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We study a five dimensional SU(3) nonsupersymmetric gauge theory compactified on M* X §'/Z, and
discuss the gauge hierarchy in the scenario of the gauge-Higgs unification. Making use of the calculability
of the Higgs potential and a curious feature that coefficients in the potential are given by discrete values,
we find two models, in which the large gauge hierarchy is realized, that is, the weak scale is naturally
obtained from a unique large scale such as a grand unified theory scale or the Planck scale. The size of the
Higgs mass is also discussed in each model. One of the models we find realizes both large gauge hierarchy
and consistent Higgs mass, and shows that the Higgs mass becomes heavier as the compactified scale

becomes smaller.
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L. INTRODUCTION

The standard model has had great success in the last
three decades, and at the moment, there is no discrepancy
of the prediction from precision measurements. The stan-
dard model, however, has potential shortcomings, one of
which is the stability of the Higgs sector against radiative
corrections. Namely, the Higgs mass is sensitive to ultra-
violet effects because of quadratic dependence on the cut-
off. Two tremendously separated energy scales cannot be
stabilized without fine-tuning of parameters, and there is
the gauge hierarchy problem in the standard model.

The problem entirely comes from lack of symmetry to
control the Higgs sector. Any attempts to overcome the
problem always lead us to physics beyond the standard
model. Supersymmetry (SUSY) has been considered as
one of the promising candidates. It controls the Higgs
sector to suppress the ultraviolet effect on the Higgs
mass. The gauge hierarchy problem is (technically) solved
by introducing SUSY. However, SUSY does not possess
the mechanism to yield the large gauge hierarchy naturally
at tree level. The solution to the gauge hierarchy problem
requires the mechanism to generate the large gauge hier-
archy at tree level, and at the same time, it must be stable
against radiative corrections. SUSY guarantees only the
stability against radiative corrections. Moreover, the super-
partners, which are the prediction of supersymmetry, have
not yet been discovered. Hence, it is important to seek a
different approach to the gauge hierarchy problem.

Recently, higher dimensional gauge symmetry has re-
ceived much attention as a new approach to the gauge
hierarchy problem without resorting to supersymmetry.
The higher dimensional gauge symmetry plays the role
of controlling the Higgs sector. In particular, the gauge-
Higgs unification, originally proposed by Manton [1] and
Fairlie [2], is a very attractive idea of physics beyond the
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standard model [3]. Four dimensional gauge and Higgs
fields are unified into a higher dimensional gauge field,
and the theory is completely controlled by the higher
dimensional gauge symmetry. Hence, the mass term for
the Higgs field is forbidden by the gauge invariance. The
gauge-Higgs unification has been studied extensively from
various points of view [4,5].

In the gauge-Higgs unification, the Higgs field corre-
sponds to the Wilson line phase, which is a nonlocal
quantity. The Higgs potential is generated at quantum level
after the compactification and, reflecting the nonlocality of
the Higgs field, the potential never suffers from the ultra-
violet effect [6]. As a result, the Higgs mass calculated
from the potential is finite as well. In other words, the
Higgs mass and the potential are calculable. This is a very
remarkable fact, which rarely happens in the usual quan-
tum field theory. The specific feature is entirely due to shift
symmetry manifest through the Wilson line phase (Higgs
field), which is a remnant of the higher dimensional gauge
symmetry. Thanks to the finite Higgs mass, two tremen-
dously separated energy scales can be stable in the gauge-
Higgs unification.

The compactification scale is set by the magnitude of the
vacuum expectation values (VEV) of the Wilson line phase
in the gauge-Higgs unification when the extra dimension is
flat." In the usual scenario, the scale is at around a few
TeV.” In this paper, we discuss whether or not the com-
pactification scale can be an enormously large scale such as
a grand unified theory (GUT) scale or the Planck scale.” In
discussing the gauge hierarchy, we make use of a curious
feature of the Higgs potential in the gauge-Higgs unifica-

'"The gauge-Higgs unification with a warped extra dimension
has been studied in [7].

This is the reason that the gauge-Higgs unification can be
used to solve the little hierarchy problem.

3A different attempt to solve the large gauge hierarchy prob-
lem has been made in the Higgsless gauge symmetry breaking
scenario [8].
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tion. The dynamics of the potential is mostly governed by
massless bulk matter introduced into the theory. For small
VEV of the Higgs field, in which we are really interested,
the Higgs potential is approximated in terms of the loga-
rithm and polynomials with their coefficients being a dis-
crete value given by the flavor number. This curious feature
is hardly observed in the usual quantum field theory, in
which the coefficients are continuous, scale-dependent
parameters.

The point for obtaining the large gauge hierarchy is that
the coefficient for the mass term can be set to zero. We
introduce massless bulk matter satisfying not only the
periodic boundary condition for the S! direction but also
the antiperiodic one. The massless bulk field satisfying the
antiperiodic boundary condition has an opposite sign for
the coefficient of the mass term from that satisfying the
periodic one. This is why the coefficient can be set to zero
even though we do not introduce supersymmetry. We also
notice that this is not the fine-tuning of the parameter, but
just a choice of the flavor set because the coefficient is the
discrete value given by the flavor number.

We consider a five dimensional SU(3) gauge theory,
where one of the spatial coordinates is compactified on
an orbifold S'/Z,. We find two models, in which the large
gauge hierarchy is realized. In model I, the form of the
Higgs potential is reduced to the massless scalar field
theory in the Coleman-Weinberg paper [9]. The large
gauge hierarchy is interpreted as the magnitude of the ratio
between the logarithmic and quartic terms in the Higgs
potential. The flavor number of the massless bulk matter
directly affects the size of the gauge hierarchy in model I.

In model II, we introduce massive bulk fermions in
addition to the massless bulk matter considered in
model I. The massive bulk matter contributes to the
Higgs potential in a manner similar to the Boltzmann-
like suppression factor, which is similar to finite tempera-
ture field theory [10]. Under the condition that the contri-
bution from the massless bulk matter to the mass term
vanishes, the mass term is controlled only by the term
generated from the massive bulk fermion with the
Boltzmann suppression factor to yield the exponentially
small VEV. Then one can have the large gauge hierarchy.
The flavor number of the massless bulk matter has no effect
on the size of the gauge hierarchy.

We also study the Higgs mass in each model. In model I,
because of the fact that the Higgs potential has the same
form as the massless scalar field theory studied by
Coleman and Weinberg, the Higgs mass is inevitably
smaller than massive gauge bosons [9]. The heavier
Higgs mass tends to decrease the size of the gauge hier-
archy. The large gauge hierarchy and the heavy Higgs mass
are not compatible in model I. On the other hand, in
model II, the Higgs mass becomes heavier as the gauge
hierarchy becomes larger. It is possible to have consistent
Higgs mass with the experimental lower bound for the
small flavor number.
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This paper is organized as follows. In the next section we
briefly review the gauge-Higgs unification in the five di-
mensional SU(3) gauge theory compactified on the orbi-
fold S'/Z,. We discuss the gauge hierarchy in the scenario
of the gauge-Higgs unification and present two models
which can realize the large gauge hierarchy in Sec. III.
The final section is devoted to conclusions and discussions.

II. SU(3) GAUGE THEORY ON M* X S!/Z,

In this section, we quickly review the relevant part of the
gauge-Higgs unification for later convenience. Readers
who are familiar with the gauge-Higgs unification can
skip this section and go directly to the next section. We
consider an SU(3) nonsupersymmetric gauge theory on
M* X §'/Z, as the simplest example of the gauge-Higgs
unification [11]. Here, M* is the four dimensional
Minkowski space-time and S'/Z, is an orbifold. The orbi-
fold has two fixed points at y = 0, 7R, where R is the
radius of S!. One needs to specify boundary conditions of
fields for the S! direction and the fixed point.

We define

Ay(x,y +2@R) = UA,(x, y)UT, (1)

(Ay )(x, i~y = P,-( 4, )(x, yi+t P, (i=01),
(2)

where Ut = U~!, Pf = P, = P;' and y, =0, y, = 7R
and 4 stands for g = (u, y). The minus sign for A, is
needed to preserve the invariance of the Lagrangian under
these transformations. A transformation 7R + y—"1 7R —
y must be the same as 7R + y—Fo — (7R + y)—»Y7wR —
v, so we obtain U = P, P,. Hereafter, we consider P; to be
a fundamental quantity.

For the given matrix P;, the parity of A‘}L(a =1,...,98)
under the transformation is assigned. The fields with even
parity have zero modes, while those with odd parity
have no zero modes. We choose Py, = P; = e™V3hs =
diag.(—1, —1, 1), where Ag is the 8th Gell-Mann matrix.
Then, we observe that the zero modes are

(0)8
1 AP+ ADN A0
0 )8
AR =S| AD +ia®? —A03 4 B0 |
0 0 ~Z A"
3)
) 0 0 AP —iA»
AY = 5 0 0 ADE A0
AP +iAS AP 4 AT 0

“4)

Counting the zero modes for A,, we see that the gauge
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symmetry is broken down to SU(2) X U(1) [11]. On the
other hand, the zero modes for A, transform as the SU (2)
doublet, so we can regard it as the Higgs doublet,
A(0)4 iA§)0)5 (5)
A" |

1 A
b = \/ZWRE(AEFM .

In fact, ® has the SU(2) X U(1) invariant kinetic term*
arising from tr(F ,,)?,

27R
fo dy{—tr(F ,,F*)}

3 2
A

<8 - ig4A(0)a La -
® L)
where we have rescaled the zero modes of the gauge fields
by v27R in order to have the correct canonical dimension.
The VEV of the Higgs field is parametrized, by utilizing the
SU(2) X U(1), as

A6 A6
2L =0 (7)

Ay = = 06
47 4R 2 )

where a is a dimensionless real parameter, and g, is the
four dimensional gauge coupling defined from the original

five dimensional gauge coupling by g, = gs/v27R.
|

res/n2) & (+)
Verr(a) = TPQaRY : Z [(—3 + 4N, —
+ (4N —
adj adj

+ (4N — 2N cos[mn(a — 1)]}

where the factor d coming from the ad]omt scalar takes 1
(2) for the real (complex) field. NadJ (N ) denotes the
flavor number for fermions belonging to the adjoint (fun-
damental) representation under SU(3), where the sign (*)
stands for the intrinsic parity defined in [16]. Similarly,
Ni;)S(N ( )S) means the flavor number for bosons in corre-
sponding representations. Since Veg(a) = Veg(—a) and

V(@) = V(2 — a), the physical region of a is given
by0=a=1.

We have obtained the effective potential for a nonlocal
quantity, the Wilson line phase a. Nonlocal terms in the
effective potential are expected not to suffer from ultravio-
let effects [6]. That is why the divergence associated with
the phase a does not appear in the potential (10). The
effective potential is calculable in the gauge-Higgs unifi-
cation. Accordingly, the Higgs mass, which is obtained
from the second derivative of the effective potential eval-

“This simplest example of the gauge-Higgs unification pre-
dicts wrong values of the Weinberg angle. It is known that there
are a few prescriptions to overcome the problem [12].

ANy

PHYSICAL REVIEW D 75, 045015 (2007)

One usually evaluates the effective potential for the
parameter a in order to determine it [13]. Let us note that
a is closely related to the Wilson line phase,

W= ’Pexp(igsjg dy(Ay>>
Sl
1 0 0
=10

0 isin(mag)

cos(mray) isin(ag) (ag mod 2), (8)

cos(may)

where q; is determined as the minimum of the effective
potential. The gauge symmetry breaking depends on ay,

SU(2) X U(1) for ay = 0,
Uy XU@1) foray=1 (9
U(Dem otherwise.

SUQ2) X U(1) —

It has been known that, in order to realize the desirable
gauge symmetry breaking, SU(2) X U(1) — U(1)yy,, the
matter content in the bulk is crucial. For our purpose, let us
consider the matter content studied in [14]. Following the
standard prescription to calculate the effective potential for
a [13,15], we obtain

Y(cos[2mna] + 2 cos[mna))

1
dn': )S)<cos[27m<a - 5)} + 2 cos[mn(a — 1)]) + (4N}? - ZN}-Z)S) cos[7na]

(10)

{
uated at the minimum, is also calculable. Hence, the gauge-

Higgs unification can provide a natural framework to ad-
dress the gauge hierarchy problem.

III. LARGE GAUGE HIERARCHY IN THE
GAUGE-HIGGS UNIFICATION

In the scenario of the gauge-Higgs unification, the mass
of the W bosons is given, from Eq. (6), by

My = —. 11
W= 3R (11)

This relation gives us the ratio between the weak scale and

the compactification scale M, = (27R)"!,
M
MW = 7ay. (12)

c

Once the value of ay is determined from the effective
potential, the compactification scale M, is fixed through
Eq. (12). In the usual scenario of the gauge-Higgs unifica-
tion, the order of a is O(10~2) for an appropriate choice of
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the flavor set for the massless bulk matter [14,17]. Hence,
the scale M, is about a few TeV.

We would like to realize the large gauge hierarchy such
as M, ~ Mgut, Mpjanck- One needs very small values of a,.
For small values of a, the effective potential is approxi-
mated in terms of the logarithm and polynomials with
respect to a by using the following formulas,®

3 o costar) = £5) ~ €3¢
+ %(— Inx + %)x“ + 0(x%), (13)
2% cos(nx — nm) = — % {5) + %g(w
- %X“ + 0(x°) (14)

for x <1 [17]. Applying the formulas to the effective
potential (10), one obtains

_{0)
2

Vila) = CO(7a)?

+ % [C‘”(— In(7a) + %) + C(4)(ln2)}

+eee (15)

where Vig(a) = CVg(a) with C = T'(3)/7/2(27R)>, and
the coefficient C?(i = 2, 3, 4) is defined by

— () ) 9 s 300
C? = 24N, + 4Ny + jNadjs + 5N ’

— (18 + 64N + 2N + 18N + 3NT,),

(16)
_ + + +)s +)s
€ = 72N + 4N — (54 + 18aN" + 2N1)),
(17)
_ (+)s (-)s (—)s
CW =48 + 16dN)" + 18dN " + 21,
— (64N + ANt + T2N)). (18)

It should be noticed that each coefficient in the effective
potential is given by the discrete values, that is, the flavor
number of the massless bulk matter. This is the very
curious feature of the Higgs potential, which is hardly
seen in the usual quantum field theory, and is a key point

>This is the reason that the gauge-Higgs unification can
provide us with a solution to the little hierarchy problem.
6 . ..
It turns out that the Inx term in Eq. (13) is important for later
analyses. The term arises from the one-loop diagrams in which
massless modes propagate.

PHYSICAL REVIEW D 75, 045015 (2007)

to discuss the large gauge hierarchy in the gauge-Higgs
unification.

A. Large gauge hierarchy in model I

We would like to obtain a hierarchically small VEV of a
as the minimum of the effective potential (15). It is, how-
ever, hard to realize such small values of a, with non-
vanishing C? in the potential (15) [17].

Let us consider the case where the coefficient of the
mass term in the Higgs potential vanishes,

Cc? =0. (19)

It should be noticed that the vanishing mass term (19) is not
the fine-tuning of the parameter usually done in the quan-
tum field theory. In the present case, all the coefficients in
the effective potential are given by the discrete values, so
that the condition is fulfilled just by the choice of the flavor
set. We will discuss the matter content which realizes the
vanishing mass term later. For a moment, we study the
physical consequence of it.

When Eq. (19) is satisfied, the minimum of the effective
potential is given by

c® 11 c® 11
Tag = exp(m In2 + F) = exp(— W In2 + F)
(20)
As we will see later, the coefficient C® should be negative

in order for the minimum a to be, at least, a local mini-
mum. Remembering Eq. (12), we have

My, cw 11
=expl ——= In2 + —|. 21
M, p( Ic ) @D

If we set My = 10?> (GeV) and M, = 10” (GeV), one
obtains

cw 1 /11
o] E(F -2-p) 1n10>. (22)

The magnitude of C¥/|C®)| for various values of p is
listed in Table I. One requires C*)/|C®| > 1 for the large
gauge hierarchy (large values of p). If one has the vanish-
ing mass term in such a way that C®%/|C®)| is as large as
that listed in Table I, the large gauge hierarchy is realized
in the scenario of the gauge-Higgs unification.

It is instructive to point out the difference between the
present model and the famous Coleman-Weinberg poten-
tial of the massless scalar field theory [9]. The effective

TABLE I. The magnitude of C/|C®)| for various values of
p. p = 19 (16) corresponds to the Planck (GUT) scale.

p=11

% 32.54

p=12
35.86

p=13
39.19

p =16
49.15

p=19
59.12
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potential with C? = 0 (called model I hereafter) is exactly
the same form as the one in the paper by Coleman and
Weinberg [9]. The potential is controlled by the logarith-
mic and quartic terms. There is, however, a big difference
among them. In the Coleman-Weinberg case, the quartic
coupling exists at tree level and only the logarithmic term
is generated at the one-loop level. The logarithmic term
becomes a dominant contribution against the quartic term
at the nontrivial vacuum configuration, so the vacuum
configuration is outside of the validity of perturbation
theory. On the other hand, for the present case, both the
logarithmic and quartic terms are generated at the one-loop
level; even if the quartic and logarithmic terms are the
same order as each other at the nontrivial vacuum configu-
ration (20), the perturbative reliability for the vacuum
configuration is not spoiled. Rather, what one has to be
concerned with is the stability against the two (higher)-
loop contributions.” We will discuss this point later.

Since we understand that it is possible to have the large
gauge hierarchy in the scenario of the gauge-Higgs uni-
fication, let us next present explicit examples of the flavor
set to realize it. To this end, we investigate the condition
(19), which is a key ingredient for the large gauge
hierarchy.

We recast Eq. (16) as

C? = 64Ny — 3 — dN") + 22N\, — NI

+ NG — aNG) + AN 2N (@23)

In order to fulfil C® =0, the second parenthesis
(ZN;;) - N(f;)s) in Eq. (23) must be an integral multiple
of 3. Accordingly,
CO = 184N — 3 — AN”) + 20NL) = NI
(24)
is an integral multiple of 6. Then, we write
CO® = —6k(= —|CP)) (k = positive integer). (25)

Let us introduce another integer m defined by

AN =3 —dNG) = —m. (26)

From the coefficient C®, we have
N — NG = =3k + 9m. 27)

Imposing the condition C?' = 0 gives us a relation given
by
NG —2NG) = =3(dNy)* — 4aN\}) + 4k — 8m, (28)
fd fd adj adj g

where we have used Eqgs. (26) and (27). Equipped with
"One, of course, cares about the vanishing mass term (19) at

the two (higher)-loop level as well. We will come back to this
point later.

PHYSICAL REVIEW D 75, 045015 (2007)

these equations, we obtain

CW = 12(dN” — 4N)) + 8k, (29)

adj

which is independent of the integer m. Hence, we finally
have

cW

2
|C(3)| k

s L. 4
(dNG" — ANy + L (30)

This result tells us an important point that, in order to make

CW/|c®| larger, smaller values of |C®| and Nggj) are
favored. In fact, k = 1 is the most desirable choice for
the large gauge hierarchy.

Let us now study the matter content in model 1. For a
given p, the values for C¥ /|C®| are determined. Then, we

obtain a flavor set (Ne(lgj), szg(;j)s) for fixed values of k

through Eq. (30). One also fixes the integer m. Then, a
flavor set (N};), N](c;)s) is determined by Eq. (28) and also

(N NG by Eqo Q7).

(Ng;rj), ng;rj)s) from Eq. (26). We notice that the flavor
number of the massless bulk matter with (+) parity de-
pends only on the values of k and m, and not on the values
of p, as seen from Egs. (26) and (27). The flavor number of
the massless bulk matter with (—) parity depends on the
values of p, which sets the hierarchy between My, and M.

Let us present a few examples of the flavor set in
model I. We choose (k, m) = (1, 0) as an example. Then,
we find that

Finally, one obtains

(+) (+)s _ (+) ga(+)
ANG) =3 = dN* = 0— (N, aN ")

=(L,1),(25),39),..., (3D

ANV = NG = =3 — (NG NG
=(03),(1,5,27,.... (32
For (k, m, p) = (1, 0, 19),
NG — 4N =29 — (N, anly")
=1(0,29),(1,33),(2,37),...,  (33)

NG =N = =83 — (V) N
= (42,1),(43,3), (44,5),.... (34
For (k, m, p) = (1,0, 11),
ANy — 4N =16 — (N, dN")
=(0,16),(1,20),(2,24),...,  (35)

) () _ () O
Nyg" = 2Ny = =43 = (Npy . Ny ™)

(22,1),(23,3),(24,5), ... (36)
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We observe that the flavor numbers stgj)s, N};) are of
order of O(10). One should worry about the reliability of
perturbation theory for such a large flavor number. This is
because an expansion parameter in the present case may be
given by (g3/47) Npavor> and it must be (g3 /47) Nijayor <K
1 for reliable perturbative expansion.

Now, let us discuss the Higgs mass in model 1. The
Higgs mass squared is obtained by the second derivative
of the effective potential evaluated at the minimum of the
potential. We have

FEAY
m%{=(g5R)2CT§ff
a=ay
3g? c® 3g2
= M2 —— =2 M2 k<M?3) (37
1672 W( 6)( 1672 % W) 7)

where we have used Eq. (20). This shows that, as we have
stated before, the coefficient C must be negative in order
for the minimum a to be, at least, a local minimum of the
effective potential. The larger values of C® make the
Higgs mass heavier, while, as we have discussed, the large
gauge hierarchy favors smaller values of C®. The choice
k =1 is the most desirable one for the large gauge hier-
archy, so the Higgs mass is lighter than My,, which is the
same result as in the original Coleman-Weinberg paper [9].
Therefore, one concludes that the large gauge hierarchy
and the sufficiently heavy Higgs mass are not compatible
in model L.

B. Large gauge hierarchy in model II

In this subsection, we study another model called
model II. In model II, we introduce massive bulk fermions
[18—20], that is, fermions with a bulk mass term in addition
to the massless bulk matter in model I. As is well known,
the bulk mass term for fermions in five dimensions is odd
under the parity transformation, y — —y(#R —y —
7R + y). One needs a parity-even mass term for consis-
tency of the Z, orbifolding. We resort to one of the pre-
scriptions known to realize such a mass term. Here, we
introduce a pair of fermion fields, ), (7). ¢(*) and ¢~
have different Z, parity, so that the mass term M)y~
has even parity under Z,. A detailed discussion is given in
[20].

Then, the contribution to the effective potential from the
massive fermions is given by

massive [5/2] 1 1 < d4pE
Veff = _2 (1 + l)Npairﬁ 5 Z /(277_)4

+ 4\2
x ln[ pL+ (%) + MZ} (38)

where we have assumed the fermions belong to the funda-
mental representation under the gauge group SU(3) and

Npyir stands for the number of the pair (), ).

According to the usual prescription [15], we have

PHYSICAL REVIEW D 75, 045015 (2007)

Vmassive — 3 4 X 2N.... i l 1+ nz + ﬁ
eff 472(27TR)5 pair & n5 3
X e " cos(mna), (39)

where we have defined a dimensionless parameter z =
27RM = M/M..

We are interested in the very small values of a, so that
we expand the cosine function to obtain

2
e T
ngl%isswc — 4773(27TR)5 4 X 2Npair|:B(0) — B(Z) 76[2
4
n B(4)%a4 4. } (40)
where
00 1 2.2
BO = Z ;(1 + nz + %)ef’”, (41)
n=1
21 n?z%\ _
B? = 21,13(1 + nz + ?>e ", (42)
=
21 n’z?
BY =N —(1+nz+——)e ™. 43
; n< nz 3 )e 43)

We note that the coefficient B (i = 0, 2, 4) is suppressed
by the Boltzmann-like factor e "%, reflecting the fact that
the effective potential (39) shares a similarity with that in
finite temperature field theory [10].

The total effective potential to the Wilson line phase a
(Higgs field) is given by Eqgs. (15) and (39),

(ma)*

_ 1
l ~ —
V! = = S[LB)CP) + 8Ny B N(ma)? + =

X [c@)(— In(7ra) + %) + C¥(In2) } (44)

where we have ignored the contribution to the quartic term
from the massive bulk fermion because it is highly sup-
pressed. We require, again, that the contribution to the
mass term from the massless bulk matter vanishes, that
is, C? = 0. Then the mass term is controlled only by the
term coming from the massive bulk fermion. The magni-
tude of the VEV is governed by the mass term in the Higgs
potential, so that the VEV for the present case is exponen-
tially suppressed for appropriate large values of z(>1). The
essential behavior of the VEV is governed by the factor
B? je.

Tay = 73(2) 45)

with some numerical constant y of order 1. Since we
assume z = M /M, > 1, the size of the bulk mass parame-
ter M may be determined by physics above the compacti-
fication scale M,.. If we take M to be the order of the cutoff
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scale, it is natural to assume that M, is, at most, around
10'7 GeV in model II.

If we write way, = e~ Y, then one finds, remembering
Eq. (12),

-Y = ln('n'ao)(: ln(A;W)) = (2 - p)Inl0

Cc

—34.539 for p =17,
—32.236 for p = 16,
~ ! —25328 for p = 13, (46)
—23.026 for p = 12,
—20.723 for p = 11.

The gauge hierarchy is controlled by the magnitude of Y, in
other words, the bulk mass parameter z, and the large
gauge hierarchy is achieved by |z| = 30 ~ 40. The large
gauge hierarchy is realized by the presence of the massive
bulk fermion under the condition (19). We notice that the
flavor number of the massless bulk matter is not essential
for the large gauge hierarchy in model II.

Now, let us next discuss the Higgs mass in model II.
Again, the Higgs mass is obtained by the second derivative
of the total effective potential at the vacuum configuration
ap,

my = (gsR)*C Lvuzml
a=ap
_ & [—c@) In(7ag) + 2C® + 1n2:|
16727 3
_ 8 ek “7)
1672 "

where we have defined
F = —C%In(ma,) +2C® + C¥ 1n2. (48)

At first glance, one may think that the Higgs mass is lighter
than My, as in the case of model I. This is, however, not the
case in model II. The Higgs mass depends on the logarith-
mic factor. The larger the gauge hierarchy is, the heavier
the Higgs mass is. An important point is that the coefficient
C® is not related to the realization of the large gauge
hierarchy, so that it is not constrained by the requirement
of the large gauge hierarchy at all.

The vacuum configuration must be, at least, a local
minimum. We require that /' = 0. Defining

= dNG" — 4Ny 49)

and recalling 7ma, = e~ ¥, we have, from Eq. (48),
F = k(—=6Y + 8(In2 — 1)) + I X 121n2, (50)

where we have used C®) = —6k(k € Z) and Eq. (29). In
model II the coefficient C® is not necessarily negative. We
separately discuss the size of the Higgs mass, depending on
the sign of C®.
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For C® < 0(k > 0), in order for m?, to be positive, one
needs

25.21 for p = 17,
23.55 for p = 16,
l>kx%=kx 18.57 for p = 13,
16.90 for p = 12,
15.24 for p = 11.
(5D

This shows that we need O(10) numbers of the flavor for
dNa(l;j)x. The reliability of perturbation theory may be lost
for such a large flavor number. Hence, we exclude the case
of C® < 0 in model II. Hereafter, we restrict ourselves to
C® >0, that is, k < 0.

In addition to the sign of C®), the integer [ can take both

signs. Let us first consider [<<0. Writing [(k) =
—|7l(=1kl), the requirement of m2, > 0 yields

0.040 for p = 17,
0.042 for p = 16,
> 22 = nx ] 00sa 13
- ~ ) or p =13,

6Y + 8(1 — In2) p
0.059 for p = 12,
0.066 for p = 11.
(52)

Since the minimum values of |k| are given by |k| = 1, i.e.,
k = —1, one obtains

25 for p =17,

23 for p = 16,
0<|ll=4{18 forp=13 (53)

16 for p = 12,

15 for p=11.

The upper bound of || is larger if we choose larger values
of |k|. In order to avoid a large flavor number, let us choose
[ = —1 as an example. And we impose the constraint on
the Higgs mass from the experimental lower bound, my =
114 GeV. Then, we find the possible values of k,

k| = ! ( lom (114 GeV)? + 121 1n2>
6Y + 8(1 — In2) \ g2M2,
3.64 for p =17,
3.90 for p =16,
~ 1495 for p=13 (54)
543 for p =12,
6.02 for p =11,

where we have used g7 =~ 0.42. If we choose the larger
values of |I|, the possible values of k become larger. We
observe that the large p suppresses the values of k, which
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means that the lower flavor number is enough for the Higgs
mass to satisfy the experimental lower bound.

Let us present the flavor number set for (k, [) =
(—4, —1). There is another free integer m, which is defined
by Eq. (26). We choose m = 0 as a demonstration. Then,
from Egs. (26)—(28) and (49) we have

(NG, dNG) = (1,3), 2, 7). ..., (55)
NN =3,1),8,3), .., (56)
(NG NG = (6,0),(7,2), ..., (57)
(NG ANG?) = (1L 1), 2,9), ... (58)

The Higgs mass in GeV units is calculated as

ml = 1§i2 M2 (KI(6Y + 8(1 — In2))
= [ X 12102) 3=y )=y — my
119.5 for p = 17,
115.5 for p = 16,
=~ 1 102.4 for p =13, 59

97.6 for p = 12,

92.6 for p =11,
where we have used g3 =~ 0.42.% We observe that, for the
fixed integers (k, [), the large gauge hierarchy, that is, large
In(7ray) = —Y, enhances the size of the Higgs mass.

Let us next consider non-negative / with k < 0. In this
case it is obvious from Eq. (50) that the Higgs mass is
positive definite. We first consider the / = 0 case. The
requirement of myz = 114 GeV gives us the allowed values
of k = —|k|,

3.61 for p=17,
3.87 for p =16,
491 for p =13,
5.39 for p =12,
598 for p=11

(60)

1672 (114 GeV)?

Ikl =~ -
giMy, 6Y + 8(1 — In2)

The flavor number set for (k, [) = (—4,0) with m = 0 is
given by

(NG, AN = (1,4, 2.9), ..., ©1)

8In the usual scenario of the gauge-Higgs unification, one
requires g4 ~ O(1) in order to have a heavy enough Higgs
mass [14,17]. Our scenario can give heavy Higgs masses com-
patible with experiments, even for the weak coupling.
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(N](c;), N};)S) =(8,0),(9,2),..., (62)
(N}?, N}?S) =(6,0),(7,2), ..., (63)
(Ne(l:lrj)’ ng(J;j)s) =(1,1),(25),.... (64)

The Higgs mass in GeV units is obtained as

ml = 15372 M2, (K| (6Y + 8(1 — 1n2))
+ X 12102) |-y 1o — my
119.9 for p = 17,
115.9 for p = 16,
~ 11029 for p=13, (65)

98.2 for p =12,
93.2 for p =11

We again observe that for the fixed integers (k, /) the large
gauge hierarchy enhances the size of the Higgs mass
thanks to the large In(7ra). We also confirm that the domi-
nant contribution to the Higgs mass is given by In(wa) if
we compare Eq. (59) with Eq. (65).

If K = 0, there is no logarithmic term, and the Higgs
mass is inevitably light. Instead of showing the Higgs mass
in the £ = 0 case, we show that many flavor numbers are
necessary to enhance the size of the Higgs mass, though
such a large flavor number violates the validity of pertur-
bation theory. For k = 0, the Higgs mass is reduced to

g3

o7 M3, X [ X 121n2. (66)

mili=o =
The allowed value of [ consistent with my = 114 GeV is
[ = 92. One needs many flavor numbers, which should be
avoided.

We have assumed m = 0 in the above two examples,
(k, ) = (=4, —1), (—4, 0). If we take another value for m,
we can further reduce the number of flavors, which is
desirable from the point of view of perturbation theory.
Let us show the result when we take m = —1. Equations
(55)—(58) change to

(NG, dNG) = (1,3), 2, 7). ..., (67)
NN =G, @4,3), ., (68)
(NG NG =@ 1),3,3), .., (69)
(NG ANG?) = (1,0),2,4), ... (70)

We observe that the flavor numbers Nﬁ) , N}j)s are re-
duced. Likewise, Egs. (61)—(64) change to
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(NG ANG®) = (1,4),2,8), ..., (71)
(N NG = 4,0,65,2), ..., (72)
(NG NG = @2.1),3,3), .., (73)
(NG dNG?) = (1,0),(2,4), ... (74)

Again, the flavor numbers N}j) , N}j)s are reduced. The

Higgs mass does not depend on the integer m, so that the
results, Egs. (59) and (65), do not change.

In model 1II, the large gauge hierarchy and the heavy
Higgs mass are compatible. The massive bulk fermion
plays the role of generating the large gauge hierarchy.
Once the large gauge hierarchy is achieved, the consistent
Higgs mass can be obtained for the fixed set of a reasonable
flavor number. The larger the gauge hierarchy is, the
heavier the Higgs mass tends to be.

IV. CONCLUSIONS AND DISCUSSIONS

We have considered the five dimensional nonsupersym-
metric SU(3) model compactified on M* X §'/Z,, which
is the simplest model to realize the scenario of the gauge-
Higgs unification. We have discussed whether the large
gauge hierarchy is achieved in the scenario or not. The
Higgs potential is generated at the one-loop level and is
obtained in a finite form, reflecting the nonlocal nature that
the Higgs field is the Wilson line phase in the gauge-Higgs
unification. The Higgs potential is calculable and, accord-
ingly, so is the Higgs mass.

The Higgs potential is expanded in terms of the loga-
rithm and the polynomials for the small VEV of the Higgs
field. Then, the coefficient is written in terms of the flavor
number of the massless bulk matter introduced into the
theory. This means that the coefficient is the discrete value,
unlike the usual quantum field theory, in which the coeffi-
cient is a scale-dependent parameter. It is possible to have
the vanishing mass term in the Higgs potential by choosing
the appropriate flavor number set. This is not the fine-
tuning of the parameters. We have found two models
(models I, II), in which the large gauge hierarchy is
realized.

In model I, the Higgs potential consists of the logarith-
mic and quartic terms, both of which are generated at the
one-loop level. Perturbation theory is not spoiled even in
the nontrivial vacuum configuration, for which the size of
both terms is the same order. This is a different point than
the Coleman-Weinberg paper [9], in which the nontrivial
vacuum is outside of the validity of perturbation theory. We
have found that in order to realize the large gauge hierarchy
we need large (small) C#(C®). This, in turn, requires the
O(10) numbers of the flavor. From the point of view of
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perturbation theory, such a large flavor number is not
favored.

The Higgs mass in model I is inevitably light, lighter
than My, which is the same result as in the Coleman-
Weinberg paper. The small C®® tends to realize the large
gauge hierarchy, while the heavy Higgs mass needs the
large C®®. Therefore, in model I, the large gauge hierarchy
is realized, but the Higgs mass is too light.

In model II, we have considered the massive bulk fer-
mion in addition to the massless bulk matter. If we assume
that the contribution to the mass term in the Higgs potential
from the massless bulk matter vanishes, the dominant
contribution to the mass term comes from the massive
bulk fermion alone, whose coefficient is given by the
Boltzmann-like suppression factor. As a result, the VEV
of the Higgs field is exponentially small and the large
gauge hierarchy is realized for the appropriate values of
7z = M/M,. The flavor number of the massless bulk matter
does not concern the gauge hierarchy.

It is interesting to note that the Higgs mass in model I
becomes heavier as the compactified scale R becomes
smaller. We have shown that the Higgs mass can be con-
sistent with the experimental lower bound without intro-
ducing many flavor numbers.

We have introduced the scalar fields in the bulk. In
general, scalar fields receive large radiative corrections.
One might ask whether the large gauge hierarchy can be
realized without scalar fields in the bulk. Unfor-
tunately, one can neither realize the large gauge hierarchy
nor have a stable nontrivial vacuum in model I. The rele-
vant quantity for the large gauge hierarchy is reduced to

cw 2 -, 4
oo kM) T3 )

if there is no scalar field in the bulk. One needs
CW/|C¥| > 1 for the large gauge hierarchy, but this
requires negative k (or, equivalently, positive C®), for
which the Higgs mass squared becomes negative, as seen
from Eq. (37). Therefore, one cannot realize the large
gauge hierarchy with only the fermions in the bulk. One
can say that, in model I, the scalar fields in the bulk are
essential to realize the large gauge hierarchy. If we require
the stability of the nontrivial vacuum, that is, the negative
C®, we have an inverse hierarchy My > M.. As for
model II, the flavor number of the massless bulk matter
has no effect on the gauge hierarchy. As long as the bulk
mass takes the appropriate values, the large gauge hier-
archy is achieved. We care about the stability of the vac-

uum configuration, F = 0. Since [ = —4Nf1;j) for the
present case, [ is negative, so that k (or equivalently C®)
must be negative (positive). One easily finds a possible
flavor set for (k, [, m) = (=5, —4, —1), as an example,

() A A
(Nagj» Npa'» N

G N =(1,3,1,0), (76)
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and the Higgs mass is obtained as

132.1 GeV for p = 17,
127.6 GeV for p = 16,
my =~ 4 112.7 GeV for p = 13, (77)
107.3 GeV for p = 12,
101.6 GeV for p = 11.

Hence, the large gauge hierarchy and the Higgs mass are
compatible in model II even though the massless bulk
matter is given by the fermions alone.

Let us discuss an important point for the scenario we
have considered— whether or not the condition C? = 0 is
stable against higher-loop corrections. The condition
C? =0 is realized by choosing the appropriate flavor
number set at the one-loop level. If we have nonzero finite
corrections at the two (higher)-loop level, our scenario
considered in this paper no longer holds. In general, it
may be natural to expect that we have nonzero finite
corrections to the mass term at the higher-loop level, but,
at the moment, it may be too hasty to exclude the possi-
bility of C® = 0 at the two (higher)-loop level.

Recently, a two-loop calculation has been carried out in
the five dimensional QED compactified on M* X S! [21].
In this paper, it has been reported that there is no finite
correction to the Higgs mass from the two-loop level, even
though there is no concrete discussion to understand why
this is so. As long as we have an example of the vanishing
finite correction at the two-loop level, it does not seem
unreasonable to expect the stability of the condition against
the higher-loop corrections.

In connection with the above discussion, it may be worth
mentioning that there are examples in which the loop
correction is exhausted at the one-loop level (without
supersymmetry). They are the coefficient of the axial
anomaly [22] and the Chern-Simons coupling [23]. As
for the latter case, a simple reason for the two (higher)-
loop correction not to be generated comes from the invari-
ance of the action under the large gauge transformation.
Since the shift symmetry of the Higgs potential can be
regarded as the invariance under the large gauge trans-
formation, one may be able to prove that there is no two
(higher)-loop correction to the mass term of the Higgs
potential. In order to confirm this, we need more studies
of the higher-loop corrections to the Higgs potential (mass)
in the gauge-Higgs unification [24].
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We have considered the massless bulk matter belonging
to the adjoint and fundamental representation under the
gauge group SU(3). One can consider the higher dimen-
sional representations such as 10, 15 of SU(3) [25]. In fact,
these higher dimensional fields have been known to play an
important role in enhancing the Higgs mass and obtaining
the large top Yukawa coupling for constructing realistic
models. Therefore, it is interesting to study the effect of the
higher dimensional field on the large gauge hierarchy in the
scenario of the gauge-Higgs unification.

Finally, let us comment on the possibility of realizing the
large gauge hierarchy if we have a term like

B(ma)?* In(ma)?, (78)

where B is a constant. Since we are interested in very small
values of a, the Higgs potential is approximately given by

V = A(ma)?* + B(ma)*In(wa)? + O((ma)?, (7ra)* In(mwa)?).

(79)
Then, the VEV is obtained in the desirable form as
A 1
may = exp(— B 5)’ (80)

and if A/B > 1, the large gauge hierarchy is realized. This
is also an interesting possibility, but, unfortunately, we do
not yet understand the origin of the second term in Eq. (79).

Finally, let us make a brief comment on the fermion
masses in the models we have studied. The mass scale for
the matter in the models is of the order of the weak scale or
the compactification scale M,.. Hence, it is difficult to
reproduce the realistic fermion mass spectrum in the mod-
els. This is the common problem of the gauge-Higgs uni-
fication. Some attempts have been made to overcome this
problem in [12,25,26].
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