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Non-uniqueness of solutions to the Cauchy problem for
semilinear heat equations with singular initial data

Yiki Naito
Department of Applied Mathematics, Faculty of Engineering, Kobe University
Nada, Kobe 657-8501, Japan (e-mail: naito@cs.kobe-u.ac.jp)

Abstract. The Cauchy problem for semilinear heat equations with singular initial data
wy = Aw+w? in RN x (0,00) and  w(z,0) = Xa(z/|z])|z|"2®"Y in RV \ {0}

is studied, where N > 2, A > 0 is a parameter, and a > 0, a # 0. We show that when
p> (N+2)/N and (N —2)p < N + 2, there exists a positive constant A such that the problem
has two positive self-similar solutions wy and Wy with w, < @y if A € (0, X) and no positive self-
similar solutions if A\ > A. Furthermore, for each fixed t > 0, w, (-,) — 0 and W (-, t) — wo(-,t)
in L°(RY) as A — 0, where wy is a non-unique solution to the problem with zero initial data,

which is constructed by Haraux and Weissler.

1. Introduction

We consider the Cauchy problem for semilinear heat equations with singular
initial data:

(1.1) wy = Aw + w? in RY x (0, c0),

(1.2), w(z,0) = \a (z/|z]) |z| /@Y in R\ {0},

where N > 2, p > (N +2)/N, a: S¥ ' — R, and A > 0 is a parameter. We
assume that a € L®(SN71) and a > 0, a # 0. A typical case is a = 1.
The equation (1.1) is invariant under the similarity transformation

w(z,t) — wy(x,t) = p? P Vw(px, p?t) for all p > 0.
A solution w is said to be self-similar, when w = w, for all u > 0, that is,
(1.3) w(z,t) = p* P Dw(pa, 4*t)  for all p > 0.

Such self-similar solutions are global in time and often used to describe the large
time behavior of global solutions to (1.1), see, e.g., [20, 21, 4, 28, and 29].
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If w(z,t) is a self-similar solution of (1.1) and has an initial value A(x), then
we easily see that A has the form A(z) = A(z/|x|)|x|~2/®=Y. Then the problem
of existence of self-similar solutions is essentially depend on the solvablity of the
Cauchy problem (1.1)-(1.2),.

It is well known by [10, 34, and 20] that if 1 < p < (N +2)/N then (1.1) has
no time global solution w such that w > 0 and w # 0. Therefore, the condition
p > (N + 2)/N is necessary for the existence of positive self-similar solutions of
(1.1).

We briefly review some results concerning the Cauchy problem for (1.1) with
initial date in LI(R”). Weissler [32, 33] showed that the IVP (1.1) with w(z, 0) =
A € LYRY) admits a unique time-local solution if ¢ > N(p — 1)/2. He also
showed in [34] that the solution exists time-globally if ¢ = N(p — 1)/2 and if
| Al La(ravy is sufficiently small. Giga [12] has constructed a unique local regular
solution in L*(0,T : L?), where o and 3 are chosen so that the norm of L*(0,7 :
LP) is invariant under scaling. On the other hand, for 1 < ¢ < N(p — 1)/2,
Haraux and Weissler [16] constructed a solution wg € C([0, 00); L4(R™)) of (1.1)
satisfying wo(z,t) > 0 for ¢t > 0 and ||wo(-,t)||pamyy — 0 as t — 0 when p >
(N 4+ 2)/N and (N — 2)p < N + 2 by seeking solutions of self-similar form.
Therefore, if p > (N + 2)/N and (N — 2)p < N + 2, the Cauchy problem

(1.4) w; = Aw+wP in RY x (0,00) and w(z,0)=0 in RY

admits a non-unique solution in C([0, 00); LI(RY)) for 1 < ¢ < N(p — 1)/2.

Kozono and Yamazaki [22] constructed Besov-type function spaces based on
the Morrey spaces, and then obtained global existence results for the equation
(1.1) and the Navier-Stokes system with small initial data in these spaces. By [22]
the problem (1.1)-(1.2), admits a time-global solution for sufficiently small A > 0.
Cazenave and Weissler [4] proved the existence of global solutions, including self-
similar solutions, to the nonlinear Schrodinger equations and the equations (1.1)
with small initial data by using the weighted norms.

Galaktionov and Vazquez [11] have investigated the uniqueness of the solu-
tions to the problem (1.1)-(1.2), with @ = 1. In [11, p. 41] they have conjectured
that the problem (1.1)-(1.2), has exactly two solutions (the minimal and maxi-
mal) when N >3 and N/(N —2) <p < (N +2)/(N —2).

Letting 1 = t~%/2 in (1.3), we see that the self-similar solution w has the form

(1.5) w(z,t) =t~V Dy(x/\/1),



where u satisfies the elliptic equation

1
(1.6) Au+ =z -Vu+ u+u’ =0  in R

2 p—1

By Lemma B.1 in Appendix below we find that if w satisfies (1.2), in the sense
of L{ (RY), that is,

/ ‘w(x,t) — )\(z(x/\x])\x|’2/(p’1)‘ dr -0 ast—0
K
for any compact subset K of RY, then u satisfies

(1.7) lim r2/®~Dy(rw) = Aa(w) for a.e. we SN

r—00

Conversely, if u € C*(R"Y) is a solution of (1.6) satisfying (1.7)y, then the function
w defined by (1.5) satisfies (1.1) and (1.2), in the sense of L{ .(RY).

In this paper we investigate the problem (1.6)-(1.7), by making use of the
methods for semilinear elliptic equations, and then derive the results for the
Cauchy problem (1.1)-(1.2), to give a partially affirmative answer to the conjec-
ture by [11]. First we will state the results concerning the problem (1.6)-(1.7),,
and then apply these results to the problem (1.1)-(1.2),.

Before stating our results, we introduce some notations. Set p(z) = ele?/4,

We define the weighted Sobolev space
(1.8) H)(RY) = {u € H'RY): /RN(|VU|2 +u?)pdr < oo}

equipped with the norms

1/2
[ull ey = (/RN(\VuP +u2)pd:1:> .

It has been shown by Weissler [36, Theorem 1] and Escobedo and Kavian [8,
Theorem 0.14] independently that there exists a solution g of the problem

1
Au+ —x-Vu—+
(1.9) 2 p—

ue H)(RY) and u>0 inR"Y,

1u—|—up:0 in RV,

with p > (N +2)/N and (N — 2)p < (N + 2). The uniqueness of the solution to
the problem (1.9) has been obtained by [25, Corollary 2].

We refer to u as a solution of (1.6) if u € C*(RY) is a classical solution of
(1.6). Our main results are stated in the following theorems:
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Theorem 1. Assume that p > (N + 2)/N. Then there exists a constant X > 0
such that

(i) for 0 < X < A, (1.6)-(1.7)x has a minimal positive solution w,; u, is
increase with respect to A and satisfies ||uy[| g myy = O(X) as A — 0;

(ii) for A > X, there are no positive solutions of (1.6)-(1.7);

Theorem 2. Assume that p > (N +2)/N and (N —2)p < N +2. Let A > 0
be the constant in Theorem 1. Then, for 0 < X < X, (1.6)-(1.7)x has a positive

solution uy satisfying uwy > u, and
Uy —uy € HY(RY) and u(z) —uy(z) = O(e7 P4y s |z — 0.
Furthermore
Uy —uy —ug in HY(RY)NL®RY) as A —0,

where ug is the solution of the problem (1.9). In particular, we have Ty — ug in
L=®(RY) as A — 0.

Remark 1. (i) We now restrict our attention to radial solutions of (1.6), i.e., a
solution of the form u = wu(r), r = |x|. Then wu(r) must satisfies the initial value

problem

N-—-1 r 1
urr+< +_>ur+
r 2 D

u(0)=a>0 and wu.(0)=

We denote by u(r;a) the unique solution of this problem. It has been shown
by Haraux-Weissler [16, Proposition 3.4 and Theorem 5] that u(r;«) has the
following properties: the limit L(a) = lim, o 7% ®~YDu(r; o) exists and is a locally
Lipschitz function of a € R; if p > (N + 2)/N then u(r;a) > 0 for all r > 0 and
L(a) > 0 for sufficiently small a > 0; if in addition (N — 2)p < (N + 2) then
there exists some ag > 0 such that L(ag) = 0 and u(r; ag) > 0 for r > 0; u(r; «)
is positive for » > 0 if 0 < a < ap. (See the proof of Proposition 3.7 in [16].)
Moreover, it has been shown by Yanagida [38, Theorem 1] and Dohmen-Hirose
[7, Theorem 1.2 and Corollary 1.3] that u(r; o) cannot be positive for all r > 0
if @ > ap. (In fact, they in [38, 7] showed the uniqueness of the ag such that
L(ap) = 0 and u(r;ap) > 0 for r > 0.) From these facts we find that, when
p > (N+2)/N and (N —2)p < (N + 2), u(r;a) > 0 for » > 0 if and only
if & € (0, )], and that L is a nonnegative continuous function on [0, o] with
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L(0) = L(ag) = 0 and L #£ 0. Let A = max{L(a) : 0 < a < ap}. Then X > 0,
and it is clear that there are at least two different values of « satisfying L(a) = A
if A € (0,)), and there exists at least one value of « satisfying L(a) = A. Thus,
when p > (N+2)/N and (N —2)p < (N+2), the problem (1.6)-(1.7), witha = 1
has at least two radial solutions if 0 < A < X, and at least one radial solution if
A = X. Moreover, there is no radial positive solution of (1.6)-(1.7)y with a = 1 if
A >\

(i) In the case N = 1, Weissler [35] has shown that u(r;a) > 0 for r > 0 if
and only if a € (0, ap] for some oy > 0, and that L is a positive concave function
on (0,ap) with L(0) = L(ap) = 0. Thus there are precisely two different value
of a satisfying L(a) = X if 0 < A < A, and so the problem has precisely two
solutions if 0 < X\ < A

(iii) At this time we do not know whether (1.6)-(1.7), with A = X has a positive
solution when a is not constant. The exact multiplicity of positive solutions of
(1.6)-(1.7), for A € (0, )] is an open question.

Now we consider the Cauchy problem (1.1)-(1.2),. We refer to w as a solution
of (1.1) if w € C*(RY x (0,00)) is a classical solution of (1.1). If u is a solution of
(1.6)-(1.7),, then the function w defined by (1.5) is a solution of (1.1) satisfying
(1.2), in the sense of L} (R") by Lemma B.1 below. Put

(1.10) wo(x,t) =t~ VP Dyg(x/V1),

where g is the solution of the problem (1.9). It has been shown by [8, Proposition
3.5] that uy € C2(RN) and ug(z) = O(e™1*F"/?) as |z| — co. (See, also, [26,
Theorem 1].) Then we have ug € LY(RY) for all ¢ > 1 and

Hwo('a t)”Lq(RN) = t_l/(p_1)+N/2q||U0HLq(RN)'

Consequently, wy solves the the Cauchy problem (1.4) in C([0,00); L4(RY)) for
1 < g < N(p—1)/2. We note that the positive solution u of (1.6) satisfying

u(x) = o|z|#/@7V) as |z| — oo

is unique and radially symmetric by [25, Corollary 1]. Therefore, wq defined by
(1.10) coincides with the non-unique solution constructed by Haraux and Weissler
[16].

As a consequence of Theorems 1 and 2, we obtain the following results.



Corollary 1. Assume that p > (N +2)/N. Then there exists a constant X > 0
such that

(i) for 0 < X < X, (1.1)-(1.2)x has a positive self-similar solution w,; for each
fized t > 0, the solution wy(-,t) is increasing with respect to X\ and satisfies

|lwy (- t)|| peemay = O(X)  as A — 0;
(ii) for A > X, (1.1)-(1.2)x has no positive self-similar solutions;

Corollary 2. Assume that p > (N +2)/N and (N —2)p < N +2. Let A > 0
be the constant in Corollary 1. Then, for 0 < X\ < X, (1.1)-(1.2)5 has a positive
self-similar solution Wy satisfying Wy(x,t) > wy(x,t) for (x,t) € (RN x (0,00));
the solution Wy satisfies, for each fixed t > 0,

|@A(-, 1) = wo(-, t)||pemrvy = 0 as A — 0,

where wy is the non-unique solution of (1.4) in C([0,00); LY(RN)) for 1 < ¢ <
N(p —1)/2, which is constructed by [16].

Remark 2. (i) The existence of a positive self-similar solution of (1.1)-(1.2),
has been shown by [4] under a weaker condition on a.

(ii) Tt is already known that there is no solutions of (1.1)-(1.2), if A is large
enough, see, e.g., [33, Corollary 5.1], [37, Corollary 1.1], and [24, Remark 3.7].
These results, however, do not quite apply to self-similar solutions in stated, we
easily see that the proofs easily apply to self-similar solutions, or any positive
measurable solutions.

(iii) From (i) of Remark 1 we see that, when p > (N 4 2)/N and (N —2)p <
(N + 2), the problem (1.1)-(1.2), with A = X has a radial positive self-similar
solution if @ = 1. It is an open question whether (1.1)-(1.2), with A = X has a
positive self-similar solution if a is not constant. The exact multiplicity of positive

self-similar solutions of (1.1)-(1.2)y for A € (0, ] is still an open question.

We prove Theorem 1 by using of the explicit supersolution and comparison
arguments based on the maximum principle. We prove Theorem 2 by variational
approach essentially due to Ambrosetti-Rabinowitz [1] and Crandall-Rabinowitz
[5].

As far as we are aware, the idea of constructing self-similar solutions by solving

the initial value problem for homogeneous initial data was first used by Giga and



Miyakawa [13], for the Navier-Stokes equation in vorticity form. The idea of [13]
was used later by several authors for various problems. Concerning the equation

(1.11) uy — Au+u? =0 in RV,

we refer to Kwak [23] and Cazenave et. al. [3]. They also obtained the asymp-
totically self-similar behavior for a class of general solutions. See, also [15, 19, 9,
and 18].

After the paper was completed, we learned the work by Souplet and Weissler
[30] where the existence of radial self-similar solutions of (1.6) were studied pre-
cisely in the subcritical, supercritical, and critical cases by using a shooting ar-
gument.

This paper is organized as follows: in Section 2 we show the maximum prin-
ciple and comparison results for the operator related to the equation (1.6). In
Section 3 we consider the linearized eigenvalue problems. Sections 4 and 5 de-
voted to the proofs of Theorems 1 and 2, respectively. For completeness, we show
the regularity and some properties of the solutions in the appendixes.

In the remaining part of the paper, we assume that p > (N + 2)/N.

2. Preliminaries

In this section we show the following two propositions which are crucial for the
proofs of the theorems. For simplicity, we define Lu by

1
p—1

1
Lu:—Au—ax-Vu— U

for u € C*(RY).
Proposition 2.1. Assume that Lu > 0 in RY, and that

lim inf || P~ Yy(z) > 0.

|z[—o0 N

Then u > 0 or u = 0 in RN. In particular, if Lu > 0 and v > 0 in RN then
u>0oru=0in R".

Proposition 2.2. Assume that a, 3 : S¥=! — R satisfy o, f € L=®(SV~1) and
0 < a(w) <Bw) forae we SN
Suppose that there exists a positive function v satisfying Lv > vP in RY and

lim r P Yy(rw) = B(w) for ae. we SN

r—00



Then there exists a positive solution v of Lu = uP in RN satisfying u < v in RY

and

(2.1) lim 7% ® Yy(rw) = a(w) for ae we SNL

T—00

Moreover, for any positive function w satisfying Lw > wP in RN and

liminf r? P Yw(rw) > a(w) for ae. we SN,

r—00

we have u < w in RV,
First we show the following lemma.

Lemma 2.1. Assume that o : SV~! — R satisfies a € L®(SV™!) and a > 0,
a # 0 for a.e. we SN Then there exists a positive function ¢, € C*(RN)
satisfying Lo, = 0 in RY and

(2.2) lim r¥ g (rw) = a(w) for a.e. w e SN7L.
Proof. Put

1 —|x— 2 — —
Q3 et = g fo e el

We note that a(y/|y|)|y|~%®~Y € LL (RY) from p > (N+2)/N. By [6, Chapter

loc

5, Theorem 6.1], w defined by (2.3) satisfies w; = Aw in RY x (0, 00) and

w(z,t) — afz/|z])|z| PP in L}

loc

(RY) ast—0.

Define the rescaled functions w,, by w,(x,t) = p* P~ Yw(uz, ut) for u > 0. From
(2.3) we obtain w(x,t) = wy,(z,t) for all 4 > 0. Putting u = 1/v/¢, we find that

(2.5) wa,t) =170 Vo, (2/V1),

where ¢, (7) = w(z,1). It can be easily checked that ¢, satisfies Lo, = 0 in R".
By Lemma B.1 in Appendix B below, we obtain (2.2). O

Lemma 2.2. Let Q C RY be a bounded domain with smooth boundary OS).
(i) Assume that Lu >0 in Q and u >0 on Q. Thenu >0 oru =0 in Q.
(ii) Assume that f € C?(Q) for some 6 € (0,1) and g € C(9Q). Then there
exists a solution u of Lu = f in Q and u = g on 0S2.
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Proof. (i) From Lemma 2.1 there exists a positive function ¢ satisfying

(2.6) Lop=0 inRY and lim r¥® Ve(rw) =1 forae we SV

T—00

Let v(x) = u(x)/¢(x). Then v satisfies

2 1
—Av — <$V¢+§JJ> -Vo>0 inQ and v >0 on 0.
By the maximum principle [27] we have v > 0 or v = 0 in €, which implies that
u>0oru=0in Q.

(ii) Let ¢ be a positive function satisfying (2.6). We have a solution v €
C*9(Q) of

in €, and

—Av — <§V¢+ %x) Vv =

on 0f).

v o=

-l =

(See, e.g., [14].) Then u(x) = v(z)p(x) satisfies Lu = f in Q and u = g on 0.
O

Proof of Proposition 2.1. Let v(z) = u(z)/¢(x), where ¢ is a positive function
satisfying (2.6). Then v satisfies

2 1
—Av — (ngzS + §x> Vo >0 inRY and 1|H\n infv(z) > 0.

First we show v > 0 in RY. Assume to the contrary that v(zy) < 0 for some
zg € RY. Choose € > 0 so small that e < —v(z), and take R > 0 so large that
R > |zo| and v(z) > —¢ on |z| = R. By the maximum principle [27] we have
v > —¢ in |z| < R. This contradicts v(zy) < —e. Hence, v > 0 in RY. As a
consequence of (i) of Lemma 2.2 we have v > 0 or v = 0 in RY, which implies
that « > 0 or u = 0 in R". O

Lemma 2.3. Let f € C¢_(RY) for some 0 € (0,1), and let f > 0. Assume that
there exists a positive function v such that Lv > f in RN. Then there exists a
solution v of Lu = f in RN such that 0 < u < v in RV.

Proof. Define B, = {x € R" : |x| < r} for r > 0. From (ii) of Lemma 2.2, there

exists a solution wuy of
Luy=f in B, and wu,=v on 0By

9



for each £k = 1,2,.... From (i) of Lemma 2.2 we have w;, > 0 in Bj. Put
wi(z) = v(z) — uk(x). Then wy satisfies Lwy > 0 in B and wy, = 0 on 0B.
From (i) of Lemma 2.2 again we have w; > 0. Thus we have 0 < uy < v in By.
Take R > 0. Since uy satisfies Luy, = f in By for £ > R, by the Schauder
estimates {uz} is bounded in C2Y(By) for some 0 < # < 1. Then, by the
Ascolli-Arzela, a subsequence in {u;} converges in C2_.(Bg). We may do the
same arguments for a sequence {R,} such that R, — oo as n — oo. By the
diagonal method there exists a function u € C?*(R”) such that a subsequence
converges to u in C¢_(RY). Thus u satisfies Lu = f in RN with 0 < u < v in
RY. This concludes the proof. O

Lemma 2.4. Let ¢, be a positive function satisfying Lo, = 0 in RN and (2.2).

Assume that there exists a positive function U satisfying

Lo > (0+¢a)? mRY and lim |z Vi(z) =0.

|z —o0
Then there exists a solution @ of Li = (4 + ¢o)P in RY satisfying 0 < 4 < 0.
Moreover, for any positive function w satisfying

(2.7) Lib > (0 + ¢o)? in RN and liminf |z|*® D (z) > 0,

|z|—o0

we have 1. < W in RY.

Proof. For each u € C*(RY), we define the mapping T'u as follows: v = T if
(2.8) Lv=(u+¢,)? mRY and 0<wv<®o inRM.

Assume that 0 < u < 9. Since 0 satisfies L0 > (u + ¢,)P, from Lemma 2.3 there
exists a function v satisfying (2.8). Then the mapping T is well defined for each
u € C?(RY) satisfying 0 < u < 9. We also find that

(2.9) | l‘im |l2|Y DTy (x) = 0

from 0 < Tu < 9 and limjy|—o |2[¥ @D (2) = 0.

Assume that uj,u, € C*(RY). We show that 0 < u; < uy < © implies
Tuy < Tuy. In fact, if uy < uy then L(Tuy — Tuy) > 0 in RY. From (2.9) we
have

lim |z ®=D(Tuy(z) — Tuy(z)) = 0.

|z|—o0

Hence, from Proposition 2.1 we have Tu; < Tus.

10



Define {1} inductively by
(2.10) Up=0 and u=Tur_, fork=1,2,....

Since we have L(T1g) = ¢2 > 0 in RY and limy—e |[2|¥ P~V T00(2) = 0, we
obtain 7%y > 0 in RY by Proposition 2.1. Then, by induction, iy, is well defined

and satisfies
OE@0<111<"'<ak<ﬂk+1<"'<@ in RY.

Define @(x) = limy_.o, Gx(x). Take R > 0 and define Bg = {x € R" : |z| < R}.
Since {uy} satisfies

Ly, = (Ug_1 + ¢0)’ < (0+ ¢o)P in Bp,

it follows from elliptic interior estimates that {a} is bounded in W>?(Bg) for
every p > 1. By the Sobolev embedding theorem and the Schauder estimates,
{4} is bounded in C?(Bg) for some 6 € (0,1). Therefore, {iy} converges to
@ in C3.(Br). We may do the same arguments for a sequence {R,} such that
R, — o0 as n — oo. By the diagonal method {i;} converges to @ in CZ (RY),
and thus we have Li = (U + ¢,)P and 0 < @ < ¢ in RY.

Let w be a positive function satisfying (2.7). We claim that w > u implies
w > Tu for v € C*(RY) satisfying 0 < v < ©. In fact, if @ > u we have
L( —Tu) > 0 in RY and

lim inf |z ®~Y (& — Tu(z)) = liminf |2|>®~Vw > 0.

From Proposition 2.1 we obtain w > Tu.
Let {@,} be the sequence defined by (2.10). Then we have @ > 4y = 0 and
w > 1y for k =1,2,..., by induction. Therefore, we have w > . O

Proof of Proposition 2.2. Let ¢ be a positive function satisfying Lgg = 0 in R
and
lim 7% Vo (rw) = B(w) for a.e. w € SV

T—00

Then, from Proposition 2.1 we have ¢, < ¢35 in RY. Define 9(x) = v(x) — ¢g(z).
From LY = o? > 0 in RY and limy, o |2[¥® Vo(z) = 0 we have © > 0 by
Proposition 2.1. We also find that ¢ satisfies Lo > (0 + ¢g)? > (0 + ¢, )? in RY.
Then it follows from Lemma 2.4 that there exists a solution @ of Lit = (u+¢,)? in
RY satisfying 0 < @ < ¢ in RY. In particular, we have lim,|_o |2[*? " Va(z) =
0. Put u = 4 + ¢,. Then u satisfies Lu = u? in RY with (2.1).

11



Define w = w — ¢,. Then w satisfies

Ly > wP = (0 + ¢o)? >0 inRY and liminf |z P Yi(z) > 0.

|z]—00 -
Proposition 2.1 implies that @ > 0 in RY. From Lemma 2.4 we have @ < 1,
which implies v < w in R¥. This completes the proof of Proposition 2.2. O

3. Eigenvalue problems

We recall here some results about the weighted Sobolev space H ;(RN ) defined
by (1.8). For 1 < p < oo, we define

1/p
N Ny . _
LA(RY) = {u e LP(RY): /RN uPpdr < oo} and |lulzz = (/RN uppdx> :

where p(x) = el*!’/4,

Lemma 3.1. (i) For every u € H)(RY), we have

N 2 2
?/RNU pdzr < /RN |Vu|pdx.

(i) The embedding H)(RN) C L2(RN) is compact.

(iti) If N > 3, then the embedding H)(RN) C LETH(RYN) is continuous for
1<p<(N+2)/(N-2), and is compact for 1 <p < (N+2)/(N—2). If N =2
then the embedding H)(R?) C LE*(R?) is continuous and compact for p > 1.

For the proof, see Escobedo and Kavian [8] and Kavian [20]. From (i) of
Lemma 3.1, for u € H)(R") we have

1 N 1
1 Vul? — 2 > __—/ 2
(3.1) /RNO ul p_1u>pdx_<2 p—1> RNupdx, and

CE (\w? _ pi 1u2> pdz > <1 _ m> [ Vo

Let us consider the eigenvalue problem

1
—Au— —x-Vu— !
(3.3) 2 p—

u € H;(RN),

U= pm(x)u  in RY,

where m € L*(RN) N C?(RY) for some 6 € (0,1) and m > 0 in RN, First, we
show the following:
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Lemma 3.2. The problem (3.3) has the first eigenvalue pg > 0 and the corre-
sponding eigenfunction ug > 0 in RY. Furthermore, we have
(3.4)

o = inf {/RN (]VU\Q —

u2> pdz = u € H;(RN), /RN mu®pdr = 1} .

Proof. We claim that po > 0 and the minimization problem (3.4) is achieved by
some function ug > 0. First we show g > 0. Indeed, we see that

_ 2 2
1= /RN mu’pdz < ||m|| e /RNu pdx.

Then it follows from (3.1) that

1 N 1 1
Vul? u2> dx > <— - )
/RN (' e T )2 ) e

for u € H)(R"), which implies 119 > 0.
Let {ux} C H)(RY) be a minimizing sequence of y, that is,

/ muipdr =1 and / (]Vuk\Q

From (3.2) and (i) of Lemma 3.1 we find that {u;} is bounded in H}(R"). Then,
from (ii) of Lemma 3.1, there exist a subsequence that we still denoted {uy} and
a function uo € H)(R") such that

ui) pdr — pg as k — oo.

up — uy  weakly in H;(RN) as k — oo,

u, — up  strongly in L2(R"Y) as k — oc.

Then we obtain

o (-
RN

and

1 1
— 1ug) pdzr < h,?iiﬂlf /RN <|Vuk|2 - — 1“%) pdx = 1
1= llm / mug pdr = / mupdz.

Hence, we find that ug achieves pg. Clearly, |ug| also achieves . By the elliptic
regularity theory and Proposition 2.1, we have uy € C?(RY) and ug > 0 in RV.
O

13



In this section we show the following two propositions.

Proposition 3.1. Assume that there is a positive function w € C*(RY) satisfy-

mg
1 1 v
(3.5) Aw + 5% Vw + ——qwt pm(zx)w <0, reRY,
p _—

for some p € R. Then pu < py, where pg s the first eigenvalue of the problem
(3.3).

Proposition 3.2. Assume that my, mg € L¥(RY) satisfy 0 < my(z) < ma(z),
my(x) # mo(x). Let p; be the first eigenvalue of the problem

1 1
—Au— —x-Vu—

u € H;(RN),

u = pm;(z)u  in RY,

for each i =1,2. Then py > ps.
To prove Proposition 3.1, we consider the eigenvalue problems

—Av — lx -Vou — !
v E H&(Bk),

V= pm(z)v in By,

where By = {z € R" : || < k}, for k = 1,2,.... We can prove that the problem
(3.7)x has the first eigenvalue py, > 0 and the corresponding eigenfunction vy > 0
in Bj. Furthermore, we find that

1
(3.8)k g = inf {/ <|VU|2 -
By, p—

and that vy € C?(By,) achieves the minimization (3.8)y.
Suppose that v € Hj(By), and extend v to be zero outside By. Then v €
H}(By11). From (3.8); we have py, > pyaq for k=1,2,.. ..

U2> pdx v € Hy(By), / mv’pdr = 1} :
1 By,

Lemma 3.3. We have limg_.o i = jo, where g is the first eigenvalue of the
problem (3.3).

Proof. Suppose that v, € Hj(By) is the first eigenfunction of the problem (3.7)y,
and extend vy, to be zero outside By. Then v, € H)(R") and satisfies

1
/ (Vvk Vo — V) — ,ukmvk¢> pdr =0
RN p—1

14



for any ¢ € C§°(By). Since vy achieves the the minimization (3.8);, we have

1
/ mvipdr =1 and / <|Vvk|2 11},3) pdx = fu.

From (3.4) we have ug > po. From (3.2) and pyp > g1, k= 1,2, ..., it follows

that
—1 —1
2 2
2odr < [1— —— <l1l—— .
/RN |Vug|*pdx < ( N = 1>) Hi < < N = 1)) f1

Therefore, from (i) of Lemma 3.1, {v;} is bounded in H}(R"). Then, from (ii)
of Lemma 3.1, there exist a subsequence that we still denote {vy} and a function
v € H)(RY) such that

v — vy weakly in H;(RN) as k — oo,
v, — vo  strongly in L2(RY) as k — oo.

Then we obtain g~ muvipdx = 1, which implies that vy #Z 0. We also obtain

(3.9) /RN (vuo Vo i -

U9 — Moomv0¢> pdx =0

for any ¢ € CP(RY), where po = limp o pg. Since C°(RY) is dense in
H)(RY), we obtain (3.9) for any ¢ € H)(RY). Putting ¢ = ug > 0 in (3.9),
where wuyg is the eigenfunction of the problem (3.3), we obtain

1
. dr = [ (Voo Vo - d
2 /RN Muouopdl RN < Vo Ug — 1?)0“0) pax
= Ho /RN muguopd,
which implies fio = 0. O

Proof of Proposition 3.1. We claim that p < py for each k = 1,2, ..., where py is
the first eigenvalue of the problem (3.7);. Assume that vy is the corresponding
eigenfunction. We note that v, € C?(By) and satisfies

(3.10) /B mugpdr =1 and /B (\VkaQ - vi) pdx = i
k k

Let w € C*(RY) be a positive function satisfying (3.5). Then, by the straight-
forward calculation we have the following Picone’s identity (cf. [17, 31]):

ol

pw’

2 2
+9- (Evu) = ivuf + 20 (70) B

15



Since w satisfies
1
V- (pVw) +p (Ew + umw) <0,

V() v (Bvw) < (90— (2 ) k)

in By. Note that vy, = 0 on 0B;. Then, by using Green’s formula, we have

/Bk v <%%(pr)> dz = 0.

Therefore, integrating (3.11) on By we obtain

we obtain

(3.11)  pw?

2 1
0< / pw? |V <v—k>‘ dz §/ <\Vvk|2 - Uﬁ) pdx — u/ muvi pdz.
By w By, p—1 By
From (3.10) we have 0 < pp — p. Then pp > p for each & = 1,2,.... From
Lemma 3.3 we obtain p < pp. O

Proof of Proposition 3.2. Let u; > 0 be the first eigenfunction of the problem
(3.6); for each i = 1,2. Then u;, i = 1,2, satisfies

1
/RN <Vui Vo — - 1ui¢> pdr = p; /RN miu;Qpdx

for any ¢ € H ; (RY). Therefore, we have

1
1 /RN miuiugpdr = /RN <Vu1 - Vuy — . 1u1u2> pdx

= [ /RN Mol U pdx.
Since my < mg, my Z my, we obtain pq > . O
4. Existence of the minimal solution: Proof of Theorem 1
For each A > 0 we introduce the solution set
Sy = {u € C*(RN) : u is a positive solution of (1.6)-(1.7),}.

We call a minimal solution uy € S), if u, satisfies uy, < u for all u € S).
First we show the following results.
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Lemma 4.1. (i) We have Sy # 0 for some XA > 0. Moreover, if Sy, # 0 for some
Ao > 0, then Sy # 0 for all A € (0, A\g).
(ii) If Sy # 0 then there exists a minimal solution uy € Sy. Moreover, for any

positive function w satisfying

1 1
—Aw— -z -Vw— ——w > uw? in RY  and
(4.1) 2 p—1

liminf r? P Yw(rw) > Aa(w) for a.e. w € SN,

r—00

we have uy, < w.
Proof. (i) Let v =wv(r), r = |z|, be a positive solution of (1.6) satisfying

lim %@ Vy(r) = ¢

r—00

for some ¢ > 0. The existence of such v is obtained by [16, Theorem 5]. Take
A« > 0 so small that A\, < £/|lal[ze(gnv-1y. By applying Proposition 2.2 with
a(w) = A\a(w) and f(w) = ¢, we obtain a positive solution u of (1.6)-(1.7), with
A = )\, that is, Sy, # 0.

Assume that Sy, # 0 for some \g > 0. Let A € (0, ). Then, by applying
Proposition 2.2 with a(w) = Aa(w) and ((w) = Aa(w), we have a positive
solution u of (1.6)-(1.7). Therefore, Sy # () for all X € (0, \g).

(ii) Assume that uy € Sy. Applying Proposition 2.2 with v = u) and a(w) =
B(w) = Aa(w), we have a positive solution uy of (1.6)-(1.7), such that u, < w for
any w > 0 satisfying (4.1). In particular, we obtain uy < u for all u € Sy. This
implies that u, is the minimal solution of S). a

Lemma 4.2. (i) Assume that uy, € S, and wy, € S\, are minimal solutions
with 0 < Ay < Ay. Then

(4.2) Do De gy Y

In particular, uy, < w,, in RV,
(ii) Let uy € Sy be the minimal solution. Then |uy|| L@y = O(X) as A — 0.
(iii) Let A = sup{\ > 0: S\ # 0}. Then X < oco.

Remark 4.1. As already mentioned in (ii) of Remark 2, the result (iii) of this
lemma is essentially obtained by [33, 37, and 24]. However, we give here a slight

simple proof for convenience.
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Proof. (i) Define v = u,,/Xs. Then v satisfies

1 1
—Av — 5% Vv — V= A= lyP > NP lyp in RV and
p p—
lim r¥ P Vy(rw) = a(w) for ae. w € SN

Put w = Ajv. Then w satisfies

1 1
—Aw—-2-Vw— ——w >wP in RY and
2 p—1
lim 7%V (rw) = \ja(w) for ae. w € SV

r—00

From (ii) of Lemma 4.1 we have w,, < w, which implies that (4.2) holds. In
particular, we have u,, < u,, in R".

(ii) Take Ag > 0 so that Sy, # 0. Let A € (0, Ag). From (i) of this lemma, we
have

‘Isﬁ

< in RY.

/Ao

Q_
Ao
< (A

\_/>,

Then we obtain |[u,][ e @) l|2x, || oo Ry for A € (0, Ag). This implies
that (ii) holds.

(iii) Assume that Sy # ) for some A > 0. Let u, € S\ be the minimal solution.
Then v = uy /) satisfies

1
(4.3) Av+ -z -Vu+ v+ud v =0 in RY.

2 p—1

Take Ao € (0,), and let uy, € Sy, be the minimal solution. Then, from (i) of

this lemma, we have uy/A > w,,/Ao. Hence, from (4.3) we have

p—1
v4 At (%) v <0 in RV,

1
Av+§x-Vv+ o

p—1

On the other hand, from Lemma 3.2 the eigenvalue problem

1 1 p-1
—Aw—ix-Vw—]:w:u(%\—’\;> w in RV,
w € H)(RY),
has the first eigenvalue py > 0. By Proposition 3.1 we have \»~1 < . This
implies that sup{\ > 0: 5, # 0} < u(l)/(p_l). O

Proof of Theorem 1. (i) Let A\ = sup{\ > 0 : Sy # 0}. Then, from (i) of Lemma
4.1 and (iii) of Lemma 4.2, we have 0 < X < co. By Lemma 4.1, for A € (0, \),
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Sy # 0 and there exists a minimal solution u, € Sy. From (i) and (ii) of Lemma
4.2, u, is increasing in A and satisfies ||u, || porr) = O(A) as A — 0.

(i) By the definition of A\, we can conclude that (1.6)-(1.7), has no positive
solution for A > \. O

5. Existence of the second solution: Proof of Theorem 2

Let u, be the minimal positive solution of (1.6)-(1.7), for A € (0, \) obtained in
Theorem 1. In order to find a second solution of (1.6)-(1.7), we introduce the
following problem:

1
Au+ -z -Vu+
(5.1), 2 p—1
ue H)(RY) and u>0 inR".

u+ (u+uy)’ —uf =0 in RV,

Clearly, we can get another positive solution uy = uy + uy of (1.6)-(1.7),, if
(5.1), possesses a solution u, satisfying (5.2) below. In this section we show the
following two propositions.

Proposition 5.1. Let p > (N +2)/N and (N —2)p < N +2. For A € (0, ),
there exists a solution uy € C*(RN) of (5.1)y satisfying

(5.2) ur(z) = O(e7 /) as |z| — oo.

Proposition 5.2. Assume that p > (N +2)/N and (N —2)p < N + 2. Let uy
be the solution of (5.1)x obtained in Proposition 5.1. Then ux — ug in H)(RV)N
L>®(RYN) as X — 0, where ug is the solution of the problem (1.9).

As a consequence of Propositions 5.1 and 5.2 we obtain Theorem 2.
We show the existence of the solution of (5.1), by using a variational method.

To this end we define the corresponding variational functional of (5.1), by

1 1
I\(u) = 5 /RN <\Vu|2 - 1u2> pdzr — /RN G(u, uy)pdx

with u € H}(RY), where

1 1
G(t,s) = ——(t+ s)PTH — ——sPT1 — 5Pt
(t,) p+1( ) p+1
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We know that the nontrivial critical point u € H}(R™) of the functional I is a
weak solution of the equation in (5.1),, that is, u satisfies

/RN <Vu Vo — 5 i 1ugz5) pdx — /RN g(u, uy)ppdr =0

for any ¢ € H}(RY), where
9(t,8) = (L + ) — o7

We easily see that uy € C?(RY) and uy > 0 in R from Proposition A.1 in
Appendix A and Proposition 2.1.
First we investigate the properties of the functions g(¢,s) and G(t, s).

Lemma 5.1. (i) For so > 0, there is a constant C' = C(sg) > 0 such that
0<g(t,s) <C(t+1t), t>0,0<s<s.
(ii) For 6 > 0, there is a constant C' = C(6) > 0 such that
0 <g(t,s) <Ct, 0<s,t<0.

Furthermore, C(§) — 0 as 6 — 0.

(iii) We have

1

G(t,s) > ——tPt 5,t > 0.
p+1
(iv) For any € > 0 and so > 0, there is a constant C' = C(g, s9) > 0 such that
G(t,s) — gsp—lﬂ <O 120, 0< s < s

(v) Put ¢, = min{l,p — 1}. Then

glt, $)t — (2+ ¢,)G(t, 5) > —%5”‘%2, s,t> 0.

Proof. (i) For 0 < s < sy we have

)

t
=1 and lim 9(t,5) = psP!
t—oo tp t—0 t

by using 'Hospital’s rule. Hence we obtain (i).
(ii) For 0 < s,t < ¢ we have

gi(t,s) =p(t+ )P < p(285)P~ .
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Integrating the above on [0, t] with respect ¢, we obtain ¢(t,s) < C(d)t, where
C(d) = p(26)P~t. Thus, C(§) — 0 as § — 0.

(iii) We have G(0,s) = G¢(0,s) = 0 and Gy(t,s) = p(t + s)P~t > ptP~! for
t,s > 0. By integrating on [0, ¢] twice with respect ¢, we obtain (iii).

(iv) Put h(t, s) = G(t, s)—(p/2)sP~'t%. We have (0, s) = hy(0, s) = hy(0,s) =
0. Then, by using ’'Hospital’s rule, we obtain

h(t
fim 5) _ g,
t—0 t2
By virtue of
h(t, s) 1
im =
t—o0o tp+1 p + 1’

we obtain (iv).

(v) Define
P p-1,2
H(t,s)=g(t,s)t — (24 ¢,)G(t,s) + 731” .
Then we have H(0,s) = H;(0,s) = Hy;(0,s) =0 and
plp—1)(2—p)(t+5)P s if 1<p<2,

Hyy(t, s) = {

pp—1)(p—2)(t+s)P 75t if p>2.

Thus Hyu(t,s) > 0 for s,t > 0. By integrating on [0, t] three times with respect
t, we obtain H(t,s) > 0 for s,t > 0. Thus (v) holds. O

Let u, be the minimal positive solution of (1.6)-(1.7)y for A € (0,)). By
Lemma 3.2 the corresponding eigenvalue problem

1 1
—Aw——-z-Vw— ——w = upgﬁ_lw in RV,
2 p—1
w € H)(RY),
has the first eigenvalue p(A) > 0. Furthermore, we have
1

w(A\) = inf {/RN (\Vw\Q - ]:uﬁ)pdx cw e H)(RY), p/RN ub w? pdr = 1} :
Then it follows that

1
(5.3) /RN <|Vw|2 - ]le2> pdz > p(\)p /RN uh ™ w’ pda

for any w € H (RY).
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Lemma 5.2. For 0 < A\ < X, we have u()\) > 1. Moreover, u(\) is strictly
decreasing in X € (0, \).

Proof. Take A1, Ay € (0, A) with \; < Xa. From (i) of Theorem 1 we have u,, > u,,

1

in RV, and hence u§,' > w5 '. By Proposition 3.2, we have pu(X2) < u(\).

Therefore, p(\) is strictly decreasing in A.
Let A € (0,A), and let \g € (\,\). Put w = uy, — u,. Then w > 0 and w
satisfies
Aw—l—%x-Vw—l—p%lw—l—p@f{leO, r e RV,

By Proposition 3.1 we have p(\) > 1. Then u(\) > 1 for A € (0, ). Since u()\)
is strictly decreasing, we have p(A\) > 1 for all A € (0, \). O

In the following we verify the existence of nontrivial solution of (5.1), by

means of the Mountain Pass lemma.

Lemma 5.3. Assume that {uy} is the Palais-Smale sequence for I\(u), that is,
(5.4)  uy € H;(RN), {L\(ug)} is bounded, and Iy(ux) — 0 as k — oo

in the dual space of H)(RN). Then {uy} is bounded in H)(RY).

Proof. Since {I(ux)} is bounded, we have

1 1
53 fo (170 = ) e~ [ Glun e <

for some M > 0. Let € > 0. From I}(ux) — 0 as k — oo, we have, for sufficient
large k,

<ellollm

1
‘/RN <Vuk Vo — - 1uk¢> pdxr — /RN g(uk, uy)ppdz

for any ¢ € H,(R"). Putting ¢ = uy/|lus| a3, we have

1
‘/RN <|Vuk|2 — 1u2) pdx — /RN g(ug, uy)ugpdz| < e|uk .
Then we obtain
1
(5.6) /RN <|Vuk|2 - 1ui) pdx > /RN g(ur, uy)urpdr — ellug| -
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Put ¢, = min{1,p — 1}. From (5.5) and (5.6) we have

Cp 9 1
oo > (105)f (ot

—(2+¢) [ Gluu)pdz

Cp 2 I
> 2 <|Vuk| —p_luk> pd

+ [ (o) = 2+ ¢)Glux, 1)) pde = ellun]y.

1ui) pdx

From (v) of Lemma 5.1, (5.3), and (3.2), it follows that

Cp 9 1
(2 + Cp)M Z 5 </RN <|Vuk| - D

-1
— 1ui) pdx — p/RN uk uipdx)

—¢ljun]|m

Cp 1 9 1,
B (1 — m) /RN <\Vuk] o 1uk> pdx — el m

c 1 2
> _p 1_— 1—7 22— 1,
B 2< u<A>)< N(p—1>)”w’f”% el

We note here that y(A) > 1 from Lemma 5.2. Therefore, {|[Vuy||z2} is bounded,
and hence, from (i) of Lemma 3.1, {u} is bounded in Hj(R™Y). O

v

Lemma 5.4. The functional I satisfies the Palais-Smale condition, that is, any
Palais-Smale sequence contains a subsequence which converges in H;(RN).

Proof. We show the case where N > 3. We can verify the case where N = 2 with
a slight modification. Let {uy} be a Palais-Smale sequence, that is, (5.4) holds.
By Lemma 5.3 we have {u;} is bounded in H(R"Y). Then, from (ii) and (iii) of
Lemma 3.1, there exist a subsequence that we still denote {u;} and a function
u € H)(RY) such that

(5.7) u, — u  weakly in H)(R") as k — oo,

5.8 up — u strongly in L2(R™) N LEPTHRY) as k — oo.
p P

We claim that ||V (ux — )|z — 0 as k — co. We see that

IV (ug — )|z = /RN Vuy - (Vuy, — Vu)pdr — /RN Vu - (Vug — Vu)pdz.
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It follows from (5.7) that

/RN Vu- (Vup — Vu)pdr — 0 as k — oo.
We observe that
/RN Vuy, - (Vug — Vu)pdr = I3 (ug,) (ugp — )
1/ ug(ugp —u pd:v—i—/ g(ug, uy)(up — u)pde.
Since I} (ug) — 0 as k — oo, we have
13 (i) (e = )| < I3 (ui) | lu — wllp — 0 as k — oo.
From (i) of Lemma 5.1 we obtain
<C (/RN ug(up — u)pdx + /RN up (ug — u)pdx)

for some constant C' > 0. By using Hélder inequality and (5.8), we obtain

‘/RN ug(up — w)pdx

‘/RN g(up, wy) (up — u)pdx

< ||uk:||%g||uk: - ““%g —0 ask — o0

and

/R ub (uy, — u)pdx

Therefore, we have

< HukaﬁJ]uk ull s — 0 as k — oo.

/RN Vug - (Vug, — Vu)pder — 0 as k — oo,

and conclude that ||V(uy — u)llrz — 0 as k — oo. From (i) of Lemma 3.1 we
have uy — u in H)(RY). O

Lemma 5.5. There exist some constants § = 6(A) > 0 and n = n(\) > 0 such
that

(5.9) Ii(u) >n>0
for allw € H (RY) satisfying ||Vul 2 = 0.

Proof. For any u € H}(R") we have

1 1
L= = Vul? - 2 d
A1) 5 Jax <| ul p—lu pd M )p x



From (5.3) and Lemma 5.2 we obtain

g > % (1 - ﬁ) /RN <|Vu|2— pi

with p(\) > 1. Then, from (3.2), we have

1u2> pdx

1 1 2
S 22 h C —Z (1= 1- — > O
Ji > C'0||VU||LP, where Lo =3 < p()x)) < N(p - 1))

From (iv) of Lemma 5.1, for any € > 0 there is a constant C; = C4 (g, ||uy|/z~) > 0
such that

Jy < 8/ u2pdx + C’l/ up+1pdx.
RN RN

From (i) and (iii) of Lemma 3.1 we have
2
Jo < N5||VUH%5 + C102||VU||12—§1
for some constant Cy > 0. Take £ > 0 so small that ¢ < NCj/2. Then we have

2
I\(u) = O3HVU||%3 - 0102HVU||12J/2:17 where C3 = Cp — ~e= 0

which implies that (5.9) holds for some 6 > 0 and n > 0. O

Define the corresponding functional of (1.9) by

1 1
o(u) (\w -

" 2/my

1
u? | pdx — —— uP M pdx
1 p+1JRY

with u € H}(R™). Let ug be the solution of the problem (1.9). Then wuq satisfies

— 1u(2)> pdr = /RN ulb ™ pdz.

(5.10) /. <\Vu0\2 - !

Therefore, we have

1 1

Lemma 5.6. Let ug be the solution of the problem (1.9), and let 0 < X\ < X.
Then

(i) In(tug) < 0 fort > ((p+1)/2)"/®=1;

(ii) supyso Ix(tuo) < Io(up).
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Proof. From (5.10) we have

12 1
I)\(tuo) = 5 R (’VUOP _ p—_ 1“3) pdl‘ — /RN G(tUO,Q)\>pdx
t2
= 3 fax ub™ pda — /RN G(tug, uy)pdz.

From (iii) of Lemma 5.1 we have

AT
G(tug, uy) > . 1“8 .
Then it follows that
t2 tp+1 ol
(5.12) I (tug) < <5 g 1) /RN uy ' pdx.

Since (t2/2 — t"*1/(p + 1)) < 0 for t > ((p +1)/2)/®~V we obtain (i). From
(5.11) and (5.12) we obtain

t2 tp—l—l o1 p
sup Iy (tu < sup|—=—— / U T
t>g Abuo) < t>€ 2 p+1)/mry? P

1 1
= (5 51 o 7 = Tl
which implies that (ii) holds. O

Lemma 5.7. For 0 < X\ <\, there exists a critical point uy € H)(R") of I (u)
such that Iy(uy) < Io(ug). Moreover, uy € C*(RY) and uy(z) — 0 as |z| — oo.

Proof. From Lemma 5.4, I(u) satisfies the Palais-Smale condition. From (i) of
Lemma 5.6, there exists a constant 71 > 0 such that e = Tyuo satisfies [|[Vel|rz > 0
and I)(e) < 0, where 0 is the constant appearing in Lemma 5.5. Denote

= inf max I
¢ = inf max A(v(s)),

where I' = {v € C([0,1]; H)(R")) : v(0) = 0, v(1) = e}. Then, from Lemma 5.5
and (ii) of Lemma 5.6, it follows that

0 <77§C§[0(U0).

The Mountain Pass Lemma [1, 5] enables us to find a critical point uy € H)(R")
of In(u). Hence, uy is a weak solution of the equation in (5.1), and satisfies
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In(uy) < Iy(up). By Proposition A.1 in Appendix A, we have uy € C*(R”Y) and
ux(z) — 0 as |z| — 0. O

Proof of Proposition 5.1. The existence of solution u, of the problem (5.1), has
been obtained by Lemma 5.7. Therefore it suffices to show (5.2). Take a constant
co so that 0 < ¢g < (N/2) — 1/(p —1). Recall that both u,(z) and u,(z) tend to
0 as |z| — oo. Then, from (ii) of Lemma 5.1, there is a constant R > 0 such that

(5.13) 0 < g(ur(z), u\(7)) < coun(x),  [z| > R.

Put w(z) = Cre”1#*/4 where Cy = max|y < ux(z)el®*/4. Clearly, w(z) > uy(z)
for |z| < R. Since w € H}(R") and w satisfies =V - (pVw) = (N/2)pw in RY,

we have
5.14 Vw -Vopdr = N d
(5.14) /RN w - ¢pw—5/RNw¢>px

for any ¢ € H)(RY). Let ¢(x) = (ux(z) — w(x))", where a™ = max{a,0}. Then
¢ € H)(RY), ¢ =0 for |z] < R, and

_ i >
(5.15) Vo — { Vu, — Vw if uy > w,

0 if uy < w.

Now we claim that ¢ = 0 in R". We observe that

foo (Fn Vo= (S ) o) o = [ ot ) = com) ot

From (5.13) and ¢ = 0 for |z| < R it follows that

/RN (vm Ve — (p%l n c0> Wb) od

= Juizr (g(ux, 1)) — coun) ppdr < 0.

From (5.14) and ¢y < (N/2) —1/(p — 1), we obtain

/RN <Vw V- (ﬁ + co) w¢> od

N 1
= <5 — E — co> /RN wopdx > 0.

Then, from (5.16) and (5.17) we obtain

(5.16)

(5.17)

/RN ((vuA — Vw) - Ve — (ﬁ + c0> (uy — w)¢> pda < 0.
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By virtue of (5.15) it follows that

/RN (\VW - (p%l + co> ¢2> pdz < 0.

From (i) of Lemma 3.1 we have

This implies that ¢ = 0 in RV, and hence, uy(z) < w(z) = Cye 1#*/4 for € RV,
O

The next result is fundamental to the proof of Proposition 5.2.

Lemma 5.8. Let M, = sup,cpn~ ux(x) for0 < A < X. Then liminfy_o. My > 0.

Proof. Assume to the contrary that liminf, o, M, = 0. Take a constant ¢y so
that 0 < ¢y < (N/2) —1/(p—1). Recall that ||uy|/p~ — 0 as A — 0. From (ii) of
Lemma 5.1, we can take a A > 0 so that g(ux(z),u,(z)) < coup(z) for z € RN,

Then we have

1
o (-
RN p—

It follows that

1 N
/RN |Vuy|>pdr < <co + E) /RN ui pdx < 5 /RN u; pdx

with uy € H)(RY). This contradicts (i) of Lemma 3.1. Hence, we obtain
lim iIlf>\_>0+ My > 0. O

1ui> pdr = /RN g(uy, uy)urpdr < co /RN u3 pdz.

Proof of Proposition 5.2. Let {\;} be a sequence such that A\, > A\j41 and Ay — 0
as k — oo. For simplicity, one sets v, = uy, and v, = u,, . The proof is divided
into several steps.

Step 1. We claim that {v;} is bounded in H (R"Y).

From Lemma 5.7 we have Iy (vg) < Ip(up), that is,

1 2
2 o (70~

1
— 11}2) pdx — /RN G(vk, vg,)pdr < Ip(ug).
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Since vy, satisfies

1
/RN <\Wk!2 . 1@;3) pdx = /RN 9(vx, vy )orpde,

we obtain

c 1
(2 + Cp)]()(uO) Z <1 + §p> /RN <|Vvk|2 — - 11}2) pdl’

—(2+¢) /RN G (vg, vy,) pdz

Cp 2 I,
> 2/ (|m| —p_lvk> pdz

* /RN (9(0k; v)ve — (2 + ¢) G vk, v1)) pd,

where ¢, = min{1,p — 1}. From (v) of Lemma 5.1 and (5.3), it follows that
c 1 _
(2+cp)Io(ug) > Ep (/RN <|Vvk|2 - 1“13) pdx — p/RN o 1Uzpdl‘>

c 1 1
> 21— / Vo|? — 2 .
-2 ( u()\k)> RN (’ ol p— 1k p

Since p(A) is strictly decreasing and p(A) > 1 by Lemma 5.2, we have u(Ag) >
(A1) > 1. From (3.2) we obtain

Cp 1 2 2
(2 + ¢p)Io(uo) > > <1 - m) (1 - m) IV og |22,

which implies that {[|Vvg||z2} is bounded. Hence, {v;} is bounded in H)(RN).
Step 2. We show that there exist a subsequence that we still denote {vy}
and a function vy € H)(RY) such that vy — v in H}(RY) as k — oo.
Since {vy} is bounded in H)(R"Y), from (ii) and (iii) of Lemma 3.1, there exist
a subsequence (still denoted by {v;}) and some vy € H)(R") such that

v =g weakly in H)(RY) as k — oo,

v — vo  strongly in L2(R™) N LM (RY) as k — oo.

We claim that ||V (vg — vo)|[zz — 0 as k — oo. We observe that
IV (vg —vo)lz2 = /RN Vg - (Vo — V) pdr — /RN Vg - (Vug — Vg)pdx
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and
Vv Vv Vv dx = L d
/RN v - (Vo — Vo) pde = F/RN vg(vp — u)pdx
+ [y 9000 2) (01 = o)

By the similar argument as in the proof of Lemma 5.4, we obtain ||V (vy—up) ||Lg —
0 as k — oo, and hence, vy — v in H}(RY) as k — oo,

Step 3. We show that vy = ug, where ug is the solution of the problem (1.9).
Furthermore, we have v, — ug in H)(RY) N L®(RY) as k — oo.

First we show that vy satisfies the equation in (1.9). Since vy — v in H(R"Y)
by Step 2, it suffices to prove that

(5.18) /RN g(vg, vy, ppdr — /RN vhppdr  as k — oo

for any ¢ € H)(RY). From v, — vy in L2(RY) N LE*I(RY), there exist a
subsequence (still denoted by {v;}) and a function h € L2(RY) N L2+ (RY) such
that

(5.19) ve(z) < h(z) ae ze€RY

for k = 1,2,..., and vy — vy a.e. z € RY. (See, e.g., [2].) By virtue of

|vpll L — 0 as k — oo, we have
gk, ) = (v — )P — ok — vf  ae z € RV
From (i) of Lemma 5.1 and (5.19) it follows that
g(vk,vp) < Cvg +v}) < C(h+hP) ae. xRN,
By the Holder inequality we have

o+ 1)épdz < B2 19]z2 + 112 |l s < oc.

Therefore, by the Lebesgue convergence theorem, we obtain (5.18). Hence, vy
satisfies the equation in (1.9).

Next we show vy > 0. From Proposition A.1 in Appendix A, vy € C2(RM) N
L®(RY) and |Vuv| € L®(RY). By (i) of Proposition A.2, {v;} is bounded
in CY(RY). Thus {v; — v} is bounded in C*(R"). Recall that vy — vy — 0 in
H)(R") by Step 2. Then, by (ii) of Proposition A.2 we have v, — vo in L*(R"),
and hence vy > 0. Lemma 5.8 yields vy £ 0. Thus vy > 0 by Proposition 2.1.
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Therefore, vy solves the problem (1.9). Since the solution of the problem (1.9) is
unique by [25, Corollary 2], we conclude that vy = ug. In particular, we obtain
vp — up in H)(RY) N L*(RY) as k — oo.

Let A\x be a sequence satisfying A\, — 0 as k — 0. Then, by Steps 1-3, there
exists a subsequence (still denoted by {\x}) such that uy, — uo in H}(RY) N
L*(R") as k — 0, which implies that uy — uo in H)(RV) N L*(RY) as A — 0.
This completes the proof of Proposition 5.2. O

Appendix A

Proposition A.1. Let u € H)(RY) be a solution of

1
(A.1) Au+§x~Vu+f(x,u):O in RY,
where f is Holder continuous and satisfies
(A.2) \f(z,u)| < Cu+uP), zeRN, ue|0,00),

for some constants C >0 andp > 1, (N —2)p < N +2. Then u € C*(RY), and
both u(z) and |Vu(z)| tend to 0 as |z| — oo.

We prove Proposition A.1 by following the idea of Escobedo and Kavian [8].

First we prepare the following lemma.

Lemma A.1. (i) Let u € H)(R"). Then u € L"(RY) and |z||Vu| € L"(RY)
for all r € [1,2].

(ii) Assume that u € L2(RN) N LY(RYN) for some q¢ > 2. Then u € L"(RY)
for allr € [2,q].

(ili) Assume that |Vu| € L2(RN) N LYRYN) for some g > 2. Then |z||Vu| €
L™ (RYN) for allr € [2,q).

(iv) Let u € L2(RN) N L>®(RN). Then u € LYRN) for all ¢ > 2.

(v) Let [Vu] € LZ(RN) N L®(RY). Then |z||Vu| € LYRYN) for all ¢ > 2.

Proof. (i) It is clear if r = 2. For 1 < r < 2 we have
r _ r r/2 —r/2
/RN u'dr = /RN u'pp " dr

r/2 (2-7)/2
(/ u2pdx) (/ p’"/(z’")da:) < o0
RN RN
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and
oy el IVulda = [l [Vulp /2 2

) r/2 or /(2 ) (2—7)/2
< (/ |Vul pdx) </ ||/ =) pr/( _’")da:> < 0.
RN RN

(i) Let r € (2,q). Put s = (¢ —2)/(r —2) > 1. Then we have

/ |U|rd[)’} < / UQ/SU(QS_Q)/Sp(S_l)/SdZL‘
RN RN

1/s (s—1)/s
< (/ uqu> </ u2pdl‘> < 0.
RN RN

(iii) Let r € (2,q). Put s = (¢ —2)/(r —2) > 1. Then we have

z|"IVul"dr < su 2|~ (s=1)/s / Vol |V 25=2/s )(s=1)/s 1
Jeo V119l < sup (Jal7pme70) [ (90l (T2

1/s (s—1)/s
< sup (|x|rp*(8*1)/s) (/RN |Vu|qu) (/RN |Vu|2pdx> < 0.

zeRN

(iv) For ¢ > 2, we have
q q q—2 2
/RN lulfdx < /RN lul?pdr < ||ul|fe /RN u”pdr < oo,
(v) For ¢ > 2, we have

x| Vul|lde < su xqfl/ Vullpdx
Ju Vi1Vl < sup (lal*™) [ (Vultp

< sup (lal?p ) IVull§ [ [Vulpdr < oo,
zeRN R~

Set

1

(A.3) h(xz,u) = 5% Vu+u+ f(z,u).
Then the solution u of (A.1) satisfies
(A.4) —Au+u=h(x,u) in RV,
We show the following:

Lemma A.2. Let u € H)(R") be a solution of (A.1) such that u € LYRN) for
some q > 2. Then h(x,u) defined by (A.3) satisfies h € LYP(RY).
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Proof. From (i) and (ii) of Lemma A.1, v € L"(R") for all » € [1,q]. Since
f satisfies (A.2), we have f(z,u) € L"(RY) for 1 < r < ¢/p. Then it suffices
to show that |z||Vu| € LYP(RN). If ¢/p < 2, from (i) of Lemma A.1, the
result is established. So we assume that ¢/p > 2. From v € H (R"), we have
h € L*(RY). Then, by using the equation (A.4) we obtain u € W22(RY). By

the Sobolev embeddings, we have

1
|Vu| € L(RY), — =

™

1
N it N > 2,

N | —

|Vu| € L"(RY) forallr >2 if N=2.

In the cases where N = 2 or r; > ¢/p, from (iii) of Lemma A.1, we have |z||Vu| €
L9/P(RM), and the result is established. In the cases where N > 2 and r; < ¢/p,
from (iii) of Lemma A.1, we have |z||Vu| € L"(RY) for all » € [1,71). Then
h € L"(RY) for r € [1,r1), and so u € W2"(RY) for r € [1,71). The Sobolev
embeddings now yield

11 1
|Vu| € L"(RY) for all r € [1, 1), S if r <N,

|Vu| € L®(RY), if r; > N.

In the cases where r; > N or 5 > ¢/p, we have |z||Vu| € LYP(RY). In the
cases where 75 < p/q, we have |z||Vu| € L"(RY) for all € [1,75). Repeating
the arguments in finite times, we obtain |z||Vu| € L¥/?(RY). O

Proof of Proposition A.1. We show the case where N > 3. We can verify the case
where N = 2 with a slight modification.

First we show u € L>*°(R"). From (iii) of Lemma 3.1, u € L®(R"), where
qo = 2N/(N —2). Then, from Lemma A.2, we have h € L®/P?(R"). By using the
equation (A.4) we obtain u € W2%/?(RY). Then the Sobolev embedding implies
that

1 P 2 pN

we LYRY), —=2=—= ifg < —,
() @ G N ‘ 2

N

ue L®RY), ifq > %

We note that ¢, > qo from the assumption p < (N +2)/(N —2). If ¢y < pN/2,
from Lemma A.2, we have h € L%/?(RY), and hence u € W2%/?(R"). Then the

Sobolev embedding implies that
1 P 2 pN

we L2RY), —=2—-2 ifg <,
( ) % @ N q1 9
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u e L®RY), ifq > ]%
Repeating above arguments in finite times, we obtain u € L>(RY).

From (iv) of Lemma A.1 we have u € LP1(R”) for all ¢ > N. Then form
Lemma A.2 we have h € LY(RY), and hence u € W*4(R") for all ¢ > N. By
the Sobolev embedding theorem, u € CY(RY) for some § € (0,1). Then, since
f is Hélder continuous, we obtain u € C?(R”Y). We note that C5°(RY) is dense
in W24(RY). Then, by using the Sobolev embedding theorem again, we obtain
u(z) — 0 and |Vu(x)| — 0 as |z| — oo. O

Proposition A.2. (i) Assume that {uy} is bounded in H)(RY), and that uy

satisfies

(A.5), Auy, + %x -Vug, + fre(z,up) =0 in RY

for k=1,2,.... We assume in (A.5), that fi, satisfies
\fe(z,u)] < Cu+uf), zeRY, uel0, o00),

for some constants C > 0 and p > 1, (N —2)p < N + 2, where C' and p are
independent of k. Then {uy} is bounded in C*(RY).

(i) Assume that {uy} is bounded in C'(RN), and that uy — 0 in H}(RY).
Then uy, — 0 in L°(RYN) as k — oo.

From the proof of Lemma A.1 we obtain the following results.

Lemma A.3. (i) Assume that {uy} is bounded in H)(RN). Then {uy} and
{|2]|Vug|} are bounded in L™(RN) for all r € [1,2].

(it) Assume that {uy} is bounded in L2(RN) N LYRN) for some q > 2. Then
{uy} is bounded in L"(RY) for allr € [2,q].

(iti) Assume that {|Vug|} is bounded in L2(RN) N LY(RYN) for some q > 2.
Then {|x||Vui|} is bounded in L"(RY) for all r € [2,q).

(iv) Let {ux} is bounded in LZ(RN) N L>*(RN). Then {uy} is bounded in
LYRN) for all ¢ > 2.

(v) Let {|Vug|} is bounded in L2(RN)NL>®(RY). Then {|z||Vuy|} is bounded
in LYRN) for all g > 2.

Set .
hi(x,u) = 3% Vu+u+ fi(z,u).
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Then the solution wy, of (A.5), satisfies
—Auy, + up = hy(x, ug) in RV,

By the similar arguments in the proof of Lemma A.2, we obtain the following

results.

Lemma A.4. Assume that uy is a solution of (A.5), such that {u;} is bounded
in LY(RN) for some q > 2. Then {hy(-,uz)} is bounded in LY/P(RN).

Proof of Proposition A.2. (i) Following the arguments in the proof of Proposition
A1, we obtain {uz} is bounded in L*(RY). From (iv) of Lemma A.3, {uz} is
bounded in LP(RY) for all ¢ > N. Then {h;} is bounded in LI(R"Y), and hence,
{uy} is bounded in W24(RY) for all ¢ > N. By the Sobolev embedding theorem,
{uy} is bounded in C*(RY).

(i) Let ¢ > N. Since {uy} is bounded in C*(RY) and u, — 0 in H}(RY), we
have

luslgs < [ ulode < Juillf= [ ubpdz =0 as koo

and
IVurligs < [ [Vunlpde < IVul$2 [ [Vurfpde =0 as k= oo.

Hence, v, — 0 in WH(RY) as k — oo for ¢ > N. Then by the Sobolev
embedding theorem, we have u; — 0 in L®(RY). m

Appendix B

Lemma B.1. Let u be a positive function on RY, and let w be a function defined
by (1.5) on RN x (0,00). Then w satisfies (1.2)y in the sense of L (RY), if and
only if u satisfies (1.7),.

In order to prove Lemma B.1 we need the following

Lemma B.2. Let w be the function in Lemma B.1. Put Br = {x € RN : |z] <
R}, where R > 0. Then

(B.1) 2| P Vap(z,t) — Xa(z/|z]) ast— 0 forae z€ By
if and only if
(B.2) w(w,t) — Aa(w) ast—0 forae weSVL
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Proof. Define E C RY such that if z € RY \ E then
|2 P Day(z,t) — ha(x/|z]) ast — 0.
It follows from (1.5) that if z € RV \ F and p > 0 then
[ Dw (i, t) = |2 Dw(x,t/*) — Aa(a/|z]) ast— 0.

This implies that x € R \ E if and only if uz € RV \ E for all 1 > 0. Thus we
have

(B.3) x € FE ifandonlyif pr e E for all u> 0.
Put Es = EN SN~ and Eg = E N Bg. Then it follows from (B.3) that

R
dr = / NuyrN-1 ( / ds) dr = wyRY [ ds.
Ep 0 Eg Eg

where wy is the volume of unit ball in R and dS denotes the surface measure
on Eg. This implies that (B.1) holds if and only if (B.2) holds. O

Proof of Lemma B.1. From (1.5) we see that |z|®Dw(x,t) = |y/>®Du(y),

where y = x/+/t. In particular, we have
(B.4) w(w,t) = r?PVy(rw), where r = 1/v/1t.

Assume that u satisfies (1.7),. Then, from (B.4), we obtain (B.2). Lemma B.2
implies that (B.1) holds for any R > 0. Now, fix a compact set K C R". Then,
by the Lebesgue dominated convergence theorem, we have

[l t) = xa(a/lahl de = [ |22/ @D 220 Du(a,t)  Aa(a/|a])| dz - 0
K K

as t — 0. Therefore, w satisfies (1.2) in the sense of L{ (RY).

Conversely, assume that w satisfies (1.2), in the sense of LL (R"). Then
(B.1) holds for R > 0, which implies (B.2) by Lemma B.2. From (B.4) we find
that u satisfies (1.7),. This completes the proof of Lemma B.1. O
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