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1. INTRODUCTION

In this paper we consider the second order ordinary differential equation
(1.1) v +a(z)f(u)=0, 0<zxz<l1
with the boundary condition
(1.2) u(0) = u(1) = 0.
In equation (1.1) we assume that a satisfies
(1.3) a€CH0,1], a(z)>0 for0<z<1,
and that f satisfies the following conditions (H1)-(H3):

(H1) feC(R), f(s)>0fors >0, f(—s) =—f(s) for s > 0, and f is locally

Lipschitz continuous on (0, 00);
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(H2) There exist limits fy and f. such that 0 < fy, foo < 00,
f(s) f(s)

fo=lim —= and f, = lim —=;
s—+0 § s—00 g

(H3) In the case where fy = oo in (H2), f(s) is nondecreasing and f(s)/s is
nonincreasing on (0, so] for some sy > 0.

From (H1) we see that f(0) = 0. The case where f(s) = |s|P™'s with p > 0
is a typical case satisfying (H1)—(H3). Thus, fo = 0 and f., = oo correspond
to the superlinear case, and fy = oo and f,, = 0 correspond to the sublinear
case. While, if 0 < fy < oo and 0 < fo, < 00, then f is asymptotically linear
at 0 and oo, respectively.

In this paper we investigate the existence of multiple solutions of the prob-
lem (1.1) and (1.2). This kind of problem has been studied by many authors
with various methods and techniques. We refer for instance to the papers
[1-10, 12-17, 19] and the references cited therein.

In this paper we establish the precise conditions concerning the behavior
of the ratio f(s)/s for the existence and non-existence of the solutions. In par-
ticular, we will show that the problem (1.1) and (1.2) has at least k solutions,
where k represents the number of eigenvalues crossed by the ratio f(s)/s. (See
Theorem 2 below.) For the autonomous case a(t) = const, this result can
be shown by applying a time-mapping method, see, e.g. [10]. However, it
seems that very little is known about the result for the nonautonomous case
a(t) # const. We will obtain here the result for the nonautonomous case by
employing the shooting method together with the Sturm’s comparison theo-
rem. Moreover our results will help us to develop the previous arguments, and
to treat the known results from a unified point of view.

Let Ax be the k-th eigenvalue of

{ ©" + Xa(z)p =0,
©(0) = (1) =0,

and let ¢, be an eigenfunction corresponding to Ag. It is known that

0<z <],
(1.4)

O<)\1</\2<"'<)\k</\k:+1<"'7 hm)\k:oo,

k—oo

and that o, has exactly k — 1 zeros in (0,1). (See, e.g., [18, Chap. VI, Sec.
27].) For convenience, we put Ao = 0.



First we consider the case where the range of f(s)/s contains no eigenvalue
of the problem (1.4).

Theorem 1. Assume that there exists an integer k € N = {1,2,...} such
that

(1.5) Aeoq < @ < A for s €(0,00).

Then the problem (1.1) and (1.2) has no solution u € C?[0,1].

Next we consider the case where the range of f(s)/s contains at least one
eigenvalue of the problem (1.4). Note that if u is a solution of (1.1), so is —u,
because of f(—s) = —f(s). Hence we consider solutions u of the problem (1.1)
and (1.2) with «/(0) > 0 only.

Theorem 2. Assume that either fo < A < foo 0T foo < A < fo for some
k € N. Then the problem (1.1) and (1.2) has a solution uy which have ezactly
k—1 zeros in (0,1).

Theorem 3. Assume that either the following (i) or (ii) holds for some
k€ N:

(1) fo<Me <M1 < fooi () foo < A < N1 < fo

Then the problem (1.1) and (1.2) has solutions uy and ugi1 such that uy and
ugy1 have exactly k — 1 and k zeros in (0,1), respectively, and satisfy 0 <
u,(0) < up,(0) if (i) holds, and u,(0) > uj,(0) > 0 if (ii) holds.

Let us consider the cases where either f is superlinear or sublinear. As a
consequence of Theorem 3 we obtain the following:

Corollary 1. Assume that either the following (i) or (ii) holds:

Then there exist solutions uy (k= 1,2,...) of the problem (1.1) and (1.2) such
that uy has exactly k — 1 zeros in (0,1) for each k € N, and that

0 < uj(0) < uy(0) < -+ <up(0) <y (0) <---



if () holds, and

/

w1 (0) > up(0) > -+ > up(0) > up4(0) > -+ >0
if (ii) holds.

Remark. (i) For the superlinear and sublinear cases, the existence of
positive solutions of (1.1) and (1.2) has been obtained by Erbe and Wang [7]
by using fixed point techniques.

(ii) The existence of an infinite sequence of solutions of (1.1) and (1.2) has
been studied by Hartman [12] and Hooker [13] for the superlinear case, and
Capietto and Dambrosio [3] for the sublinear case. In [12] and [13], Corollary
1 has been given under a weaker condition on a and f. For the superlinear
and sublinear cases, we refer to [17].

Let us consider the nonlinear eigenvalue problem of the form
w4+ da(x)f(u) =0, 0<z<l,
(1.6)
u(0) = u(l) =0,

where A > 0 is a real parameter. We assume in (1.6) that a satisfies (1.3)
and f satisfies (H1)—(H3). By virtue of Theorem 2 we obtain the following
corollary, which is motivated by the results of Kolodner [14] and Dinca and
Sanchez [6].

Corollary 2. Assume that either the following (i) or (ii) holds:

Assume, in addition, that A\ < X\ < Aga1 for some k € N, where \j, is the k-th
eigenvalue of the problem (1.4). Then the problem (1.6) possesses k solutions
uj (j=1,2,...,k) such that u; has ezactly j — 1 zeros in (0,1).

By a change of variable, it can be shown that the existence of solution of
the problem (1.1) and (1.2) is equivalent to the existence of radial solutions
of the following Dirichlet problem for semilinear elliptic equations in annular
domains:

(1.7) Au+a(|z])f(u) =0 in Q,
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(1.8) u=0 on 0Q,

where Q = {z € R" : Ry < |z| < Ry}, Ry > 0 and N > 2. We assume in (1.7)
that a € C'[Ry, Ry, a(r) > 0 for By <17 < Ry, and that f satisfies conditions
(H1)-(H3).

Let py be the k-th eigenvalue of

(1.9) { (r*=1e) + ™ la(r)¢ =0, Ry <r < Ry,

¢(Ry) = ¢(Ry) = 0.
It is known (see, e.g., [18, Chap. IV, Sec. 27]) that
0:u0<u1<u2<~-~<uk<,uk.+1<~-~, ]}Lrgouk:oo

From Theorems 1 and 2 and Corollary 1, we obtain the following result,
which will be proved in Section 3.

Corollary 3. (i) Assume that there exists an integer k € N such that

f(s)

pr-1 < T < for s € (0,00).

Then the problem (1.7) and (1.8) has no radial solution u(r) in C*[Ry, Ry,
where r = |x|.

(ii) Assume that either fo < pr < foo 07 foo < e < fo for some k € N.
Then there exists a radial solution ug(r) of the problem (1.7) and (1.8), which
has exactly k—1 zeros in (Ry, Ry). In particular, if either (i) or (ii) in Corollary
1 holds, then there exist radial solutions ug(r) (k= 1,2,...) of (1.7) and (1.8)
such that ug(r) has exactly k — 1 zeros in (Ry, Rs) for each k € N.

Remark. (i) The existence of radial positive solutions of (1.7) and (1.8)
has been studied by many authors. For example we refer to [1, 2, 4, 5, 8, 9,
16] for the superlinear case, and to [19] for the sublinear case.

(ii) The existence of solutions with prescribed numbers of zeros is discussed
by Coffman and Marcus [4] for the superlinear case.

(iii) Recently, Ercole and Zumpano [8] have established the existence of ra-
dial positive solutions with no assumptions on the behavior of the nonlinearity
f either at zero or at infinity. They have used the fixed point theorem.



(iv) In order to treat radial solutions of the Dirichlet problem on a ball, we

need to study the singular boundary value problem. See, e.g., Lemmert and
Walter [15].

Theorem 1 follows immediately from the Sturm-Picone theorem. The
proofs of Theorems 2 and 3 depends on the shooting method combined with
the Sturm’s comparison theorem. Namely we consider the solution u(x; i) of
(1.1) satisfying the initial condition

w(0)=0 and «'(0)=p,

and observe the number of zeros of u(z; u) in (0, 1] when p — 0 and g — oo,
by using the Sturm’s comparison theorem. Here o € R is a parameter.

This paper is organized as follows. In Section 2 we give a global existence
and uniqueness of the solution for the initial value problem. In Section 3 we
study the properties of the solution u(z; i), and then prove Theorems 1-3 by
employing the Priifer transformation. In Section 4 we prove the lemmas stated
in Section 3.

2. PRELIMINARIES

In this section we consider the solution u of (1.1) with the initial condition
(2.1) w(0) =0 and «'(0) = p,

where p € R is a parameter. We denote by u(z; i) the solution of the problem
(1.1) and (2.1).

Proposition 2.1. For each u € R, the solution u(x; u) exists on [0,1] and
is unique. Furthermore, the solution u(x;u) satisfies the following properties
(i) and (ii):

(1) u(z; p) and W' (x; 1) are continuous functions of (x, 1) € [0,1] x R;

(ii) For each p € R\{0}, the number of zeros of u(x; ) in [0,1] is finite.

We will prove Proposition 2.1 by using the arguments introduced by Wong
[20] and Coffman and Wong [5]. First we give some lemmas.



Lemma 2.1. Assume that f(s) is nondecreasing and f(s)/s is nonin-
creasing on (0, so] for some sg > 0. If s1, 82,83 € (0, o] satisfy s, s3 > s1 and
Sg # s3, then

f(s3) = f(s2) < f(Sl).

83 — S2 S1

(2.2) 0<

Proof. In view of the monotonicity of f(s), we have (f(s3) — f(s2))/(s3 —
s3) > 0. We may assume that s3 > s. Since f(s)/s is nonincreasing, we obtain

Saf(s3) < s3f(s2). It follows that sy f(s3) — saf(s2) < s3f(s2) — s2f(s2), which
implies that

f(s3) = f(s2) _ [(52)
S3 — 89 o S9 ’
By the monotonicity of f(s)/s, we conclude that (2.2) holds. O

Let u be a solution of (1.1), and let I[u] C [0, 1] be the maximal interval of
existence for u. We define the energy function Eu] as follows:

(2.3) Elul(x) = + a(x)F(u(x)) for x € Iful,

where

F(s):/osf(a)da for s € R.

It is easy to see that F(s) = F(|s|) > 0 for all s € R\ {0}, F(0) = 0, and
F(s) is strictly increasing in s € (0,00). Thus Eful(x) > 0 on I[u], and we
conclude that Efu](x) = 0 on I[u] if and only if u(z) = 0 on I[u|. Furthermore
we obtain the following properties.

Lemma 2.2. Let xo,x € I[u]. Then

(2.4) Elu)(z) < Elu](zo) exp </;: %dt) for xy < z,

and

wo [o'(1)] -
a(t)

where [s]; = max{s,0} and [s]- = max{—s,0}.

(2.5) Elu](x) < Elu|(xo) exp </x dt) for x < x,
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Proof. In view of (1.1) and (2.3), we find that
d o/ ()]
T Elu)(z) = o (2) F(u(2)) < — = Elul(z).
Then, for zo, € I[u], zg < x, we have

% (E[u](x) exp <_ [ [“;((%“dt)) <.

An integration of the above over [zg, ] gives inequality (2.4). Inequality (2.5)
can be obtained in a similar fashion. O

Let us consider the equation (1.1) with the general initial condition
(2.6) (o) = o, '(x) = 5,
where zg € [0,1] and «, 5 € R are arbitrarily given.

Lemma 2.3. Let xy € [0,1], and let o, B € R. Then the initial value
problem (1.1) and (2.6) has a unique local solution.

Proof. The existence of a local solution of (1.1) and (2.6) is guaranteed
by the Peano existence theorem. Then it suffices to show the uniqueness of
a local solution of the problem. If either f; < oo or a # 0 in (2.6), then
the uniqueness of a local solution of the problem is clear since f satisfies a
Lipschitz condition on [ — 0, a + §], where § > 0 is taken sufficiently small.
Then the question is the case where fy = oo and @ = 0. In this case we make
a distinction between 3 # 0 and § = 0.

The case where fo = oo, a =0 and 3 # 0 in (2.6). We may suppose that
B > 0 without loss of generality. Let u; and ug be local solutions of (1.1)
satisfying (2.6) with & = 0 and § > 0. Then there exists a number z; € (¢, 1)
such that

(2.7) g(x —x9) <w(z) <sg forzg<ax<uz, i=12,

where sq is the number in (H3). Since u; and uy satisfy
xT

uil@) = Bl = 20) = [ (@~ at) f(us(t))at

o
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for xg < x < x1,1=1,2, we have
() = wx(@)| < (0 = 0) [ al®) Fwnt)) = flua(t))]dt
Zo
for g < x < ;. By (2.7), Lemma 2.1 implies that

f(B(x = 20)/2)

|f(ui(z)) — flue(z))| < B(x — x0)/2

[ur(z) — ua ()]

for zg < z < z;. Then we obtain

|ur () — ua ()| < 2 xa(t)f <é(t _ xo)) |ui (t) — U2(’5)|dt

T — Zo _B o 2 t — xo

for xy < x < x;. We note here that the function U(z) = |ui(x) —ug(z)|/(z—x0)
has the finite limit as  — ¢ + 0, and hence U(x) can be regarded as a con-
tinuous function on the closed interval [z, z1]. Then by Gronwall’s inequality
we see that U(x) = 0 for 29 < x < 2, which implies that ui(x) = us(z) for
ro9 < x < xq7. The uniqueness in a left-neighborhood of xzq is similarly proved.

The case where fo = 0o, « = 0 and f = 0 in (2.6). In this case we will
show u = 0 by using of the function E|[u] defined by (2.3). Suppose that u
is a local solution of (1.1) and (2.6) with « = = 0 and that it exists on an
interval [xg,z1]. Then, making use of (2.4) and nothing that F[z|(x¢) = 0, we
see that E[u](z) = 0, which implies the uniqueness on a right-neighborhood of
xo. Similarly, the use of (2.5) yields the uniqueness on a left-neighborhood of
xo. This completes the proof of Lemma 2.3. a

Proof of Proposition 2.1. From Lemma 2.3 the initial value problem (1.1)
and (2.1) has a unique local solution u(z; i) for each p € R, and the solution
u(z; ) is unique as far as the solution exists. Let /[u] be the maximal interval
of existence for u(x;u). From Lemma 2.2 the function Efu(-, )] defined by
(2.3) satisfies

/!
a(t)
This means that both u(x; u) and «'(x; 1) are bounded as far as the solution

exists. Thus, by a standard argument, we conclude that u(z; u) is continuable
on [0, 1], that is, u(x; u) exists on [0, 1] and is unique.

Elu(-, w)](x) < %QGXp </01 la (t)|dt> for x € I[ul.

9



It is well known that the scalar equation (1.1) can be written by the system
of the first order differential equation ' = F(x,u), where

u = ( 5 ) and F(z,u) = ( _a(;")/f(u) )

By a general theory on the continuous dependence of solutions on parameters
and initial conditions (see, for example, [11, Chap. 1, Theorem 2.4)), it follows
that u(z; u) and «'(x; u) are continuous in (x, x) on the set [0,1] x R. Then
(i) of Proposition 2.1 holds.

By the uniqueness we see that if u(x; x) has infinitely many zeros in the
finite interval [0, 1] then u(x; ) = 0 on [0,1]. Thus, if u(z;u) # 0 on [0, 1],
then the number of zeros of u(x; ut) in [0, 1] is finite, that is (ii) of Proposition
2.1 holds. The proof is complete. O

3. PROOFS OF THEOREMS 1-3

In this section we give proofs of Theorems 1-3.

Proof of Theorem 1. Assume to the contrary that the problem (1.1) and
(1.2) has a solution u € C?[0,1]. We see that u satisfies u” + b(z)u = 0 for
0 <z <1, where

Note that fy < Ay < oo by (1.5), and hence f(s)/s can be regarded as a
continuous function on R. Thus we have b € C|0, 1].
From (1.5) it follows that

Ai—1a(x) < b(z) < Aa(z)  for u(x) # 0.

First assume k£ > 2. Recall that an eigenfunction ¢;_; corresponding to A\;_;
has exactly k — 2 zeros in (0,1). By applying the Sturm—Picone theorem to
vr—1 and u (see, e.g., [18, Chap. IV, Sec. 27]), we see that u has at least k —1
zeros in (0,1). Now, by applying the Sturm—Picone theorem again to u and
¢k, we find that ¢, has at least k zeros in (0,1). This is a contradiction. If
k =1, then by applying the Sturm—Picone theorem to v and ¢, we conclude
that o has at least one zero in (0,1). This contradicts the positivity of ¢;.
Consequently the problem (1.1) and (1.2) has no solution. O

10



To prove Theorems 2 and 3 we employ the Priifer transformation for the
solution u(x; ) of the problem (1.1) and (2.1). For the solution w(z; ) with
u € R, we define the functions r(z; ) and 0(x; 1) by

{ u(w; p) = r(x; ) sin (s ),
' (5 p) = (23 1) cos (3 ),

where ' = d/dx. Since u(z;p) and u'(x;u) cannot vanish simultaneously,
r(z;u) and O(x; u) are written in the forms

r(win) = (fule: )P + e (s ) > 0

and (2 )

u(z;

O(x; ) = arctan ———=,
(it e

respectively. Therefore r(x; ) and 6(z;p) are determined as continuously

differentiable function with respect to x € [0,1]. By a simple calculation we

see that

sin 0/(x; p) f(r(z; p) sin O(; 1))
r(z; p)

0'(x; 1) = cos® O(x; p) + a(x) > 0

for x € [0, 1], which shows that 6(x; i) is strictly increasing in - € [0, 1] for each
fixed p # 0. From the initial condition (2.1) it follows that r(0; x) = p and
0(0; 1) = 0 (mod 27). For simplicity we take 6(0; ) = 0. By (i) of Proposition
2.1, the function 0(z; ) is continuous in (z,u) € [0,1] x R. It is easy to see
that u(z; u) has exactly k zeros in (0, 1) if and only if

kr < 0(1; 1) < (k+ 1)m.

To show Theorems 2 and 3 we need Lemmas 3.1-3.4 below. Recall that
Ax is the k-th eigenvalue of the problem (1.4). Since u(z; —p) = —u(z; p) for
x € [0,1], we consider only the case where p > 0.

Lemma 3.1. Assume that fo < A, for some k € N. Then there exists
e € (0,1) such that, for each u € (0, ], the solution u(x;u) has at most
k—1 zeros in (0,1).

11



Lemma 3.2. Assume that fo > A\ for some k € N. Then there exists
ty € (0,1) such that, for each p € (0, |, the solution u(x;u) has at least k
zeros in (0, 1).

Lemma 3.3. Assume that foo > A, for some k € N. Then there exists
w* > 1 such that, for each pu > p*, the solution u(x;p) has at least k zeros in
(0,1).

Lemma 3.4. Assume that foo < A\p for some k € N. Then there exists
w* > 1 such that, for each p > p*, the solution u(x; u) has at most k—1 zeros
in (0,1).

The proofs of Lemmas 3.1-3.4 will be given in Section 4.

Proof of Theorem 2. First we suppose that fo < Ay < foo. Lemma 3.1
implies that there exists . € (0, 1) such that u(x; 1) has at most k£ —1 zeros in
(0,1) for p € (0, ps), that is, 0(1; u) < km for p € (0, ). By Lemma 3.3, there
exists p* > 1 such that 6(1; ) > km for > p*. Since 6(1; 1) is continuous
in g € [0,00), there exists a number pg € [, p#*) such that 6(1; u,) = k.
This implies that wu(x; py) is a solution of the problem (1.1) and (1.2) and has
exactly k — 1 zeros in (0,1).

In the same way, from Lemmas 3.2 and 3.4, we can prove Theorem 2 for
the case foo < A\i < fo. The proof is complete. a

Proof of Theorem 3. Suppose that (i) holds. From the proof of Theorem 2
there exist p; > 0 such that (1, yuy) = km, that is, the problem (1.1) and (1.2)
possesses a solution u(x; pux), which has exactly k—1 zeros in (0, 1) and satisfies
u'(0; ug) = pg. By Lemma 3.3, there exist p* > 1 such that 0(1; ) > (k+ 1)m
for u > p*. Hence we see that p, < p*. By the continuity of 6(1, u) there
exists g1 € (g, 1) such that 6(1; ugr1) = (k+ 1)m. Thus the problem (1.1)
and (1.2) possesses a solution u(z; pg+1), which has exactly k zeros in (0, 1).
It follows from gy, < pg41 that o' (0; py) < u'(0; pgtr)-

By using Lemmas 3.2 and 3.4, it can be shown Theorem 3 for the case (ii).
This completes the proof of Theorem 3. O

Now we give the proof of Corollary 3.

12



Proof of Corollary 3. For a radial solution u(r), equation (1.7) is rewritten
in the form
v N —1du
— _|._ N
dr? r o dr

+a(r)f(u) =0 for Ry <7 < Ry,

where r = |z|. Let v(t) = u(e!) for N = 2, and let v(t) = u(t/?=N) for
N > 3. Then it follows that the problem (1.7) and (1.8) is transformed into
the problem

(3.1) V" +b(t) f(v) =0 for Ty <t <Ts,

(3.2) v(Ty) = v(Ty) =0,

where ' = d/dt, and b(t) = e?a(et), Ty = log Ry and T, = log Ry for N = 2,
and b(t) = (2 — N) 2t 20NV=D/IN=2)q(¢1/C=N)) Ty = RZN and Ty, = R for
N > 3.
Similarly, define 1(t) = ¢(e?) for N = 2, and ¥ (t) = ¢(t'/*=N)) for N > 3.
Then the eigenvalue problem (1.9) is transformed into the problem
W pb(t)y =0, Ty <t<Ts,
O(Th) = (Tz) =0,

where " = d/dt. Thus, by applying Theorems 1 and 2 and Corollary 1 to (3.1)
and (3.2), we have Corollary 3. 0
4. PROOFS OF LEMMAS 3.1-3.4

In this section we prove Lemmas 3.1-3.4. The following notation will be
used:

a, = min{a(z) : 0 <z <1}, " =max{a(z):0<z <1},

oo (- [ E00) ([0

First we need the following results.
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Lemma 4.1. (i) Let pr > 0. Then
1w 0
(4.1) EA* < Elu(;p)](z) < 714* for 0 <z <1,

where Elu(-; )] is the function defined by (2.3).
(i) Let M > 0. If

20, F(M)

4.2 2 <
(4.2) WS

then |u(z;p)] < M for0 <z <1.

Proof. (i) From Lemma 2.2 we have

Elu(-; m)](z) < Elu(-; 1)](0) exp (/Ox [a;((tt))]+dt> for 2 >0

and
Elu(-; 11)](0) < Efu(-; p)](z) exp </Ox [aa((%]dt) for z > 0.
Then
Blul -5 m))(@) < - exp ( [ L“”w) for 0 <2< 1
’ -2 o a(t) -0
and

Elu(-;pw)(z) > ’%exp (—/01 %dt) for 0 <z <1,

respectively, and hence (4.1) holds.
(ii) In view of (4.1) and (4.2) we obtain

From a,F (u(z; ,u)|)

<k .
Therefore |u(x; p)] < M for 0 <z < 1. 0

Proof of Lemma 3.1. By fy < Ax there is a number M > 0 such that

(4.3) @ < A for |s| < M.

14



Take a number p, € (0,1) so small that (4.2) is satisfied for all p € (0, u.].
Let p € (0, i1,]. From (ii) of Lemma 4.1 we obtain |u(z; u)| < M for z € [0, 1].
Now we define the function b(zx) by

b() = () L) ooy
Since f(s)/s is continuous on R by fy < oo, we conclude that b € C|0,1]. In
view of (4.3) and the fact that |u(x; )| < M on [0, 1], we have
(4.4) b(z) < Mpa(z) for 0 <z <1.

Recall that an eigenfunction ¢, corresponding to A\ has exactly k — 1 zeros in
(0,1). Since u(zx; ) satisfies the equation u” +b(z)u = 0 and has a zero x = 0,
by (4.4) and the Sturm—Picone theorem, we see that u(x; 1) has at most k — 1
zeros in (0, 1). This completes the proof. O

Proof of Lemma 3.2. From A\, < fo we have
(4.5) Ak < (s) for 0 < |s| <M
s

for some M > 0. There is a number p, € (0,1) so that (4.2) holds for all
w € (0, ps]. Let p € (0, ). From (ii) of Lemma 4.1 it follows that |u(z;u)| <
M for x € [0,1]. Let x; (i = 0,1,2,...,k) be zeros of an eigenfunction ¢y,
corresponding to A such that

(4.6) O=ap< a1 <X <+ < Tp_1 <Tp = 1.

Assume that there is an integer ¢ € {1,2,..., k} such that u(x; u) has no zero in
(x;—1, ;). Without loss of generality we may suppose that u(x) = u(z;pu) >0
and pg(x) > 0 for x € (x;_1,2;). Then we note that ¢} (z;—1) > 0 and
@i (z;) < 0. Hence

(4.7) w(@)gl (i) — u(@im1)$(2i1) < 0.

On the other hand, by |u(z)| < M for 0 < z <1 and (4.5) we obtain

/: (—u"op + upy) doe = /:Z a(z) lM - Ak} upy dr > 0.

i— u
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Hence from ¢ (z;-1) = ¢(z;) = 0 it follows that

—u'p + upy xll = u(®:) @y, (i) — w(wia)ph(zio) > 0.
This contradicts (4.7). Consequently, u(x; 1) has at least one zero in (z;_1, ;)
for each ¢ € {1,2,...,k}, which means that u(x; ) has at least k zeros in

(0,1). The proof is complete. O
To prove Lemmas 3.3 and 3.4 we require the following lemmas.

Lemma 4.2. Let x; (i = 0,1,2,..., k) be zeros of an eigenfunction gy
corresponding to Ay satisfying (4.6).
(i) Let A > \g. Then, for each i € {1,2,...,k}, there is a solution w; of

(4.8) w” + Aa(z)w = 0,

which has at least two zeros in (x;_1,x;).
(ii) Let X\ < A,. Then, for each i € {1,2,... k}, there is a solution w; of
(4.8) such that w;(x) > 0 on [x;_1,x;].

Proof. (i) Let i € {1,2,...,k} be fixed. Consider the initial condition
(4.9) w(xi1+¢e)=0 and w'(x;_1+e)=1

with € > 0. Since Aa(z) > Ma(z) on [x;—1, ;] and @r(x;—1) = r(x;) = 0, by
the Sturm-Picone theorem, we see that the solution of (4.8) and (4.9) with
e = 0 has a zero 2y in (x;_1, z;). By the continuous dependence of solutions on
initial conditions, the solution of (4.8) and (4.9) with small € > 0 has a zero
z. near zy. Hence, if € > 0 is sufficiently small, the solution of (4.8) and (4.9)
has two zeros x;_1 + ¢ and z. in (x;_1, ;).

(i) Fix i € {1,2,...,k}, and consider the initial condition

(4.10) w(zi—1)=¢ and w'(r;_1) =1

with € > 0. Since \a(z) < Ara(x) on [x;_1, x;] and ¢y has no zero in (x;_1, ;),
the Sturm-Picone theorem shows that the solution of (4.8) and (4.10) with
e = 0 satisfies w(z) > 0 on (x;_1,2;]. By the continuous dependence of
solutions on initial conditions, if € > 0 is sufficiently small, then the solution
of (4.8) and (4.10) satisfies w(z) > 0 on [z;_1, ;). O
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Lemma 4.3. Let M > 0. If u > 0 satisfies

24" F (M)

4.11 2

then the solution u(x; p) has the following properties (1)—(iii):

(1) If v/ (zo; p) = 0 for some o € (0, 1], then |u(zo; p)| > M;

(ii) Assume that u(x; u) has no zero in (x1,x2) and satisfies |u(z; p)] < M
on [x1,xs] for some xq1,x9 € [0,1]. Then we have xo — x1 < 0, where

p— M .
\/,uQA* — 26L*F(M)7

(4.12) b

(iii) Define 6 > 0 by (4.12). Assume that u(x;pu) has no zero in (a, )
for some a, 5 € [0,1] satisfying 5 — a > 25. Then |u(x;u)| > M for xz €
a4+ 6,8 —d].

Proof. (i) From u'(x; 1) = 0 we see that
Elu(; w)](x0) = alo) F(u(xo; ) < a"F(u(xo; ).
In view of (4.1) and (4.11) we have
12
Elu (o) > A, > a*F(M),
Then it follows that a* F/(M) < a* F(u(zo; pv)), which implies that M < |u(xq; w)|.

(ii) We may assume that u(z) = u(z;u) > 0 on (z1,29). Then we note
that

(4.13) 0<u(z) <M forzx € |x1,xs).

Hence we see that

Elu(-; p)](x) < Qx +a"F(M) forz; <x <z

Since Efu(-;u)](z) > (u?/2)A, by (4.1), we have

/() ?

5 +a*'F(M) for x; <z < x.

2
By, <
9 >~
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This implies that

M
/()] > /12 A, — 2a*F(M) = = form <z <a,.

Therefore we obtain either v/(x) > M/§ on [xq, xs] or —u/(z) > M/ on [x1, 23]
Assume to the contrary that o —xq > 6. If /() > M/J on [xq, x5], then
we have

u(za) = u(zy +/ dx>T(x2—x1)>M

This contradicts (4.13). On the other hand, if —u/(z) > M/§ on [xy, zs], then

x2

w(xy) = u(xy) —/ u'(z)dz > %(xg —x1) > M,
which contradicts (4.13). Hence xg — 21 <.

(iii) It is sufficient to prove that |u(x; u)| > M for x € (a+ 9,5 — ). We
may assume that u(x) = u(z;p) > 0 on (o, 3). In view of (1.1) we see that
u’(z) < 0 on (a, ), so that u is strictly decreasing on [«, 5]. Assume to the
contrary that there is a number v € (a4 0, 5 — 9) such that u(y) < M.

First suppose that «'(y) > 0. Since u’ is nonincreasing on [, 3], we find
that «'(x) > u/(y) > 0 for x € [a,7), so that u is strictly increasing on [« 7].
Then we have 0 < u(x) < u(y) < M on [«a,v]. By applying (ii) of Lemma 4.3
with 1 = @ and 9 = 7y, we have v —a < §. This contradicts v € (a+4, 5—9).

Next we assume that u/(7y) < 0. Since u' is strictly decreasing on [a, ],
we have u'(z) < u/(y) < 0 for € [y,6]. Then 0 < u(z) < u(y) < M for
x € [, f]. From (ii) of Lemma 4.3 we obtain f—~ < ¢. This is a contradiction.
Therefore, |u(z; )| > M for x € [a+ 6,3 — d]. This completes the proof. O

Proof of Lemma 3.3. Let A > 0 satisfy \p < A < fo. Take M > 0 so large
that

(4.14) /(s) > A> )\, for |s| > M.
s

Let z; (i = 0,1,2,...,k) be zeros of an eigenfunction ¢, satisfying (4.6). By
(i) of Lemma 4.2, for each i € {1,2,...,k}, there exists a solution w; of (4.8)
having at least two zeros in (z;_1, ;).

Now fix i € {1,2,...,k}. Let t; and t5 be zeros of w; such that z; ; < t; <
to < x;. We can take a number p; > 0 so large that, for all y > p;, inequality
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(4.11) is satisfied, and that z; —z;_1 > 2§ and [t1,ts] C [z;-1 + 0, x; — ], where
d > 0 is defined by (4.12). Let u > p;. We will show that u(z; 1) has at least
one zero in (z;_1,x;).

Assume to the contrary that u(z; p) has no zero in (z;_1, x;). From (iii) of
Lemma 4.3 we obtain |u(x; p)| > M for « € [z;_1 + §,2; — J§]. By (4.14) we
have

Aa(z) < a(:zc)M =b(z), z€[t1,to) C[zim1+ 5,2 — 0]

u(w; )

Since u(x; ) satisfies u” 4+ b(x)u = 0, the Sturm—Picone theorem shows that
u(z; ) has at least one zero in (t1,t2). This contradicts the assumption that
u(z; ) has no zeros in (z;_1,x;). Hence, u(x;pu) has at least one zero in
(Ti1, i) if > py

Put p* = max{y; : ¢ =1,2,...,k}. If p > p* then, u(z;u) has at least
one zero in (z;_1,x;) for each ¢ € {1,2,...,k}, which means that u(z;u) has
at least k zeros in (0,1). This completes the proof. O

Proof of Lemma 3.4. Choose A > 0 such that foo < A < A\x. Take M > 0
so large that

(4.15) (s) <A<\, for |s| > M.

s
Let z; (1 =0,1,2,...,k) be zeros of an eigenfunction ¢y, satisfying (4.6). By
(ii) of Lemma 4.2, for every i € {1,2,...,k}, there exists a solution w; of (4.8)
such that w;(z) > 0 on [x;_y, z;]. For each i € {1,2,... k}, we define W; by

W; = max{M cxT € [xi_l,xi]}.

w;(x)

There exists a number p* > 1 so large that if 1 > p*, then (4.11) holds and

\//HA* —2a*F (M)

(4.16) =

>max{W;:i1=1,2,...k}.

Let p > p*. We will show that u(x) = u(x; 1) has at most one zero in [z;_q, x;)
for each i € {1,2,...,k}. Suppose that u(z) has at least two zeros in [z;_1, ;)
for some i € {1,2,...,k}. Then there exist numbers «, 5 € [x;_1,z;) with
a < (3 such that u(a) = u(8) = 0. We may assume that u(z) > 0 on (a, 3).
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Set U = max,e[q,5 u(r) > 0 and take v € (o, 3) such that u(y) = u. By (4.11)
and u/(y) = 0, (i) of Lemma 4.3 implies @ > M. Then there are numbers t;
and ¢y such that o < t; < to < 8, u(ty) = u(te) = M and u(z) > M for
x € (t1,12). We note that «'(¢1) > 0 and u/(t2) < 0. By (4.1) we have

2 (g V|2
WA < Bupi) < UL m ) =12

which implies that [u/(¢;)]? > p?A. — 2a*F(M) for j = 1,2. From u(t;) =
u(ty) = M and (4.16), we obtain

[w(ty)] A — 20 F(M)

(4.17) > W, forj=1,2.

u(t))
In view of u/(¢;) > 0 we have u'(t1)/u(t1) > W; > wi(t1)/w;(t1), that is,

Using (4.15) and the fact that u(z) > M for t; < x < t5, we see that

/t2 (v"w; — uw!)dx = /: a(x) [)\ — M

uw; dx > 0,
t1 u

so that
(v'w; — uwy)

to
> 0.
t1
Therefore (4.18) implies u'(tg)w;(t2) — u(tz2)wi(t2) > 0. Then we obtain

u'(ta) _ wilta)
u(ty) ~ wi(ta)’

and hence

w't)|  —u'(ta) L Twilt) wita)| _ W,
u(t2) u(t2) wi(tz) T wilty) T
This contradicts (4.17). Consequently u(x; 1) has at most one zero in [z;_1, ;)
for each i € {1,2,...,k}. Note that u(x; 1) has no zero in (g, z1), since g = 0
is a zero of u(x; ) in [xg, z1). Hence u(x; p) has at most k — 1 zeros in (0, 1).
This completes the proof. O
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