Bp(t) x {t}
0<t<T
with some p € C[0,T] satisfying p > 0 on [0,T).
(i) Assume that u(-,t) is nonincreasing in r = |x| € (0,p(t)). If p satisfies

0 if N > 4,
(1.5) lim inf(7 — £ 2p(t) >
t= Ry if N =3,
where Ry is the constant in Theorem 1, then
: 1/(p—1
(1.6) limsup(T — )@~V Ju(-, 1) | 1 (5,,,) < 0,

t—T



namely, u blows up in type I rate.

(ii) Assume that u satisfies

u=0 on U OB,y % {t}.
0<t<T

If p satisfies limy_p(T —t)~/2p(t) = 0 then

liTsjl}p(T — t)l/(p_l)HU('yt)HLoo(Bp(t)) = 00,

namely, u blows up in type II rate.

Remark 1.2. (i) Let us consider the case where  is a finite ball in (1.1). If a
solution u in € is positive, radially symmetric, and nonincreasing in r = |z|, then the
blowup of the solution w is type I by (i). Here, we do not need to require the boundary
condition on 9f2.

(ii) The assumption on p in (ii) implies that p(7') = 0. Then we require in (ii) that
u blows up and the domain B, disappears at the simultaneous time. At this time

we do not know whether there exists a solution u satisfying these assumptions.

Let us consider the case where N = 3 and liminf, 7(T — t)™"/2p(t) € (0, Ro] in
Theorem 2. Define p by

(1.7) ,O(t) — R(T—t)1/2

with R > 0 and T" > 0, and consider the problem

ug = Au + uP, x € By, t€(0,T),
(18) u =0, S 8Bp(t), tc (O,T),
u(z,0) = Aug, x € By),

where A > 0 is a parameter and uy € C(Ep(o)). In Section 5 below, we will find
that there exists a maximal existence time denoted by Tjhax = Tmax(Aug) € (0,7
such that (1.8) has a unique solution u € C([0, Tinax), L>°(B())) which is classical for

0 <t < Tiax, and that if Tnax < T then lim 7, [[u(-,t)[z=(B,)) = o©-

®)

Theorem 3. Let N =3 and take T > 0 and R € (0, Ro] in (1.7). Assume, in (1.8),
that ug # 0 is nonnegative, radially symmetric, and nonincreasing in r = |z|. Then
there exists \* > 0 such that Tax(Nug) = T and a solution u of (1.8) with A = \*
satisfies

(1.9) lim (T = )P u(:, )| L= 5,,)) = o0,



namely, u blows up in type II rate.

Remark 1.3. Let us consider the cases (i) N >4 and R > 01in (1.7) and (ii) N = 3
and R > Ry in (1.7). In either case, there also exists A* > 0 such that, if A = A* in
(1.8), then Tinax(A*ug) = T and a solution blows up at (x,t) = (0,7). (See Proposition
5.2 below.) However, this blowup must be of type I by (i) of Theorem 2.

The main idea of the proof of Theorem 2 is to employ the intersection comparison
argument with a particular self-similar solution obtained in Theorem 1. Concerning
the zero numbers properties of solutions for linear parabolic equations, we refer to
[24, 11, 1, 6]. In the proof of Theorem 3, we will employ the method of backward
self-similar variables, introduced by [13, 14, 10]. We rescale u by similarity variables
around (0,7") by setting

w(y, s) = (T = )/ Du(y(T - )/2,1), s = —log(T — ) +log .

This function w solves the parabolic equation
(1.10) ws:Aw—%y-Vw—ﬁw—pr, y € Br, s >0,
and the blowup time ¢ = T corresponds to s = co. Then, studying solutions of (1.8)
near blowup time is equivalent to analysing the large-time asymptotics of solutions of
(1.10). We will verify the existence of solution w of (1.10) such that w is time-global
and unbounded as s — oo by employing the energy method due to Giga and Kohn
[13, 14].

This paper is organized as follows: In Section 2 we will prove Theorem 1. In Section
3 we will show asymptotic properties of solutions obtained in Theorem 1. Section 4
is devoted to the proof of Theorems 2. Finally, in Section 5, we will give the proof of
Theorem 3.

2. Proof of Theorem 1

We will show the existence of solutions of (1.4) by making use of the variational

argument due to Brezis-Nirenberg [5]. We rewrite the equation in (1.4) in the form

1 1
;V'(UVU)—p_lv—H)p:O

with o(z) = e17I*/4, Then a positive solution of (1.4) can be found as a minimizer of

the problem

2.1) min{/ (\wyu = u2>adx;ueﬂg(33),/
Br p—1 B

lulP M ode = 1} .

R



A minimizer u of (2.1) can be taken to be nonnegative, and u satisfies

/ (Vu-Vw—i- L vw) odx = u/ uPodz
Br p—1 Br

for any 1 € Hg(BRr), where i is a Lagrange multiplier. Then v = p/ =Dy is a weak

solution of (1.4) with v > 0 and v # 0. By Lemma A.1 in Appendix below, we see
that v € C?(Bg) and v > 0 in Bg.
For R > 0 we define S, g by

1
/ (]Vu\Q + —u2> odx
Br p—1

in .
weH (Br)\{0) ( / ,u‘zzv/wz)(,dx)w_?)/ N
Br

(22) SJ,R =

Let us denote by S the best Sobolev constant of the embedding H} C L2N/(N=2)
which is given by

/ \Vul|*dx
(2.3) S=  inf Br S
ueH} (Br)\{0} ( / ‘u|2N/(N2)dx) (e
Br

Recall that S is independent of the domain Br and depend only on N.

In this section, we will show the following propositions.

Proposition 2.1. If S, p < S then the problem (1.4) has a positive radially sym-

metric solution.

Proposition 2.2. (i) Let N > 4. Then S, r < S for any R > 0.
(ii) Let N = 3. Then there exists Ry > 0 such that S, r < S for R > Ry.

Proposition 2.3. Let N = 3. If R € (0, Ro] then the problem (1.4) has no positive

radial solution.

As a consequence of Propositions 2.1 and 2.2 we obtain the existence part of Theo-
rem 1. It is clear that Proposition 2.3 implies the non-existence part of (ii) of Theo-
rem 1.

First we will prove Proposition 2.1. To this end we need some lemmas as follows.

Lemma 2.1. Put v(x) = e 1**/Su(z) for u e HL(BRg). Then v € HY(Bg) and

N 2
(2.4) / \Vul|?odz = / |Vo|?da —/ N_lE v2d.
BR BR BR 4 16

7



Proof. A direct calculation yields

1 1
/ \Vul|?odz = / \Vol2dx + —/ 2|20 dx + —/ (- Vo)vdz.
Br Br 16 /By 2 JBg

By using Green’s formula, we have
1
2 JBg

Thus (2.4) holds.

1 N
(x - Vv)vde = —/ r-V(uHde = —— v2d.
4 /Bp 4 JBg

Let v(z) = e 1#*/8y(z) for u € HY(Bg). By Lemma 2.1 we have

1
/ <|Vu|2 + —u2> odx / (|Vv|2 - av2) dx
BR p_ 1 _ BR

(2.5) T = a—
</ |U\p+10dﬂs) (/ b|v|p+1dx>
Br Br
where
2
(2'6) a(m) = % — % and b(l’) - e|$‘2/(2N*4)'

It is clear that u achieves the infimum S, g of (2.2), if and only if, v achieves S, g in

(2.5).

Lemma 2.2. Let {wy} be a sequence such that wy, is radially symmetric about the

origin for each k = 1,2,.... Assume that {wy} is bounded in H}(Bgr) and wy — 0

strongly in L>(Bg) as k — oco. Then
/ (b—1)|wg|Pdz — 0 as k — oo,
Br

where b is the function given in (2.6).

Proof. Note that b(z) — 1 < C|xz|? for * € Bg with some constant C' > 0. Then it

suffices to show

(2.7) / |z|?|wg P e — 0 as k — oo.
B

R

Since we have

2 (N —2)(p+1—20)
N_1+1—0_ 21— 0) —1 asf —0,

we can take 6 € (0,1) so small that

R _ 2 (N—2)(p+1-20)
/ P 2020 dr < .
0



By the Holder inequality, we have

6 1-6
(2.8) / Wywk\pﬂdxg(/ w,zdx> (/ \x|2/<19>ywk\<P+129>/<19>dx) .
Br Br Br

Since wy, € H}(Bg) is radially symmetric, there exists a constant C; > 0 which is

independent of k such that wg(r) with r = |x| satisfies
[wi(r)] < ClHVwka(BR)T*(N*Q)/Q for0 <r <R.
(See, e.g., [29, Radial Lemma|.) Then it follows that

/ ||/ (=0 |y, | (PH1=20)/(1=0) g
Br

R 2 (N—=2)(p+1-26)
N—1+4—-2— == = 1-20)/(1-6
< C/ r T159 2(1-90) drvakHLpg—’(—B )/(1=6)

with some constant C' > 0. From (2.8) we obtain

1 1- 29
[ el de < Clunlf s, Vel il

R

By the assumptions that {wy} is bounded in H}(Br) and wy, — 0 in L?(Bg) as k — oo,
we obtain (2.7). This completes the proof. O

Proof of Proposition 2.1. We easily see that u € H{(Bg) is a minimizer of the
problem (2.1) if and only if u achieves the infimum in (2.2). Then it suffices to show
that there exists a radially symmetric function in H(Bg) which achieves the infimum
S,.r of (2.2). Let {uy} C H}(Bgr) be a minimizing sequence of S, g which is radially
symmetric about the origin, and put vi(x) = e~ 1ol /8y, (x) for each k =1,2,.... Then,
from (2.5) we may assume that
(2.9) / <|Vvk|2 - avz) dx — Sy r as k — oo

R
and
/ blog[PTldez =1 fork=1,2,....
Br

Since {uy} is bounded in H}(Bg), {vx} is also bounded in H{(Bg). Then there exist
a subsequence, still denoted by {v;}, and v € H}(Bg) such that

v, — v  weakly in H}(Bg),

vy — v strongly in L?(Bg).

Put wp, = v — v. Then
wp, — 0 weakly in HJ(Bg),



wy, — 0 strongly in L?(Bg).

By the Brezis-Lieb lemma [4] we have
1= / blog [P de = / blv|PHdx —|—/ blwg [P dx + o(1).
Br Br Br
Lemma 2.2 implies that
J/ bl de = t/‘ Mukw+1dx-+J/ (b—1)|wp P dz
Br Br Br
= [t 4 o).
Br
Thus we obtain
(2.10) 1 :/ byvyp+1d:c+/ [P da + o(1).
Br Br

From 2/(p+ 1) < 1 and the Sobolev embeddings, we have

2/(p+1) 2/(p+1)
(/ b]v]pﬂdx) + (/ ]wk\pﬂdx) +o(1)
Br Br

2t
(/bwww@ b3 [ VunPde+ o),
Br S Br

where S > 0 is the constant in (2.3). From (2.9) it follows that

/BR (]Vvk\Q - avi) dx

= / (]VUIQ — cw2) dx —I—/ |Vwg|*dz + o(1) = Sy g + o(1).
Br Br

—
IN

(2.11)

IN

Then, from (2.11) we obtain

/ (|Vv|2 —cw2) dﬂz—f—/ |Vwy |2da
Br Br

2/(p+1)
< Son ( / b|v|p“da:)
Br

This implies that

SO'R 2
L d
< 5 >/BR |Vwg|“dx
2/(p+1)
< Sor (/ b\v\pﬂdx) —/ (]Vv[2 — cw2) dx + o(1).
Br Br

From S, g < S and the definition of S, g, we have fBR |Vwg|?dz — 0 as k — oo. This
implies that v, — v strongly in H'(Bg). Thus, from (2.10), we obtain I8 boPTldr = 1.

SU,R

|Vwy|2dz + o(1).
S JBg

+

10



Then, from (2.5), u(z) = e/**/8y(z) achieves the infimum Se.r of (2.2), and hence u is
a minimizer of the problem (2.1). As has been mentioned above, we obtain a positive

solution of (1.4). This completes the proof of Proposition 2.1. O
Next, we will prove Proposition 2.2. For v € H}(Bgr) we define Q(v) by

/ ]Vv]Qd:U—/ av?dz
Br Br

2/(p+1)
( bvp+1dx>

Q(v) =

First we consider the case N > 4. Put mpr = min{2, R/2}. For € > 0 we set

P(x)
ve () = (= + ) N-2/2°

where ¢ € C§°(Br), 0 < ¢ <1, is a cut off function such that ¢(z) =1 if |z| < mp/2
and ¢(z) =0 if x| > mpg.

Proof of (i) of Proposition 2.2. We note that a(x) > 1/4 for 0 < |z| < mp and

b(x) > 1 for |x| > 0. From the proof of Lemma 1.1 in [5] we have, as ¢ — 0,

(2.12) /B (Ve |?de = e~ N2, + 0(1),
R

2/(p+1) 2/(p+1)
(2.13) ( bvé’“dw) > (/ v?“dx) = W=D2K, 4 O(e),
Br Br

1 Kze~WN=9/210(1) if N>5,
(2.14) / avidr > —/ vidr =
Br 4 JBg

where K7, K5, and K3 denote positive constants which depend only on N and such
that K;/Ke = S. From (2.12)-(2.14) it follows that

g~ (N=2)/2 (K1 — Kae + O(a(N_Q)/Q)) if N > 5,
/ |V, | dz —/ avidr <
Br Br eV (K — Kse|loge| 4+ O(e)) if N =4,

Kslloge| + O(1) if N =4,

and that

S — (K3/Ks)e + O(eN=2/2) if N > 5,
Q(UE) <

S — (K3/Kj)e|loge| 4+ O(e), it N =4.

Then we have Q(v.) < S for sufficient small € > 0. This implies that S, p < S for any
R > 0. O

11



Let us consider the case N = 3. In this case we put

¢()
(e + |2[*)1/27

where ¢ € C1[0, R] satisfies ¢(r) > 0 for 0 < 7 < R and ¢/(0) = ¢(R) = 0. By the

similar argument as in the proof of Lemma 1.3 in [5], as ¢ — 0, we have

ve(x) =

. R
(2.15) / Vo, [2de = Kie V2 + w/ ' (r) 2dr + O(1/2),
Br 0

(2.16) / vPTlde = Koe™3/2 + O(e71/?),

Br

R

(2.17) / v2dr = w/ & (r)dr + O(e¥/?),

Br 0
where f(l and f(g are positive constants such that f(l/f(%/g = S and w is the area of

S?2. Furthermore, we obtain the following:

Lemma 2.3. As e — 0 we have

(2.18) / |z 2vide = w/R r2¢%(r)dr + O(e),
Br 0

(2.19) boPde = Koe 32 + 0(e71/?),
Br

where Ko and w are constants given above.

Proof. We see that
R .4 42 R 2 42
/ |z|*vide = w/ r¢ (Z)dr = w/ <r2¢2(r) _ermotlr) (§)> dr.
Br 0 E€+r 0 et

/RT%Q(’”)drg/R "= o),
0 0

e+r2 g+ 12

Since

we obtain (2.18).
Note that |b(z) — 1] < C|z|? for 0 < |z| < R with some constant C > 0. Then

(2.20) bv§+1dx—/ P Hdz| < C/ |z[2vP T da.
Bg Bg Br
We have
R 446 R 4
/ lz|2vP T de = w/ mdr < w/ S —
Br 0o (e+7r?2)3 0o (e+1r?)3
9] t4
< *1/2/ — __dt=0("?).

12



From (2.16) and (2.20) we obtain (2.19). O

Proof of (ii) of Proposition 2.2. From (2.15) and (2.17)-(2.19) we obtain

- R 2
/ \Vop|? — avide = Kie™ V2 + w/ ¢')? — 1¢2 + T—¢2 dr + O(e'/?)
Br 0 2 16

and
) 2/(p+1)

( bl dx = ¢1/2 (f(%/?) + O(a)) .
Br

Thus it follows that
_ R 1 2
Q(v:) = S +wk, 1/351/2/ <|¢’|2 -5+ 71”—6&) dr + O(e).
0

Let us consider the minimization problem

/R (W ey ﬁ¢z> dr
27 T 16
(2.21) A = inf 0 -
ve / #2dr
0

where ® = {¢ € H!([0, R]) : ¢/(0) = ¢(R) = 0}. Then there exists Ry > 0 such that
AR =0if R = Ry and Ap < 0if R > Ry. Let R > Ry, and let ¢ be a minimizer of
the problem (2.21). Then we obtain Q(v.) < S for sufficient small € > 0. This implies
that S,z < S if R > Ry. 0

)

Remark 2.1. Since A\g =0 in (2.21) if R = Ry, we see that Ry is given by the first

zero of the solution ¢ of

11
2.22 " ———2) =
(2.22) ¢+(2 T $=0, r>0,

satisfying ¢'(0) = 0 and ¢(0) > 0. It is easy to see that the solution ¢ is given by ¢;
in (2.24) below.

We will prove Proposition 2.3 following the idea by Atokinson and Peletier [2]. Let

us denote by F'(a,7;s) a Kummer’s function, which are given by

Fla,vs) =1+ E:;”Z—T
n=1 nott

where (2), =z(x+1)(x +2)--- (r +n —1). Define F} and F», respectively, by

11 1 & 4k -5 s
F1(5)2F<_Z’§;S>:1_§S_ZH<2k—1>2nn!

n=2 k=2
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and

13 1T 1Sy 4k =3\ s
B(s)=F(=Ss]=1+2s+=> ] .
2(s) <4a275> +68+3n:2k:2<2k+1> 2]

Lemma 2.4. We have (Fy(s)F»(s)) <0 for s >0, where ' = d/ds.

Proof. By the definitions of F} and F,, we have Fi(s) < 1, F{(s) < 0, Fy(s) > 1,
and Fj(s) > 0. Then it follows that

(2.23) (Fi(s)Fa(s))" = F1(s)Fa(s) + Fi(s)F3(s) < Fi(s) + Fy(s).
We see that
s o=+ 3 (I (52) 5 1L (550)) e
From the fact that We 5 4h3
Y- > 1 for k=2,3,...,
we have F| + Fy < 0. From (2.23) we obtain (Fj(s)Fa(s))’ <0 for s > 0. O

Recall that F' = F(«,;s) is a solution of the equation sF” + (y — s)F' — aF =0,
and that s'=7F(a—~v+1,2—7, s) is an independent solution when v is not an integer.
Put

(2.24) o1 (r) = e BE(r?/4) and  ¢o(r) = e "By (r?/4).

Then we easily see that ¢ and ¢y are solutions of (2.22) and satisfy ¢}(0) = 0 and
¢2(0) = 0, respectively. In particular, the constant Ry is given by the first zero of
¢1. By Strum’s comparison theorem, we find that ¢9(r) > 0 for 0 < r < Ry. Put
P(r) = ¢1(r)p2(r). Then ¢(r) > 0 for 0 < r < Ry.

Proof of Proposition 2.3. Assume to the contrary that the problem (1.4) has a
positive radial solution v with some R € (0, Ro]. Put w(r) = e "/%v(r). Then w
satisfies

w2 1 L, r2/2 5
w4+ w4 (z——=rJw+e Fw =0 for0<r<R.
r
Put ¢(r) = ¢1(r)p2(r), where ¢1 and ¢2 are functions given by (2.24). Then 1) satisfies
P(r) >0 for 0 <r < Ry and ¢(0) = 0. By Lemma A.3 in Appendix below, we obtain

the following identity:
1 1

%R%(R)w’(R)Q = i/OR r’w? {W +2 <1 — §r2> Y - ZW} dr

R
—l—g/ rer /26 {mb’ — (1 — 17“2) ¢} dr.
3 Jo 4

14
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By a direct calculation we have

1 1
(2.26) "+ 2 <1 - g?ﬁ) Y — ZW =0 for0<r <Ry
and

1 _12) 7_12 13—7‘2/4i
(2.27) - (1 ) Y=t g I (R () Ba(s)),

where s = r2/4. Here we have used relations

1
W= dontardh o= (1= gr?) v+ 20idh,

r? 14 _ d
) = —51# +v+ 57“36 T2/4£(F1(5)F2(8))-
From (2.27) and Lemma 2.4 we have
1
(2.28) r — (1 - ZT2> P <0 for 0 <r < Ryp.

Substituting (2.26) and (2.28) into (2.25), we have a contradiction. Therefore, the

problem (1.4) has no positive radial solution. O
3. Asymptotic properties of solutions for (1.4)

In this section we discuss the asymptotic properties of solutions for (1.4) by em-
ploying the ODE argument. Let us consider the initial value problem for the ordinary

differential equation

N-—-1 1
v”+< —g) v — 1v+|v|p_1v:O, r >0,
(3.1) r p—

v/(0) =0 and v(0) = «,
where « > 0 is a parameter. We denote by v, a solution of (3.1). It is clear that v,

satisfies

(3.2) vl (r) = rlfNer2/4/ gN-1g=s*/4 ( ! 1%(8) — va(s)p> ds.
0 p—

Here and henceforth, we put £ = (p— 1)~/ ®=1_ First we give the following lemma.

Lemma 3.1. Let a > k. Then there exists ro = ro(a) > 0 such that vy (r) > 0 for
0<r <7, valro) =0, and v.,(r) <0 for 0 <r <rg.

Remark 3.1. In the case a € (0, k), the solution v, (r) is increasing for a while, and
may have a zero at some r > 0. But we do not need to consider the case o € (0, k) in

our argument.
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Proof. From (3.2) we see that v/, (r) < 0 for sufficient small » > 0. First, we will
show that v, (r) < 0 for r > 0 as far as v,(r) > 0. Assume to the contrary that there
exists some r; > 0 such that v/ (r) <0 for 0 < r < 71, v/, (r1) = 0, and v4(r1) > 0. By
the Pohozaev-type identity due to Mizoguchi [27, Lemma 2.1], we have

-1 r N 1
L ] / 5N+1(v' )20ds = TN_lvav'aU + §TN(U, )20
0

4p+1 o | A
1 N+1,, ./ 1 N 2 1y
- r vvto ————— »Ny25 4 PNyt
2(p+1) @ (p—|-1)(p_1) «a T o
where o(r) = e~"*/4. Putting = 1, we have
p— 1 1 1 B ]
0< m/o SN+1(U/01)20'd5 = . 17:{\[,00[(7.1)2 (Ua('rl)p 1 pfl o

This implies that vy (r1) > k. Then v, (r) > & for 0 < r < r;. From (3.2) we have
vl,(r1) > 0. This is a contradiction. Therefore, v/, (r) < 0 for r > 0 as far as v,(r) > 0.
By [13] the problem (3.1) has no bounded positive solution u # x on [0,00). There-

fore, there exists ro = ro(a) > 0 such that v,(rg) = 0. O

We denote by rg = ro(a) > 0 the first zero of v,(r) for a > k. We remark that
ro(a) > Ry for any a > k if N = 3, where Ry is the constant in Theorem 1.

In this section, we will show the following proposition.

Proposition 3.1. There exists a sequence ay, — oo such that

ro(ag) — 0 ask — o0 if N >4, and
(3.3) {0( k) f N >

ro(ak) — Ry ask — oo if N=3.

Furthermore, for any constants A and B with 0 < A < B, we have

(3.4) inf{—vj,, (r) : A <vq, (r) < B} = 00 as k — oo.

First we show the following lemma.

Lemma 3.2. For any R > 0 there exists § = 5(11?) > 0 such that, if a € (0,9], then
v (r) >0 for 0 <r < R.

Proof. We note that the problem (3.1) has a trivial solution v = 0. Put ¢ € (0, k).
By the continuous dependence of solutions with respect to the initial values, there
exists & = §(¢) > 0 such that if @ € (0,0] then |v(r)| < & for 0 < r < R. We will show
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that ve(r) > 0 for 0 < 7 < R. Assume to the contrary that va(r) > 0 for 0 < r < rq
and v,(r1) = 0 for some r; € (0, R]. Then

1
p—1°

(r) —va(r)P >0 for 0<r <r.

It follows from (3.2) that v/ (r) > 0 for 0 < r < 71, and hence v,(r1) > 0. This is a
contradiction. Thus we obtain v,(r) > 0 for 0 < r < R. O

Let {Ry} be a sequence such that

R, >0 and R;—0 ask —> o0 if N >4, and
(3.5)

R, > Ry and R; — Ry ask — oo if N =3,

where Ry is the constant in Theorem 1. We denote by v(r; Ry) the positive radially
symmetric solution of (1.4) with R = Ry, obtained by Theorem 1.

Lemma 3.3. We have limg_,o, v(0; Ry) = oo.

Proof. Put ai = v(0;Rg) for each & = 1,2,.... Assume to the contrary that
liminfy_, o o < 0o. Then there exists a subsequence, still denoted by {ax}, such that
limy oo a = a* € [0,00). By the uniqueness of the initial value problem, we have
Vay, (1) = v(r; Ry) for 0 < r < Ry, and v,, (Rg) = 0 for £ =1,2,.... Lemma 3.2 implies
that ap > § with some § > 0 for Kk = 1,2,.... Then we have o* > § > 0. By the

continuous dependence of solutions on the initial values, for any r > 0, we obtain
(3.6) [Vay (-) = var (oo — 0 as k — oo.

In the case N > 4, take r1 > 0 so small that ve=(r) > a*/2 for 0 <r <ry. Put r =1
in (3.6). Then, for sufficient large k, we have vq, (1) > 0 on r € [0,71]. This contradicts
the facts that v,, (Ri) =0 and Ry — 0 as k — oo. In the case N = 3, take r > Ry in
(3.6). Since vg(Ry) = 0 and Ry — Ry as k — 0o, we have v+ (Rp) = 0. From o* > 0,
U+ 18 a positive radial solution of (1.4) with R = Ry. This contradicts (ii) of Theorem

1. Therefore, we obtain ap — co as k — oo in either cases N >4 and N = 3. O

For a > k, let wy(s) = r¥ Py, (r) and s = logr. Then w, satisfies

2s
(3.7) wh — %w’a — L7l +uwk =0 for s € R,
where
2 2 1/(p—1)
. L=|—(N-2—-—— .
(38) {p—1< p—lﬂ



Furthermore, w, satisfies w,(s) — 0 and w,(s) — 0 as s — —oo. Define E[w,] by

Blwal(s) = “2 1 ()
where
(3.9) Fmo_—Lzlw?+5$Tmﬁk
Then, from (3.7) we observe that
9 Blug](s) = e ul (52> 0 for s € R.

ds 2

Since wq(s) — 0 and w,(s) — 0 as s — —o0, we have F[w,](s) > 0 for s € R.
For a > K, put so = sp(a) = logro(ar). Then wy(s) > 0 for (—oo, sg) and wq(sg) = 0.
We see that F' defined by (3.9) satisfies

1/(p—1)
P ;r 1) I

F(0) = F(w*) =0, where w* = (
We obtain the following results.

Lemma 3.4. (i) If wa(s) < w* then w!,(s) # 0.
(i) We have Supe(_oo,s9] Wals) = w*.
(iii) There exists a unique s* = s*(a) € (—00,s0) such that

We(s™) = sup  wqu(s).
s€(—00,s0]

Furthermore, w,,(s) > 0 for —oo < s < s* and wl,(s) <0 for s* < s < sp.

Proof. (i) We see that Efwa](s) > 0 for s > —oo, and that F(ws(s)) < 0 if
We(8) < w*. Then we obtain w/ (s) # 0.

(ii) Since lims—,_ oo wa (s) = 0 and wy(sp) = 0, there exists at least one s1 € (—o0, so)
such that w/,(s1) = 0. From (i) we have w,(s1) > w*. This implies that (ii) holds.

(iii) It suffices to show that there exists a unique s € (—o0, sg) such that w/,(s1) = 0.
Assume to the contrary that w/ (s1) = w/,(s2) = 0 with some —oco < $1 < s2 < 8.

From (i) we have wq(s1) > w* and wq(s2) > w*. We note that (3.7) can be written as
(3.10) (o)) +pols) (~L"'wa +wh) =0 for s € R,
where po(s) = exp(—e?$/4). Integrating (3.10) on [sq, s3], we have

/82 po($) (—Lp_lwa(s) + wa(s)p) ds = 0.

S1
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From wq(s;) > w* > L for i = 1,2, there exists s3 € (s1,s2) such that

r[nin }wa(s) =wa(s3) < L and wl(s3)=0.
s€|s1,82

This contradicts (i). Then there exists a unique s; € (—00, s9) such that w/ (s1) = 0.
Thus (iii) holds with s* = s;.

Let

(3.11) 2o (t) = Uoand t=alr /2,

Then z, satisfies

N-1 t 1-p
2+ ( —ozlp—> z;—s_lza%—]za\p*lzazo for t > 0,

2o(0) =1 and 2,(0)=0.

(3.12)

We denote by Z the solution of the problem

N -1
7'+ ——7'+7°P =0 fort >0,
(3.13) t
Z0)=1 and Z'(0)=0.

Recall that L is the constant defined by (3.8). We obtain the following:
Lemma 3.5. (i) For any fized t > 0, we have
(3.14) 20() = 20l iy = 0 a5 @ — oo,
(ii) Let € € (0,L). There exist 0 < t; <ty and a1 > 0 such that, if o« > «y, then

(3.15) tf/(pfl)za(tl) > L and tg/(pfl)za(tg) <e.

Proof. (i) Let {ay} be a sequence satisfying ap — oo as k — oo. For simplicity, one
sets zp = 2qa,. Without loss of generality, we may assume that oy, > 1 and satisfies

N -1 oz,i_pt
t 2

>0 for0<t<t.

Define E,[z] by

12 1-
= Z(t) a? 24 1 2P,
5 2p-1)° p+l

Then, from the equation in (3.12) we have

%Emmw=—<

N -1 a,lgfpt
t

)z}fgo for 0 <t <t
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Then we obtain Ey,, [21](t) < Ea, [2:](0) < 1/(p + 1) for 0 < t < {. We note here that,

for a > 1, we have
al=P 1 1 1
inf < — 22+ z[PH1 inf {— 22+ sz}
zeR{ 2(p—1) p-|—1| | R 2(p—1) p+1| |

1 1 \2/(p—1)
T 2+ (p—l) '

Then Eak [2](¢) is uniformly bounded on [0,#], and hence {z;} and {z}} are also

Y

uniformly bounded on [0,7]. By the Ascolli-Arzela, a subsequence in {z;} converges

to some function z uniformly on [0,%]. We easily see that z;, satisfies

t _ T _ I=p
() =1 _/ S1=N —ay p72/4/ nglea}ﬂ PE2 /4 (% 1Zk;(§) + sz’(g)> dédr
0 0 p—

for each £k =1,2,.... Letting £k — 0o, we obtain

2(t)=1— /Ot =N /OT ENTLP(€)dedr.

Then z is a solution of the problem (3.13), that is, z = Z. This implies that (3.14)
holds.

(ii) Recall that the graph of t2/(?~1) Z(t) intersect (transversely) the value L exactly
twice, and that ¥/ P~ Z(t) — 0 as t — oco. (See, e.g., [30, Propositions 3.4 and 3.7].)
Then there exists 0 < t; < to such that

20 D7) > L and 7P V7)) <e.
From (3.14) with # > to, there exists a; > 0 such that if a > a7 then (3.15) holds. O

From (ii) and (iii) of Lemma 3.4, for any ¢ € (0,w"), there exists a unique s. =

se(a) € (s*,s0) such that wy(s:) = €. Define r* and r. by
P =r*a) =" and 1. =r.(a) ==,

/(p—1)

respectively. Then r.(a) > r*(a) and re Vo (re) = €. From (iii) of Lemma 3.4, we

see that r%/(P=Vy,(r) is increasing for 0 < r < r* and decreasing for 7* < r < rg. In

particular,
(3.16) (r¥ P Dy, (r)) <0 for r* <1 < rg.
We have the following results.

Lemma 3.6. (i) We have r.(a) — 0 as a — oo. In particular, 7*(a) — 0 as

o — OQ.
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(ii) We have v, (r*(a)) — o0 as o — 0.
(iii) Let N = 3. Then, for any 7 € (0, Rp), va(7) — 0 as o — 0.

Proof. (i) Let € € (0,L). From (ii) of Lemma 3.5, there exist 0 < t; < t2 and a; > 0
such that if & > aj then (3.15) holds. Put 7;(a) = o= ®=1¢; for i = 1,2. Then, for
a > aq, it follows from (3.11) that

rf/(p_l)va(rl) = tf/(p_l)za(tl) > L and 'r;/(p_l)va(rg) = tg/(p_l)za(tg) <e.

This implies that ro(«) € (r*(a),ro(a)) and ro(a) > re(a) for a > ay. Since ro(ar) =
a2ty — 0 as a — oo, we have r.(a) — 0 as a — 0.

(ii) From (ii) of Lemma 3.4, we have
2 Py (7)) = wa(s*) > w*

This implies that ve (r*) > w*r*~2/®=1_ Since r*(a) — 0 as @ — oo from (i), we have
V(") — 00 as a — 0.

(iii) Take € € (0, w*) arbitrarily. From (i) we can take & > 0 so large that r*(a) <
re(a) < 7 for a > &. From (3.16) we have

e =12 P Dy (r)) > 7P Dy (7).

This implies that v, (7) < #=2/(P~De. Since € > 0 is arbitrariry, we obtain v, (7) — 0

as a — Q. O
Let A and B be constants with 0 < A < B. Define r4 = ra(«) and rg = rp(a) by
Vo(ra) =A and wv,(rg) = B,
respectively. From v/, (r) < 0 for 0 < r < rg, it follows that 0 < rp < r4.

Lemma 3.7. (i) Let N =3. Thenra(a) — 0 as a — oo.

(ii) Let ag, — oo be a sequence such that
(3.17) ralar) =0 ask — oo.
Then (3.4) holds.

Proof. (i) Take 7 € (0, Ro) arbitrariry. From (iii) of Lemma 3.6, there exists & > 0
such that v,(7) < A for @ > @. Since v, (r) is strictly decreasing in » > 0, we have

ra(a) <7 for @ > @. Since 7 € (0, Rp) is arbitrariry, we obtain limg,—. 74(a) = 0.
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ii) Since vq, (1) is strictly decreasing in r € (0,79) and v,, (r*) — o0 as k — oo by
k k
(ii) of Lemma 3.6, we have r*(ay) < rp(ag) < ra(oy) for sufficient large k. It follows
from (3.16) that
P (r) +rv,, (r) <0 for r* <r <.

In particular, we have

2 2
TV, (1) > —————
o 0r " = o Dt

From (3.17) we obtain (3.4). O

—v&k (r) > A for rp(ag) <r <ra(ag).

Proof of Proposition 3.1. Recall that {Ry} be the sequence satisfying (3.5), and
that v(r; Ri) be the positive radial solution of (1.4) with R = Ry. Put oy = v(0; Rg)
for £k = 1,2,.... Lemma 3.3 implies that ap — oo as k — oo. It is clear that
Vo, (1) = v(r; Ry) and ro(oy) = Ry, for k =1,2,.... Thus (3.3) holds.

From (i) and (ii) of Lemma 3.7, we obtain (3.4) in the case N = 3. In the case
N >4, from r4(ax) € (0,79(ag)) and (3.3), we have (3.17). Then, form (ii) of Lemma
3.7, we obtain (3.4). This completes the proof of Proposition 3.1. O

4. Proof of Theorem 2

For a continuous function ¢ defined on an interval J, we define the zero number of
the function ¥ on J by

Zi[Y] = #{r e J:¢(r) = 0},

Let us recall the zero number properties of solutions for linear parabolic equations.

The following result is proved by Chen-Polacik [6].

Lemma 4.1. Let u = u(|z|,t) be a radially symmetric solution of the linear

parabolic equation
ut:Au+a(|w’7t)ua ‘iL'| <R, te (t17t2)?

where 0 < R < 00, 0 < t; < to < 00, and a(r,t) is continuous on [0, R] x (t1,2).
Assume that u(r,t) is not identically equal to 0 and satisfies u(R,t) # 0 for t € (¢1,t2).
The the following properties hold:

(i) t = Zo,g)[u(-,t)] takes finite values and it is nonincreasing;

(ii) if u.(7,%) = u(7, %) = 0 for some 7 € [0, R), t € (t1,t2), then

Z[O,R] [u(,t)] > Z[O,R] [u(,s)] fort; <t < t<s< to.
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Remark 4.1. The conclusion of the above lemma remains true if the boundary

point R depends on ¢ smoothly. See Remark 2.8 in [25].

For o > k, let v, be a solution of the problem (3.1), and let ro = ro(c) > 0 be the
first zero of v, (r). Take T' > 0, and put

(4.1) Ua(r,t) = (T — )& Doy (r /(T — )1/?)

for 0 <r <ro(T —t)"/? and 0 < t < T. Then U, = Uy(|z|,t) is a self-similar solution
of (1.1) and blows up at (r,t) = (0,7") with type I rate.

Lemma 4.2. Let u be a radially symmetric solution of (1.1) such that w blows up
at (r,t) = (0,T) and satisfies

u>0 in U Bp(t) X {t},
0<t<T

where p € C[0,T] and p(t) > 0 on [0,T). Put Uy(r,t) by (4.1) for 0 < r < ro(T —t)4/?
and 0 <t <T.
(i) Assume that p(t) > ro(T — t)'/2 for t € [r,T) with some T > 0. Then, for each
fized t € [1,T), we have Zj, y[u(:,t) — Ua(:,t)] 2 1, where Ji(t) = [0,70(T — t)1/2].
(ii) Assume that p(t) < ro(T — t)/? fort € [r,T) with some T > 0, and that
u=0 on U OB,y x {t}.

0<t<T

Then, for each fived t € [7,T), we have Zi ,)[Ua(:>t) —u(-,t)] > 1.

Proof. (i) Assume to the contrary that Z; )[u(-,t0) — Ua(:,t0)] = 0 with some
to € [1,T), that is,

u(r,to) > Uy(r,tyg) for 0 <r <ro(T — to)l/z.
Then, from (4.1), there exists some T € (o, T') such that
u(r,to) > (T — to) VP Vg (r /(T — to)V/?) for 0 < r < ro(T — to)/2.
Put Uy (r,t) = (T — t)~ /@ Doy (r/(T — t)1/2). Then U, = Uy(|x|,t) satisfies

(Ua)e = AU, + UL, 2| <ro(T —t)"/%, tg <t <T,
U, =0, 2| = ro(T —t)Y2, to <t < T,
Uy (r,t0) < u(r,to), 2| < ro(T — to) /2.

e}

23



By the comparison principle, we obtain

ﬁa(r, t) <u(r,t) for0<r< ro(f — t)1/27 to<t< T.

On the other hand, we have co > u(0, f) >lim, = Ua(0,t) = oo. This is a contradic-
tion. Thus (i) holds.
(ii) Assume to the contrary that Zg ;) [Ua(-, t0) —u(-, t0)] = 0 with some ty € [1,T),
that is,
u(r,to) < Un(r,to) for 0 <r < p(tp).

Then there exists some T’ > T such that
u(r,to) < (T — to) ™M Vg (r/(T — to)/?)  for 0 < < p(to).
Put Uy (r,t) = (T — t)~ Y@ Doy (r/(T — t)/2). Then U, = U,(|z|,t) satisfies

(Ua)s = AU, + T2, |z| < p(t), to <t < T,

~

Uy > 0, x| = p(t), to <t <T,
Ua(ﬂ to) > u(r,to), lz| < p(to)-

By the comparison principle, we obtain

~

Ua(r,t) > u(r,t) for 0<r <p(t), to <t <T.

On the other hand, we have oo > U, (0,T) > limy_7 u(0,t) = co. This is a contradic-
tion. Thus (ii) holds. O

Proof of Theorem 2. (i) By the assumption (1.5), there exist ty > 0 and py > 0, with
po > Ry if N =3, such that

p(t) > po(T — )12 for to <t <T.

Let v, be a solution of the problem (3.1) with o > &, and let r¢(a) be the first zero
of vy (r). Put Uy(r,t) by (4.1). Since there exists a sequence {ay} satisfying (3.3)
and (3.4) by Proposition 3.1, we can take a > 0 such that ro = r9(a) < pp and
Zrwlu(-to) = Ua(:sto)] = 1, where Jy(t) = [0,70(T — to)'/?). We will verify that

(4.2) u(0,t) < Uy(0,t) fortg <t <T.

It is clear that (4.2) holds at ¢t = ¢y. Assume to the contrary that w(0,t;) = Ua(0,%1)
with some ¢; € (o9, 7). Since u,(0,t) = (Uqa)r(0,t) = 0 by the symmetry, u(r,t1) —
Ua(r,t1) has a multiple zero at » = 0. Then, by (ii) of Lemma 4.1, Zj )[u(-,t1) —
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Ua(+,t1)] must drop by at least 1, and hence Zj, ) [u(-,t) — Ua(-,t)] = 0 for t € (¢1,7T).
This contradicts (i) of Lemma 4.2. Thus (4.2) holds. Then
limsup(T — )P~ Dy(0,1) < lim (7"~ HYP=DUL(0,1) = 14(0) < .
t—T -
Since wu is nonincreasing in r € [0, p(t)], we obtain (1.6).
(ii) Assume to the contrary that u blows up in type I rate, that is, there exists some
constant M > 0 such that

(4.3) (T =)D Nu(-, 1)L (5,,) < M for t € (0,T).

Let v, be a solution of the problem (3.1) with o > M, and let ry = ro(«) be the first

zero of v, (r). Since v, is decreasing, there exists ras € (0,79) such that

(4.4) va(r) > M for0<r<ry and va(rym)= M.

By the assumption on p(t), there exists ¢; € (0,7) such that

(4.5) p(t)(T —t)™Y2 <y forte[ty,T).

Then it is clear that p(t) < ro(T —t)%/? for t € [t;,T). From (4.3) and (4.5) we have
(4.6) (T — t)Y P Dy(r,t)) < M for 0 <r < p(ty) < rap(T —t1)"/2

From (4.4), the function U, defined by (4.1) satisfies

(4.7) (T =)V DU (r,t1) = va(r/(T —t1)"%) > M for 0 <7 < ry(T — 1)/

From (4.6) and (4.7) we obtain Z[g ,,)[u(-,t1) — Ua(:,t1)] = 0. This contradicts (ii)
of Lemma 4.2. This implies that u blows up with type II rate. O

5. Proof of Theorem 3

Define p by (1.7) with R > 0 and 7" > 0. For a solution u of (1.8), define w by

(5.1) w(y,s) = (T — )/ =Du(z, )
with
(5.2) y= ﬁ and s= —log(T —t)+logT.

Then w satisfies the problem

1 1
ws:Aw—Qy-Vw——lw—i—wp, y € Bg, s € (0,00),
D

(5.3) w =0, y € OBR, s € (0,00),

'lU(y,O) = )‘/w07 RS BR7



where wy = T/ (pfl)uo(Tl/ 2y). By the standard argument, there exists a maximal
existence time Spax = Smax(Awp) € (0, 00] such that the problem (5.3) has a unique
solution w € C([0, Smax), L>°(Bg)) which is classical for 0 < s < Spax, and that if
Smax < 00 then lims g, [|w(:,s)||p= (B, = co. This implies that, for (1.8), there
exists a maximal existence time denoted by Tiax = Tmax(Aug) € (0,7 such that the
problem (1.8) has a unique solution u € C([0, Tiax); L°°(B,(;))) which is classical for

0 <t < Tax, and that if Tinax < T then limy_p,,, [|u(-,?)|[L~(5,,) = oo

®)
Theorem 3 is a consequence of the following two propositions.

Proposition 5.1. Let N = 3, and take T' > 0 and R € (0,Ro] in (1.7). Let
u be a radially symmetric solution of (1.8) such that Tyax = T and u blows up at

(z,t) = (0,T). Then u satisfies (1.9), namely, u blows up in type II rate.

Proposition 5.2. Assume, in (1.8), that ug # 0 is nonnegative, radially sym-
metric, and nonincreasing in r = |x|. Then there exists \* = A*(ug) > 0 such that
Tiax(Aug) =T and a solution of (1.8) with A\ = X\* blows up at (z,t) = (0,T).

Remark 5.1. In Proposition 5.2 we do not require neither N =3 or R € (0, Ro] in
(1.7).

For a solution w of (5.3), we define E[w] by

1
Elw](s) = 3 /s |Vw|?ody +
R

1
2 +1
T wiody — —— wP™ ady,
where o(y) = e~ vI*/4, Multiplying the equation in (5.3) by ws and w, and integrating

on Bpr, we obtain

d
(5.4) —Elw](s) = —/ wiody
ds Bgr
and
(5.5) —— wrody = —/ |Vw|“ody — —/ w Udy+/ wPTrody
2ds Bgr Br b= 1 Bgr Br

respectively. It follows from (5.4) that £[w](s) is monotonically decreasing in s > 0.
The following lemma play a key role in the proofs of Propositions 5.1 and 5.2. We
call a solution w of (5.3) is global if Spax = 00, that is, w € C([0,00), L*°(BR)).

Lemma 5.1. (i) Let w be a global solution of (5.3). Then E[w](s) > 0 for any s > 0.
(ii) Let w be a global solution of (5.3) satisfying

(5.6) lim inf lw(:, 8)[| oo (By) < 00
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Then there erist a sequence s — oo and w* € C%(BR) such that
(5.7) w(-, s;) — w*(-) in C*(Bg) ask — oco.
Furthermore, w* is a stationary solution of (5.3).

Proof. (i) We will show (i) following the idea by [13, 14]. Set

He) = | w(y, s)ody.

From (5.5) it follows that

1 -1
Qf’(s) = —2&w](s) + %/ wPody  for s > 0.
Br

Assume to the contrary that E[w](sg) < 0 for some sy > 0. Since E[w](s) is monoton-
ically decreasing, E[w](s) < 0 for s > sop. Then
(5.8) 1f’(s) > p;l/ wPTlody for s > s

. 5 Z 071 o, > 5.

By the Holder inequality, we obtain

(p—1)/(p+1) 2/(p+1)
f= / wlody < (/ Udy) (/ prde) .
Br Br Br

—(r—1)/2
Jdg) .

Hence,

wtody > C, fPD/2 with C, = ( /
Br B

From (5.8) it follows that

R

%f’(s) > 113%1C’(,f(s)(“l)/2 for s > sy.
From (p+1)/2 > 1 and f(sg) > 0, the function f(s) must blow up in finite time. This
contradicts w € C([0,00), L>(Bg)). Thus E[w](s) > 0 for any s > 0.

(ii) From (5.6), there exist a sequence s — oo and a constant C7 > 0 such that
|lw(:; sk)ll Lo (B < C1 for k = 1,2,.... Let us consider the problem (5.3) with an
initial value w(-,0) = w(-, si) for each k = 1,2,.... Then, by Ladyzenskaja et. al. [23],
there exists 7 > 0 such that, for any ¢ € (0,7), we have Cy = Cy(7,d) > 0 satisfying

Hch2+9,1+9/2(BRX(SH(;,SHT)) <Cy fork=12,...,

where 6 € (0,1). Take sy € (sk + 6,8, + 7). Then [lw(-,sk)llc2vo(p, < Co for
k = 1,2,.... By Ascoli-Arzela, there exists a subsequence, denoted by {sx}, and
w* € C%(BR) such that (5.7) holds.

27



Integrate (5.4) on [sg, s], and let s — co. Since E[w](s) > 0 for s > 0 from (i), we

have

(5.9) /S:o /BR w?odyds < E[w](sy) < oo.

Take § > 0 arbitrarily. By the Holder inequality, we have

Sk+s Sk+38
/ ws(yv S)dS < (/ ws(y7 S)QdS) S
Sk

Sk

2

’w(yv Sk + §) - w(y7 Sk)|2 =

for y € Bi. Then it follows that

Sk+3§
| hwpse+9) —wipsoPody <5 [T [ wlodyds.
Bgr Sk Br
From (5.9) we obtain
sk+§
/ w?odyds — 0 as k — oo,
Sk Br

and hence,

(5.10) / lw(y, s, + 8) — w(y, sp)|ody — 0 as k — oo.

Br

Denote by S(s)w(-,0) a solution of (5.3). By continuous dependence of solutions of
(5.3) over initial data in L*(Bg), it follows from (5.7) that

(5.11) w(-, sp+5) =SB)w(-,sk) — S(E)w* () in L®(Bgr) ask — oo.
Letting & — oo in (5.10), we deduce from (5.7) and (5.11) that

/ 1S(3)w* — w*[2ody = 0.
Br

*

Then S(5)w* = w*. Since § > 0 is arbitrarily, w* is a stationary solution of (5.3). O

Proof of Proposition 5.1. Assume to the contrary that u satisfies

e (=)
h?iljr}f(T )~/ ||U(at)HL°°(Bp(t))<OO’

Define w by (5.1) with (5.2). Then w is a global solution of (5.3) satisfying (5.6). By
(ii) of Lemma 5.1, there exist a sequence sy — oo and w* € C?(Bg) such that (5.7)
holds. It is clear that w* is radially symmetric and w* > 0 in Bpg.

We will show that w* £ 0. Assume to the contrary that w* = 0. Let v, be a solution

of (3.1) with & > &, and let ro(a) be the first zero of v,. From ro(a) > Ry > R, we
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have min{v,(r) : 0 < r < R} > 0. Since (5.7) holds with w* = 0, there exists some
s > 0 such that

(5.12) |w (-, skl oo (BR) < min{va(r) : 0 <7 < RY.

Put U, by (4.1). Note that p(t) < ro(a)(T —t)'/? for 0 <t < T. Then, by (ii) of

Lemma 4.2, we have
(5.13) Z10,p(t)] [Ua(:t) —u(-,t)] > 1 forany t e [0,T).
Define

Wa(y7 8) = (T - t)l/(p_l)UOt“x’v t)

with (5.2). Then, from (4.1) we have W, (y, s) = va(]y|) for s > 0. Then (5.13) implies
that
Zio,r)[va(-) —w(-,8)] > 1 for any s € [0, 00).

This contradicts (5.12). Therefore, w* # 0.

By the maximum principle, we have w* > 0 in Bg. Thus, the problem (1.4) with
R < Ry has a radial positive solution. This contradicts (ii) of Theorem 1. Therefore,
u satisfies (1.9). ]

Next, we will show Proposition 5.2. Let ug € C (Ep(o)) satisfy the assumptions in
Proposition 5.2, and fix ug in the problem (1.8). Now denote by u) a solution of (1.8)

and by T,,,(\) a maximal existence time of uy. Define Ay and A, respectively, by

Ay = {)\ >0:Tp(A) =T and  sup [[ux(1)|[L(B,q) < oo}
telo0,T)

and Ao ={A>0:T,,(\) <T}.
Lemma 5.2. Ag is nonempty and open.

Proof. First we will show that Ag is nonempty. Put z((t) = k(T + 1 — )~/ @=1,
where = (p— 1)~/ =1 Then 2 satisfies dz; /dt = 2} for 0 <t < T+ 1. Take A > 0
so small that

Atoll (5,00 < 21(0) = /(T +1)"/@D,

Then, by the comparison theorem, we have
[un( )l Loo (B, ) < 21(t) for 0 <t <T.

This implies that A € Ag.

29



Next we will show that Ag is open. Let A\g € A, and put

M = sup ||lux, (-, t)||pe .
te[o/]") || O( )HL (Bp(t))

Define z(t) = k(T —t)~'/®=Y, Then there exists t; € (0,T) such that z(t;) > M. We
can take 7' > T so that k(T — t;)~"/®=D > M. Define 2(t) = (T — t)~"/®=1), Then

ot ()20 (5, < 2(E0).

By the continuous dependence with respect to A > 0, there exists € > 0 such that if
IA = Xo| < € then

lux(st0)ll e (B, ) < 2(t1)-
Note that Z satisfies dz/dt = ZP for t; < t < T. By the comparison theorem, if
IA — Xo| < € we obtain

HU)\(',t)HLOO(Bp(t)) < Z2(t) fort; <t<T.
This implies that (A9 — &, A\g + &) C Ag. Thus Ag is open. O

Lemma 5.3. A, is nonempty. Moreover, if A € Ao then uy blows up at x = 0 and

this blowup is of type 1.

Proof. First we show that A, is nonempty. By the assumption on ug, there exists
R € (0, p(0)] such that ug(x) > 0 for |z| < R. Take Ty € (0,T) so that p(T}) < R, and

consider the problem

2t = Az + 2P, r € By, t €(0,T1),
(514) z =0, UAS 8Bp(T1), t € (O,Tl),
2(7,0) = pzo(|z]), = € By,

where p > 0 is a parameter and zp # 0 is a nonnegative continuous function on
[0, p(T1)] with 29(p(T1)) = 0. We denote by z, a unique solution of (5.14). By [28,
Theorem 2], there exists 1 > 0 such that z,, blows up in finite time t = T with T, < 7.
Take A > 0 so large that Aug(r) > pzo(r) for 0 < r < p(71). Then, by the comparison
theorem, uy blows up at t = T;,,(\) < T». This implies that A € A, and hence A is
nonempty.

Let A € Aw. By the maximum principle, u(r,t) is nonincreasing in r = |z| for each
fixed 0 <t < T},,(N). (See, e.g. [9].) Then uy blows up at z = 0. Furthermore, uy > 0
in Byr,,(\) X (0,7 ())). Then, by applying (i) of Theorem 2 with p(t) = p(T;,())),
this blowup is of type I. O
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Lemma 5.4. A, is open.
We will prove Lemma 5.4 following the proof of Proposition 5.2.

Proof of Proposition 5.2. Put A\g = sup Ay and Ay, = inf A.. By the comparison
argument, we have 0 < \g < Ay. Take \* € [Ny, Aso]. Since Ag and A are open
by Lemma 5.2 and Lemma 5.4, we have \* € Ag and \* € A,. This implies that
Trn(X*) = T and supscjo 1) lua- (-, )| L= (B,,)) = o0, that is, ux» blows up at t =T O

For the solution u)y of (1.8), we define w) by
(5.15) wx(y, s) = (T — t)Y P Dy (z, 1)

with (5.2). Then w = w), satisfies (5.3). It is clear that uy blows up at t =71 < T, if
and only if, wy blows up at s = 57 with S} = —log(T —T7) + log T'. To prove Lemma

5.4, we need the following lemma.

Lemma 5.5. Assume that A\ € A and uy blows up at t = T1 < T. Put wy by
(5.15) with (5.2). Then

s 2
(5.16) / / (%) odyds — oo as s — S
o JBgp \ Os

with S1 = —log(T —T1) + logT.

Remark 5.2. In the subcritical case 1 < p < (N + 2)/(N — 2), a closely related
result was shown by Giga [12].

Proof. We will show (5.16) by making use of the idea in [21]. From (5.2) and (5.15)

we see that
s 2 s 2
[ (5 e [, ()
0 Br 88 0 Bgr 88
t uy z-Vuy  Ouy\?
B S
“Jo Is,, \-D)T—-7) 20-7)  a ) T

where Cy = e~ ®*/4 > 0. From Lemma 5.3, u, blows up at (z,t) = (0,T1) with type I

(5.17)

rate, and hence,

sup (Tl — t)l/(p_l)Hu)\('7t)”L°°(Bp(t)) < 0.
t€[0,11)

Furthermore, by [15, Theorem 2.1] we obtain

.. 1/(p—1
hg%rllf(Tl —t) /(p )HUA('J)”Lw(B,J(t)) > 0.
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Define w by

(5.18) w(y,s) = (Ty — )/ Duy(a, 1)

with y = z/(T1 — t)"/? and s = —log(T} — t). By [13, Corollary], we have
(5.19) W(y,s) = k=(p—1)"YPD ass— o0

uniformly in |y| < C for each C' > 0. We may assume here that C' = 1. By the

parabolic regularity, we obtain
(5.20) Vu(y,s) -0 and ws(y,s) -0 ass— o0
uniformly in |y| < 1. From (5.18) and (5.19) we obtain
(5.21) (T, — )Y P Dy (z,t) » & ast — T}
uniformly in |z| < (T} — t)'/2. We note here that

(T, — )Y P~V . Vuy(2,t) =y - Vyw

and 0 1 1 ow
gpenda 11 On
(T —1) ot p_1w+2y vyw+8s
Then it follows from (5.20) that, as t — 17,
8’U,)\ 1
— —

(5.22) (T, — )Y/ Vg Vuy(z,t) -0 and (Ty — )P/~ ot p_1"
p R

uniformly in |z| < (T} — t)'/2. Then, from (5.21) and (5.22), there exist ¢, < 7} and
C1 > 0 such that

U\ .’/U'VU)\ 8’U,)\ 2 —92 —
_ _ > _ p/(p—1)
< (p—1)(T —1) AT —1t) m) z T — )

for tg <t < Ty and |z| < (T} — t)Y/2. Take o € [to,T}) so that p(t) > (11 — t)'/? for
to <t < Ty. Then

t U\ X - VUA aU)\)2
- - + dzd

/0 /Bpm( - -7 2T—7 o) "

t U\ €T - VU)\ aU)\>2

= - + dzd
/ /IIS(T1—7)1/2< w-O)T-7) 2T-n o)
t

> C | (T —7)N?2/ eV gr = O(=log(Ty —t) — log(Ty — ) — oo

to

as t — T1. From (5.17) we obtain (5.16). O

\Y
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Proof of Lemma 5.4. Assume that \; € Ay and uy, blows up at t =77 < T'. Define
wy, by (5.15) with A = A1, and put S1 = —log(T — T1) + log T. Integrating (5.4) on
[0,s] for s < Sy, we have

Elwy,](s) — E[wn, ]( / /BR <%> odyds.

From Lemma 5.5, we obtain Ewy,|(s) — —oo as s — S7. Then, there exists so < S;
such that E[wy,](s2) < 0. Since A — wy(-,s) € C?(Bg) is continuous for each s > 0,
there exists ¢ > 0 such that if |\ — A\{| < e then £[w,](s2) < 0. By (i) of Lemma 5.1,
wy must blowup in finite time. This implies that A € Ay for A € (A} — e, A1 +¢), and

hence A is open. O
Appendix.

Lemma A.1. Let v € H}(BRr) be a weak solution of (1.4) with v >0, v # 0 in Bg.
Then v € C*(Bg) and v > 0 in Bg.

To prove Lemma A.l we need the following estimate, which is essentially due to
Brezis-Kato [3].

Lemma A.2. Let u € Hi(Bg) satisfy

1 1
(A1) Au — Qx-Vu— 1u—|—c(x)u:0 in Br

p—

with ¢ € LN/2(Bg). Then u € LY(Bg) for any q < occ.

Proof. Define uj, = min{|u|, L}, where L is a positive constant. For s > 2, put

¢r, = v *u € HY(Bg). Multiplying (A.1) by ¢, and integrating on Bg, we obtain
1
A2 / (Vu V(S 2u) + ——uPus™ 2> odr = / cu?us2odz,
a2 [ (Ve Ve ¢ e [t
where o(x) = e~1#1*/4. We sce that
(A.3) Vu - V(u§ *u)ods = / \Vul*u§ 2odz + (s — 2)/ |Vu|*u*20dz.
Br u<L

Br

Observe that

2
/ ‘V(uu(;_Q)/2)‘ odr = /
Br Br

-2 2
:/ \Vul?u§ 2odr + w/ \Vul|?u*2od.
Br 4 u<L

-2

(s 2)/2v + (s—4)/2vuL 2

odx
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Then it follows from s > 2 that

/ ‘V(uu%9 2)/2)‘ odr < s+2
Br

Vu - V(ui ?u)od.
Br

From (A.2) and the fact that e #"/4 < 5 < 1 in Bp, we have

5— 2 2 -
e_R2/4/ ‘V(uu(L 2)/2)‘ dx < i / lc|u?us 2 da.
Br 4 Br

By the Sobolev inequality, it follows that
2)/2
Sl ™ oo gy < IV el [323,,
where S > 0 is the constant in (2.3). We therefore obtain
(A.4) a2 vy < o [ lela)lutui 2
R

with C) = (s 4 2)ef*/4/(48) > 0. From ¢ € LN/2(Bg) we can choose K > 0 such that

2/N .
A5 / N2 < —.
( ) < \c(m)|>K| ’ 20

Observe that

(A.6) / ‘CIUQUSL_deS/ \c]uQUSL_Qd:U—i—/ lc|uus2d.
Br le(a)| <K le(x)|> K

We now claim that if u € L*(Bg) with s > 2 then v € LN/(N=2)(Bp). In fact, if
u € L*(Bg) with s > 2, then we have

(A.7) / |c|u?us2de < K u’dz.
le(z)| <K Br

From the Holder inequality and (A.5) we obtain

2/N
lelu?us 2de < ( / cN/de> a2 22 v vy
(A8) o el Lo

Ny ™2 o vy -
204 L (Br)

IN

From (A.4) and (A.6)-(A.8) we obtain

Lo (s
L2722

2” ”L2N/<N 2)(Bp) <C1K wdz.

Br

Letting L — oo, we obtain u € LN/(N=2)(Bp).
Now, from u € H'(Bg) we have u € L*°(Bg) with sy = 2N/(N — 2). By the
claim, u € L*'(Bg) with s; = 2N?/(N — 2)2. Repeating this argument, we obtain
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u € L*(Bgr) with s; = 2N¥ /(N — 2)* for any k. This implies that u € LY(Bg) for any
q < oo. ]

Proof of Lemma A.1. We see that a solution v € H}(Bg) of (1.4) satisfies (A.1) with
c = v¥(N=2) ¢ [N/2(Bp). By Lemma A.1 we have v € L9(Bg) for any ¢ < co. By
applying the L4 estimate and the Sobolev embedding theorem, we obtain v € C' 1+Q(B—R)
with 0 < 6 < 1. Hence, by the Schauder estimate, it follows that v € CQ+9(B_R). By

the strong maximum principle [18, Theorem 3.5], we obtain v > 0 in Bpg. O
Lemma A.3. Let w be a solution of
9 -
(A.9) w” + ;w' +a(r)w+b(r)w® =0 for0<r <R

satisfying w'(0) = w(R) = 0, where a,b € C'[0, R]. Assume that 1 € C3[0, R] satisfies
¥(0) = 0. Then we have

%RQ@Z)(R)w’(R)Q = / 2 (" 4 2a/y + dav)’) dr
(A.10)
4= / rw ( (ry — ) + 7“b'¢> dr.

Proof. Multiplying (A.9) by 72w, and integrating by parts on [0, R], we get the

R R
%R2¢(R)w/(3)2+/0 rw(w')2dr— %/0 r2¢'(w')2dr

1 R 1 R ~
—5/ (r2aa)) widr — 6/ (r2by) wOdr = 0.
0

0

identity

(A.11)

Note that (A.9) can be written as
(A.12) r=2(r2w') + a(r)w + b(r)w® =0 for 0 <r < R.

Multiplying (A.12) by r?y'w and r¢w, and integrating by parts on [0, R], respectively,

we obtain
R
(A.13) —/ )2dr + 2/ "y 2dr+/ r &w’der—i—/ r2p wldr = 0
0
and
R 1 (R R R _
(A.14) —/ r@b(w’)er—i—i/ mb”der—i—/ r&wadr—l—/ rbywldr = 0.
0 0 0 0

To obtain the Pohozaev type identity, we form the combination

(A11) — %(A.lS) +(A.14),
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A simple calculation yields (A.10). O
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