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Backward Variable Selection of Support Vector Regressors

by Block

Takashi Nagatani

Abstract— In function approximation, if datasets have many
redundant input variables, various problems such as deteri-
oration of the generalization ability and an increase of the
computational cost may occur. One of the methods to solve
these problems is variable selection. In pattern recognition, the
effectiveness of backward variable selection by block deletion
is shown. In this paper, we extend this method to function ap-
proximation. To prevent the deterioration of the generalization
ability, we use the approximation error of a validation set as the
selection criterion. And to reduce computational cost, during
variable selection we only optimize the margin parameter by
cross-validation. If block deletion fails we backtrack and start
binary search for efficient variable selection. By computer
experiments using some datasets, we show that our method has
performance comparable with that of the conventional method
and can reduce computational cost greatly. We also show that
a set of input variables selected by LS-SVRs can be used for
SVRs without deteriorating the generalization ability.

I. INTRODUCTION

Function approximation estimates a continuous value for
a given input based on the relationship acquired from a
set of input-output pairs. Recently, as a tool to perform
function approximation, Support Vector Machines (SVMys)
[1], [2], [3] proposed by Vapnik attract much attention.
Although SVMs are developed for learning methods for
pattern recognition, they are extended to solving function
approximation problems such as Support Vector Regressors
(SVRs) [4] and Least Squares Support Vector Regressors
(LS-SVRs) [5].

In developing a regressor, we may encounter problems
such as the high computational cost caused by alarge number
of input variables and deterioration of the generalization
ability by redundant input variables. Variable selection is one
of the effective ways in reducing computational complexity
and improving the generalization ability of the regressor.

The goal of variable selection is to obtain the smallest set
of variables that realizes the generalization ability compara
ble with the original set of variables. But since it will be time
consuming to use the generalization ability as the selection
criterion, we usually use another selection criterion with less
computational burden. This method is called a filter method
[6], [7]. Although the computational cost may be small, it
will take a risk of selecting a subset of input variables that
may deteriorate the generalization ability of the regressor.

Recently, along with the improvement of computational
power, wrapper methods, which use the generalization ability
as the selection criterion, start to attract much attention.
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Wrapper methods provide good generalization ability but
spend much computational cost [9]. To dleviate this, a
combination of both methods [10], [11], [12], selecting
variables during training [13], and using Gaussian processes
[14] are considered.

In general, the generalization ability by wrapper methods
is higher than that by filter methods. But usualy, wrapper
methods are not efficient. To speed up wrapper methods,
backward feature selection by block deletion [15] was pro-
posed for pattern classification. This method uses as the
selection criterion the generalization ability estimated by
cross-validation, which optimizes the margin parameter and
the kernel parameter. And, to speed up feature selection,
it deletes multiple candidate features while keeping the
generalization ability high.

In this paper, we extend this method to function ap-
proximation. We aso use as the selection criterion the
generalization ability estimated by cross-validation. In func-
tion approximation using SVRS, we have to optimize three
parameters: the margin parameter, the error threshold, and the
kernel parameter. Hence cross-validation may bring a high
computational cost. To speed up variable selection, at the
start of variable selection we optimize the three parameters
and determine the selection threshold, and during variable
selection we only optimize the margin parameter.

In addition, to speed up backtracking when block deletion
fails, we introduce binary search. Namely, haf of the vari-
ables that are previously deleted are deleted. And if block
deletion fails again, the above procedure is iterated until the
deleted variables do not deteriorate the generalization ability.

To further accelerate variable selection, we empiricaly
examine whether input variable selected by LS-SVRs can
be applied to SVRs without deteriorating the generalization
ability.

In Section Il, we summarize architectures of SVRs and
LS-SVRs. And in Section Ill, we discuss variable selection.
Then, in Section IV we discuss backward variable selection
for SVRs by block deletion. And in Section V, we show the
simulation results using benchmark datasets and finally in
Section VI, we conclude our work.

1. SUPPORT VECTOR REGRESSORS

In this section we briefly summarize architectures of SVRs
and LS-SVRs.

Training of an SVR is done by solving a quadratic
programming problem, which has inequality constraints [1].

In contrast to SVRs, LS-SVRs use equality constraints
[5]. Thus, training of an LS-SVR can be done by solving



a set of simultaneous linear equations instead of a quadratic
programming problem.

Let the M input-output pairs be (x;,v;) (i = 1,..., M)
and the mapping function be g(x), in which the input vector
x is mapped into the high dimensional feature space. Then
the approximation function f(x) is given by

f(x) =wlg(x) +0, D

where w is the weight vector and b is the bias term. We
consider determining them using an SVR or an LS-SVR.

A. Support Vector Regressors
In an SVR, we define the loss function as follows:

0 itly-f)l<e
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where ¢ is a user-defined error threshold. Now the regression
problem is solved by

M
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for i=1,...M,

where C' is the margin parameter and &; and &; are the slack
variables for x;.
The dual problem of the SVRs is given by

maximize —= (i — o)) — af)g" (xi) g(x;)

M
;(a7 —a;) =0, (6)

subject to

where H (x;,x;) = g" (x;) g(x;) isakernel, and o; and o}
are the Lagrange multipliers associated with x;. The resulting
approximation function becomes
M
f(x)=> (e — ] )H(xi,x) +b. 7
i=1
B. Least Sguares Support Vector Regressors
In an LS-SVR, the primal problem is given as follows:

M
maximize %w w4 — Z@ (8)
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subject to y; = wig(x;) +b+¢& for i=1,.., M,
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where &; is the slack variable for x;.

Introducing the Lagrange multipliers «; into (8) and (9),
we obtain the following set of simultaneous linear equations
for LS-SVRs:
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The obtained approximation function is given by
M
=> a;H(x;x)+b (15)
i=1

I11. VARIABLE SELECTION

Variable selection is very important in function approx-
imation. The generalization ability may be deteriorated if
redundant variables are included. Variable selection, which
solves the above problem, directly reduces the number of
original input variables by selecting their subset that still
retains the generalization ability comparable with that of the
original input variables.

In general, variable selection methods are grouped into two
categories: filter methods and wrapper methods [6]. Acquir-
ing no feedback from a regressor, the filter method estimates
the generalization ability by some indirect estimator, such as
correlation coefficient [6]. On the other hand, the wrapper
method directly estimates the generalization ability for the
selected subset of input variables using the regressor [8].

In the wrapper methods, as a technique to select the subset
of the available input variables, we usualy use forward
selection or backward selection, or combine both.

In the forward or backward selection, we first calculate
the selection criterion using all the input variables and set
this value as the stopping threshold. In the forward selection,
starting from an empty set of input variables, we temporarily
add one input variable, calculate the selection criterion,
and permanently add the input variable that has the best
selection criterion. And we repeat an addition of variables
until a stopping threshold is satisfied for the obtained set of
variables.

In the backward selection, starting from the initial set of
input variables, we temporarily delete one input variable at
a time, caculate the selection criterion, and permanently
delete the variable with the best selection criterion from the
set of input variables. We stop variable selection before the
stopping threshold is violated.

Forward selection is faster than backward selection, but
usually the former is less stable in selecting features than
the latter [15].



V. BACKWARD VARIABLE SELECTION OF SUPPORT the approximation error of validation set by cross-
VECTOR REGRESSORS BY BLOCK DELETION validation. Let the error of the validation set be £™.
) ) Setting j = m, we go to Step 2.
Here we extend the method proposed in [15] to function
approximqtion. In the following we discuss the approach of Step 2 Let I/ be the set of remaining j input variables.
our extension. We set the set of input variables that are candidates
« In the conventional method discussed in [15], during for deletion by

feature selection, the margin parameter and the kernel
parameter are determined by grid search. In SVRs,
we have to determine the margin parameter, kernel
parameter, and error threshold. Therefore, the direct
extension of the conventional method is as follows. We
use grid search to determine a stopping threshold of
variable selection and then we delete input variables
estimating the generalization ability by grid search.
We denote this cross-vaidation strategy “CV(ALL).”
But it will be time consuming if we determine them
by grid search during variable selection. To solve this
problem, first we determine the stopping threshold using
al the input variables optimizing the three parameters
by grid search, and then during variable selection, we
only optimize the margin parameter in estimating the
generalization ability. We denote this cross-validation
strategy “CV(C).

o In the conventional method, if block deletion fails, we
backtrack and resume backward selection but we only
delete one input variable at atime. But thisis inefficient
if more than one variable are deletable. Therefore, we
introduce binary search. Namely, if block deletion fails
we backtrack and delete half of the variables previ-
ously deleted. And we iterate this procedure until block
deletion succeeds. To determine the variables that are
deleted after block deletion fails, we rank variables in
the decreasing order of the generalization ability, which
is evaluated by deleting one variable. And we select the
variables with higher ranking for deletion.

« In the conventional method, an input variable is deleted
temporarily and the generalization ability is estimated.
If the generalization ability is worse than the stop-
ping threshold, the input variable is excluded from the
candidates of deletion afterwards. But since there is
a possibility that this input variable become deletable
after other variables are deleted. Therefore, we do
not exclude variables from deletion candidates even if
they deteriorate generalization ability at some stage of
variable selection.

S = {i|E! < E™,ie I}. (16)

If S7 is empty, we consider that there is no input
variable to be deleted and stop variable selection. If
only one input variable isincluded in S/, this input
variable can be deleted without deteriorating the
generalization ability. Thus, we set I'—! = [7 - §7,
j < j — 1 and repeat Step 2. If S’ has more than
two input variables, we generate a variable ranking
list R7, where R is ranked in the increasing order
of E/. And we go to Step 3.

Step 3 We delete all the variables in S7 from I7:
" =1 - §7, (17)

where k = j — |S7| and |S7| denotes the number
of elementsin S7. If

EF <E™, (18)

we consider that I* is the set of input variables
with the generalization ability equa to or higher
than with the initial set of input variables I and
we go to Step 2 updating j with k. If (18) is not
satisfied, we go to Step 4.

Step 4 Let the variable ranking list R’/ include the upper
half elements of the variable ranking list ?7. And
we set

I'=1 — (R}, (19)

Where {R7} isthe set that includes all the variables
inNR7andl=j—|{R7}.If

E' < EJ, (20)

we delete input variablesin R'7. And we go to Step

2 updating 5 with [. If (20) is not satisfied, updating
RJ with R/ we iterate Step 4 until (20) is satisfied.

V. PERFORMANCE EVALUATION
In this section, we show experimental results for SVRs and

In the following we discuss backward varigble selection | 5 qy/Rs |n the first experiment, using an artificial dataset,
for SVRs by block deletion using the generalization ability \ye show the effectiveness of the proposed method discussed
estimated by cross-validation as the selection criterion. in Section 1V in comparison with the conventional backward

Step 1 Let the initial set of input variables be I, where  selection method with single variable deletion. In the second

m 1S the number of input variables, and the ap-  experiment, we show that our proposed method is applicable
proximation error of the validation set by crosss to rea datasets. In the third experiment, using the results
validation be E™. We delete the ith (: = 1,...,m) of the second experiment, we examine whether the input
input variable temporarily from I™ and estimate variables selected by the LS-SVR can be used for the SVR



without deteriorating the generalization ability. Unless stated
otherwise, we measure the approximation error of a regressor
by the average absolute approximation error. We use an
Athlon 64 XII 4800+ personal computer (2GB memory,
Linux operating system) in measuring variable selection time.

A. Evaluation Conditions

We use the benchmark datasets listed in Table I. The
Mackey-Glass dataset [16] is a time series dataset with
chaotic behaviors. We add four artificia redundant input
variables that are generated by a random variable with a
uniform distribution in [0,1]. The Boston 14 dataset [17],
[18], [19] predicts the average value of a home price in
Boston, which is the 14th variable in the Boston dataset. The
Boston dataset is not divided into training and test datasets.
Therefore, we randomly divide the set into two with almost
equal sizes.

For model selection and performance evaluation, we use
RBF kernels:

(21)

where v(> 0) is a parameter for slope control, and Maha-
lanobis kernels:

H(x,x') = exp <—%(x - xNTQ M x— X')> , (22

where ¢ is the scaling factor to control the Mahalanobis
distance and @ is the full covariance matrix calculated
using the training data. In the experiment, we determine
the initial regressor with all the input variables using two
methods of cross-validation; grid search for RBF kernels and
line search for Mahalanobis kernels [19]. Using grid search
for RBF kernels, we determine the margin parameter, the
error threshold, and the kernel parameter by fivefold cross-
validation. And using line search for Mahalanobis kernels,
we determine the parameters as follows. we set 6 = 1 and
determine the margin parameter and the error threshold by
fivefold cross-validation, and setting the determined values
to the margin parameter and the error threshold, determine
the value of ¢§ by fivefold cross-validation. According to [19],
generalization ability of SVRs using Mahalanobis kernels by
line search was comparable to, or better than that of RBF
kernels by grid search.

H(Xa X/) = exp(_’YHX - X/||2)7

TABLE |
SPECIFICATIONS OF DATASETS

Dataset Inputs Train Test
Mackey-Glass 8 500 500
Boston 14 13 506

The stopping threshold is the cross-validation error
for the selected model using &l the input variables.
In backward variable selection, we use two methods
of cross-validation to estimate the generaization error;
CV(ALL), in which the three parameters are deter-
mined by cross-validation and CV(C), in which only the
margin parameter is determined. In cross-validation, we

change v = {0.1,0.5,1.0,5.0,10, 15,20} for RBF Kker-
nels, 6 = {0.1,0.2,...,1.0,...,1.9,2.0} for Mahalanobis
kernels, ¢ = {0.001,0.01,0.05,0.1,0.5,1.0}, and C' =
{1, 10, 100, 1000, 5000, 10000, 100000} .

B. Artificial Dataset

In this section, we use the Mackey-Glass dataset. First we
perform the experiment for SVRs. Tables 11 and |11 show the
result for RBF kernels and Mahalanobis kernels, respectively.

The upper parts of the tables show the result of variable
selection with the conventional method, in which CV(ALL)
is used and one variable is deleted at a time, and the lower
parts of the tables show that of the proposed method, in
which CV(C) is used and block deletion of variables is
adopted. Columns “~” and “4” list optimal kernel parameters
for RBF kernels and Mahalanobis kernels, respectively. And
columns “C” and “&” list optimal margin parameter and
the error threshold value, respectively. The Column “Vali.”
lists the approximation error for the cross-validation dataset.
The column “Test” lists the approximation error for the test
data measured by the Normalized Root Mean Square Error
(NRMSE). The column “Deleted” lists the deleted input
variables in the order of backward deletion.

TABLE Il
PERFORMANCE COMPARISON FOR RBF KERNELS (SV RS)

Method v C &  Vai. Test Deleted Time[s|
1.0 10° 10~2 0.012 0.061 -
50 102 10~3 0.009 0.047 5
Single 15 102 10~3 0.006 0.029 5,7
50 10° 10~3 0.002 0.013 57,8
20 10° 10— 0.001 0.004 5,7,8,6
20 10° 10— 0.002 0.013 5,7,8,6,4 181192
1.0 10° 10~3 0.012 0.061
Block 1.0 10° 10—3 0.004 0.025
1.0 10° 10~3 0.006 0.034

76,85
76,854 8533

TABLE Il
PERFORMANCE COMPARISON FOR MAHALANOBISKERNELS (SV RS)

Method 5 C ¢ Vai. Tes Ddeted Timeg

06 10 10 2 0.015 0.070 -
0.6 10 10~2 0.010 0.049 7
Single 0.6 10 10—2 0.006 0.030 7,6
0.9 10 10—2 0.003 0.017 7,6,5
0.7 10 10—3 0.001 0.004 7,6,5,8
1.0 103 103 0.003 0.012 7,6,584 37850
0.6 10 102 0.015 0.070 -
Block 0.6 5000 10~2 0.001 0.004 7,8,5,6

0.6 10* 10~2 0.003 0.013 7,8,56,4 4142

From the Tables, although the deletion sequences of vari-
ables are different, the proposed method deletes the same
input variables as those by the conventional method. In
addition, both methods delete added redundant variables. By
using “CV(C)”", the approximation error is slightly increased,
but the variable selection time is about 20 times shorter
than that of “CV(ALL)" for RBF kernels and about 10
times shorter for Mahalanobis kernels. Thus, for the artificial



dataset, the proposed method gives the same set of selected
variables with much shorter calculation time.

Next, we perform the same experiment for LS-SVRs.
Tables IV and V show the result for RBF kernels and Maha-
lanobis kernels, respectively. From the tables, the proposed
method also gives the same set of variables as that of the
conventional method with much shorter calculation time.

TABLE IV
PERFORMANCE COMPARISON FOR RBF KERNELS (LS-SVRS)

Method n C Vai. Tet Deeted Time[s)
5.0 10° 0.012 0.044 -
50 10° 0.009 0.043 5
Single 10 10° 0.006 0.027 5,6
20 10° 0.002 0.015 56,7
20 10° 0.001 0.065 56,7,8
20 10° 0.003 0.016 56,7,84 468
50 10° 0.012 0.044 -
Block 5.0 105 0.004 0.019 56,78
50 10° 0.005 0.025 567,84 53

TABLE V
PERFORMANCE COMPARISON FOR MAHALANOBISKERNELS (L S-SV RS)

Method 6 C
0.3 10°

Vdi. Tes Deeted Times
0.013 0.062 -
04 103 0.010 0.049 7
Single 0.6 103 0.006 0.033 7,8
0.9 5000 0.004 0.017 7,8,5
14 10° 0.001 0.002 7,856
14 10° 0003 0011 7,8564 383
03 10° 0.013 0.062 -
Block 0.3 105 0.002 0.012 7,586
03 10° 0.004 0.020 7,5864 70

C. Real Dataset

We evaluate the proposed method for the real dataset.
Since the Boston 14 dataset is not divided into training and
test datasets, we randomly divide the set into training and
test datasets with almost equal sizes. In this way, we make
20 datasets. And for each training data set we determine the
optimal parameters as before and delete variables. Then we
calculate the average approximation error and its standard de-
viation for 20 trials and average number of deleted variables
and its standard deviation.

Tables VI and VII show the results for SVRs and LS
SVRs, respectively. Column “Vai." lists the average er-
rors and the standard deviations before or after performing
variable selection. “Mah.” denotes Mahalanobis kernels and
“Deleted” lists the average numbers and the standard devia-
tions of the deleted input variables among 20 trials.

For al the cases the approximation errors for the test
datasets after variable deletion are slightly worse than those
with al the input variables, but six to nine variables are
successfully deleted. Using RBF kernels more variables are
deleted than using Mahalanobis kernels. But the approxima-
tion errors using Mahalanobis kernels are smaller than those
of RBF kernels.

And the proposed method reduces the computation time
by one tenth for SVRs and LS-SVRs. In addition, using LS
SVRs, the proposed method is 10 to 200 times faster than
using SVRs. Thus if variable selection using LS-SVRs gives
the similar set of variables asthat using SVRs, we can further
speed up variable selection for SVRs.

Tables VIII and IX list the number of times that the
variables are deleted in variable selection among 20 trials for
RBF and Mahalanobis kernels, respectively. The numbers of
variables that we list in the tables are the average numbers
of deleted variables. For instance from Table VI, the average
number of deleted variables for SVR with RBF kernels is
8.9. Thus rounding down 8.9 to 8, we list 8 frequently
deleted variables in Table VIII. In the table, the first row
of the left table means that the fourth variable is deleted
20 times and the last row means that the seventh variable
is deleted 18 times. From the table, for RBF kernels the
first seven variables are the same for the SVR and LS-SVRs
and only the eighth variables are different. From Table IX,
six variables are deleted by SVRs and seven by LS-SVR.
The first six variables by LS-SVR are the same with the six
variables by SVRs.

TABLE VI
PERFORMANCE COMPARISON FOR BOSTON 14 DATASET (SVRS)

Method Kernel Deleted

Single RBF

Vali. Test
290 + 016 2.71 + 0.16 -
2.80 + 0.16 2.90 + 0.22 9.3 + 0.8 52286 + 9243
290 +£ 016 2.71 + 0.16 -

2.67 + 015 2.84 + 0.19 89 + 1.2 2780 + 667
249 + 0.21 250 + 0.17 -

220 +£ 0.76 2.72 + 0.22 6.2 + 2.7 7259 4 2495
249 + 0.21 250 + 0.17 -

228 + 056 2.68 + 0.22 6.2 + 2.4 740 + 188

Time[s]

Block RBF

Single Mah.

Block Mah.

TABLE VII
PERFORMANCE COMPARISON FOR BOSTON 14 DATASET (LS-SVRS)

Method Kernel Vali. Test Deleted Time[s]
Single RBF 285+ 020 271+ 021 -

276 + 017 2794+ 022 89+ 0.9 269 + 34
Block RBF 285+ 020 2.71 + 0.21 -

277 +£ 017 2784+ 022 88+ 1.0 20+ 6.0
Single Mah. 254 +£ 021 251 + 0.15 -

246 +£ 018 270+ 018 7.7 + 1.4 387 + 46
Block Mah. 254+ 021 251 + 0.15 -

248 + 019 269+ 022 75+ 14 56 + 14

D. Substitution Experiment

In this experiment, we evaluate whether the set of vari-
ables selected using LS-SVRs is aso useful for SVRs. For
this purpose, for each training dataset we delete frequently
deleted variables, optimize the three parameters by grid
search, and calculate the average errors for validation sets
and test datasets. Table X shows the result. For instance, the
first row of the table shows the result for RBF kernels using
the set of selected variables by SVRs, and the second row



TABLE VIII TABLE IX
THE NUMBER OF TIMES THAT INPUT THE NUMBER OF TIMES THAT INPUT

VARIABLESARE DELETED FOR RBF VARIABLESARE DELETED FOR

KERNEL MAHALANOBISKERNEL

SVR Num. LS. Num. SVR Num. LS. Num.
# 20 #1 20 # 19 #1 20
# 20 #3 20 #4 15 #2 19
#2 19 # 20 #1 14 # 19
# 19 # 20 #3 14 #3 17
#1219 #12 20 # 14 # 17
#1 18 #2 19 #12 11 #12 13
#3 18 # 18 #10 12

#7 18 #3 16

shows the results for RBF kernels using the selected variables
by LS-SVRs.

TABLE X
THE RESULT OF THE SUBSTITUTION EXPERIMENT

Kernel  Input Vali. Test

RBF SVRs 271 +£016 272+ 016
RBF LSSVRs 274+ 016 271+ 0.18
Mah. SVRs 247 + 020 248+ 0.18
Mah. LSSVRs 258+ 016 257+ 0.16

From the table, there is not much difference in approxi-
mation error even if we replace the set of variables selected
by SVRs by that by LS-SVRs. Thus to speed up variable
selection for SVRs, we can use a set of variables selected
using LS-SVRs.

E. Discussions

From the experiments, it is shown that the proposed
method has a comparable generalization ability with the
conventional method and reduces the computational cost less
than one tenth. Thus, the block deletion is effective for
variable selection. For SVRs, in which initially we need
to determine three parameters, we can speed up model
selection using line search of Mahaanobis kernels instead
of using RBF kernels. But for LS-SVRs, the opposite result
is obtained. It may be caused as follows: initially we need to
determine two parameters by cross-validation, the evaluation
points for the parameter of Mahalanobis kernels are larger
than those of RBF kernels, and we must recalculate the
covariance matrix whenever each input variable is deleted
temporarily. However, using Mahaanobis kernels, the ap-
proximation accuracy is superior to that using RBF kernels.

In the experiments, frequently selected variables for SVRs
and LS-SVRs are quite similar and even if the set of
variables selected by LS-SVRs is used for the set for SVRs,
approximation performance is amost the same.

VI. CONCLUSIONS

We discussed backward variable selection of SVRs and
LS-SVRs by block deletion. Namely, first, we determine
the stopping threshold for variable selection by grid search
using all the input variables. Then we delete variables that

show the higher generalization ability if one is deleted,
where we estimate the generalization ability of the regressor
by optimizing the margin parameter. If block deletion of
variables fails, we backtrack and begin deletion of variables
by binary search.

The computer experiments using artificial and real datasets
showed that performance of the backward variable selection
by block deletion had a similar generalization ability with
and smaller computational cost than the conventional back-
ward selection method and the input variables selected by
LS-SVRs could be used for SVRs without deteriorating the
generalization ability.
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