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We investigate the one-loop contributions to S and T oblique parameters in gauge-Higgs unification.
We show that these parameters are finite in five dimensional space-time, but are divergent in more than
five dimensions. Remarkably, however, we find that a particular linear combination of S and T parameters,
S —4cosfy T, becomes finite for six dimensional space-time, though each of these parameters are
divergent. This is because, in the gauge-Higgs unification scenario, the operators relevant for S and T
parameters are not independent, but are included in a unique higher dimensional gauge invariant operator.
Thus the predictable linear combination is model independent, irrespective of the detail of the matter

content.

DOI: 10.1103/PhysRevD.75.115011

L. INTRODUCTION

Solving the hierarchy problem motivates us to go be-
yond the standard model (SM). Gauge-Higgs unification is
one of the attractive approaches to solving the hierarchy
problem without supersymmetry. In this scenario, the
Higgs field is identified with the zero mode of the extra
component of the gauge field in higher dimensional gauge
theories [1,2] and the gauge symmetry breaking occurs
dynamically through the vacuum expectation value of
Wilson line phase: the Hosotani mechanism [3]. One of
the remarkable features is that the quantum correction to
the Higgs mass-squared becomes finite thanks to the higher
dimensional local gauge invariance, once all Kaluza-Klein
(K-K) modes are summed up in the intermediate state of
the loop diagram, thus solving the hierarchy problem at
quantum level (the problem of ‘“‘quadratic divergence”)
[4-7].

Recently, the scenario has been further developed and
extended. In the case of gauge-Higgs unification on a
simply-connected curved space S? as the extra space, the
quantum correction to the Higgs mass turns out not only to
be finite but also to vanish identically [8]. A similar
mechanism is found to work in the “gravity-gauge-Higgs
unification” scenario, where the Higgs field is identified
with the extra-space component of a higher dimensional
graviton field [9]. The argument of the finiteness can be
extended to the two-loop level [10], and for Abelian gauge
theories the finiteness is proved to hold at any order of the
perturbative expansion [11]. Furthermore, attempts to con-
struct a realistic model embodied with the idea of gauge-
Higgs unification and investigations into the possible ap-
plications of the scenario in various aspects have been
carried out [12-29].

In order to understand the gauge-Higgs unification sce-
nario more deeply and to make a realistic model, it is
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important to ask whether there are other finite (*“‘calcu-
lable”’) physical observables besides Higgs mass, which
are genuine predictions of the scenario. Let us note that the
reason why the Higgs mass is calculable in higher dimen-
sional gauge theories, which are argued to be nonrenorma-
lizable, is that the gauge-Higgs sector is controlled by the
higher dimensional local gauge invariance, and no local
gauge invariant operator responsible for the Higgs mass
exists. It will be natural to ask whether there exist other
calculable observables protected by higher dimensional
gauge symmetry.

In this paper we consider the “oblique” parameters S
and 7 [30] in the framework of Gauge-Higgs unification
scenario, as one of the good candidates of such calculable
physical observables. The parameters are defined as

16
S= -2 11, (1.1)
g tanfy, -

2
L (1.2)
g-sin“0y, My,
where IT}, = dd—[;H3Y(p2)|pz:0, with II;y(p?) being the
guv part of the gauge boson self-energy between Wz and
B, (W;3u B,:SU(2),, U(1)y gauge bosons) and 6y, denotes
the Weinberg angle. AM? = (‘SM%V3 — 8M3,., with 8M%V3,
8M€V: being quantum corrections to the neutral and
charged gauge boson mass-squared.

The reason to take these parameters as the candidates is
twofold. First, both S and T parameters are described in
four dimensional (4D) space-time by (the coefficients of)
“irrelevant’ gauge invariant operators with higher (d = 6)
mass dimension, such as (¢TDM¢)(¢TD"¢) for T and
(¢pTWa, T ¢)B~ for S (¢: Higgs doublet, We,, B, ,: field
strengths of SU(2); and U(1)y gauge fields). Since in the
gauge-Higgs unification scenario the Higgs ¢ is unified
with the gauge field, there is a possibility that these two
operators are also unified in a single gauge invariant local
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operator with respect to higher dimensional gauge field,
whose mass dimension is 6 from 4D point of view. This
means that the structure of the divergence of the S and T
parameters is not independent and some particular linear
combination of these parameters is expected to be free
from UV divergence, thus making it theoretically predict-
able. Second the S and 7 parameters have been severely
constrained through the precision electroweak measure-
ments. Thus studying these parameters is very useful in
searching for a viable model based on the scenario.

The model we take in this paper is minimal SU(3)
gauge-Higgs unification model compactified on an orbi-
fold S'/Z, with a triplet fermion as the matter field. We
confirm by explicit one-loop calculations that our expec-
tation stated above is the case.

The S and T parameters are calculated in two ap-
proaches. One approach is to perform the dimensional
regularization for the 4D momentum integral before taking
the K-K mode sum, which has the advantage that the 4D
gauge invariance is manifest in each K-K mode, though the
whole structure of divergence becomes clear only after the
mode sum. The other one is to take the mode sum before
the momentum integral, which is also useful to extract the
whole structure of possible UV divergence and to make the
higher dimensional gauge invariance manifest. In order to
generalize our argument to more than 5D space-times, we
first derive general formulas where the dimensionality D in
the dimensional regularization is left arbitrary.

As the result, we show that one-loop contributions to S
and T parameters are both finite in 5D space-time, but are
divergent for higher space-time dimensions. The remark-
able result is that in 6D space-time, although one-loop
corrections to S and T parameters themselves are certainly
divergent, a particular linear combination of these parame-
ters, S — 4 cosfOy T, becomes finite (calculable) and pre-
dictable. We also show that the ratio of the coefficients in
the linear combination just coincides with what we obtain
from a single gauge invariant operator with respect to
higher dimensional gauge fields (D, Fyy) (DEFFMN),
which means that the predictable observable is fixed in a
model independent way, irrespective of the detail of each
model’s matter content. This is a crucial difference from
the situation in the universal extra dimension (UED) sce-
nario [31].

This paper is organized as follows. In the next section,
we introduce our model. In Sec. III, the one-loop contri-
bution to the T-parameter in 5D is calculated in two differ-
ent approaches stated above. A similar calculation on the
one-loop contribution to the S-parameter in 5D is given in
Sec. IV. In Sec. V, we generalize our results to higher
space-time dimensions, and discuss the finiteness of a
particular linear combination of S and T parameters for
the 6D case. Section VI is devoted to the summary and
some concluding remarks. In the appendix, some technical
detail of the calculation for the T parameter is given.

PHYSICAL REVIEW D 75, 115011 (2007)
II. THE MODEL

In this paper, we adopt a minimal model of SU(3) gauge-
Higgs unification with an orbifold S'/Z, as the extra space,
in order to avoid unnecessary complications in investigat-
ing the divergence structure of the one-loop contributions
to the S and T parameters, though the predicted Weinberg
angle is unrealistic, sin?@y = 3." As the matter field we
introduce an SU(3) triplet fermion, which we identify with
“top and bottom” quarks and their K-K “‘excited states,”
although the top quark mass vanishes and the bottom quark
mass m, = My, in this toy model. (For instance, the T
parameter is sensitive to the mass splitting between m, and
my, not their absolute values, anyway.) In this work we
neglect the presence of generations.

The SU(3) symmetry is broken into SU(2) X U(1) by the
orbifolding S'/Z, and adopting a nontrivial Z, parity
assignment for the members of an irreducible repr. of
SU(3), as stated below. The remaining gauge symmetry
SU(2) X U(1) is supposed to be broken by the VEV of the
K-K zero-mode of As, the extra-space component of the
gauge field behaving as the Higgs doublet, through the
Hosotani-mechanism [3], though we do not address the
question how the VEV is obtained by minimizing the loop-
induced effective potential for A5 [12].

The Lagrangian is simply given by

L = —L1Te(FyyFMV) + iV PV 2.1
where IT'M = (y#, iv?),
Fyn = 0yAy — OyAy — igs[AM: AN]
2.2)

(M,N =0,1,2,3,5),

p= FM(aM - igSAM)

/\a
(AM = AGMT(/\HZ Gell-Mann matrices)), (2.3)

W = (1, ¥, 9h3)". (2.4)

The periodic boundary conditions are imposed along S' for
all fields and the nontrivial Z, parities are assigned for each
field as follows,

'There is no tree level contribution to these parameters in our
model. As pointed out in [23], if we add an extra U(1) to obtain
the desirable Weinberg angle, a tree level contribution to the
T-parameter appears, and a certain constraint on the compacti-
fication scale must be imposed.
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(++) (++) (=)
A=+ (H+) (=)
(=) (=—=) (++)
(=) () (hH) *>
As=1 (=) (=-) (++)|
(++) (++) (=)
I (+, +) + (=, —)
(%L("‘, +) + Yor(—, _)> (2.6)
b3 (=, =) + Yap(+, +)

where (+, +) means that Z, parities are even at the fixed
points y =0 and y = @R, for instance. y is the fifth
coordinate and R is the compactification radius. ¢, = % X
(1 — ys)y, etc. A remarkable feature of this manipulation
of “orbifolding” is that in the gauge-Higgs sector, exactly
what we need for the formation of the standard model is
obtained at low energies; one can see that SU(3) is broken
to SU(2), X U(1)y and the Higgs doublet ¢ = (¢, ¢°)’
emerges. Namely the K-K zero-mode of the gauge-Higgs
sector takes the form,

Wi+ 2w 0
A£9>=% V2w Wi % 0 |,
0 0 —%B,
0 0 ¢ 2.7)
AY = % 0 0 ¢° |
¢~ " 0

with W3, W, B,, being the SU(2),, U(1)y gauge fields,
respectively, while in the zero-mode of the triplet fermion

tg is lacking,
153
\P(O) = (bL )
bg
g

4D % T 7 n
'Ei”errrzlon = Z l(¢(’1)y (zn) (n))yﬂ a lﬂg )
n=1 )

3

(2.8)

m, 0 0\/[¢"
_(lz(n)’ ‘(Zn), lzgn)) 0 m, —m (zn)

0O —-m m, gn)

NG

8 7 7
+§(‘//1ny >

+ it y*a,t + bliyta,
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The VEV to break SU(2); X U(1)y is written as

49 =2 A (<¢°> - 1). (2.9)

V2

Following these boundary conditions, K-K mode expan-
sions for the gauge fields and the fermions are carried out:

) ! ©) (n)
Ao y) = \/2T[A ()+\/—ZA 5(x)
X cos(ny/R) } (2.10)
AT y) = i A (x)sin(ny/R),  (2.11)

(+ +)

0
VLo, 36 y) = \/:[ (1L),2L,3R(x)

+2 Z EnL) 21.38(X) cos(ny/R) }

(2.12)

‘pgz:l_R)QR(x’ y) = \/— Z ‘pgnL 1r2r(X) sin(ny/R).

(2.13)

In this paper we discuss one-loop contributions to the S
and T parameters due to fermions, which potentially give
sizable effects, though, e.g., the contribution due to gauge
boson self interactions to the 7" parameter is handled by
U(1)y gauge coupling g’ and is expected to be relatively
not significant. For such purpose, only the term containing
fermions, Lfermion = VP, in the Lagrangian (2.1) is
enough to consider. Substituting the above K-K expansions
for the triplet fermion and the zero-modes for the gauge-
Higgs bosons in the term and integrating over the fifth
coordinate y, we obtain a 4D effective Lagrangian:

3 By + n
Wi+ V2w, 0 e
(n)

0 0 - % B:“ 3

—m)b

- - _ _ 3g _ _ _
+ 5 (Fy, LW + by, LtW ) + g(zyﬂu — by, Lb)W! + \/;g(t’yluLt + by,Lb — 2by,Rb)B",

(2.14)
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where L = 1(1 — ys) m, =% \/— is the 4D gauge
coupling and m = £ (= My) is the bottom quark mass
my. Let us note that nonzero K-K modes have both chir-
alities, as is seen in (2.6), and their gauge interactions are
vectorlike, described by Dirac particles constructed as

oy = s + P50 =01 (@15)
Concerning fermion zero-mode, b = by + b; is a Dirac
spinor, while ¢ quark remains a Weyl spinor #;. We realize
that the fermion zero-modes have exactly the same gauge
interaction as those in the SM, though sin’6y, = and

m, =0, my, = m(= My). (2.16)
In deriving the 4D effective Lagrangian (2.14), a chiral
rotation

Y3 — ¢ Ty 54 (2.17)
has been made in order to get rid of ivys.
We easily see that the mass matrix for the nonzero K-K
modes can be diagonalized by use of the mass eigenstates
7(n) 7 (n)
2 W35

. iy*a, —
4D 7(n :(n) ( ) :
gernzion = Z ('wb( )’ 2 $ ) X 0 1'y"’“aﬂ
n=1
0
3 \/—B
w3 Wi
5 7(n) (ﬂ) 7(n) _ w3 V3B
+ 2 (lp ’ ¢ ) Wﬂ' — == 6
_ W3 | V3B,
Wy - T}L 2

The relevant Feynman rules for our calculation can be
readily read off from this Lagrangian.

ITI. CALCULATION OF T-PARAMETER IN 5D

In this section, we calculate the one-loop contribution to
the T-parameter from the matter fermions in 5D space-
time. For that purpose, we calculate the mass-squared
difference between neutral and charged W-bosons AM? =
8M3, — 8M3,.. We first derive general formulas in the
space-time MP X §'/Z, for later use, and finally set D =
4. The contributions from nonzero K-K modes are obtained
from the diagrams in Figs. 1 and 2.

PHYSICAL REVIEW D 75, 115011 (2007)

e gy | f 0 0
l=ule | U= 5 -1
1/,(3") lpg”) 0 1 1
(2.18)
as
m, 0 0 m, 0 0
U(O m, —m)UT=<0 m, + m 0 )
0 —-m m, 0 0 m, —m
(2.19)

Note that a mixing occurs between the SU(2) doublet
component and singlet component, accompanied by the
mass splitting m, = m. Each of the mass eigenvalues has a
periodicity with respect to m: m,, * (m + %) = m,+; = m,
which is a remarkable feature of gauge-Higgs unification,
not shared by the UED scenario, where the masses of

nonzero K-K modes behave as y/m2 + m?.
In terms of the mass eigenstates for nonzero K-K modes,
the Lagrangian reads as

0 0 g
— (m,, + m) 0 J
0 iy*d, — (m, —m) lp(n)
+ n
W, "
Wiy ﬁZBu - ~(2”) + zero-mode part.  (2.20)
_ W, _ 3B, e
2 6 3

Let us first calculate the diagrams contributing to the
neutral W-boson mass-squared shown in Fig. 1.

We first note that diagrams 1(a)—1(c) actually do not
contribute. This is simply because the gauge couplings
of nonzero K-K modes of the fermions are vectorlike
and therefore these diagrams are just the same as the
quantum correction to the photon mass in ordinary
QED, which should vanish due to the gauge invariance.
We have confirmed this is the case by performing
D-dimensional momentum integral by use of di-
mensional regularization for each K-K mode n. The
contribution of the remaining diagram 1(d) is calculated
to be

115011-4
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(") ~(") ~(”) ~(n) FIG. 1. One-loop diagrams con-

tributing to the neutral W boson

5&/3 = ,\/\/Q Ao A Q\ Q\/\/ Q mass-squared due to the nonzero
K-K modes of fermions. The ex-

(,,) ~(,,) ~(n) ~(,,) ternal lines denote W;, having no

external momenta.

(1) (1b) (Io) (1d)

(1d) = i g*N, 2Pz &2 gPk (2 — D)k + D(m2 — m?)
"8 D : / Qm)P [k — (m, — m)* k> = (m,, + m)*]
B 2N 20/2 °° dPk (2 — D)K* + D(m2 — m?)
B / f Q)P [k — (m2 + m?) + 2m,m(2t — 1)]?

8 NC‘ D D\ & 1 mnm(2t - 1) — m?
4(47T)D/2 2 r; 0 [m%l +m? - Zmnm(2t _ 1)]271)/2 ( )

where N. =3 is the color degree of freedom. In the last line, we adopted the dimensional regularization for
the D-dimensional momentum integral.
Calculating the diagrams 2(a) and 2(b) contributing to the charged W boson mass-squared in a similar way, we obtain

g*N, 2P2 2 r Pk (2 — D)K* + D(m2 + m,m)

BT D Z P = w2 =y +mp] T
- 3 k(2 D>k2+D<m2+mm>2D/2+( — —m)
B = (k2 — m2 — t(2mnm +m)E p "
__&Ne sppp(, D f — D)m,m + tm? o
4(4m)Pr2 ? F<2 ) [mn + t(2mnm + m2)F~P/2 + (m m), (3.2)

where we note (2b) = m — —m in (2a). Thus, we get the contribution of the nonzero K-K modes to the T-parameter as
[setting N, = 3 and using (1.2) with sin’6y, = ]

T 2ar 2b12 2 f dPk (2 — D)k* + D(m2 — m?)
n = Tl
v Mg D& ) @mP R = (my — m)PTE — (my + m)’]
47 2P &2 dPk (2 — D)k* + D(m2 + m,m) o )
i—- m— —m
{ M2 D ,/(ZW)D [k2 - m%t][k2 - (mn + m)Z] }
2w 2P R L[k 2 — D)K* + D(m2 — m?)
M2 D Z ﬁ) [(27T)D |:[k2 — (m2 + m?) + 2m,mQ2t — 1)
(2 — D)k? + D(m2 + m,m) iy )
m— —m
[z i = i
2b/2 2+ 1 -2t
= T D2-112 f th(Z - _>[ ot ) 2-D/2
477) M3, & [m2 + m? + 2m,m(1 — 21)]
—m,m + tQ2m,m + m?)
- L L +(m— —m)! | 33
iz + g o =~ G
v v
oM vzvr = W/\/Q\/\/ + ’\/\/Q\/\/ FIG. 2. One-loop diagrams contributing to the charged W bo-
son mass-squared due to the nonzero K-K modes. The external
I]/é”) v}é”) lines denote W, .
(2a) (2b)
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As we expect, T, vanishes in the limit m — 0, which corresponds to the limit of the custodial symmetry in our model.

Recalling My, = m in our toy model, we have

D/2 2 _
2 Z /‘ th(Z B _>|: m?* + m,m(1 — 21)
C @mP 2 [m2 + m? + 2m,m(1 — 21)]p~P/2

[m2 + t(2m,m + m2)J2~P/2
In (3.3), theD-dimensional momentum integral was performed before the K-K mode sum. We can equally perform the
K-K mode sum first. In this approach, it is convenient to include the zero-mode (n = 0) contribution. The zero-mode
contribution is calculated from Figs. 3 and 4:

Tiy0) =

+ (m— (3.4)

AM?

(n=0) = ig’N,

D/2 (7 _ D 4
2072 (2 D)f(d k m (3.5)

2 D/2 _
_ @N. 2°PD—4 D\ L.,
8 2m)P 1232 — m2)? r(z 2>(m e

(4m)P2 8 D

Let us note that the zero-mode contribution just coincides with the half of what we obtain by setting n = 0, instead of the
summation Y ,~, in (3.1) minus (3.2). Thus, by using (3.1) minus (3.2) the whole contribution to the T-parameter can be

neatly written in terms of » 7, as

AM? =
16 D

We rewrite (3.6) as follows,

AM? =

(82N 2022 dPk [ (2 — D)K* + D(m2 — m?)
Ls

~ 2(4K% — Dm?)
[k* — (m,, + tm)> + t(t — l)mz]z}

Using the formulas,

2N 2D/2 dPk & 2D N
f f(zvr)D Z[kz—m k* —

_ 2 =D)+ D(m3 + m,m) 2
QmP L[&* = (m, — m?*][k* — (m, + m)*]  [k* — m3][k* — (m, + m)zﬂ' (3.6)
D . 2(k* — Dm?)
n==o (m, + m)?  [K2 = (m, + 2t — D)m)* + 41(t — D)m*]*
3.7
S 1 sinhx
n:Z—oo x* + (a + 2nm)? B 2x(coshx — cosa)’ (3.8)
Lo g 1 d sinhx
S D N v et v [ rrond SECC

Z [x2 + (a + 2n77)2]2

n=—oo

we obtain the expression for AM? after taking the sum over n

t

b
My, = f\/\x@\/\/ + f\/wQ\/\/
b

t
(3a) (3b)
FIG. 3. One-loop diagrams contributing to the neutral W boson

mass-squared due to the zero modes of fermions. The external
lines denote WS,

2
oM we = VU
b
(4a)
FIG. 4. A one-loop diagram contributing to the charged W

boson mass-squared due to the zero modes of fermions. The
external lines denote W, .
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AN = 2N 20/2 22 b dt _ Dsinhp D sinhp
(27T)D p(coshp — 1)  2p(coshp — cosar)

J 1 1
2 Da?
vt )<4P> ap {\/p + 41(1 — t)a? " Jp? + 411 — 1)a?
« ( sinhy/p? + 41(1 — )a? B 1)}
coshy/p? + 41(1 — t)a® — cos[(21 — 1)a]

d { 1 1 ( sinhy/p? + t(1 — Ha 3 1>H
Ip p? + (1 — t)a? \/p2 + (1 — 1) a? \coshy/p? + 1(1 — t)a?® — cos(ta)

—2(4p* + Da2)<4p>
(3.10)

where L = 27R, p* = Lk%, with k% being the Euclidean momentum, and @ = Lm is the “Aharanov-Bohm” phase.
Since the quantities in the integrand,

3.11)

1 ( sinhy/p? + 41(1 — 1)a? B 1)
Vp? +41(1 — 1a? coshy/p? + 41(1 — t)a® — cos[(21 — 1)a]

etc., do not have UV or IR divergence when it is multiplied by p
parts to obtain

2 2 .. . .
b=l (pt%l)o‘) , etc., it is useful to perform the integration by

T= T(div) + T(SC), (312)

T _ w27 2D/2 / / p* + Da? n 4p* + Da?
(div) — o? (27T)D|: 2p 2[,02 + 44(1 — t)a2]3/2 2[,02 + (1 — t)a2]3/2:|
2(3/2)D 3 a- 23— D)(D -1 1'*(5 D)F(D 1)2

= 4-D ,,D-3
T@mP?  DG-D)  TOID-1n - (3.13)

T =12D/24D D simhp _\\_ D/ sinhp
(s0) = 2 (27T)D p \coshp — 1 2p \coshp — cosa

D (1+((D- 2)7) ( sinhy/p? + 41(1 — 1)a? B 1)
2 \Jp? + 41(1 — 1a? \cosh\/p? + 41(1 — 1)a? — cos[(2t — )]

D 4+ ((D-2) z) ( sinhy/p? + t(1 — 1)a? _ 1>i|
2 Jp? + t(1 — 1)a? \coshy/p? + t(1 — t)a® — cos(ta) ’

(3.14)

where T'4;,) denotes a possibly divergent part, a part which seems to be UV divergent relying on a naive power counting,
though it is actually finite in 5D space-time (D = 4). T, denotes an apparently superconvergent part. (3.14) is the exact
formula, valid for arbitrary m («), and can be evaluated by performing the convergent integrals, if necessary by numerical
computation.

Now let us discuss the T-parameter in 5D space-time by taking the limit D — 4. We first utilize the approach to carry out
the momentum integral before taking the mode sum. In the limit D — 4, the contribution of n # 0 modes (3.4) reduces to

1 & [l
Tus(SD) = = — = > ﬁ df(—(1 = 20m,m + tm?)In[m2 + t2m,m + m?)]
n=1

+ (1 = 20m,m + tm*)In[m2 + t(—2m,m + m?)] — (m*> + (1 — 26)m,m) In[m2 + m> + 2(1 — 2t)m,m]],
(3.15)

115011-7
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where the pole term of I'(2 — £) is known to vanish, as
[ 41 = 2t)dt = 0. Therefore, the T-parameter in 5D turns
out to be finite.

The finite part can be explicitly evaluated if we adopt a
reasonable approximation, m < 1, i.e. m/m, < 1. Thus,
expanding the integrand in the powers of m/m, up to
O((m/m,)*) and integrating over ¢, we obtain

2 2wt 7
T, 5D) ~—— — = —(mR)?, 3.16
(n#O)( ) 57Tm2 ’; m% 15 (m ) ( )

where 3%, n=2 = {(2) = 7?/6 is used. The fact that the
leading order term of each K-K mode’s contribution is
proportional to Z 2 , corresponding to the leading contribu-

tion of (D(%) in AM?, is the consequence of that the

dominant contribution of the heavy n # 0 K-K modes to
the T parameter (AM?) is obtained by the insertion of VEV
for the Higgs field ¢ in the 4D operator with mass dimen-
sion six, responsible for the parameter, (41D u®) X
(¢1D*¢), accompanied by the coefficient suppressed by
1/m? (the “decoupling” of n # 0 K-K modes). The effects
of the operators with higher mass dimensions are further
suppressed.

This finite value of the T-parameter can be also derived
from the second approach where the K-K mode sum is
taken before the momentum integration, discussed above,
which is useful to see the structure of UV divergence.
Namely, for the 5D case (D = 4), we find that the possibly
divergent part (3.13) becomes

m?
and is actually finite. It is found to be proportional to mR.
In order to obtain the result consistent with (3.16), this term
should be canceled by a term in the superconvergent part.
We can see that this is indeed the case. After some lengthy

calculations,” we get the superconvergent part for the 5D

case (D = 4):
1 37 4772
T(s)(5D) =~ —— 2——R2+ R)*m? |.
D) = s i = S Ry + S R P |
(3.18)
Combining (3.17) and (3.18), we obtain
1 47
~—(1+——(mR)?). .
T(5D) 477_(1 G (mR) ) 3.19)

One can see that the mR term (3.17) from the possibly
divergent part is exactly canceled by the mR term from the
superconvergent part (3.18). The constant term in the
bracket in (3.19) is known to coincide with the zero-
mode contribution (3.5) with D =4. The remaining

The details of calculation is explained in the appendix.
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(mR)?* term agrees with the finite result of nonzero K-K
mode contribution (3.16), which was calculated by per-
forming the momentum integral before taking the mode
sum.

IV. CALCULATION OF S-PARAMETER IN 5D

In this section, we calculate one-loop contribution to the
S-parameter, which is calculated from the coefficient I15,
of ngw term in the self-energy between two neutral
gauge bosons W, and B,, Iy (p?),, =I5y p’g,, +

. The diagrams we have to calculate are listed in
Fig. 5 and 6 where the former shows nonzero K-K mode
contribution and the latter does zero-mode contribution,
respectively. Let us first calculate one-loop contribution to
the S-parameter due to the n # 0 K-K modes, by perform-
ing momentum integration first by use of dimensional
regularization. The Taylor expansion of the first diagram
(S1) in terms of external momentum p,, yields a contribu-
tion at the order O(p?),

\/_g N A’k &
H(Sl) 2 ¢oD/2
w (P 72 Qm)P nzl (kz—m
B 4k? s 2pup,
DI 3)” S = m%)z}
4.1)

\/ggZNC 2D/2 D
_ (2=
36 (4m)P2 ( 2)

X N (m2) PP (p2g,, = pupy)  (42)
n=1
_ iMW f d°k
X Z (kZ 2)2 (p gy,l/ P,LP ) (43)

n=1

where =~ means that the only O(p?) terms relevant for the
S-parameter are picked up. Superficially, (4.1) and (4.3)
look different, but they can be identified through dimen-
sional regularization (4.2). The obtained result satisfies a

conserved vector current (CVC) relation p”HgSYI/)w =0,

which is again the reflection of the fact that the gauge
couplings of n # 0 fermions are vectorlike, just as in the
ordinary QED. The CVC relation also holds for the dia-
grams (S2) and (S3), as we will see below.

The remaining diagrams due to n # 0 modes can be
calculated in a similar manner:

115011-8



CALCULABLE ONE-LOOP CONTRIBUTIONS TO S AND ... PHYSICAL REVIEW D 75, 115011 (2007)
(n) ~(n) ~(n) ~(n) > (n)

1//1 1¢) Y3
e
= ,\/\/k »v\/ + f\/\/ \f\ ~ o+ v( \\/\, + A / WM \< \\f\/
W oW
(S1) (S2) (S3) (S4) (S5)

FIG. 5. One-loop diagrams contributing to the self-energy between Wi and B, from the nonzero K-K modes of fermions.

t b
iy p? S + - = r\/\/@\/\, + ’\/\x@\/\/
t b

(56) (S7)

FIG. 6. One-loop diagrams contributing to the self-energy between Wf; and B, from the zero mode of fermions.

\/§ 2Nc 2D/2 D\ & B
MO0 = =0 T2 3) L0 mP1 202 = papa) + (n = =)
n=1

_ BN, o [ Ak

28— +(m— - 4.4
144 (277)D Z [k2 (m + m)2P (P°8uv — Pupy) T (m m), (4.4)
(9+(55), 2 V3gN. 2P ~ 2 ) o
HBY (P )MV - 8 (4 )D/Z d[t(l t) Z [m% + m2 + 2(2l _ 1)mnm]2_(D/2) (P g,w pMpV)

_r(z-2 (2t - 1)[m,, + (2t — Dm]m + 4t(1 — H)m?
( 2) [m2 + m® + 22t — D)m,mP~P/?

_ BBNe [ [dPk
= ZTZI”L dri(1 t)fW
1
- Z[W — (m, + 21 — )m)* — 4t(1 — Hm2J? (P*8uv = Pupy)

2t = Dlm, + 2t = Dmlm + 41(1 — )ym?
[k = (m, + 20— Dm)? — 411 — om®P ¥ g,w} tm——m) (4.5)

p2g,u1/i| + (m - _m)

+2

where we made use of the property that the diagrams (S3) and (S5) are the same diagrams as (S2) and (S4), respectively, if
we replace m by —m.

Thus, nonzero K-K mode contributions to the S-parameter (1.1), after the momentum integral, are summarized as
follows (with tanfy, = /3 and N, = 3),

re - 1 1
= _9D/2
Smz0) = 3 477_)D/2 Z|: 2)2 D/2 [(m, + m)z]z—D/z + [(m, — m)z]z—D/z

1 1
- 18ﬁ drt(1 — t){[ T 22 = DD + [ + m? — 2021 — 1)mnm]2—D/2”
D) t(1 = [t — 1)(m, + 2t — Dm)m + 4t(1 — t)m?]
+6m2” 2 (477')D/2 f |: [m2 + m? + 22t — 1)m,m]~P/?
t(l — [t — 1)(—m, + 2t — Dm)m + 4t(1 — t)ym?]
[m2 + m? — 22t — Dm,m]P~P/? }

(4.6)
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We can easily check that UV divergence (for the case of D = 4) is cancelled out for a fixed K-K mode as

1
|:2 +1- 18[ drt(1 — t)} X (log divergence) = 0. 4.7)
0

Next we take another approach, i.e. we perform the K-K mode sum before the momentum integral. First let us consider
zero-mode contributions. They are given by

S92, = B3Ny (1 [ APk CEPR A+ (1= 0p?)g, — 211~ Dpupy “8)
3 e 24 m)P [k + 1(1 — 1)p*P ’ ‘
H(S7)(p2) _ _i\/§g2NL. 5D/2 ldt dPk (2 D2 4+ (1 —1)p* — 2m2)gw —21(1 — t)pMp,, 49)
W e 24 (2m)P [k + 1(1 — 1)p> — m*]? ‘
Noticing the fact
1
57 (p?),,, = Engsy”(pZ)W with m, =0, (4.10)
15 (0, = I (P, + TG (P, with m, =0, @4.11)
the sum of all K-K mode contributions can be written as
\/—g N, i 1 1
I1%,(0 b/ —18 [ dir(1 —1¢
O = oy o 3 e g 1y
y 1 2t — Dm, + 2t — Dm]m + 4t(1 — t)ym? @.12)
{[kz = (m, + 2t — D)m)?> — 4t(1 — ym*J? [k* — (m, + 2t — Dm)?> — 4t(1 — ym*P H '

The first term in the right-hand side of (4.12) contains IR divergence for n = 0 (and for D = 4), which reflects the IR
divergence we have when we take the limit m, — 0 in the In(m,/m;) term of the ordinary (¢, b) doublet contribution to the
S-parameter. The IR divergence will be cured below.

In addition to (3.8) and (3.9), using the formulas

11910 hd 1 11010 sinhx 4.13)
Z [ + (a + 21177')2]3 8 x dx x dx Z x>+ (a+ 2n77')2 16 x dx x dx [x(coshx - cosa)} '

n=—oo n=—oo

etc., we can make the K-K mode sum explicitly to obtain

S = S(div) + S(sc) (414)
31 1 1 31(1 — Ha 1
St = LoP/2p4-D {———18/ dnl—z( - )}
@v) 3 (27T)D 3 1= 4(p% + 41(1 — a?)3? 2 (p2 + 41(1 — 1)a?)>?
23D/2 5 1 1“ 5—-D 1“ D+1\2
om CoMC) o pymo, (4.15)
(47T)D/2F(5/2) D-3 r(D + 1)
dP 1 inh 1 inh
S(sc) — zzD/z(D _ 2)L47D pD — smnp —1) + — sinhp 1
3 (27)P | 2p \coshp — cose 4p° \coshp — cosa
1 1 D—4 1
+ i f dt{(Zt(l 0= 1)—+2(1 - a*— }
8 Jo p p* 1\p* + 41(1 — 1)a?
: 2 + _ 2
y ( sinhy/p? + 41(1 — Na B 1>:|’ 4.16)
coshy/p? + 41(1 — t)a® — cos[(2f — 1)a]
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where € was introduced in the “superconvergent™ part Sy
to avoid the IR divergence due to m, = 0 in our model.
(The zero-mode contribution due to (¢, b) doublet is well-
known and is not of our main interest in this work,
anyway).

Now, we discuss the one-loop contribution to the
S-parameter in 5D space-time. Here we adopt the result
of the approach to perform the momentum integral first.
We have already seen that the coefficient of pole term in
(4.6) disappears. Therefore, one-loop contribution to the
S-parameter is also finite in 5D case. Then, the remaining
finite part in (4.6) can be obtained by expanding the loga-
rithmic terms up to O((m/m,)?), as was done in the
calculation of the T-parameter, and also evaluating the
finite term proportional to I'(3 — 2):

60 =5 o > (55 o

n

)2 = 27 (mRy

where 28/5 part comes from the logarithmic terms, and
18/5 part is due to the I'(3 — ) term. 3%, 1/n* = 72/6
is used in the last equality. The behavior of (m/m,)> of
each n # 0 K-K mode’s contribution is consistent with
what we expect from the 4D gauge invariant operator
with mass dimension 6 responsible for the S-parameter,
(d)*Wﬁ,, T ¢)B*”, whose coefficient is suppressed by m;, 2
as the result of the decoupling of massive n # 0 K-K
modes.

V. THE S AND 7 PARAMETERS IN HIGHER THAN
5 DIMENSIONAL SPACE-TIME

In the previous sections, we have shown that one-loop
contributions to the S and T parameters are finite in the
gauge-Higgs unification scenario in 5D space-time. Here,
we would like to clarify whether these parameters are finite
or not in the cases higher than 5 dimensions.

Before discussing this issue, let us recall why Higgs
mass in the gauge-Higgs unification is finite. In the
gauge-Higgs unification, the Higgs field is identified with
the zero-mode of the extra component of the gauge field in
higher dimensional gauge theories. This implies that the
local mass term for Higgs § m?A? (for 5D case) is strictly
forbidden by the higher dimensional local gauge invari-
ance. Although the Higgs mass is induced by the effect of
Wilson-loop (A-B) phase, it is a nonlocal (global) operator.
Therefore, the Higgs mass in the gauge-Higgs unification
is free from UV divergence.

Then, a question we should ask is whether there are local
gauge invariant operators with respect to the higher dimen-
sional gauge field A, which are responsible for the S and
T parameters. Let us recall that in 4D space-time these
parameters are given by the coefficients of dimension six

PHYSICAL REVIEW D 75, 115011 (2007)

operators such as (d)Jow,(b)B‘“’ for S-parameter and
(¢TD,$)(pTD#¢p) for T-parameter. Thus the operator
should contain these dimension six operators when re-
duced to the 4D theory. At the first glance, such operators
do not seem to exist, since the operators obtained by
replacing the Higgs doublet ¢ by A; (i: the index to denote
extra space component) contradict with the shift symmetry
under the higher dimensional gauge transformation A; —
A; + const (for Abelian theories), just as in the case of
Higgs mass-squared. Therefore, we may tend to conclude
that S and T parameters in gauge-Higgs unification become
finite. However, this argument is too naive and not correct:
we find an operator to describe these parameters.

To see this, we first note that the contribution of heavy
K-K states should be dominated by the gauge invariant
operators with the lowest mass dimension. The contribu-
tions of the operators with higher mass dimension will be
suppressed further by the inverse powers of the compacti-
fication scale M, = 1/R; the decoupling of the heavy K-K
modes. (As for the “nondecoupling’ contributions of the
zero modes (7, b), such operators will equally contribute.)
Thus we focus on the gauge invariant operators with re-
spect to Ay, with mass dimension 6 (when A, is replaced
by 4D field with mass dimension one).

Interestingly enough, such operator is unique:

Tr[(Dy Fyy)(DEFMN)], (5.1)

Let us note that by use of the Bianchi identity, other
possible operators all reduce to this one. In fact,

Tr[(D, Fyy) (@D FMN + pbDMENL 4 DN FLM)]

- (a b er C) T[(Dy Fygy) (DL FMN)] (5.2)

for arbitrary constants a, b and c.

As far as there exist operators to describe the parameters,
there is no reason for the S and T parameters to be UV
finite in higher dimensional space-time. On the other hand,
the fact that the S and T parameters are both described by a
coefficient of a single operator means that the UV diver-
gences appearing in the parameters are no longer indepen-
dent of each other, but should be mutually related. In other
words, if we take a specific linear combination of the S and
T parameters, the 1-loop contribution to the combination
should be finite, although these parameters themselves are
divergent. It is important to note that the operator is
uniquely determined just by the higher dimensional gauge
symmetry. Thus the ratio of the coefficients in the linear
combination should be independent of the detail of the
matter content of the theory.

To find out the specific linear combination, let us ex-
plicitly write down the relevant operator in terms of 4D
gauge fields and the VEV of Higgs doublet,
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Tr[(Dy Fpn)(DEFMN)] D 4(g(As)[(W3)?

=3@8m*H)(W3)? + CmH Wi W+ + 2\/§m2(p2gw,

where the partial integration is carried out in the last equal-
ity and the transformation into the momentum space and
m = g(As) are understood. We can readily read off the
contributions of an operator C Tr[(D Fyy)(DFFMN)]
(C: constant) to AM? and I1}, as

AM?* = 6Cm*
I, = 4/3Cm?,

Thus, we can expect that the linear combination I1%, —

2 AM? is free from UV divergence, since it does not get
a contribution from the local operator. Equivalently, iden-
tifying +/3/2 and m? with sinfy, and M3, respectively and
using (1.1) and (1.2), we expect that S — 4 cosfy T (S —
2T in our model) is finite even in more than five
dimensions.

Let us confirm that this expectation really holds for 6D
space-time. For such purpose, we focus on the (possibly)
divergent parts of the S and T parameters. For the
T-parameter, it is given by (3.13),

- B 2(3/2)D 3 (1 — 3= D)(D _ 1) F(5 D)F(D 1)2
(div) — (47T)D/2 D33 — D) (E)F(D -1
X 27R)mP (5.6)

CTH(D, Fyyy)(DFMV)] — { (5.5)

As for the S-parameter, it is given by (4.15),
97230275 p — 1 ITGRI(EH)?

(4mP/21(5/2)3—D T(D+1)

X (2wR)mP 3.

Sdiv) = —

(5.7)

From these expressions, we can find that the ratio indicated
by the operator analysis (5.5) indeed appears in 6D space-
time, as we expected:

36—-1)

S(div) = WT(dIV) 2T(div)-

(5.8)
Thus we have confirmed S — 27 is finite as we expected.
We can also show that S — 27 is finite in 6D case by
using the results due to the momentum integration (by use
of dimensional regularization) before the mode summa-
tion. Going back to the result (3.3)), for the case of D = 5
(6D), and Taylor expanding the integrand in the powers of
m/m,, up to O((m/m,)®), T(6D) can be calculated as

“n3l

The first term is actually “logarithmically’ divergent, once
the K-K mode sum is taken. Similarly, S(6D) is calculated

(5.9)

2 1 m4
T(y+0)(6D) = —}

3
m,, 12 n;,
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+ HWL? + (W2)2] + V3(g(As)2(9,, W3 — 0,W3)(9#B” — 9”B*)
+ 2+/3(g(45))%(,, W3)(0# B”)

(5.3)

— pup,)WEB” + 23m?pg,,, W3 B” (5.4)

{
from (4.6) up to O((m/m,)*),

22 & m> 3 m

S 6D) = ——— -t —— 5.10

(n#0)(6D) - nzl[ w14 m?j (5.10)

The first term is also logarithmically divergent. By taking

the specific linear combination of these results (5.9) and
(5.10), we obtain a finite result (at the leading order),

11f
S(n¢0)(6D)

2T, 0)(6D) = m*R3{(3)  (5.11)
where ((3) = 3%, 1/n® = 1.2020569303 - - -

Some comments are in order. In our model on MP X
(8'/Z,), only one extra spatial dimension is regarded to be
compactified. One might think that our argument of finite-
ness for higher than five dimensional cases (D >4) is
meaningless, since the noncompact space-time is five di-
mensions not four dimensions for 6D case, for example.
However, our argument with respect to the UV divergence
will not be affected, irrespective of the compactness of
extra dimensions. This is because the information of com-
pactification is a global aspect, namely, the IR nature of the
theory, so the structure of UV divergence has nothing to do
with that. Therefore, the finiteness of the quantity S —
4 cosfy T holds true even in the 6D theory compactified
on T?/Z,, for example, although the remaining finite value
itself might be changed.

Another issue to be addressed is that the finiteness of
S — 4 cosfwT does not seem to hold for higher than six
dimensional cases (D >5), as suggested from (5.6) and
(5.7). Let us note that, for more than six dimensional cases,
each of § and T parameters gets divergent contributions
also from the gauge invariant operators, whose mass di-
mensions are higher than six (from 4D point of view). Thus
the divergent contributions come from the multiple opera-
tors and it is no longer possible to find out a finite observ-
able in a model independent way.

One-loop contributions to the S and 7 parameters also
have been calculated in the UED scenario [31], where these
parameters become finite in five dimensions, but divergent
in more than five dimensions. Thus, the gauge-Higgs uni-
fication and the UED scenarios share the same divergence
structure at this point. However, as was shown above, the
divergences of the S and T parameters are not independent
and a particular linear combination of these parameters is
predictable in the gauge-Higgs unification, in a model
independent way. On the other hand, in the UED scenario,
even if some combination of the S and T parameters in 6D
case is related, the combination will dependent on the
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detail (the choice of matter fields, etc.) of each model. This
is essentially because in the UED scenario the operators
responsible for the parameters are mutually independent as
in the SM. This is the crucial difference between the gauge-
Higgs unification scenario and the UED scenario.

VI. SUMMARY AND CONCLUDING REMARKS

In this paper, we have discussed the one-loop contribu-
tions to the S and 7 parameters in the gauge-Higgs uni-
fication scenario. Taking a minimal SU(3) gauge-Higgs
unification model with a triplet fermion as the matter fields,
we have calculated the S and T parameters in two different
approaches. One is an approach to perform the momentum
integral by use of dimensional regularization before taking
the K-K mode sum. The other approach is to take the mode
sum first before the momentum integration. The former has
a natural approach from the point of view to make the 4D
local gauge symmetry and the custodial symmetry mani-
fest. On the other hand, the latter approach also has an
advantage to make the higher dimensional gauge invari-
ance and the structure of UV divergences manifest.

In five dimensional space-time, we have shown that the
one-loop contributions to the S and T parameters are both
finite, and evaluated their finite values explicitly, adopting
two different approaches stated above. In more than five
dimensions, we find that the S and T parameters them-
selves are divergent as in the universal extra dimension
(UED) scenario. However, we have derived a genuine
prediction of the gauge-Higgs unification scenario, i.e.
that a particular linear combination of the S and T parame-
ters, S — 4 cosfy T, is calculable (UV finite) for the case of

six dimensional space-time. The relative ratio of the co-
J

T\ = 1 2b72 LA~D ! dt de _ 2
(sc) a2 D 0 (2m)P p
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efficients appearing in the linear combination turns out to
coincide with what is derived from an analysis of single
higher dimensional gauge invariant operator, and therefore
is determined in a model independent way. This is the
crucial difference from the situation in the UED scenario.

The investigation done in this paper proves the predict-
ability of the gauge-Higgs unification scenario concerning
the S and T parameters, even though higher dimensional
gauge theories are understood to be nonrenormalizable.
Thus, in order to verify the feasibility of the scenario
and/or to search for the genuine predictions of the scenario,
it is very interesting to study these parameters in more
realistic gauge-Higgs unification models, having reason-
able Weinberg angle and quark masses, and to extract the
phenomenological consequences utilizing existing very
precise data on the oblique parameters.

It will be natural to expect that calculable observables
controlled by the higher dimensional gauge invariance,
other than the oblique parameters, still remain to be found
in the scenario. We will continue to search for such
observables.
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APPENDIX: DERIVATION OF THE SUPER-
CONVERGENT PART OF T-PARAMETER (3.18)

In this appendix, we show the detailed calculations to
arrive at the result (3.18). The starting point is

sinhp

sinhp 1) - D 1
coshp — 1 > 2p <coshp — cosa )

D 1+ (D-2%)
2 \/p2 + 4¢(1 — t)a2<

sinhy/p? + 41(1 — 1)a? B ]>
coshy/p? + 41(1 — t)a® — cos[(2t — 1)a]

sinhy/p? + (1 — t)a?

p 4+ (D-2) 2)
2«/ 02+ 1(1 — 1)a? <

Using a formula

1—x2

(A2)
1 — 2xcosf + x2

=1+ Z 2(cosnf)x",
n=1

we obtain

coshy/p? + t(1 — t)a® — cos[ta]

1)} (A1)

sinhp B
coshp — cosa )

d’p 1
<2w)DE(
_ 4gmPr >, cos(na)

(27T)DF(D/2) L. pb-l
4 F(D—l)
 (4m)P2 T(D/2)

dppP2er
0

Z cos(na). (A3)

Next we consider the following type of integral,
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dPp 1
F(a, b, 0)=1i —a
(a,0,0) = i [ i

AR

: 2 + 2
% < sinhy/p~ + b _ 1)) (Ad)
coshy/p? + b> — cosf
4imP/? ad
= ———————— Y cos(nh)
2#wL)PT(D/2) nZl
e (A5)

e 1
X dpprl*ai
.ﬁ) \/p2+b2

where (A2) is used in the second line. Rescaling np — p
and the change of the integration variable p — x =

Jp? + (nb)? lead to
Fla,b,0) = 4iL~P cos(n@)

Dal

4m)PT(D/2) Z

% f " dx(® — (nb)?)P-2-0/27x (A6)
nb

For D =4 and a = 0 or 2, the above integral can be
performed to get

8iL™* . cos n0) b,
F(0,b,6) = @y ; Z (nb + 1)e (A7)
8iL™* 6% + b? 3 1
= 3) + In(6* + ) — = 6> — - b*
e | €O 0O +5) =20~
1 1 1 1
b= — 0t = — 07D+ bt + | A8
6 283 48 96 } (A%
_4iL” & cos(nﬁ)
F(2,b,0 e, A9
4iL4 1 1,1 1
— ——1 2+ 2+_ __2+_2+...
(4m)? [ R L TCAE YL }
(A10)

where the following expansion formula for small § and b
are used in the second line.

00 7] 2 b :
Z COS(? )efnb = 1 + 5 1n(02 + bz) + 9t3n71<§>
. n

7 6> > 6*h b
—Z0-b+ -

2 4 4 24 7
TR (Al1)
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2 2 _

2
= () - Zb+ P 1n(6? + b?)

= cos(nf) _ .
D¢
= n

b 3 T
_ 12\ _Z(p2 — 12 +
fbtan <9> 1 (6 b?) > 6b

1 p* et 6> b
-0+ —=——+—— —
4 12 288 48 288
e, (A12)
Thus, Ty for 5D case is given by
T (5D) = dt| —8(3
WD) = s [ ] 800y
a? 3 a*
-4 +—Ina?—>a? — —
(5(3) 4 T 288)
—2F(0,4t(1 — e, 2t — 1)a)
—4a2F(2,\J4t(1 — e, 21 — 1 a)
+ 8F(0,4/t(1 — e, ta)
+ 4a2F(2, \Ji(1 — t)e, ta)} (A13)
where
4iL~*
F(a, b, 0) = @ )2 F(a, b, 0). (Al14)

From (A8) and (A10), we find

T(sc) (5D) =

1
dt[(—12t + 6 + 4tInt — 21np) a?
0
8 1
+ (5 (e(1 = )2 — 21 = t)>a3 o

X (—48¢* + 1043 — 102¢2 + 50t — 5)014}
(A15)

1 372 4
= (mz——(mR) m? +

4rm?

2
7; (mR)2m2>. (A16)
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