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APPROXIMATE RESOLUTIONS AND BOX-COUNTING DIMENSION
TAKAHISA MIYATA AND TADASHI WATANABE

ABSTRACT. In an earlier paper the authors introduced a new approach using normal se-
quences and approximate resolutions to study Lipschitz maps between compact metric
spaces. In this paper we intoduce two kinds of box-counting dimension, which are defined
for every compact metric space with a normal sequence and for every approximate res-
olution of any compact metric space, and investigate their properties. In a special case
those notions coincide with the usual box-counting dimension for compact subsets of R™.
Our box-counting dimensions are Lipschitz subinvariant, where Lipschitz maps are in the
sense of the earlier paper. Moreover, we obtain fundamental theorems such as the sub-
set theorem, the product theorem and the sum theorem. As an example, for each r with
0 < r < oo, we present a systematic way to construct a compact metric space with an
approximate resolution whose box-counting dimension equals r.

1. INTRODUCTION

For each non-empty subset X of R™ the lower and upper box-counting dimensions of X
are respectively defined as
di_mBlei_mM anddi—mBX:EM
s—0 —logd 5—0 —logd
where Ns(X) is the smallest number of open balls with radius at most § which can cover X
(see [2]). If these values coincide, the common value is called the box-counting dimension
of X and denoted by dimpg X. In this paper we introduce a new method of using the theory
of approximate resolutions to study box-counting dimension.

The notion of approximate resolution, which was introduced by Mardesi¢ and Watanabe
[6], is useful in many problems in topology [4, 5, 15, 16, 17, 14, 9] and is essential even for
compact metric spaces [3, 7, 15, 16]. In the theory of approximate resolutions, given a map
f X — Y and polyhedral approximate resolutions p: X — X and q: Y — Y of X and
Y, respectively, there exists an approximate map of systems f : X — Y representing f,
which is called an approximate resolution of f and is used to study the properties of the
map f : X — Y. This idea made it possible to characterize Lipschitz maps in terms of
approximate resolutions [10].

In [10] it is shown that every normal sequence U on Hausdorff space X and every approx-
imate resolution p : X — X of a compact metric space X induce metrics dy and d,, under
some reasonable conditions on U and p, respectively. For such normal sequences U and V
on Hausdorff spaces X and Y, respectively, one can speak of Lipschitz maps with respect
to the metrics dy and dy, which are called (U, V)-Lipschitz maps, and they are characerized
by a property on the normal sequences U and V. Moreover, for such approximate resolu-
tions p: X — X and q : Y — Y of compact metric spaces X and Y, respectively, one
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can speak of Lipschitz maps f : X — Y with respect to the metrics d, and dg, which are
called (p, q)-Lipschitz maps, and they are characterized by a property on the approximate
resolution f: X — Y of f.

In the present paper, we intoduce two kinds of box-counting dimension. First, we define
a box-counting dimension for every compact metric space X with a normal sequence U
(Section 4). If X is a compact subset of an Euclidean space R™ the usual box-counting
dimension of X coincides with the box-counting dimension of X with some normal sequence
in our sense. We obtain its properties which include Lipschitz subinvariance, i.e., if f : X —
Y is a (U, V)-Lipschitz map for some normal sequences U and V on compact metric spaces
X and Y, respectively, then the box-counting dimension of (Y, V) is not greater than that
of (X,U). Secondly, we define a box-counting dimension for every approximate resolution
p: X — X of any compact metric space X (Section 5). We show that for each approximate
resolution p : X — X with some reasonable condition this box-counting dimension equals
that of X with the normal sequence which is induced by p : X — X. We demonstrate
how some particular operations on the approximate resolutions change the box-counting
dimension. We then prove Lipschitz subinvariance (Section 6), and obtain fundamental
theorems such as the subset theorem, the product theorem and the sum theorem (Section
7). As an example, for each r with 0 < r < oo, we present a systematic way to construct a
compact metric space with an approximate resolution whose box-counting dimension equals
r (Section 8).

Throughout the paper, a map means a continuous map.

For any space X, let Cov(X) denote the set of all open coverings of X. For U,V €
Cov(X), U is said to refine V, or U refines V, in notation, U < V, provided for each
U € U there is V € V such that U C V. For any subset A of X and U € Cov(X),
let st(AU) = U{U el :UNA#DandU|A={UNA:UeU}. If A= {z}, we
write st(z,U) for st({z},U). For each U € Cov(X), let st = {st(U,U) : U € U}. Let
st"™ U = st(st"U) for each n = 1,2,... and st'U = stU. For any metric space (X,d)
and r > 0, let Ug(z,r) = {y € X : d(z,y) < r}. For any U € Cov(X), two points
x,r’ € X are U-near, denoted (z,2") < U, provided x,2’ € U for some U € U. For any
VY € Cov(Y), two maps f,g : X — Y between spaces are V-near, denoted (f,g) < V,
provided (f(x),g(z)) < V for each x € X. For each U € Cov(X) and V € Cov(Y), let
fU={fU):Uel}and [~V ={fHV):V eV}

Let N denote the ordered set of all natural numbers.

2. APPROXIMATE RESOLUTIONS

In this section we recall the definitions and properties of approximate resolutions which
will be needed in later sections. Although approximate resolutions are defined and useful
for arbitrary topological spaces, in this section all spaces are assumed to be compact metric
spaces for our purpose. For more details, the reader is referred to [6].

An approzimate inverse sequence (approximate sequence, in short) X = {X; U, pi}
consists of

i) a sequence of spaces X; (called coordinate spaces), i € N;

ii) a sequence of U; € Cov(X;), i € N; and

iii) maps py : Xy — X; for i < i’ where p; = 1x, the identity map on Xj.

It must satisfy the following three conditions:

(A]-): (pii’pi/i’/,pu‘//) < U; fori < < i”;



(A2): Foreach i € Nand U € Cov(X;), there exists ¢ > i such that (pi;, Piyiy, Piiy) <U
for ' < iy < i; and
(A3): For each i € N and U € Cov(X;), there exists ¢ > i such that Uy» < pjsU for
i<
An approximate map p = {p;} : X — X of a space X into an approximate sequence
X ={X;,U;, p;i»} consists of maps p; : X — X; for i € N with the following property:
(AS): For each i € N and U € Cov(X;), there exists i’ > i such that (p;py,p;) <U
for ¢ > 7',
An approzimate resolution of a space X is an approximate map p = {p;} : X — X of X
into an approximate sequence X = {X;,U;, p;» } which satisfies the following two conditions:

(R1): For each ANR P,V € Cov(P) and map f : X — P, there exist i € N and a
map ¢ : X; — P such that (gp;, f) < V; and
(R2): For each ANR P and V € Cov(P), there exists V' € Cov(P) such that whenever
i € Nand ¢g,¢' : X; — P are maps with (gp;, ¢'p;) < V', then (gpir, ¢'pir) < V for
some i’ > 1.
The approximate resolution p : X — X is called a polyhedral approximate resolution if
all the coordinate spaces are polyhedra.
Theorem 2.1 ([6]). An approzimate map p = {p;} : X — X = {X;,U;, piv } is an approz-
imate resolution of a space X if and only if it satisfies the following two conditions:
(B1): For each U € Cov(X), there exists ig € N such that p; 'U; < U for i > iy; and
(B2): For each i € N and U € Cov(X;), there exists ig > i such that p;y(Xy) C
st(pi(X),U) for i > iy.
Theorem 2.2 ([16]). Every space X admits a polyhedral approzimate resolution p = {p;} :
X — X ={X,,U;, pir} such that all X; are finite polyhedra.

Theorem 2.3 ([5]). Every connected space X admits a polyhedral approximate resolution
p=Api}: X - X ={X;,,U;,pir} such that all X; are connected finite polyhedra, and all
pi and p;y are surjective.

Let X = {X;,U;,piv} and Y = {Y;,V;,q;;} be approximate sequences of spaces. An
approzimate map f = {f;, f} + X — Y consists of an increasing function f : N — N and
maps f; : Xy;) — Y}, € N, with the following condition:

(AM): For any j, 5’ € N with j < j/, there exists i € N with ¢ > f(j’) such that

(@35 firp sy Fipsiyir) < stV for i > .
A map f: X — Y is a limit of f provided the following condition is satisfied:
(LAM): For each j € N and V € Cov(Y), there exists j/ > j such that

(@57 firp sy a5.f) <V for j" > j'.

For each map f : X — Y, an approzimate resolution of f is a triple (p, g, f) consisting of
approximate resolutions p = {p;} : X - X ={X;,U;,piv} of X and g ={¢;} : Y = Y =
{Y;,V;, 47} of Y and of an approximate map f : X — Y with property (LAM).

Theorem 2.4 ([6]). Let X and Y be spaces. For any approzimate resolution p : X — X

and polyhedral approrimate resolution q :'Y — Y, every map f : X — Y admits an
approzimate map f : X — 'Y such that (p,q, f) is an approximate resolution of f.



For each approximate sequence X = {X;,U;, piv }, let st X denote the approximate system
{ X, stU;, piir}. Then there is a natural approximate map ¢x = {1x,} : X — st X, where
lx, : X; — X; is the identity map. For each approximate map p = {p;} : X — X =
{Xi,U;,pir}, the map stp = {p;} : X — st X = {X,,stU;, p;r} also satisfies (AS) and
hence is an approximate map. Moreover, if p : X — X is an approximate resolution, so is
stp: X — st X.

For any approximate sequences X = {X;,U;,p;v} and Y = {Y},V;,¢;;} and for each
approximate map f = {f;, f} : X —= Y, themap st f = {f;, f} : st X — stY also satisfies
(AM) and hence is an approximate map. Moreover, if (f, p, q) is an approximate resolution
ofamap f: X — Y, thenst f: st X — stY also satisfies (LAM) and hence (st f, st p, st q)
is an approximate resolution of f.

For each approximate map f = {f;} : X — Y between approximate sequences X =
{Xi,U;,piv} and Y = {Y;,V;,q;j}, consider the following property:

(APS): (Vj € N)(YV € Cov(Y)))(Fjo > 7)(Vi" > jo)(Fio > 3)(Vi" > jo)(Fio >
SNV > o) -
Q550 (Yyr) C st(qjj fipsi(Xa), V).
Theorem 2.5 ([12]). Let f : X — Y be a map, and f = {f;}: X — Y be an approzimate
map such that (f,p,q) is an approzimate resolution of f where p = {p;} : X — X =
{Xi,Ui,piv} and q = {¢;} : Y =Y ={Y,,V;,q;;} are approximate resolutions of X and
Y, respectively. Then f is surjective if and only if f satisfies (APS).

Throughout the rest of the paper, an approximate resolution means a polyhedral approx-

imate resolution unless otherwise stated.

3. LIPSCHITZ MAPS

A new approach to Lipschitz maps using normal sequences and approximate resolutions
was first introduced in [10]. In this seciton we recall and improve some of the important
results for later sections.

A normal sequence approach. Let X be a Hausdorff space. A family U = {4; : i € N}
of open coverings on X is said to be a normal sequence provided st 1 < U; for each 1.
Let XU denote the normal sequence {V; : V; = U;;1,7 € N} and st U the normal sequence
{stU; : 1 € N}. For any normal sequences U = {U/;} and V = {V;}, we write U < V provided
U; < V; for each i. Let ¥°U = U and st U = U, and for each n € N, let "U = %(X"1U)
and st" U = st(st"~! U). For each map f : X — Y and for each normal sequence V = {V;},
let f~'V = {f~'V;}. For each closed subset A of X and for each normal sequence U = {U;}
on X, let UA = {U;|A}.

Given a normal sequence U = {{;} on X, we define the function Dy : X x X — R by

9 if (z,2') £ Uy
Dy(z,2") = Lo if (z,2)) <U; but (z,2') £ Usys ;

3i—2

0 if (z,2') <U; foralli e N,
and the function dy : X x X — R3¢ by

dy(x,2") = inf{Dy(x, x1) + Dy(x1,x2) + - - - + Dy(z,, 2')},

where the infimum is taken over all points z;, s, ...,x, in X and R>( denotes the set of
nonnegative real numbers. Then the function dy : X X X — R defines a pseudometric on



X with the property that

1
st(z,Ui3) C Ug,(x, §> C st(z,U;) for each z € X and 1. (3.1)

Moreover, if U has the following property:
(B): {st(x,U;) : i € N} is a base at « for each z € X.

then dy defines a metric on X, which we call the metric induced by the normal sequence U.
In particular, if (X, d) is a metric space and if U = {U4;} is the normal sequence such that
U; = {Ua(x, 5) : @ € X}, then the metric dy induced by the nomal sequence U induces the
uniformity which is isomorphic to that induced by the metric d.

Proposition 3.1. Let X be a Hausdorff space, and let U = {U;} and V = {V;} be normal

sequences on X. Then we have the following properties:

1) If Ais a closed subset of X, then dyja(z,2') > dy(z,2’) for all x,2" € A.
2) If U <V, then dy(x,2’) > dy(x,2’) for all z,2" € X.
3) dsu(z,2’) = 3dy(x,2') for all x,2" € X.
4) dgu(z,2") < dy(z,2’) < 3dgu(z,2’) for all z,2" € X.
Let X and Y be Hausdorff spaces, and let U = {Uf;} and V = {V;} be normal sequences

on X and Y, respectively, which have property (B). A map f : X — Y is said to be a
(U, V)-Lipschitz map provided there exists a constant o > 0 such that

dyv(f(x), f(2") < ady(x,2) for z,2" € X.

In particular, if we can choose « such that 0 < o < 1, the map f : X — Y is said to be a
(U, V)-contraction map.

Lipschitz maps and contraction maps between spaces are characterized in terms of normal
sequences as follows:

For m € Z consider the following statement:

(L) s dy(f(2), f(2) < 3™dy(z, ') for z, 2’ € X,
and for m,n > 0 consider the following statements:
(M)t 2™U < f~1st™V; and
(N) ot 2"U < f71E"V.
Theorem 3.2. The following implications hold for any m,n > 0:
1) (M)m,n = (L)min;
2) (N)mpn = (L)n—m;
3) (L)m = (M)mia0 = (N)miao; and
4) (L)-r = (N)im.

Proof. See [10, §5, 7]. O

An approximate sequence approach. Let X be a compact metric space. For each
approximate resolution p = {p;} : X — X = {X,,U;, pir}, consider the following three
conditions:

(U): st?>U; < pl-_jlbll- for i < j;
(A): (pijpj,pi) <U; for i < j; and
(NR): p}l stU; < p;'U; for i < j.



An approximate resolution p = {p;} : X — X = {X;,U;, pir} is normal provided the
family U = {p; 'U;} is a normal sequence and has property (B), and it is admissible provided
it pocesses properties (U), (A), (NR).

Lemma 3.3. Letp = {p;} : X — X ={X,,U;, pir} be an admissible approzimate resolution
of X. Then the following properties hold:

1) pj_1 st?U; < p; sty fori < j; and

2) stpj_lstuj < p;tstl; fori < j.

Proof. Let U € U;, and let & € p;'(st(st(U,U;),U;)). By (U), there is U' € U; such
that p;(x) € st(st(U,U;),U;) C p;;' (U'). So pypj(x) € U'. But this implies by (A) that
pi(z) € st(U',U;) and hence = € p;'(st(U’,U;)). This verifies 1). 1) then immediately
implies 2) since st pj_]L stU; < pj_]L st2U;. U

By Lemma 3.3 2), every admissible approximate resolution is normal.
Proposition 3.4. Let p = {p;} : X — X = {X;,U;,piv} be an admissible approzimate
resolution of X. Then the following properties hold:
1) The family Uy, = {p; ' st*U; : i € N} forms a normal sequence on X for k > 0;
2) The approzimate resolution st* p = {p;} : X — stb? X = {X;, st* U, pi»r} is admissible
for k> 1.

Proof. (NR) immediately implies 1) for £ = 0 since st p{luj < pj_1 stU; for each j. Lemma
3.3 1) means (NR) for stp : X — st X, which also implies 1) for £ = 1. It is easy to see
that st p : X — st X has properties (U) and (A), so 2) holds for £ = 1. We then inductively
obtain 1) and 2) for £ > 2, as required. O

For any approximate resolution p = {p;} : X — X = {X;,U;, pir}, we can always find
an admissible approximate resolution p’ = {py,} : X — X' = {Xj,,Us,, pr;x,} by taking a
subsystem.

Let p: X — X = {X,,U;,piv} be any normal approximate resolution of X. Then for
any z,z’ € X, we define the function Dp, : X x X — R by

9 if (pi(x),pi(x')) £ U; for any i;
Dp(z,2') = 525 if (pi(z), pi(z')) < Ui but (pi(z),pi(a)) £ Uisr ;
0 if (pi(x),pi(2”)) <U; for all i,
and the function dp : X x X — R by
dp(z,2") = inf{Dy(x, x1) + Dp(x1,29) + - - + Dp(an, ')}

where the infimum is taken over all finitely many points xi,xo,...,x, of X. Note that
property (B1) implies that the family U = {p;'U;} has property (B) and that dp(x,2") =
dy(x,2’) for any z, 2’ € X.

For each approximate resolution p = {p;} : X — X = {X;,U;,pir}, we define the
approximate sequence L. X as {Z;, W;, r} where Z; = X, 11, Wi = Uii1, T = Divtira1 -
Zy — Z; and the approximate resolution Xp as {r; : i € N} : X — XX where r; = p;y1 :
X — X;1. Let ¥°X = X and X% = p, and for each n € N, let X" X = %(X" 1 X) and
Yhp = N(X" 1p).

Proposition 3.5. Let p = {p;} : X — X = {X,,U;,pi} be a normal approximate resolu-
tion of X. Then

1) dsnp(z,2") = 3" dp(z,2") for x,2" € X and for each n € N; and



2) dstp(x, @) < dp(z,2") < 3dsp(x, ) for z,2" € X if p has property (NR).

Proof. 1) is obvious, and 2) follows from the fact that p;, +11 stUpy < p; U < p;tstU; for
each 7. 0

Let X and Y be compact metric spaces, and let p: X — X and q : Y — Y be normal
approximate resolutions of X and Y, respectively. A map f : X — Y is said to be a
(p, q)-Lipschitz map provided there exists a constant « > 0 such that

dq(f(2), f(2") < adp(z,2) for z,2" € X.

In particular, if we can choose « such that 0 < o < 1, amap f: X — Y is said to be a
(p, q)-contraction map.
For each m € Z, consider the following condition:

(Lip) s dg(f(x), f(2')) < 3™ dp(x, ') for z,2" € X,
and for each m > 0 and for each approximate map f = {f;, f} : X — Y, consider the
following condition:

(ALip),,: For each i, there exists jo > ¢ with the property that each j > j, admits
io > f(7),7+ m such that for each ¢’ > i,

pz—i—mz ul"‘m < pf f ng i‘

(p, @)-Lipschitz maps are characterized in terms of condition (ALip),, for approximate res-
olutions as follows:
Theorem 3.6. Let f: X — Y be a map, and let f ={f;, f}: X — Y be an approzimate
map such that (f,p,q) is an approxzimate resolution of f where p = {p;} : X — X =
{Xi,Ui,piv} and q ={q;} : Y =Y ={Y;,V;,q;;7} are admissible approximate resolutions
of X and Y, respectively. Then the following implications hold for m > 0:
1) (ALip)y, forst f:st X —stY = (Lip), for p and st* q = (Lip)m+2 for p and q.
Moreover, if each p; is surjective, the following implication also holds:
2) (Lip)m for p and q = (ALip)pmoa for tixyiyf: X — st?Y.
Proof. To show 1), it suffices to show that for each 1,

pz-i—m i+m < f ! _1 Stz (32)

Indeed, this means (M),,o for U = {p; 'U;} and V = {q_l st?V;}, which implies by The-
orem 3.2 1) that (L),, for U and V. But this means (Lip),, for p and st?q. Also since
372dq(f(z), f(2") < dgzq(f (), f(2')) for z,2" € X (Proposition 3.5 2)), then this implies
(Lip) 2 for p and g.

Now let i € N, and take V € Cov(Y;) such that

By (ALip),, for st f : st X — stY, take jo > i as in (ALip),,. Then (LAM) implies that
there exists j; > jo such that for each j > j;

(@ f, qijfipri)) < V- (3.4)
Fix j > j1, and by the choice of jg, there exists ig > f(j), i + m such that for each i’ > iy
Primir St Uikm < Dy fi i st Vi (3.5)



By (AS), there exists ' > iy such that
(pry Pryepr) < f; a4V, (3.6)
and
(Pitms PixmaPir) < Uit (3.7)
To verify (3.2), let U € U;y,,. Then by (3.5) there exists V' € V; such that
@i JiP Gy (D (S (U Uigm))) S st(V, V). (3.8)
By (3.7),
Pim(U) C pz‘_'lpz'_—i-lm,i’(St<U7 Uism))-
This together with (3.8) implies
G 105Gy P (P (U)) S st(V, V).

Applying (3.6) to this, we get
i [0y Pim(U)) C st(st(V, V), V).
Applying (3.4) to this and using (3.3), we have
qif(p;fm(U)) C st(st(st(V, V), V), V) Cst(st(V, Vi), Vi),

verifying (3.2).
2) easily follows from [10, Theorems 6.1, 6.2]. O

In a similar way (p, g)-contraction maps are characterized in terms of the following con-
dition for m > O:

(ACon),,: For each i there exists jo > ¢ with the property that each j > j, admits
io > f(j), 7 such that for each i’ > iy

Pt Ui < 07 (vir £ it Vi

Theorem 3.7. Let f: X — Y be a map, and let f ={f;, f}: X — Y be an approzimate
resolution of f where p = {p;} : X — X = {X;,,U;,piw} and ¢ = {¢;} : Y = Y =
{Y;,V},q;5:} are admissible approzimate resolutions of X and Y, respectively. Then the
following implications hold for m > 0:

1) (ACon),, forst f:st X —stY = (Lip)_, for p and st* q = (Lip)_pmio for p and q.
Moreover, if each p; is surjective, the following implication also holds:

2) (Lip)_m for p and q = (ACon),_4 for igyiyf: X — st?Y.
Proof. 1) is similar to Theorem 3.6 1), and 2) follows from [10, Theorems 7.2, 7.3]. 0

Remark. In [10], Theorems 3.6 1) and 3.7 1) are shown under the assumption that each
p; is surjective. Here note that if X is connected, there exists an approximate resolution
p={p;} : X — X with each p; being surjective (see Theorem 2.3).



4. BOX-COUNTING DIMENSION OF SPACES WITH NORMAL OPEN COVERINGS

Throughout the rest of the paper, spaces mean compact metric spaces.
Let X be a space. For each U € Cov(X) and for each closed subset A of X let

Ny(A)=min{n: ACU;U---UU,,U; € U}.

For each normal sequence U = {U;} on a space X, we respectively define the lower and
upper boz-counting dimensions of (X, U) by

dimp (X, U) = lim 28 N0 lX)
1—00 1
and
. — logy Ny (X
i (X, U) = Tom 088 MelX),
1—00 /3

If the two values coincide, the common value is called the box-counting dimension of (X, U)
and denoted by dimpg(X,U). In a similar way, we can define the box-counting dimension
for each closed subspace A of X with a normal sequence U/ on X.

Proposition 4.1. Let U = {U;} and V = {V;} be normal sequences on X. If U <V, then
dimz(X,V) < dimg(X,U) and dimp(X,V) < dimp(X, U).

Proof. By assumption, U, < V; for each i, and hence Ny,(X) < Ny, (X) for each i,
which implies the assertions. 0

Proposition 4.2. Let U= {U;} be a normal sequence on X. Then for any m > 0,
dimg(X,U) = dimg (X, X"U)

and
dimg(X,U) = dimg (X, ¥"U).

Proof. The first equality follows from the fact

logs Ny, (X logy Ny (X

1—00 1 1—00 1

and the second equality is similar. O

Corollary 4.3. Let U = {U;} be a normal sequence on X. Then
dimp (X, U) = dimg(X, st U)

and
HB(X, U) = MB(X, StU).

Proof. Since U < stU, by Proposition 4.1, dimz(X,stU) < dimpz(X,U). On the other
hand, since U is a normal sequence, ¥ st U < U, which implies by Propositions 4.1 and 4.2
that dim (X, U) < dimg(X, st U). Similarly for the other equality. O

Proposition 4.4. Let X be a compact subset of R™ with the usual metric, and let U = {U;}
be the normal sequence of open coverings U; by open balls with radius =. Then dimg(X,U) =

_ - 30
dimz X and dimg(X,U) = dimpX.



Proof. The first equality follows from the following:

log Ns(X log N1 (X) logs Ny, (X
dim, X = h_mL‘M = lim——* = thuz() = dimy(X, U).
6—0 — lOg ) i—oo log 37 i—00 ]
Similarly for the other equality. 0

Corollary 4.5. Let X be a compact smooth m-dimensional submanifold of R™, and let U
be the normal sequence as in Proposition 4.4. Then dimpg(X,U) = m.

Proposition 4.6. Let U = {U;} be a normal sequence on X with property (B). Consider X
as the compact metric space with the metric dy induced by U. Then dimg(X,U) = dimz X
and EB(X, U) == MBX

Proof. For each r > 0, let B(r) denote the open covering of X consisting of open balls with
radius . Then since by (3.1)

1
st(z,Uir3) C Ugy(x, §) C st(z,U;) for each i,
then U3 < B(55) and B(zir) < stUi1 < U; for each i. Let B(3:) denote the normal

sequence {B(3;)}. Then YU < B(3;) and YB(3;) < U, and hence, by Propositions 4.1 and

4.2,
1
dim (X, ) = dinn (X, B(5.)).
But,
log Ns(X logg N1 (X) logg N(1y(X)
Hence we have the first equality, and the second equality is proved similarly. [l

Proposition 4.7. Let U = {U;} and V = {V;} be normal sequences on X and Y, respec-
twely. If f: X =Y is a (U, V)-Lipschitz map, then
and L
dimp(f(X),V) < dimp(X,U).

Proof. By hypothesis and Theorem 3.2, ¥"U < f~V for some m > 0, and hence Ny, (f(X)) <
Ny, (X). This implies dimg(f(X),V) < dimg(X,¥™U) = dimg(X,U) (see Proposition
4.2). Similarly for the other. O
Proposition 4.8. Let X = X; U Xy where X; and X5 are closed subsets of X, and let
U = {U;} be a normal sequence on X. Then

dimp(X, U) = max{dimpg (X, U), dimp(Xy, U)}.

Proof. For each i, Ny, (X) > Ny, (X1), Ny, (X2), and hence “>" holds. For the other in-
equality,

NUZ(X) < Nui(Xl) + NMi(XQ) < QmaX{NUHXl(Xl)?Nui|X2(X2)}'
So, for each 1,

log. Ny (X log. 2 log, Ny (X log, Ny (X
sup 0gz Ny, (X) < sup 0g3 +max{sup 0g3 Ny, ( 1>,Sup 0g3 Ny, ( 2)}
k> k E>i k>4 k k> k
Taking limits, we have “<”. O
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5. BOX-COUNTING DIMENSION OF APPROXIMATE RESOLUTIONS

For each approximate sequence X = {X;,U;, piv}, we define the upper and lower boz-
counting dimensions of X by

|
T, X — T & AX)
1—00 2
and | X
dim, X = lim 222 X)
1—00 1
where

ﬂi(X)—th 1u( ;) for each i € N.

—00
If the two values coincide, then we write dimpX for the common value and call it the
boz-counting dimension of X.

Proposition 5.1. Let p={p;} : X — X = {X,,U;, piv} be an approzimate resolution of a
space X. Then we have the followind properties:

1) For each i, there is ig > i such that

Ny (X5) < Nyowgy, (X)) for § = o
2) For each i and for each U € Cov(X;), there is ig > i such that

Np;lst(ui,u)(X) < Np;jlui(Xj) for j = o,
where

st(U, U) = {st(U,U) : U € U;}; and

3) For each i and for each U € Cov(X;), there is iy > i such that
Nyt swean(Kr) < Ny, (X5) forio <5 < k.
Proof. For 1), let n = N, -1, (X) and choose Uy, ..., U, € U; such that X = p; ' (U;) U---U

p; ' (Uy,). Then p;(X) C U U---UU,, and there is U € Cov(X;) such that I/ is of the form
{Uy,...,U,} UU" where U’ consists of some open subsets U’ of X; such that U' Np;(X) = 0.
So we have

Np=13,(X) = Ny (pi(X)) = Ny, (st(ps (X), U)). (5.1)
But (B2) implies that there is ¢y > i such that for j > i,
pij(X;) C st(pi(X), U),
and hence
Ng, (st(ps(X), U)) = Nt (95 (X)) = Ny, (X5)- (5.2)

(5.1) and (5.2) imply 1).
For 2), let i € N, and let U € Cov(X;). Then by (AS) there is iy > i such that

(pijpjs pi) < U for j > ig. (5.3)
Let j > ig, and suppose n =N, ) (X;). Choose Uy, ..., U, € U; such that X, = pi_jl(Ul) U
-Up;;'(Uy). Then p;'p; (Ul) -Up;'p;;'(U,) = X. This together with (5.3) implies

p[l(st(Ul,L{)) U--- Up[l(st(Un,U)) X. Thus N1, w)(X) < n, which verifies 2).

11



For 3), let i € N, and let & € Cov(X;). Then by (A2) there is iy > i such that
(piks pipjx) < U forig < j < k. (5.4)

Let j > ig, and suppose n = N, 1u( ;). Choose Uy, ..., U, € U; such that pl-_jl(Ul) U---U
pi; (Un) = X;. Then p,!p;; (Ul) Upepij (Un) = X, for j < k. This together with (5.4)
implies pi_kl(st(Ul,L{)) U--- Upi_kl(st(Un,M)) Xk and hence N1, w(Xx) < n, which
verifies 3). O

Let p = {p;} : X — X = {X,,U;,piv} be an approximate resolution. Then, for each

i, 3i(X) < oo since each i admits iy > i such that N, S (Xj) < Ny (X) for j > ig by
Proposition 5.1 1). We define the upper and lower box countmg dzmenszons ofp: X - X
by

dl—mB(pX —>X) :dl—mBX
and

dimg(p: X — X) =dimpX.
If the two values coincide, then we write dimg(p : X — X)) for the common value and
call it the boz-counting dimension of p : X — X. If there is no confusion, we write
dimp(p), dimgz(p), dimg(p) respectively for dimp(p : X — X), dimg(p : X — X),
dimg(p: X — X).
Proposition 5.2. Let p = {p;} : X — X = {X;,U;,pir} be an approxzimate resolution of
X. Then if each p; is onto, then

S logs Ny, (X;
dimp(p) = lim 2083 Mk 12e) u(Xs)
1—00 7,
and
logs Ny, (X;
1—00 ?
Proof. For each i, N-1,, (X) < Ny, (X;), and since p; is onto, Ny, (X;) < N, (X). Those
facts easily imply the equalities. O

Theorem 5.3. Let p = {p;} : X — X = {X;,,U;,pir} be an admissible approximate
resolution, and let U = {p;'U;}. Then

dimp (st p) = dimp(X, st U)
and
dimp(st p) = dimp(X, st U).
Proof. Let i € N. By Proposition 5.1 1) and 2), there is ig > i such that

Npi_lstQL{i(X) < N Slsti (X ) < N 1stL{( ) for j > . (5.5)
But by Lemma 3.3 1) and (NR), p;

7

N 1 Ui 2(X> < Np;lstQL{i(X)' (56)

Yst?U; < pi ! stUi—y < p; Ui, and so

By (5.5) and (5.6),
Ny a(X) S Ny () S A6 X) € Ny (X) € Ny g (X0,

stp; oUi—2

12



and hence

)

N. -1/ (X) . X NS -1 X)
i et ) Bi(st )S i st u,( |

1—00 1 1—00 1 1—00 ?

This implies the first assertion, and the second assertion is similarly proved. Il

For the rest of this section, we investigate the fundamental properties of box-counting
dimension, especially, the relationship to some operations on the approximate resolutions.

Proposition 5.4. Let p = {p;} : X — X = {X,;,U;, pir} be an approximate resolution of
X. Then, for each k > 1,

dimp(p) = di_mB(ka)
and

Proof. For each i, 3;(X*X) = 3;1x(X), and hence

1 (SR X 1 (X
dim ,(Sp : X — $FX) = i 28O X) 1085 B (X))
1—00 1 71— 00 1
=dimg(p: X — X).
Similarly for the other equality. 0

Proposition 5.5. Let p = {p;} : X — X = {X;,U;,pir} be an admissible approximate
resolution of X. Then

dimp(p) > dimp(stp) = dimp(st’ p)
and L

dimp(p) > dimp(st p) = dimp(st* p).
Proof. The two “>” follow from the fact that

Npi_jlstui(Xj) S Np;lul(X]) for ¢ S ]
To verify the two equalities, let ¢ € N. By Proposition 5.1 2), there is iy > i such that

Npi_lst31/{i (X) S Npi—jl st2U; (X]) for ] Z ’io. (57)
Since p : X — X has properties (U) and (A), by Lemma 3.3 1),
Py st Uiy < pilystUis.

Since stp : X — st X also has properties (U) and (A) (Proposition 3.4 2)), by Lemma 3.3

1),
pi_l St3 U; < pz_—ll St2 U;_1.

So p; 'st*U; < p;lystUi_5 and hence
N -1 (X) < Npi—lstg,Mi(X). (5.8)

p; o stUi—2
By Proposition 5.1 1), there is i, > 4o such that for j > i,
Np_1 (X]) S N —1 Stui,Q (X) (59)

i—2,5 St UI—2 Pi_o
By (5.7), (5.8) and (5.9),
N (X]) S Npi—jl stQUi(Xj) fOI'j 2 ZIO

Pi_2; stUi—o
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On the other hand, we also have N, s, (Xj) <N, 1stu( ;). So,

Bi_a(st X) < Bi(st? X) < Bi(st X)

and hence
. o(st X (st? X (st X
lim Pia(s >§hméﬁi——2§hméﬁl—l
i—00 1 i—00 7 i—00 7
This means the equality in the first assertion, and similarly for the equality in the second
assertion. O

Proposition 5.6. Let p = {p;} : X — X = {X;,U;,pir} be an admissible approximate
resolution. For each k > 1, define the approzimate resolution Mrp ={pp,} : X - M*X =
{XkisUri, prikj}- Then, if dimg(st p) = dimp(stp), then

dimp(M* st? p) = kdimp(st® p) = k dimp(st p).
Proof. Let i € N. Then by Proposition 5.1 2) and 1), there is iy > i such that for j > i,

N X) < Npml]stQUk K)oy X) <N, X;
pI:il St3uki( ) N 1 tQUk (Xk]) - pl;-l stQUki( ) pkzlj Stukz( ) (5 10)

Since p : X — X has properties (U) and (A), by Proposition 3.4 2) and Lemma 3.3 1), we
have
—1 43 -1 2 —1
Pri S Ui < Pr(i—1) St U(i-1) < Pi(i—2) st Uk(i—2
and hence

N

—1
Pr(i—2) St Uk(i~2)

(X) < N, 1oy (X). (5.11)

P 8
By Lemma 5.1 1), there is if, > io such that for j > i,
N ~1 Stuk(i72) (X]> S Np71

Pr(i-2),j k(i—2)

(5.12), (5.11) and (5.10) imply that

N X < Npkllj st2u,“(X-) < N f . gy
P—(l 2)JStUk(z 2)( j) N . tQMk.(Xk]> szljstuk( j) or j > 1g-

Prik; S

This implies that for each i,

g2
ﬁk(i—2)(5t X) < { ﬁzﬁ(lj\lf(itstg())() } < Brilst X),

and so

k.

k(i —2) i loky BH(M* st2 X) ki

7

logy Bri—2) (st X) k(i —2) { logg fis (&t X) } _ logg Bi(st X)

Since dimgz(p : X — st X) = dimp(p : X — st X), the limits as i — oo of the left and
right hand sides of the above exist and coincide. Hence the limits in the middle exist and
the two equalities in the assertion hold. Il
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6. LIPSCHITZ SUBINVARIANCE

Theorem 6.1. Letp = {p;} : X —» X ={X;,Us,pi} andq = {q;} : Y =Y = (Y, V},¢jr)
be admissible approzimate resolutions, and let f = {f;, f} : X — Y be an approzimate map
with property (APS) (see Theorem 2.5). If f: X — 'Y satisfies (ALip),, for some m > 0,
then we have the following inequalities:

dimp(p) > dimp(st q)

and L L
dimp(p) > dimp(st q).

Proof. Let i € N. By (Al), (ALip),, and (APS), there exist j,jo with ¢ < j < jo and
f(j) > i+ m with the property that for each j' > jo, there exists iy with ic > f(j),7 +m
such that for each k > iy,

P slivm < Pty 4 Vi (6.1)
and
i (Yyr) S st(qi; [ipre(Xe), Vi). (6:2)
Then, by (6.1), for k > i,
Nyt then(X) 2 Nyt o121y, (Xk) = Mo (635 fipr o (X)) (6.3)

If m = Ny, (@i [ips)k(Xk)), then there exist Vi, ..., V,, € V; such that
Qi fiprie(Xk) CVEU - UV,
which implies that
st(qij fiprie(Xe), Vi) C st(Vi, Vi) U---Ust(Vi, Vi),
This together with (6.2) implies that for each 5 > jo,
m > Neov, (8t(gi [0 Gs(Xk), Vi) = Nsov (g3 (Yy)) = Nyt v, (Yy) for k> ig.

(6.4)
Thus, by (6.3) and (6.4), for each j' > jo,
Np;_lm,kui+m (Xy) > Nq;j/l v, (Yyr) for k > o,
which implies that for each j' > jo,
S SupNpoo -t (Xi) 2 Nyt (V).
and hence we have (;1,,(X) > B;i(stY) for each i. Thus we have the assertion. O

Corollary 6.2. Let p = {p;} : X — X = {X;,Ui,piw} and q = {¢;} : Y = Y =
{Y;,V;,q;7} be admissible approzimate resolutions, and let f = {f;,f} : X — Y be an
approzimate map with property (APS). If st f : st X — stY satisfies (ALip),, for some
m > 0, then

dimp(st p) > dimp(st q)
and

dimp (st p) > dimp(st q).

Proof. This easily follows from Proposition 5.5 and Theorem 6.1. 0J
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7. FUNDAMENTAL THEOREMS
An approximate resolution p’ = {p;} : X' — X' = {X/, U, pl,} is said to be contained in
an approximate resolution p = {p;} : X - X = {XZ,Z/{Z,p” } provided X' C X, X] C X;,
= U;| X!, pl. = pir| X, Note if p is admissible, so is p’
Theorem 7.1 (Subset theorem). If an approzimate resolution p' = {p;} : X' — X' =
{X!,U!,piir} is contained in an admissible approximate resolution p = {p;} : X — X =

{XZ,UZ,pu }, then
dimp(p’) < dimp(p)
and L L
dimg(p') < dimp(p).
Proof. This easily follows from the fact that Ny, (X;) > N,-1,,(X}) for i < j. O

Theorem 7.2 (Product theorem). Let p = {p;} : X — X = {X;,U;,pir} and q = {¢;} :
Y - Y = {Y,;,V,q;:} be admissible approzimate resolutions. Then the map p X q =
{pixqg}: X XY =5 X xY ={X; xY,U; X Vi,piir X @i} is an admissible approzimate
resolution, and

dimp(px q: X xY - X xY) <dimg(p: X — X)+dimg(qg: Y —Y).

Proof. Tt is easy to check (B1) and (B2) for p and q imply (B1) and (B2) for p x g, using
the fact that any open covering of the product X x Y is refined by the product of finite open
coverings of X and Y. It is easy to see that the approximate resolution p x q is admissible.
For each i, we have

N(pii’XPii’)_luiXVi(Xi/ X Y;) < N 11/{ (X ) N ,1V (Y;/) for i < il?
and hence for each k,
SUDN(p,. xpy) 1ty xv; (Xir X Yir) < supN-15, (Xir) - supN -1y, (Yir).

i >k >k vk i

This implies that, for each i, we have 3;(X xY) < 5;(X) - 3;(Y), and hence

h—m log; BZ(X X Y) < Tm logs ﬂZ( ) + Tim log, 52( ) 7
1—00 1 1—00 2 1—00 2
which means the assertion. O

Theorem 7.3 (Sum theorem). Let Xy and X be closed subsets of X such that X = XoUX7,
and let p = {p;} : X — X = {X,,U;,pir} be an admissible approximate resolution of
X such that the restrictions p|Xo = {pi|Xo} : Xo — Xo = {Xoi,Ui| Xos, pirr| Xowr } and
p| X1 ={p:i| X1} : X5 — X1 = { X0, U;| X14, pi| X0 } are admissible approzimate resolutions
of Xo and X1, respectively, where Xo;, X1; are subpolyhedra of X; such that Xo; U X1; = X;.
Then

dimp(p) = max {dimp(p|Xo), dimp(p|X1)} .
Proof. For each 7, we have
Ny (X5) < Nyoagy (Xog) + Ny (X)) < 2max{ N, -1, (Xoj), Ny, (Xa5) ) for @ < 7.
Then, for n > 1,
supNN, S (X;) < 2max{supN,, S (Xoj)s supN S (X15)}

ji>n ji>n
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which implies
Gi(X) < 2max{F;(Xy), 5:(X1)},
and hence

loggﬁi(X) < 10232 +max{10g3ﬁf(X0), 10%3@‘(—’(1)}.
1 1 1 1

Taking lim, we have

di—mB(p) < max{di—mB(p|X0),di—mB(p|Xl)}.

The other direction follows from the fact that Npi—jlui (Xoj), Np;jlui (Xy;) < Npi—jlui (X;) for
1< . U
Remark. There exists such an approximate resolution of X as in Theorem 7.3. Indeed,
there exists a resolution of the triad (X; Xo, X1) p = {pi} : (X; X0, X1) — (X; X0, X1) =
{(X; Xoi, X14), pirr } such that the restrictions p|X = {p;| X} : X — X, p|Xo = {pi| Xo} :
Xo — Xo = {Xoi, pir | Xow} and p| X7 = {ps| X1} : X1 — X1 = { Xy, piw| X1} are resolu-
tions of X, Xy, X1, respectively (see [8]). For each i, there exists a finite open covering U4 so
that p| X = {p;|X} : X — X = {X;,U;, piv} is an admissible approximate resolution (see
[16]) by taking a subsystem if necessary. Then it is easy to check p| Xy = {p;|Xo} : Xo —
{Xoi, Us| Xoi, pir | Xow } and p| X1 = {pi| X1} © Xu — { X0, Us| X1, pir| X100} are admissible
approximate resolutions as required.

8. EXAMPLE

In this section we prove
Theorem 8.1. For each r € Rsq U {o0} there exist a Cantor set X and an admissible
approzimate resolution p = {p;} : X — X = {X;,U;, piv} such that dimg(p: X — X) =r.

Proof. First assume 0 < r < oo. For each n > 1, let a,, be the smallest integer that is not
less than nr. So, a, — 1 < nr < a, and a, < a,41 for each n > 1, and hence lim ™ = r.
71— 00
Define the sequence {b, : n > 1} by by = a; and b,,1 = a1 — a,. Now we write
an  logg3®  logg 3P -3%.... 30
n  n n '

and define the inverse sequence {X,,, pnn} as follows (see Figure 1): Let Xy = {x}, and let
X, be the discrete space consisting of 3% points {z;,iy..q, 1 1 < i < 3% k=1,2,--- n}.
Define the map pnpt1 1 Xns1 — X BY Punt1(@irinevining:) = Tiyigin- Let X be the limit of
{Xy, pn }, and let p, : X — X,, be the projection map. For each n, let U,, be the finite
open covering of X, consisting of the discrete 3% points as elements. Then p = {p,} : X —
X ={X,, Uy, pnw } is an admissible approximate resolution.

Claim. dimg(p) =r.

Indeed, for each n, 3,(X) = 3% .3%2...30 = 3% 5o % = % which converges to 7.

Thus obtained X is totally disconnected and perfect and hence is a Cantor set. For the
case r = oo (resp., 0), for each 4, let a,, = n? (resp., the smallest integer that is not greater
than logg n), and construct an approximate resolution p = {p,} : X — X = {X,,, Uy, prn'}
by the same procedure as above. Then, since lim % = oo (resp., 0), dimp(p) = oo (resp.,

n—oo

0). O
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FIGURE 1. A system with box-counting dimension r
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