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LIPSCHITZ FUNCTIONS AND APPROXIMATE RESOLUTIONS
TAKAHISA MIYATA AND TADASHI WATANABE

ABSTRACT. A Lipschitz function between metric spaces is an important notion in fractal
geometry as it is well-known to have a close connection to fractal dimension. On the
other hand, the theory of approximate resolutions has been developed by Mardesi¢ and
Watanabe. In this theory maps f : X — Y between general spaces are represented
by approximate maps f : X — Y between approximate systems for any approximate
resolutions p : X — X and q : Y — Y, and the approximate maps f give useful
information about the properties of the maps f. In this paper, we describe a new method
of using the theory of approximate resolutions to study Lipschitz functions. More precisely,
first of all, given a Hausdorff space X and a normal sequence U with a reasonable condition,
a new metric dy which induces the given topology is defined, and Lipschitz functions with
respect to the metrics induced by normal sequences are characterized by a property of the
normal sequences. Secondly, using this metric, for each compact metric space X and for
each approximate resolution p : X — X of X with a reasonable condition, a new metric d,
which is topologically equivalent to the given metric is defined, and the properties of those
metrics are investigated. Lipschitz functions between continua with the metrics induced by
approximate resolutions are characterized by approximate resolutions. As an application,
contraction maps are characterized, and a sufficient condition in terms of approximate
resolutions for the existence of a unique fixed point is obtained.

1. INTRODUCTION

Recall that a function f : X — Y between metric spaces X and Y is a Lipschitz function
provided there exists a constant a > 0 such that

d(f(x), f(2") < ad(z,2’) for z,2" € X.

Being a Lipschitz function is an important property in fractal geometry, especially, in
fractal dimensions. For example, one of the required conditions for a fractal dimension is
the Lipschitz invariance (see [2, p. 37], and also [3, §1]), i.e., if amap f: X — YV isa
bi-Lipschitz function, then X and its image f(X) have the same fractal dimension. In this
paper, we describe a new method of using the theory of approximate resolutions to study
Lipschitz functions.

Mardesi¢ and Watanabe [10] introduced the notion of approximate resolutions, which
generalizes all compact limits, approximate limits of Mardesi¢ and Rubin [6] and res-
olutions of Mardesi¢ [5]. This notion has proved to be userful in many problems in
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topology especially for nonmetric or noncompact spaces [15, 16, 17, 14, 12]. However,
even for compact metric spaces, approximate resolutions are essential [6, 11, 15, 16]. In
fact, when we are given a map f : X — Y between compact metric spaces and limits
p={pi} : X = X ={Xi,pi1} and g ={g;} : Y =Y ={Y},¢;;41}, there may not exist
a map of systems f = {f;, f} : X = Y, ie, a function f : N — N, where N denotes the
set of positive integers, and maps f; : Xy;) — Y}, j € N, with the property that for any
Jj <j', thereis i > f(j), f(j') such that

(M): fipriyi = s firP i and

(LM): fipsi) = 4if, j € N.

In the theory of approximate resolutions, we replace those commutativity conditions by
approximate commutativity conditions so that a map of systems f : X — Y exists. This
is the fact we use for our purpose.

To each normal sequence U = {U; : ¢ = 1,2,...} on a Hausdorff space X so that for
each z € X, the stars of x with respect to U;, i« = 1,2, ..., form a base at x, is associated
a metric dy which induces the given topology by an approach similar to Alexandroff and
Urysohn [1] (see also [13]). Let f: X — Y be a continuous map between Hausdorff spaces
X and Y with normal sequences U and V as in the above, respectively. We give a necessary
and sufficient condition on the normal sequences U and V for the map f to be a Lipschitz
function with respect to the metrics dy and dy.

Those metrics induced by normal sequences have a close connection to approximate
resolutions. For each compact metric space X and for each approximate resolution p :
X — X = {X;,U;,pir} of X into an approximate system X = {X; U;, p;»} so that
U= {p;'U;:i=1,2,..} forms a normal sequence on X and for each x € X the stars of
x with respect to p; 'U;, i = 1,2, ..., form a base at x, we define a new metric dp which
is topologically equivalent to the given metric. For each continuous map f : X — Y
between continua X and Y with approximate resolutions p: X — X and qg:Y — Y as
in the above, we give a necessary and sufficient condition on the approximate resolutions
for the map f to be a Lipschitz function with respect to the metrics d,, and dg. Moreover,
contraction maps f : X — Y with respect to the metrics d, and dg4 are characterized in
terms of approximate resolutions. Using this result, we obtain a sufficient condition on the
approximate resolutions that imply that the map f has a unique fixed point.

The paper is organized as follows: After the definitions and basic properties of approx-
imate resolutions are recalled in the following section, in Section 3, the definition of the
metric induced by normal sequence is given, and its fundamental properties and some ex-
amples are presented. In Section 4, the metric induced by approximate resolution is defined,
and its fundamental properties are obtained. In Section 5, Lipschitz functions with respect
to the metrics induced by normal sequences are characterized by a property of the normal
sequences, and in the following section, Lipschitz functions with respect to the metrics
induced by approximate resolutions are charecterized by the approximate resolutions. In
the final section, contraction maps are characterized, and a unique fixed point property is
discussed.
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Throughout the paper, a map means a continuous map unless otherwise stated.

For any topological space X, let Cov(X) denote the set of all normal open coverings
of X. For any subset A of X and U € Cov(X), let st(A,U) = U{U e U : UN A #
0} and UJA = {UNA : U € U}. Tf A = {zx}, we write st(z,U) for st({z},U). For
each U € Cov(X), let st = {st(U,U) : U € U} and U> = {st(x,U) : v € X}. Let
st"™ U = st(st"U) for each n = 1,2,... and st'U = stU, and for each subset A of X let
st" (A, U) = st(st™(A,U),st"U) for each n = 1,2,... and st'(A,U) = st(A,U). Also, for
any U,V € Cov(X), let st(U,V) denote the normal open covering {st(U,V) : U € U}.
For any metric space (X,d) and r > 0, let Ug(z,7) = {y € X : d(z,y) < r}, and write
U(x,r) if there is no confusion on the choice of the metric d. For any & € Cov(X), two
points x,z’ € X are U-near, denoted (z,z') < U, provided x,z’ € U for some U € U.
For any V € Cov(Y), two maps f,g : X — Y between topological spaces are V-near,
denoted (f,g) <V, provided (f(z),g(x)) <V for each z € X. For each U € Cov(X) and
Ve Cov(Y), let f ={f(U):UeU}and f[7'V={f1V):V eV}

2. APPROXIMATE RESOLUTIONS

In this section we recall the definitions and properties of approximate resolutions which
will be needed in later sections. For more details, the reader is referred to [10].
An approximate inverse system (approzimate system, in short) X = {X,, Uy, Paar, A}
consists of
i) a directed preordered set A = (A, <) with no maximal element;
ii) topological spaces X, for a € A;
iii) U, € Cov(X,) for a € A; and
iv) maps pao : Xoo — X, for a < @’ and p,, = 1x, the identity map on X,,.
It must satisfy the following three conditions:
(A1): (PawPararrs Paar) < U, for a < a’ < a”;
(A2): Foreacha € Aand U € Cov(X,), there exists @’ > a such that (Paa, Pajass Paas) <
U for ' < a1 < ap; and
(A3): For each a € A and U € Cov(X,), there exists a’ > a such that U,» < p, LU for
a <a.
An approzimate map p = {p, : a € A} : X — X of a topological space X into an
approximate system X = {X,,U,, Paar, A} consists of maps p, : X — X, for a € A with
the following property:

(AS): For each a € Aand U € Cov(X,), there exists a’ > a such that (peapar, pa) < U
for a” > d'.

An approximate resolution of a topological space X is an approximate map p = {p, : a €
A} : X — X of X into an approximate system X = {X,,U,, paar, A} which satisfies the
following two conditions:
(R1): For each ANR P, V € Cov(P) and map f : X — P, there exist a € A and a
map g : X, — P such that (gp,, f) < V; and
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(R2): For each ANR P and V € Cov(P), there exists V' € Cov(P) such that whenever
a € Aand g,¢9 : X, — P are maps with (gpa, ¢'ps) < V', then (gpaar, 9’ Paar) < V for
some a’ > a.

If C is a collection of topological spaces, and if all X, belong to C, then an approximate
resolution p : X — X is called an approximate C-resolution.

Theorem 2.1. An approximate map p = {p, : a € A} : X — X = {X,,Us, Daar, A} is an
approximate resolution of a topological space X if and only if it satisfies the following two
conditions:

(B1): For each U € Cov(X), there exists a € A such that p;'V < U for some V €
Cov(X,); and

(B2): For each a € A and U € Cov(X,), there exists ' > a such that pew(Xa) C
st(pa(X),U).

Let Pol and APol respectively denote the collections of polyhedra and approximate
polyhedra (see [5]).

Theorem 2.2. ([10, 2.19]) Every topological space admits an approximate Pol-resolution
with a cofinite index set.

If X = {X;,U;,pir,N} has the index set N of positive integers with the usual order, we
simply write X = {X;, U;, pir }.

Theorem 2.3. i) Every compact metric space X admits an approzimate Pol-resolution
p=A{pi}: X = X ={X;,U;,pir} such that all X; are finite polyhedra.

ii) Every continuum, i.e., connected compact metric space, X admits an approximate Pol-
resolution p = {p;} : X — X = {X;,U;, pivr } such that all X; are connected finite polyhedra,
and all p; and p;; are surjective.

Proof. It X is a compact metric space, then there exists an inverse limit p = {p;} : X — X
into an inverse system X = {X; p;s} such that all X; are finite polyhedra. If X is a
continuum, then since X is P-like where P is the class of connected finite polyhedra, [7,
Theorem 1] implies that there exists an inverse limit p = {p;} : X — X into an inverse
system X = {Xj, p;»} such that all X; € P and all p;; are surjective. In either case, by
[15, 3.8], there exist U; € Cov(X;) so that X = {X;,U;, p;} forms an approximate system
and that p : X — X forms an approximate Pol-resolution. In the case of continuum,
[9, Corollary 1] implies that all p; : X — X, are also surjective. This concludes the
theorem. O

Let X = {X,,Uy, Paar, A} and Y = {Y}, V}, qur, B} be approximate systems of topological
spaces. An approzimate map f = {f., f:a € A} : X — Y consists of a function f : B — A
and maps fy, : X3 — Y3, b € B, with the following condition:

(AM): For any b,0’ € B with b < V', there exists a € A with a > f(b), f(b') such that
(be/fb’pf(b’)a’a fbpf(b)a') < stV for all d’ > a.
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A map f: X — Y is a limit of f provided the following condition is satisfied:
(LAM): For each b € B and V € Cov(Y}), there exists b > b such that

(qbb”fb’/pf(b")a Qbf> < V for all b/, > b,.

For each map f : X — Y, an approzimate resolution of f is a triple (p, q, f) consisting
of approximate resolutions p = {p, : @ € A} : X — X = {X,, Uy, paar, A} of X and
g={q:0eB}:Y ->Y ={Y,,V,qus, B} of Y and of an approximate map f: X — Y
with property (LAM).

Theorem 2.4. Let X and Y be topological spaces. For any approximate resolution p :
X — X and approximate APol-resolution q : Y — 'Y over a cofinite index set, every map
f: X =Y admits an approzimate map f : X — Y such that (p,q, f) is an approzimate
resolution of f.

Theorem 2.4 fails even for compact metric spaces X and Y if we require the following
commutativity relations instead of (AM) and (LAM) ([4], [11], [15], [16]):

(M): fopr@)a = Qo fyPr)a; and
(LM) fbpf(b) =qf for b e B.

3. METRICS INDUCED BY NORMAL OPEN COVERINGS

Throughout this section, a space means a Hausdorff space unless otherwise stated. In
this section, following the approach of Alexandroff and Urysohn [1], [13, 2-16], given a space
X and a normal sequence U = {U; : i =1,2,...} on X, we define a pseudometric dy on X
and obtain its properties.

We call the family U = {U; : i = 1,2,...} of open coverings on a space X a normal
sequence provided stU; 1 < U; for each i. Given a normal sequence U = {Uf; : i =1,2,...}
on X, we define the function Dy : X x X — R by

9 if (z,2) £ Us;
Dy(z,a') = ¢ gz if (z, ') <U; but (z,27) £ Uiyr ;
0 if (z,2)) <U;foralli=1,2, ...,

and the function dy : X x X — R by
dy(z,2") = inf{Dy(z, z1) + Dy(z1,22) + - - - + Dy(xn, 2')}

where the infimum is taken over all points x1,zs,...,x, in X and R, denotes the set of
nonnegative real numbers.

Proposition 3.1. Let X be a space, and let U= {U; : i = 1,2,...} be a normal sequence.
Then the function dy : X x X — Rs¢ is a pseudometric on X with the property that

1
st(z, Uirs) C Ugy(z, §) C st(z,U;) for each v € X and i.
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Proof. That dy is a pseudometric on X is obvious. It is also obvious from the definition
that

dy(z,2’) < Dy(z,2’) for z,2' € X. (3.1)
Using the fact that a star refinement is a 2-refinement in the sense of [13, p.13] and following
the proof of [13, 2-16], we can show
Dy(z,2") < 4dy(z,2’) for z,2’ € X. (3.2)
(3.1) and (3.2) imply that dy has the desired property. H
Proposition 3.2. Let X be a space, and suppose a normal sequence U= {U; : i =1,2,...}
has the following property:
(B): {st(z,U;) :i=1,2,...} is a base at x for each z € X.
Then dy s a metric on X. In this case we call dy the metric induced by the normal sequence

U.

Proof. dy(x,z") = 0 implies x = 2’ by Proposition 3.1 and the fact that X is a Hausdorff.
]

Proposition 3.3. Let (X,d) be a metric space, and let U = {U; : i = 1,2,...} be the

normal sequence such that Uy = {Uq(z, 3) : @ € X} for each i =1,2,.... Then the metric

dy induced by the nomal sequence U induces the uniformity which is isomorphic to that
nduced by the metric d.

Proof. Proposition 3.2 implies that dy defines a metric on X, and it follows from Proposition
3.1 that the uniformity induced by dy is isomorphic to that induced by d. O

Proposition 3.4. Let X be a space.

i) If A is a subset of X, and if U={U; :i=1,2,...} is a normal sequence, then
dyja(z, ") > dy(z,2") for all z,2" € A.

Here U|A denotes the normal sequence {U;|A i =1,2,...} restricted to A.

i) IfU={U;:i=1,2,..} andV ={V; : 1 =1,2,...} are normal sequences on X such
that U; < V; for each i, denoted U <V, then

dy(z,z’) > dy(z,2’) for all z,2’ € X.

iii) For each normal sequence U = {U; : i = 1,2,...} on X, let XU be the normal sequence

Vi Vi=U1,i=1,2,...} on X. Then
dsy(z,2") = 3dy(z,2') for all z,2" € X.

iv) For each normal sequence U = {U; : i =1,2,...} on X, let st U be the normal sequence
{stl; :i=1,2,...} on X. Then

dgeu(z, o) < dy(z,2') < 3dgu(z,2) for all z,2’ € X.
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v) For each normal sequence U = {U; : i = 1,2,...} on X, let U be the normal sequence
{Ur :i=1,2,..} on X. Then

dya(z,2") < dy(z,2") < 2dya(x,2') for all z,2' € X.

Proof. 1), ii) and iii) are obvious from the definitions of dy and Dy. iv) follows from the
fact that stU;, 1 < U; < stU; for each i, the definition of Dy and iii). For v), for any
z,7' € X, if (z,2)) <UP and (z,2') £ UL, then there is 2” € X such that (z,2") < U;
and (2", 2") <U;. So, Dy(z,z") + Dy(a”,2') < 525 = 2Dya(x,2’). This together with the
definition of dy implies that dy(z,z") < 2dya(z,2’) for all z,2" € X. That dya(x,2’) <
dy(z, 2') follows from ii). O

Let XU = XU, and for each n = 1,2, ..., let XU = %(X"U), and also let st' U = st U
and st"™ U = st(st" U).

Next, we wish to give a simpler description of the metric dy for special cases. For any
space X and for any nomal sequence U = {Uf; : i = 1,2,...} on X, we define the function

dy: X x X — Rsg by
n

3i-2
where the infimum is taken over all the choices of points x = xq, x1, ..., x, = 2’ in X such
that (z;,z;41) <U; but (z;,2j41) £ U; for each j =0,1,...,n — 1.

dy(z,2’) = inf

Proposition 3.5. Let X be a space, and let U= {U; : i = 1,2,...} be a normal sequence.
Then the function dy : X x X — Rsq is a pseudometric on X with the following properties:

dy(z,2') > dy(z,2') for all xz,2’ € X (3.3)
and
1
st(x, Uiy 3) € Ug, (z, §) C st(z,U;) for each v € X and i. (3.4)

Moreover, if U has property (B) (see Proposition 3.2), then dy is a metric on X.

Proof. Obviously, dy is a pseudometric on X. It is also obvious from the definitions of dy
and dy that dy has properties (3.3) and

dy(z,2") < Dy(x,2’) for each v € X. (3.5)
(3.3) and (3.2) (in the proof of Proposition 3.1) imply that
Dy(z,2") < 4dy(x, z') for each z € X. (3.6)

(3.5) and (3.6) imply property (3.4). Finally, (3.4) immediately implies the last assertion.
[l

Proposition 3.6. Let X be a convexr subset of a linear topological space L. Then
dy(z,2') = dy(z,2") for all z,2’ € X
where U= {U; :i=1,2,...} andU; ={U(z,s):x € X} for each i.
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Proof. By (3.3) of Proposition 3.5, it suffices to show that dy(z,z’) < dy(z,2’). Let
T = 20,21, ...,T, = 2’ be points in X such that (z;,z;11) < Uy, but (z;,2;11) £ Up,41 for
each j =0,1,....,n — 1. Let k = max{k; : j =0,1,...,n — 1}, and take ¢ > k so that

1 ) 1, 2 .
3 < min { 3 ( E |jo1 — 5] ):5=0,1,...,n—1}. (3.7)
Claim: For each j, there exist points z; = 0,71, ..., 1, = Tj41 € X such that
(Ij,pa$j,p+1) < U; but (ZL’j7p,Ij,p+1) 7{ ui—i—l for p=0,1,.., lj —1 (38)
and
1 l;
Dy(zj, zj1) = 32 2 30 (3.9)
Indeed, since X is a convex subset, there is a line segment from z; to x;;; in X. Let
p R
xj,p:R—(xj+1_xj)+xj (p:O,]_,...,lj :L ; J +1)
lz5) +1 2/3
where R; = ||xj+1 — x;||. Then we have
31 = @511 — Tl < 3
For,
01— 230l = T2
o+l — Lipll = TR
L7 | +1
and
2 < R; < R; - R; _ 2
i+l = R, =T R; R, i
3 w1 lagm ]+l (GE-D+1 3

2

- This relation implies (3.8).

where the first inequality follows from the fact that R; >
(3.9) follows since by (3.7),

1 l; 1 1, R 2 2

9
- == > — = -+ 1)== (0 —-R;—=)>0.
3k;—2 3i—2 — 3k;—2 3i—2 ( 2/31 + ) 9 ( 3k;j J 3i )—
Now by Claim,
n—1 1 n—1
ZDU(%J;’H) > 52 lj > dy(z,2').
§=0 §=0
Since this is true for any choice of the points © = xg, z1, ..., z, = 2’ € X, we have dy(z,2") >
dy(z, 2"). n

Proposition 3.7. Let X be a convex subset of a linear topological space L, and let U =
U, :i=1,2,..} where Uy = {U(x, %) : x € X}. Then

9
dy(z,2') = §Hx — || for all x,2" € X.
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Proof. By Proposition 3.6,

|53 )
-2

dy(z,y) = inf { T

. 9
i=1,2,..} = §Hx -yl
[

Finally in this section, we wish to compare our definition of the metric dy with that in
[13, 2-16].

We call the family U = {U4; : i = 1,2,...} a 2-refinement sequence provided for each i, if
Uy, Uy € U; 11 have a nonempty intersection, then U; U Us refines U;. Given a 2-refinement
sequence U ={U; : 1 =1,2,...} on X, we define the function D'y : X x X — Ry( by

4 if (z,y) £ Uy

0 if (z,y) <U; foralli=1,2, ..,
and the function dj; : X x X — Rsq by
dy(z,2") = inf{Dy(x, 1) + Dy(x1, 22) + - - - + Dyy(xn, 2')}

where the infimum is taken over all finitely many points x1, s, ..., z,, of X. Then by [13,
2-16,2-18], the results analogous to Propositions 3.1 and 3.2 hold. Similarly to dy for any
normal sequence U, we can define the function a{U : X x X — Ry for each 2-refinement
sequence U on X, and the result analogous to Proposition 3.5 holds. Also, for the 2-
refinement sequence U = {Uf; : i = 1,2,..} where U; = {U(z, 5:) : © € X}, the results
analogous to Propositions 3.6 and 3.7 hold, where in Proposition 3.7 the constant multiple
is 2 instead of %.

Example. Consider the real number R as a linear toplogical space and the normal sequence
U={:i=12.} where Y = {U(z,5;) : € X} and the 2-refinement sequence
U ={U :i=1,2,..} where ! = {U(z, 5) : € X} on R. Then, by Proposition 3.7,

9
dy(0,1) = B

and
lo7z) +1

v (0,1) = inf { ri=1,2,.. }

9i—2
which equals 2. However, if we take the normal sequence U as a 2-refinement sequence,
then
2/31J +1
21 2

which equals 4 since the sequence monotonically increases.

dy;(0,1) = inf { ri=1,2,... }
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4. METRICS INDUCED BY APPROXIMATE RESOLUTIONS

In Section 3, we studied how normal sequences induce metrics. In this section, we extend
this idea to the theory of approximate resolutions. Throughout this section, a space means
a compact metric space unless otherwise stated.

Let p={p;} : X — X = {X;,U;, p;v } be an approximate Pol-resolution of a space X.
Assume the approximate system X = {X;,U;, p;» } satisfies the following condition:

(U): stUy < p;'U; for i < i'.
Note that with any approximate system X = {X;,U;, p;»} is associated an approximate

system X* = {Xy,,Us,, Pk, } With property (U) by taking a cofinal subsystem of X as in
[10, 1.6]. For each n > 2, we define the function Dx ,, : X,, x X,, — R>¢ by

9 if (pin(2), pin(2")) £ U; for any i < n;
1 /
AR 3i—2 if (pzn(z);pm< ) < U; but
Dl 2) = (Piv1n(2), Pivin(2")) £ U1 for some i < n;
0 if (pin(2),pin(2)) <U; for all i < n |

and the function dx : X x X — R by

dx (2, 2") = inf{Dx n(Pn(), 21) + Dx (21, 22) + - + Dx 2k, pu(2')) }

where the infimum is taken over all n > 2 and all finitely many points 21, 23, ..., 2 of X,.
Then it is easy to see that dx is a pseudometric on X.

An approximate resolution p : X — X into an approximate system X = {X;,U;, p;}
is said to be normal provided the family of open coverings U = {pi_ll/{i 1= 1,2,...}
is a normal sequence and has property (B) (see Proposition 3.2). Note that with any
approximate system X is associated a normal approximate system X' = {X;,,U;,, p,1, } by
taking a cofinal subsystem of X (use (B1)).

Let p: X — X = {X;,U;, p;»} be any normal approximate Pol-resolution of a space.
Then for any z, 2’ € X, we define the function Dp, : X x X — R by

9 if (pi(x),pi(2”)) £ U; for any i;
Dp(%ﬂf’) = 3%2 if (ps(x), pi(2")) < U; but (pi(z), pi(2')) £ Uita ;
0 if (pi(z), pi(2")) <U; for all i,
and the function d, : X x X — R by
dpl,2") = IH{Dy(, 1) + D1, 22) + -+ + Dyl ')}

where the infimum is taken over all finitely many points 1, x», ..., x, of X. Note that
dp(z,2') = dy(z,2') for any z,2' € X, where U = {p; 'U; : i = 1,2,...}.

Proposition 4.1. Let p = {p;} : X — X = {X;,U;,pi} be a normal approzimate Pol-
resolution with property (U) of a space X. Then, there exists ng € N such that for all
n Z Ny,

Dx o (pn(x), pu(2z)) < Dp(z,2') for all z,2’ € X.
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Proof. Suppose (p;(x),pi(2")) < U; for some i. Then p;(z),p;(z") € U for some U € U,.
Let V be open such that p;(z),p;(2') € V €V C U, and let ¥V € Cov(X;) such that
V < {U,X;\ V}. By (AS), there is ng > i such that (p;, pinpn) < V for n > ng. So,
Din(Pn (), Din(pn(2')) € U for all n > ng. So (pin(pn(x)), Pin(pn(z’))) < U;. This shows our
assertion. N
Proposition 4.2. Let p = {p;} : X — X = {X;,U;, pir} be a normal approrimate Pol-
resolution with property (U) of a space X. Then, for each n > 2,

Dyp(x,2") < 3Dxn(pn(x), pn(')) for all z,2" € X.

Proof. Suppose (pin(pn()), pin(pn(z’))) < U; for some ¢ with 2 < i < n. Then there is
U € U; such that pi,(pa(2)), pin(pn(z')) € U. By (A1), z,2" € p;*(st(U,U;)). But since
p is normal, p; '(st(U,U;)) C p; ', (U") for some U’ € U;_y. So, pi_1(z),pi_1(2') € U’ and
hence (p;—1(x), pi—1(2")) < U;—y. This fact implies that 3Dx ,,(pn(x), pn(z)) > Dp(x,2’) as
required. ]

Proposition 4.3. Let p = {p;} : X — X = {X;,U;,pir} be a normal approrimate Pol-
resolution with property (U) of a space X. Then
i) dx(x,2") < dp(z,2') for all x,2' € X; and
ii) If each p; is surjective, then
dp(z,2") < 3dx(z,2') for all z,2" € X.

Proof. i) immediately follows from Proposition 4.1, and ii) immediately follows from Propo-
sition 4.2 and the assumption that each p; is surjective. O

For each approximate resolution p = {p;} : X — X = {X;,U;,pir}, we define the
approximate system X" X as {Z;, W;, r;», N} where Z; = X;1,, Wi = Uin, Tiir = Disniran
Zy — Z; and the approximate resolution X"p as {r; : : € N} : X — X" X where r; = piyy, :
X — Xign.

Proposition 4.4. Let X be a space, and let p = {p;} : X — X = {X;,U;,piv} be a
normal approrimate Pol-resolution of X. Then, for each n € N,

dgnp(z,2') = 3" dp(z, 2') for z,2’ € X.
Proof. This follows from Proposition 3.4 iii). [

5. LIPSCHITZ FUNCTIONS AND NORMAL SEQUENCES

Throughout this section, a space means a Hausforff space and all normal sequences are
assumed to have property (B) unless otherwise stated.

Let X and Y be any spaces, and let U ={lf; : i =1,2,...} and V={V;:i =12, ...}
be normal sequences on X and Y, respectively. Then a map f: X — Y is called a (U, V)-
Lipschitz function (alternatively, Lipschitz function with respect to U and V) provided there
exists a constant a > 0 such that

dy(f(x), (")) < o dy(a, 2') for z,2' € X.
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In this section we give a characterization for (U, V)-Lipschitz functions in terms of the
normal sequences U and V.

For each map f : X — Y and for any normal sequences U = {U4; : i = 1,2,...} and
V={V;:i=1,2,..}, we write U < [TV ifU; < [~V for each i = 1,2, ....

Theorem 5.1. Let X and Y be spaces with normal sequences U = {U; : i = 1,2, ...} and
V=AV,:i=1,2,...}, respectively, and let f : X — Y be a map. Consider the following
statements:

1) dy(f(x), f(2)) < dy(z,2') for all x,2" € X;

i) U< f1V; and

ii) Y2U < -1V,

Then the implications i) = i) = i) hold.

Proof. ii) = 1): Let z,2’ € X, and let + = x¢,x1,...,2, = 2’ be points in X such that

Dy(xi, Tip1) = zr= for some k; >0, i =0,1,...,n — 1. Since U; < f~'V; for each j, then
Dy(f(x;), f(xis1)) < 3,%%2, i=0,1,...,n — 1, which implies that

dviyx)(f(2), f(2)) < du(w,2’) for z,2" € X.
By Proposition 3.4 i),

dy(f(2), f(2) < dvipex) (f(2), f(2)) for z,2" € X.

Hence i) holds.
i) = iii): Let 2 € X, and take U € U;1» such that x € U. Then Proposition 3.1 implies
that

1
By i) and (5.1),
1
() € U (F (&), 5). (52)
Again by Proposition 3.1,
1
Udy(f('r)? ﬁ) - St(f(.T), Vi—l)- (53)
By (5.2) and (5.3), there exists V € V; such that f(U) C V. Hence U;, o < f~'V; for each
i, which means iii). O

Theorem 5.2. Let X and Y be spaces with normal sequences U = {U; : i = 1,2, ...} and
V=AV;:i=1,2,...}, respectively, and let f : X — Y be a map. Consider the following
statements for m > 0:

(L)t du(f(2), F(2')) < 3™ dy(z, ') for all 2,2' € X; and

(C)p: XU < f71V.
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Then the following implications hold:

1) (Cyy = (L)m; and

i) (L)m = (C)na-

Proof. Suppose that ¥™U < f~1V for some m > 0. Then by Theorem 5.1,

dv(f(z), f(2)) < dgmy(z,2’) for all z,2" € X. (5.4)
But by Proposition 3.4 iii),
dgmy(x, 2') = 3™ dy(z, 2') for all 2,2’ € X. (5.5)

(5.4) and (5.5) imply (L),,. Conversely, suppose dy(f(z), f(z')) < 3"™dy(z,z’) for all
xz,x’ € X. Then by (5.5), we have (5.4). Now this together with Theorem 5.1 implies
(C)m+2' O

Theorem 5.2 immediately implies

Corollary 5.3. Let X and Y be spaces with normal sequences U = {U; :i =1,2,...} and
V={V;:i=1,2,...}, respectively. Then a map f: X — Y is a (U, V)-Lipschitz function
if and only if ¥™U < f~V for some m > 0.

and

Corollary 5.4. Let X be a space with normal sequences U = {U; : 1 = 1,2,...} and
U ={U:1=1,2,..} onX. Then there exists & > 0 such that dy (z,2") < ady(z,z’) for
x, " € X if and only if there exists m > 0 such that XU < U’.

Corollary 5.5. Let X and Y be spaces with normal sequences U ={U; :i=1,2,...} and
V=AV,:1=1,2,..}, respectively, and let f : X — Y be a map. Consider statement (L),
and the following statement for m > 0:

(C): U < f1st™V.
Then the implication (C°)y, = (L) holds.
Proof. By Theorem 5.1, (C’),, implies that
dsemv (f(2), f(2") < dy(x, ') for z,2" € X.
But by Proposition 3.4 iv),

dy(f(z), f(2)) < 3" dsemv(f(2), f(2)) for z,2" € X.
Those two inequalities imply (L),,. O

Corollary 5.6. Let X and Y be spaces with normal sequences U = {U; : i =1,2,...} and
V =AV;, :i=1,2,..}, respectively, and let f : X — Y be a map. Consider statement
(L)m+n and the following statement for m,n > 0:

(C)mm: XU < f1st" V.,
Then the implication (C)pyn = (L)m+n holds.
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Proof. By Corollary 5.5, (C),,,, implies
dy(f(x), f(2')) < 3"dgmy(z,2’) for 2,2 € X.
By Proposition 3.4 iii),
dgmy(z,2') = 3™ dy(z, ') for z,2" € X.

Hence those two statements imply (L), 1n- O

6. CHARACTERIZATIONS OF LIPSCHITZ FUNCTIONS

In this section we give characterizations in terms of approximate resolutions for the
Lipschitz functions which were discussed in the previous section. Throughout this section,
a space means a continuum, i.e., connected compact metric space, unless otherwise stated.

For any space X, let APRES(X) denote the collection of all normal approximate Pol-
resolutions p = {p;} : X — X of X into an approximate system X = {X; U;, p;»} such
that all p; and p; are surjective. By Theorem 2.3, APRES(X) # 0. For each map
f: X =Y, let APRES(f) denote the collection of all approximate resolutions (p, q, f)
of f.

For any spaces X and Y and for any p € APRES(X) and ¢ € APRES(Y), a map
f: X — Y is said to be a (p, q)-Lipschitz function (alternatively, Lipschitz function with
respect to p and q) provided there exists a constant o > 0 such that

dq(f(2), f(2") < adp(z,2) for z,2" € X.

Theorem 6.1. Let X andY be spaces, and let f : X — Y be a map. Letp € APRES(X),
p={pi} : X = X ={X;,U;,pir} and q € APRES(Y), q={qi}: Y =Y ={Y,, Vi, qur },
and let (p,q, f) € APRES(f) such that f = {f;} : X — Y is a level morphism. For

m,n > 0, consider the following statements:
(P1)m: dg(f(z), f(2')) < 3™dp(x,2’) for all z,2" € X;
(P2)m.n: p;rlmL{Hm < f7Yq; Y(st™V;) for each i € N; and
(P3)mn: For each i € N, there exists jo > i+ m such that

p;jmjuim < f;lqi;l(st” Vi) for j > jo.

Then the following implications hold:

1) (P1)m = (P2)mt20;

i) (P2)mn = (Ps)mni2;

iii) (P3)mn = (P2)mmnt2; and

V) (P2)mn = (P1)min

Proof. i) and iv) follow from (L),, = (C),42 of Theorem 5.2 and Corollary 5.6, respectively.

For ii), suppose (P2);,,, holds, and let ¢ € N. By (LAM) and(AS), there exists jo > i +m
such that

(¢if, qijfipj) < V; for j > jo, (6.1)
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and
(Pitms PitmiPj) < Ui for j > jo. (6.2)
By (P2)m,n
Pt lhivm < [7g; (st V). (6.3)
Let U € U;yr,. Then (6.3) implies that there exists Vi € V; such that
6if (Piem(U)) € st”(Vir, V). (6.4)
By (6.1) and (6.4),
Gij fipi (Pt (U)) S st™H (Vi Vi), (6.5)

On the other hand, by (6.2),
pjlp;jm](U) C pgﬁ}m(St<U> ul+m))
So, since p; is surjective, we have
Piimi(U) C P (P (58U, Uiym)))-
This and (6.5) together with the surjectivity of p;,,, imply
i i (P (U)) € qijfjpj(pi_—i—lm(lst(Uv Uism))) 1
C  st(qifipi P (U)), @i [i0iPimUiem) (6.6)
C st(st™™ (Vir, Vi), @i fipipiimliem) -
But by (6.1) and (6.3),
qijfjpjp;rlmuprm < Stn+1 Vl (67)
By (6.6) and (6.7),
Qijfj (p;_f_lm](U)) Q St(Sthrl(VU, V1>, Sthrl Vz) = Stn+2(VU, Vl)
This shows that
PipmiUivm < f5'ai; (st V)
as required.

For iii), suppose (P3),,,, holds, and let i € N. By (LAM) and (AS), there exists jo > i+m
so that (6.1) and (6.2) hold. By (P3),., there exists j; > jo so that for each j > ji,

PimUiem <[5 'ai; (st™ V). (6.8)
Let j > j1, and let U € U;1p,. Then (6.8) implies that there exists Vi € V; such that
Qijfj(p;jmj(U)> C st"(Vy, Vi). (6.9)

By (6.2),
P (U) € 05 ' pidi (56 (U, Uipm)).

Since pjim; is surjecive, this implies
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So,
i3 1105 (i (U)) € 8435 f5 Py (U)), @i iDL Uiem)- (6.10)
But, by (6.8),
qijfjp[fmjuprm < st" V. (6.11)
So, by (6.10), (6.9) and (6.11),
Qijfjpj (pZ_Jrlm<U)) g St(Stn(VU, Vl), st™ Vl) = Stn+1(VU, Vl) (612)
By (6.12) and (6.1),
G f (P (U)) C st (Vi V).
This shows that
PipmlUivm < [ g (st"F2))

U

as required.

Theorem 6.2. Let X andY be spaces, and let f : X —Y be a map. Let p € APRES(X),
p = {pz} X - X = {Xi,ui,pii/} and q < APRSS(Y), q = {q]} Y - Y
{Y;,V;,q57}, and let (p,q, f) € APRES(f), f = {f;,f} : X = Y. For mn >

consider statement (P )m. and the following statement:

0,
(P4)mn: For each j € N, there exists jo > j with the property that each j > jo admits
io > f(4'), 7 +m such that for each i > iy,

Primiem < Py diy (57 V).
Then the following implications hold:
1) (Py)mn = (Pa)mani2; and
1) (Pi)mn = (P2)mnt2-

Proof. For i), suppose (P2),n, and let j € N. For each U € U;,,, there exists Vi € V;
such that

0 f Pim(U)) C st™(Vi, V). (6.13)
Take V € Cov(Y;) such that
st?V < V. (6.14)
By (LAM), there exists jo > j such that for each j' > jo,
(43, 4 Fyprn) < V- (6.15)
Let 5 > jo, and take U € Cov(Xy(;»y) such that
U< [ ;0. (6.16)

By (AS), there exists ig > j + m, f(j’) such that for each i > i

(Djms Djgmili) < Ujsm, (6.17)
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and
(pr(ns Priinip) <U. (6.18)
Now let U € Uj4y,. By (6.13) and (6.15),
i [0 (05 (U)) € st(st"(V, V;), V) (6.19)
and
a5 fiprir pj+m iem < st(st" Vj, V). (6.20)

On the other hand, since p;.,, is surjective, by (6.17),

So, since p; is surjective, we have

Piimi(U) € pilst(py L (U), 05 L lhism)) S st(pi(pyLm(U)), 2ids fnlhssm)-
This together with (6.18) implies

Pri (i (U)) € St(pfuf)zpz(pjlm(U ))s syt )ipipjlmuﬁm)
C St(St(p (pJer(U)) u) St(pf( )ijrmuj-i-m?u))
So this together with (6.19), (6.20), (6.16) and (6.14) implies

Qi D1 (P tns(U))

st(st(qs5 fi2rr) (05 1m(U)), @30 Filh) s $8(q550 FirD 5105 Lol Qe [ U))
st(st(st(st™(Vi, V;), V), V), st(st(st™ V;, V), V))

st(st™ ™ (Viy, V)), st V)

st"2(Vyy, V).

Hence (P4). 542 holds.
For ii), suppose (P4)m,n, and let j € N. Take V € Cov(Y;) such that

NN N

st2V <V, (6.21)
and take jo > j as in (P4)ymn. By (LAM), there exists j; > jo such that for each j' > ji,
(43, i firprin) <V (6.22)
Let j > ji, and take U € Cov(Xy(;,y) such that
U< filg;V. (6.23)
For this j, take iy > f(j'),j +m as in (P4)mn. By (AS), there exists ¢ > iy such that
(P Pronipi) <U, (6.24)
and
(Djrms PjamiDi) < Ujpm. (6.25)

Now let U € Ujtm,. Then, by (Py)pm.n, thre exists V; € V; such that
G fi0rG0i Py i (U)) C st™(Vir, V). (6.26)
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But by (6.25),
Piim(U) € 07 05 (8 (U, Ujm),

which, by the surjectivity of p;, implies

Pi(0y i (U)) C st(p; i (U), ) Lilhiem), (6.27)
and hence
PriPi (Dt (U)) € st(pr0i(05tmi (U)s D510 Lmilhj4m)-

This together with (6.24) implies that

P 5 1m (U)) C (st (50 (0 1ni (U)s PG5 pmilhiem ), U).
This together with (6.26), (P4),,, and (6.23) implies
Gii Fi0sn (05t (U)) - C st(st(qs5 fi05 G0 (05 tmi (U))s @30 FirP (1105t milhjem) s Qg0 F3 )

C st(st(st"(Viy, V)),st" V), V)
_ St(Stn+1(VU7 Vj)7 V) (6.28)

Now (6.28), (6.22) and (6.21) yield
6if (051 (U)) C st(st(st™ (Vi V1), V), V) € st™ (Vi V).
Hence (P2),, 42 holds as required. ]

Corollary 6.3. Let X andY be spaces, and let f : X — Y be amap. Letp € APRES(X),
p={p}: X — X = {X;,U,pir} and ¢ € APRES(Y), q = {¢;} : Y = Y =
{Y;,V;,q57}. Then f is a (p,q)-Lipschitz function if and only if f satisfies any one of
the following conditions:

i) There exist m,n > 0 such that (P )y, holds;

ii) There exist m,n > 0 such that (Ps)mn holds for some (any) (p,q,f) € APRES(f)
such that f ={fi} : X =Y is a level morphism; and

iii) There exist m,n > 0 such that (Py)m, holds for some (any) (p,q, f) € APRES(f),
f={fmrnX-Y.

Corollary 6.4. Let X be a space, and let p,p’ € APRES(X), p = {p;i} : X — X,
p ={p.:i1 €N} : X — X'. Then there ezists a constant o > 0 such that

dp(z,2') < ady(z,2') for al x,2" € X

if and only if there exist m,n > 0 and (p,p’, f) € APRES(1x), f={fi,f} : X —- X'
for which (Py)m. holds, where 1x : X — X is the identity map.
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7. CONTRACTION MAPS AND FIXED POINT THEOREM

Throughout this section, a space means a continuum and all normal sequences are as-
sumed to have property (B) unless otherwise stated. A function f: X — Y between spaces
X and Y is called a contraction provided there exists a constant a with 0 < a < 1 such
that

d(f(z), f(2") < ad(x,2) for all z,2" € X.

Let X and Y be any spaces, and let U ={U; :i =1,2,...} and V={V, : 1 =1,2,...} be
normal sequences on X and Y, respectively. Then a map f : X — Y is called a (U, V)-
contraction (alternatively, contraction with respect to U and V) provided there exists a
constant a with 0 < a < 1 such that

dv(f(z), f(2)) < ady(z,2’) for all x,2" € X,

and for any p € APRES(X) and q € APRES(Y), amap f : X — Y is said to be a
(p, q)-contraction (alternatively, contraction with respect to p and q) provided there exists
a constant a with 0 < o < 1 such that

dq(f(z), f(2") < adp(z,2) for all z,2" € X.

Theorem 7.1. Let X and Y be spaces with normal sequences U = {U; : i = 1,2, ...} and
V=AV::i=1,2,..}, respectively, and let f : X — 'Y be a map. For m,n > 0, consider
the following statements:

(M),: dy(f(2), f(2')) <3 ™dy(x,a’) for all z,2' € X; and

(N)ppn: U < f7IE2MV,
Then, for each m > 0, the following implications hold:
i) (M), = (N)mnto for anyn >0; and
1) (N)mm = (M)p—m tf n>m, and (N)mn = (L)m-n (see Theorem 5.2) if m > n.

Proof. For 1), suppose (M),,. Then
3" dy(f(x), f(2')) < dy(z,2’) for z,2" € X.
By Proposition 3.4 iii),
dsmy(f(z), f(2')) = 3™ dv(f(2), f(2)) for ,2" € X.

Theorem 5.1 now implies
YU < flymy.
Since X"?U < X2U for any n > 0,
XU < IRV,
which means (N),, ;42

For ii), suppose (N),, . Then Theorem 5.1 implies
dsmy(f(2), f(2") < dsny(z, 2’) for z,2" € X.
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By Proposition 3.4 iii),

dsny(7,2") = 3" dy(z,2) and dsmy(f(z), f(27) = 3" dv(f(2), f(2')) for z,2" € X.
So,

dy(f(x), f(2')) < 3" " dy(z,2’) for z,2" € X,

which means (L),_p, if n > m, and (M),,_, if m > n. O
Theorem 7.2. Let X andY be spaces, and let f : X —Y be a map. Let p € APRES(X),
p=A{p} : X —- X = {X;,Up,piw} and ¢ € APRES(Y), q = {¢;} : Y — Y =

{Y;, V5,457, and let (p,q,f) € APRES(f) such that f = {fi} : X — Y is a level
morphism. For k,m,n > 0, consider the following statements:

(Q1)m: dg(f(x), f(2) <3 ™dp(x, ') for all z,2" € X;
(Q2)kmmt p;rlkl/lprk < flq (st Vigm) for each i; and
(Q3)kmm: For each i € N, there exists jo > i+ m, i+ k such that
p;jkjum < fjflq;rlmj (st Vigm) for j > jo.

Then, for each k,m,n > 0, the following implications hold:

1) (Q)m = (Q2)2m0;

i) (Q2)kmm = (@3)kmmras

i) (@3)kmmn = (Q2)kmmni2; and

iv) (Q2)kmmn = (Q1)m-n—k form >n+k.

Proof. i) follows by the following implications (see Theorem 6.1 i)):

(Q1)m for p and g
<= (Py)o for p and ¥™q
= (Pg)9 for p and ¥™q
<= (Q2)2.mo for p and ¢

ii) follows by the following implications (see Theorem 6.1 ii)):

(Q2)k,m,n for p and g
<= (P2)p, for p and X™q
= (P3)rns2 for p and ¥q
< (Q3)kmuni2 for pand q

iii) follows by the following implications (see Theorem 6.1 iii)):
(QS)kz,m,n for yy and q
(P3).n for p and ¥q
(P2)kn+2 for p and X™q
(Q2)kmnt2 for p and q

iv) follows by the following implications (see Theorem 6.1 iv)):
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Q2)k,m.n for p and q

Py)kn for p and X"q
P1)kin for p and X™q
Q1)m—k-—n for p and g

(
(
(
(

[

U

Theorem 7.3. Let X andY be spaces, and let f : X —Y be a map. Let p € APRES(X),
p={p}: X —- X = {X;,U,pi} and ¢ € APRES(Y), q = {¢;} 1 Y = Y
{Y;,V;,q57}, and let (p,q,f) € APRES(f), f = {f;,f} : X = Y. Formn >

consider statement (2 )m.n and the following statement:

0,
(Qa)kmm: For each j € N, there exists jo > j + m with the property that each j' > jg
admits ig > f(j'),j + k such that for each i > iy,
Prrillisk < P;(lg")ifj71q]'_ﬁmj/(3tn Vitm)-
Then, for k,m,n > 0, the following implications hold:

1) (QZ)k,m,n = (Q4)k,m,n+2; and
1) (Qu)kmmn = (Q2)kmmt2-

Proof. i) follows by the following implications (see Theorem 6.2 1)):

(Q2)k.m.n for p and q
(P2)n for p and X™g
(P4)kn+2 for p and Xq
(Q4)k,mm+2 for p and q

[

ii) follows by the following implications (see Theorem 6.2 ii)):

Q4)k,m,n for b and q
Py)kn for p and X™q
P3)knt2 for p and X™gq
Q2)km,nt2 for p and q

]

Theorem 7.4. Let X be a space. Then a map f : X — X has a unique fixed point if f
satisfies any one of the following conditions:

i) There exist k,m,n > 0 with m >k +n and p € APRES(X) such that (2 )mn holds;

ii) There exist m,n > 0 withm > k+n+2 and p € APRES(X) such that (Q3 )kmn holds
for some (any) (p,q, f) € APRES(f) with f being a level morphism; and

iii) There exist m,n > 0 withm > k+n+2 and p € APRES(X) such that (Qu)kmn holds
for some (any) (p,q, f) € APRES(f).

Proof. Any one of the conditions implies that the map f is a contraction for some metric
on X. [
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