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We study a 5d gravity theory with a warped metric and show that two N = 2 supersymmetric quantum-
mechanical systems are hidden in the 4d spectrum. The supersymmetry can be regarded as a remnant of
higher-dimensional general coordinate invariance and turns out to become a powerful tool to determine
the physical 4d spectrum and the allowed boundary conditions. Possible extensions of the N = 2

supersymmetry are briefly discussed.
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I. INTRODUCTION

Over the past decade a considerable number of studies
have been made on gauge/gravity theories with extra di-
mensions. In the gauge-Higgs unification scenario, extra
components of gauge fields play the role of Higgs fields [1—
11]. Attractive models of grand unified theories (GUTs) on
orbifolds have been constructed, avoiding common prob-
lems of four-dimensional GUTs [12—17]. Higgsless gauge
symmetry breaking can be realized via boundary condi-
tions of extra dimensions [18—29] and a large mass hier-
archy can naturally be obtained in this scenario [18]. A
higher dimensional scenario with a warped geometry has
been proposed to solve the hierarchy problem by Randall-
Sundrum [30]. In the scenario, all scales except for the
scale of gravity are reduced to the weak scale by a warped
factor. According to this scenario, various attempts have
been made to construct realistic models [23,24,31-33].
Randall and Sundrum have also proposed a mechanism
to localize gravity in the vicinity of a brane [34] which has
attracted enormous attention [33,35-41].

In constructing realistic models with extra dimensions,
the spectrum of light Kaluza-Klein (KK) modes becomes
important if those masses are accessible to future collider
experiments. Thus, it will be worthwhile to investigate
what are characteristic features of the 4d spectrum of KK
modes coming from extra dimensions. A related subject to
study is to clarify the cancellation mechanism of divergen-
ces in loop corrections. Mass corrections to extra compo-
nents of gauge fields are found to be finite at least at one-
loop order. The finiteness is very important because finite
quantities can be considered to be predictions of higher-
dimensional theories though they will not be renormaliz-
able. The cancellation of would-be divergences has not,
however, been understood fully yet.! In a 4-dimensional
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point of view, the cancellation of divergences seems to be
mysterious because it occurs only after all massive KK
modes are taken into account. If we truncate massive KK
modes at some energy, the cancellation becomes incom-
plete. Furthermore, the cancellation still occurs even when
gauge symmetries are broken via orbifolding, the Hosotani
mechanism, or boundary conditions. Therefore, it would be
of great importance to reveal a nontrivial structure hidden
in the spectrum of KK modes and interactions between
them.

A secret of gauge theories with extra dimensions has
been uncovered in [45].% It has been shown that a N = 2
supersymmetric quantum-mechanical system [47] is hid-
den in the 4d spectrum of any gauge invariant theory with
extra dimensions. The N = 2 supersymmetry can be re-
garded as a remnant of the higher-dimensional gauge
invariance. Our purpose of this paper is to extend the
analysis of [45] to the 5d gravity theory with the
Randall-Sundrum metric and show that two N = 2 super-
symmetric quantum-mechanical systems are hidden in the
4d spectrum of the model. A part of the supersymmetric
structure has already been pointed out in the literature
[39,48]. Those authors have noticed that the Hamiltonian
of the mass eigenfunctions for massless/massive 4d grav-
itons can be written in a supersymmetric form H = D1D.
They have not, however, found its superpartner in the
system and also missed another N = 2 supersymmetric
system. The authors have used supersymmetry mainly as
a technical tool to solve the eigenvalue equations, espe-
cially the zero modes. In this paper, we show that the mass
eigenfunctions for the metric fluctuation fields are gov-
erned by two quantum-mechanical systems with full N =
2 supersymmetry, and further show that the supersymmetry

*Howe et al. [46] discussed an N = 2 world line supersym-
metry for a realistic spin N/2 particle and succeeded to present
field equations for massless and massive antisymmetric tensors
in arbitrary space-time dimensions. The N = 2 world line su-
persymmetry seems to have some connections to the N =2
supersymmetry found in [45], but a direct relation between
them is not clear.

© 2008 The American Physical Society
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can be a powerful tool to determine the 4d spectrum and
the allowed boundary conditions.

This paper is organized as follows. We consider a 5d
pure Abelian gauge theory with a warped metric in Sec. II.
The results are not new but the purpose of this section is to
show differences as well as resemblances between the 5d
gauge theory and the 5d gravity one clearly. In Sec. III, we
investigate the 5d gravity theory with the Randall-Sundrum
metric and discuss the supersymmetric structure, allowed
boundary conditions compatible with the supersymmetry,
and the physical spectrum in detail. Section IV is devoted
to conclusions and discussions.

II. 5D PURE ABELIAN GAUGE THEORY

In [45], it has been shown that any gauge invariant
theory with extra dimensions possesses a quantum-
mechanical supersymmetric structure in the spectrum of
the KK modes. Following the analysis given in [45], we
consider the pure Abelian gauge theory with a single extra
dimension. All the results in this section are not new but the
purpose to derive them is to make differences as well as
resemblances clear between the 5d gauge theory and the 5d
gravity theory discussed in the next section.

Let us consider the 5d pure Abelian gauge theory with a
single extra dimension compactified on an interval

, 1
S = / d*x f ° dz\/—G{—ZGMNGKLFMKFNL}. 2.1
21

We choose the background metric as®

ds* = eXO(n,,  dx*dx" + dz?)

with A(z) = — 1n<£>.

<1

2.2)

The metric describes the warped geometry in the confor-
mal coordinate discussed by Randall-Sundrum [30,34] and
will also be used in the next section. The x* (u = 0, 1, 2,
3) are the 4-dimensional Minkowski coordinates and z is
the extra dimensional one. The extra dimension has two
boundaries at z = z; and z,. The boundary conditions for
the gauge fields will be determined later.

It follows from Eq. (2.2) that the 5d metric G,y has the
form

G e 0
— % us\ — MNuv
GMN < Gs,, G55 ) ( 0 62A )

Then, the action (2.1) reduces to

(2.3)

0 = diag(—1, 1, 1, 1).
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1 1
S:fd4xf12dZeA{_Zn,uvnpaF’upFW_EnMVFM5F,,5}
21

5] 1
— f dx f dzeA{zAM[n/”(D + (0, + A)a)
1
—9"9”]A, — EA,U«(aZ + A")o*As
1 1
_ EASaM 9,A, + EASDAs}, 2.4)
where [1 = 9,0* and at the second equality we have

integrated by parts and ignored boundary terms. To obtain
the 4d spectrum, we expand A, (x, z) and As(x, z) as

Aux2) =S AW (),

n

(2.5)

As(x2) = Y AP ()" (2). 2.6)

The mode functions f® and g™ are taken to be the
eigenfunctions of the Schrodinger-like equations

DYDf"(z) = m2f"(z), 2.7)
DD g"(z) = m2g\"(z), (2.8)

where?
D=4, Dt = —(a, + A'(2)). (2.9)

Although the above notation for D and D seems to be
strange, DT = —(0, + A’) is actually Hermitian conjugate
to D = 9, with respect to the inner product®

(Wle) = f ® dzeh Yl) 0 (2).

1

(2.10)

We note that the factor e* comes from the expression of the
action (2.4). Therefore, as was shown in [45], the Egs. (2.7)
and (2.8) can be unified into a supersymmetric form

HY"(2) = myWw™(2), 2.11)
where H is the Hamiltonian
_(D'D 0\ _ "
H=(" ppt)=—feoh e
and the supercharges Q, Q' are defined by
/(0 0 +_(0 Dt
Q—(D 0>, 0 <0 0 ) (2.13)
These operators act on two-component vectors
“We will use the notation; A'(z) = £A(2), A"(z) = £ A(2),

etc.

5 Precisely speaking, to justify the statement we have to specify
the boundary conditions which assure that no boundary terms
appear in integration by parts. This will be verified later.
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_ (/@
with the inner product

(W, |W,) — [ A1) + £ @g@)  (2.15)

21

(2.14)

It follows that the eigenvalue m2 for £ and g is doubly
degenerate except for my = 0 and that they are related each
other as

Df"(z) = m,g"(z),  DTg"(2) = m,f"(2),

(2.16)

or equivalently,

o11) = )

of8)=("3)

with appropriate normalizations.

It should be emphasized that the existence/nonexistence
of the zero mode depends on the boundary conditions at
7 = 73, 2. It follows from the analysis in [45,49-51] that
only the following types of boundary conditions are com-
patible with the supersymmetry:

(2.17)

s [ e
Type @01 { G5 NN nen — o

(2.19)

ey [ e -0 @20

Tope O [Ny = @20

We then find that with the boundary conditions the
Hamiltonian H is Hermitian and the supercharges Q, Q1

are Hermitian conjugate to each other, as announced be-
fore. We should note that QW(z) and Q1 W(z) satisfy the

m m

(a) Type (N, N) (b) Type (D, D)

FIG. 1.
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same boundary conditions as W(z), otherwise the super-
charges would be ill-defined.

The zero mode solutions with m, = 0, if exists, should
satisfy the first order differential equations

9,fO(z) =0, (0, + ANgO(z) = 0. (2.22)
The equations are easily solved as
f(O)(Z) = O, g(O)(z) = C0e—AQ) (2.23)

where C© and C'© are normalization constants. The
solution f© (g©) obeys only the type (N, N) (type (D,
D)) boundary conditions. Therefore, the zero mode with
mo = 0 exists for f© (g@) with the type (N, N) (type (D,
D)) boundary conditions, and there is no zero mode for
other boundary conditions. The results are summarized in
Fig. 1.

Inserting the mode expansions (2.5) and (2.6) into the
action (2.4) and using the orthonormal relations of the
mode functions with the relations (2.16), we have

Szv[fﬂlm#y+£m#¢ (2.24)

where

—1(d #A(VO) —9,A%)2 for Type (N,N),

L,—= —5(d MAgO))z for Type (D, D),
0 for Type (N, D) or (D, N),
(2.25)

[oe] 1 ,
Lueo = Y {= 50, = 5,417
n=1

1 1 2
—-mi(Ay ——a,A" ) L (226
2 mn( M m, A5 ( )

We should make a few comments here. The 4d gauge
symmetry is broken except for the type (N,N) boundary
conditions because there is no massless vector for other

boundary conditions [18—29]. The modes Ag") (n #0)
appear in the action only in the combinations Aﬁf) -

i d #Ag”). This implies that A" for n # 0 are unphysical

and can be absorbed into Aﬁf) by gauge transformations,

f(z} (/(m f“) {/(2‘1
m| -EEEY - - f==E- - mf-E==% - - ==3--

o el Fo o0
mt-EE= - - E==E- - | -E=et - - ==

(c) Type (N, D) (d) Type (D, N)

A typical spectrum of f™ and g™. A zero mode f© [g©] appears for the type (N,N) [type (D,D)] boundary conditions,

while there is no zero mode for other boundary conditions. All nonzero modes are doubly degenerate between £ and g™,
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which are called the unitary gauge. On the other hand, the

zero mode A(SO) for the type (D,D) boundary conditions
cannot be removed from the action, so that it is a physical
degree of freedom.

I11. 5D GRAVITY WITH RANDALL-SUNDRUM
BACKGROUND

In this section, we investigate the supersymmetric struc-
ture of the 5d gravity theory with the Randall-Sundrum
background metric [30,34] in detail. The analysis will
make differences as well as resemblances clear between
the 5d gravity theory and the 5d gauge theory discussed in
the previous section.

A. Setup

We consider a five-dimensional braneworld gravity with
a single extra dimension compactified on an interval [30]°:

s = ] d*x f 2 dzN=G(MR — A)

+ f d*x/=guv(—ouy)

7=z

, (3.1

=2

+ / d*x/=gr(—oR)

where z; (i = 1, 2) are the locations of the two branes, and
M is the five-dimensional Planck scale. The gy (gi,) is
the metric induced on the UV (IR) brane. The bulk cos-
mological constant A and the brane tensions oy and o
are tuned to give the warped metric

ds* = eXO(n,,, dx*dx” + dz?),

~_m(?), Lo A
A© = 1n<21>, 2 120% (3.3)

12M3

<1

(3.2)

where

Oyv = “OR —

Here, the location of the UV brane is chosen such that the
warp factor is set equal to 1 on the UV brane (z = z;).

B. Quadratic action

We investigate the gravitational fluctuations around the
RS background solution (3.2):

ds® = e (myn + hyy)dx"dxV. (3.4)

®In this paper, we use the convention:
iy = 3G (0nGay + 9uGpy — 95Gun),
R¥ v = 9uUEy — onTEy + TEnT Ry — TiuT N

— pA
Ryn = R N

PHYSICAL REVIEW D 77, 045020 (2008)
The action is invariant under infinitesimal general coordi-

nate transformations

M — M+ M (x)

(3.5)

which are translated into the transformations of the metric
fluctuations

h;LV - H,U,V - a/.LfV - aV‘f,u, - 2AI§ST],LLV’ (36)
l/;,u,S - l/;,u,S - azf,u - 8M§5’ (37)
]/;55 i HSS - Z(GZ + A/)é‘:S' (38)

One might expand the fluctuation fields /1,y (x, z) as

Bun(x,2) = 3 B 0] (2),

n

hus(n2) = Y N5 (),

n

hss(x, 2) = 3 hS ()" (2)

with some definite boundary condition for each mode
function of £ (z), g™ (z), and k" (z). It turns out, how-
ever, that the last term in Eq. (3.6) is incompatible with the
above mode expansions. The compatibility between the
general coordinate transformations (3.6), (3.7), and (3.8)
and the mode expansions leads to the following parame-
trization of /1y

. huy = 3Muv® )
h = pv  2Mpv M5\
MN ( hSV ¢

(3.9

Then, the quadratic action of the metric fluctuations is
found to be of the form

(%) 1 .
S@ = M3fd4xj; dze3A{§hMVK'“”’p”hpg
1
: 1 : :
+ 2hﬂ5K"‘5’p5hp5 + §¢K¢’¢¢ + hM,,K'“””’Sh,ﬁ
1
+ hM5K”5;”‘Thpg + Eh,uVKMV;d)‘?{’

1 ‘ ‘ ‘
+ Ed)K‘f”P"hp,, + h,sKF59 ¢ + d)K‘f””Sh/ﬁ},

(3.10)

where

045020-4
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K#rno = —%(nﬂﬂawa + QRTIVIP + PP IRIT + 7 9R0P) + %(nwaﬂav + P79

1
F e b ey = 2mprnee)O (0, + 3405,

3

K$¢ ==
4

KH#5:p5 = _i(aﬂap — n#PD)’
1
KHvirS = —Z(n“/’a” + PP I* — 29Hr9P)(9, + 3A"),
3
K#id = 2170+ 3409 + 24)),

4 3
kK5 = — Za#(aZ + 24),

This expression is consistent with the result given in [52]
up to boundary terms, which are irrelevant in our discus-
sions, and also with the equations of motion for the metric
fluctuations in [53].

As we will see later, the general coordinate transforma-
tions are compatible with the mode expansions

hn(5,2) = 3 R (),

hus(x,2) = Y R (608" (),

n

b(x,2) = > ¢ (Wk"(2)

n

(3.12)

with a definite boundary condition for each fluctuation
field. The mode functions £, g™ k™ should be chosen
to be the mass eigenstates or to diagonalize the quadratic
action (3.10). It turns out that they have to satisfy the
following Schrodinger-like equations:

— (02 + 34'9,)f"(z) = m2f"(2), (3.13)
— (02 4+ 349, + 34"Mg"(z) = m2g"(z),  (3.14)
— (92 + 349, + 44k (2) = m2k"™(z). (3.15)

Surprisingly, we will find later that the mass eigenvalue m,,
is triply degenerate for £, ¢ and k™ except for zero
modes. We should make a comment on delta-function
potentials that would appear at the boundaries in the above
equations. Since we take an interval picture with two
boundaries at z = z;, z», the contribution of the delta-
function potentials should be absorbed into the boundary
conditions for f(z), g"(z) and k" (z), which will be
derived consistently from a supersymmetric point of view
in the subsection III D.

C. Supersymmetry

In this subsection, we show that a quantum-mechanical
supersymmetric structure is hidden in the 4d spectrum. To
this end, let us first consider the eigenfunctions f and

1
KH5p0 = _Z(nnpa(f + nhogr — ZnP”af‘)az,

3
KPS = — 100 + A,

0- %(az + A')(9, + 247),

(3.11)

oy 3
K07 =Znre(a. + Ao,

[

g". The supersymmetric structure will become apparent if
we express the Eqgs. (3.13) and (3.14) into the form

DIDf"W(z) = m2f™(z),  DD'g"(z) = m2g™(z)
(3.16)
with

D=9 Dt = —(a, + 3A)). 3.17)

il

If DT is the Hermitian conjugate to D, two functions f”
and g form an N = 2 supersymmetry multiplet. This is
indeed true with respect to the inner product

22
Wle) = f dze P(2) o(2) (3.18)
21
with the boundary conditions
9. f"M(@) =g"(2) =0 atz=z,2. (3.19)

The factor e* in Eq. (3.18) is required because of the
presence of it in the action (3.10), whose origin comes
from the nontrivial metric (3.2). The boundary conditions
(3.19) turn out to be compatible with supersymmetry and
will be derived in the next subsection.

To rewrite the system into the N = 2 supersymmetric
form, we introduce two-component vectors

P(z) = (f(z) )

8(2) .20

where they are assumed to obey the boundary conditions
(3.19). The inner product of ¥ ,(z) and W,(z) is defined by

(| W,) = f Z Az + £@5 ) (21)

Then, the Hamiltonian and the supercharges are given by

_(D'D 0
H—( 0 DDT> (3.22)
and
AN N 0 D
Q—(D 0)’ 0 —(O o) (3.23)

045020-5
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We further introduce the operator (—1)F with F being the
“fermion”’ number operator as

(—1)F=<(1) 0 )

It is easy to show that the operators H, Q, Qt and (—1)F
form the N = 2 supersymmetry algebra

H={0 0" {0 0ot={0"0'}=0,
[0, H]=[0", H] =0, [(=DF H]=0,
{0 (=Dt ={o" (-} =0

With respect to the inner product (3.21) and the boundary
conditions (3.19), H and (—1)¥ are Hermitian and Q7 is the
Hermitian conjugate to Q, and vice versa. Since (—1)F
commutes with H, we can have simultaneous eigenfunc-

tions ‘I’(i") of H and (—1)F as

(—D)FPY = =p®,

(3.24)

(3.25)

HYY = 29" (3.26)

Because of supersymmetry, \I’(f) is related to W, with
appropriate normalization, as

oV = m, ¥, otw =5 W (327)

In terms of the component fields ) and g, we can write

) _ f(n) o _ (0
\I’+ = ( 0 )’ P = <g(n) (3.28)
and
Df™ = m, g Dtg =y . (3.29)

It follows that £ and g [or \If(i")] form a supersymmet-
ric multiplet except for the zero mode with mg = 0.

Let us next proceed to the analysis of a pair of the
eigenfunctions g® and k". One might expect that g
and k™ could not form a supersymmetry multiplet be-
cause, if so, the mass eigenvalue m,, is triply degenerate
between £, g and k™ but supersymmetry allows only
even numbers of degeneracy between ‘“bosonic’” and ‘‘fer-
mionic™ states. Surprisingly, it turns out that g and k"
actually form a supersymmetry multiplet and that the
spectrum can be described by another N = 2 supersym-
metric quantum-mechanical one. A key observation is that
the second differential operator —(9% + 3A’d, + 3A”) in
Eq. (3.14) can be expressed in two supersymmetric ways:

— (9% + 34’9, + 34") = DDt = DD, (3.30)

where D and D' are defined in Eq. (3.17), while D and D*
are

D=9d,+A, Dt = —(a, + 24)). (3.31)

To verify the relations (3.30), we will use the identity
(A2 = A", A crucial point is that DT is the Hermitian
conjugate to D with respect to the inner product (3.18) and

PHYSICAL REVIEW D 77, 045020 (2008)

the boundary conditions (3.19) for g(")(z). The relation

(3.30), however, seems strange because a zero mode g(O)
with mq = 0 has to satisfy both of the equations

Dtg® =0 and Dg® =o.

This is impossible because Dt and DT are the first differ-
ential operators so that any (nontrivial) solution to
D1g® =0 cannot satisfy the other equation Dg©® = 0,
and vice versa. A loophole in the above argument is that the
eigenfunctions g have no zero mode with m, = 0. The
boundary conditions (3.19) for g (z) actually forbid any
nontrivial solution to DTg©® = 0 and Dg© = 0.

The supersymmetric structure for g and k™ will be-
come apparent if we express the Eqs. (3.14) and (3.15) into
the form

DTDg"(z) = myg™(z),  DDK™(z) = mik™(2),

(3.32)

To rewrite the system into the N = 2 supersymmetric
form, we introduce two-component vectors

o6 =(53)

k(2) (3.33)

with the inner product

(@] ®,) — f ® dzeMgi()8:(2) + K@)} (3.34)

21
with the boundary conditions
g(z) = (9, +2A4Nk(z) =0 atz =z, 2.

Then, the Hamiltonian and the supercharges are defined by

_ (DD 0
H‘( 0 D'D’f)’

=_(0 0 5 0 Dt
=( 2 T =
o=(p o} 2=(0 %)
We further introduce the operator (—1)F with F being the
fermion number operator

(—1)F=<(1) _01>.

As before, the operators H, 0, O, (—1)* satisfy the N = 2
supersymmetry algebra. The eigenfunctions g and k)
form a supersymmetry multiplet and are related to each
other, with appropriate normalization, as

(3.35)

(3.36)
and

(3.37)

(3.38)

Dg™ = m, k™, Dk = m, gm. (3.39)

We have shown that two N = 2 supersymmetric systems
are hidden in the 4d spectrum of the 5d gravity theory. It
suggests that the system could realize some extension of
the N = 2 supersymmetry. One might expect that the two

045020-6
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N = 2 supersymmetric systems could be embedded in a
N = 4 supersymmetric one. This is not, however, the case
because three-fold degeneracy does not match the standard
supersymmetry. It may be necessary to search for some
nonstandard extension of the N = 2 supersymmetry. We
would like to discuss this subject before closing this
subsection.

To this end, let us consider a pair of the eigenfunctions

£ and k™ which obey the equations
Hef® = m2f™m, H k™ = m2k®, (3.40)
where
H;=D'D=—(3, + 344,
' _ 3.41)
H, = DDt = —(a, + A")(9, + 24").

It turns out that the Hamiltonians Hy and H; are related
each other through the so-called intertwining relation

AH;=HA, (3.42)

where the intertwiner A is given by
A =DD = (3, +ANd,. (3.43)

If we introduce the following operators
H; O 0 O
= (s =
A= n) 2-(a o)
(3.44)
ot — (0 At
0o o0/
we then find the interesting relations
{Qeft=3{2 {9 9}={2%2f}=0,

(3.45)

[Q H]=[Q! H]=0.

It should be emphasized that @ and Q1 are the second
order differential operators, as opposed to the ordinary
supercharges, and that the left-hand-side of the first equa-
tion in Eq. (3.45) is given by the square of the Hamiltonian
JH but not the linear of it. The system with the nonlinear
algebra has been discussed in [54—-60] as an extension of
the N = 2 supersymmetry.

Another type of extension of the N = 2 supersymmetry
has also been discussed in [61]. The system may be char-
acterized by the following nonlinear relations:

HNTT= QN = (@Y, N =1

09 =w9 ), 09t =w"101Q,
) (3.46)
w = >IN, [Q H]=[QF, H]=0,
[Q, H]=o0.

The system is shown to be N -fold degenerate except for
zero modes. We note that the above nonlinear algebra
reduces to the original N = 2 supersymmetry algebra
when N = 2. Our gravitational system corresponds to
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N = 3 and the operators in Eq. (3.46) can be realized as

DD 0 0 DD 0 0

H=| o bpbpt o |=| o DD 0o |
0 0 DDt 0 0 Dbt
0 0 DDt 0 Dt 0

9=|Ip o o | 9t=| o0 o Dt
0D 0 DD 0 0
1 0 0

Q(O o 0| =& (3.47)

0 0 w?

The above operators act on three-component vectors
f(2)

V(x) = | g(2) |

k(z)

Since H and Q commute each other, we can have simul-
taneous eigenfunctions of them such as

(3.48)

HE =m2e", Q¥ =", =012

(3.49)
The relations [Q, H]=[Q1, H]=0 and QQ =
w90, 09t =0 19O imply that

QWM oy - oty w - (3.50)

It follows that the spectrum is triply degenerate (except for
zero modes). In terms of the eigenfunctions £, g™, and
k", \Ifi'f,) are explicitly given by

f(n) 0

0 0

0
v = 0 )
k)

D. Boundary conditions

3.51)

We have assumed in the previous subsection that the
boundary conditions of £, g, k™ are given by

.f"@) =0 @ =0

(3.52)
(0, + 24Nk (z) =0,

at z = 2y, 2,

which imply that the original fluctuation fields have to
obey

0.h,,(x, 2) =0, h,s(x,z) =0,

3.53
(9, +24")p(x,2) = 0, G->3)

at z = 7y, 2p.

In five-dimensional braneworld gravity, two approaches
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have been proposed to obtain the boundary conditions. The
first is to impose the Z, orbifold symmetry to the equations
of motion, and simply integrate them around the neighbor-
hood of orbifold fixed points to obtain the junction con-
ditions [52,62—-65]. This is the most convenient way to
obtain boundary conditions consistent with the Israel junc-
tion condition [66]. It, however, seems not to be applicable
to the interval picture (not the Z, orbifold picture), where
the extra dimension is limited to the space between two
branes and Z, symmetry is meaningless. The second is to
introduce the Gibbons-Hawking extrinsic curvature terms
[67] on branes and then obtain the boundary conditions by
the variational principle [68—70]. Since the boundary con-
ditions are crucially important to determine the spectrum,
especially zero mode, it will be worthwhile deriving them
from various different points of view. In this subsection, we
propose the third approach to derive them from a super-
symmetric point of view, which is quite different from
other geometrical approaches.
Let us start with the differential operator defined by

H,=—(0,+ (3 — yA)9, + yA), (3.54)

where H,, corresponds to the Hamiltonians for fi g

and k™ with vy =0, 3 (or 1) and 2, respectively. We then
require H,, to be Hermitian, i.e.

(YlH, @) = (H,¢lp) (3.55)

for any functions ¢ and ¢ obeying appropriate boundary
conditions. The hermiticity of H,, is found to be assured if
¢ and @ satisfy

(W(2)*0,0(2) — (0,4(2)"(2) =0 at z =z, 2,.
(3.56)

The conditions can be realized only if ¢/(z) [and also ¢(z)]
obeys the following boundary conditions’:

Kk cosb;i(z;) = sind;0,¥(z;), i=1,2, (3.57)
where 6; (i = 1, 2) are arbitrary real constants and « is a
nonzero real constant of mass dimension one, which is
introduced to adjust the mass dimension of Eq. (3.57).
The above result implies that the functions f, g™ and
k™ have to obey

Kcosﬁ'lff(")(z,») = sinﬂfazf(")(zi), (3.58)

Kk cosf? g (z;) = sinB%a,g"(z,), (3.59)

"Here, we have assumed that /(z;) and ¢(z;) are independent
of (z,) and ¢(z,) because the extra dimension is an interval
with two boundaries. If we allow them to relate to each other, we
would have a wider class of possible boundary conditions [49—
51].
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Kk cos¥ k" (z;) = sinfka_k"(z,), i=12 (3.60)

for some real constants 6/, 6%, 0% (i = 1, 2).

As was shown in the previous subsection, the eigenvalue
m, for f®, ¢ and k" is three-fold degenerate. The
degeneracy would not, however, hold for general values
of 6’{ s 0%” , and 0;‘ because the supersymmetric relations
between f(”), g(”), and k™

3./ (2) = m, g™ (2), (3.61)

— (9, + 348" (2) = m,f"(z), (3.62)
(0, + ANg"(2) = m,k"(z), (3.63)
— (0, + 240k (2) = m, " (z) (3.64)

are generally inconsistent with the conditions (3.58),
(3.59), and (3.60). We should emphasize that the relations
(3.61), (3.62), (3.63), and (3.64) guarantee the degeneracy
of the eigenvalues for £, ¢, and k™. Using Eqs. (3.58),
(3.61), and (3.62), we find

—(3A’k cos®! + m?2 sin6!) g™ (z;)

= kcost!0.g"(z), i=12  (3.65)

The boundary conditions for g (z) have to be independent
of n, otherwise the superposition of g(z) would be mean-
ingless. It follows that

sing/ =0 or cos#/ =0, i=12  (3.66)
The conditions lead to
3,f"M(z) =0 and g"(z) =0, (3.67)
or
fP(z) =0 and (9, + 34" (z;) =0, i=12
(3.68)

It may be instructive to note that the above conditions

assure that
_ (")
‘I’(Z) ( g(")(Z) )

satisfies the same boundary conditions as QW¥(z) and
QTW(z). In other words, the supercharges Q and Q% are
well defined on the functional space of W(z), as they should
do.

We can repeat the same argument for g (z) and k(z).
For the eigenvalue m,, of g to be identical to that of k),
they have to be related each other through the Eqgs. (3.63)
and (3.64). We have already shown that the Hermiticity of
the Hamiltonians for g™ and k' requires Egs. (3.59) and
(3.60). Those equations are compatible with the supersym-
metric relations (3.63) and (3.64) only when
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g"(z) =0 and (9, +24k"(z;) =0, (3.69)
or
(0, + ANg"(z) =0 and k" (z;) =0, i=1,2
(3.70)

These conditions again insure that the supercharges 0 and
Q7 are well defined on the functions

(n)
_ (g™
as they should do.

We have thus shown that candidates of possible bound-
ary conditions are given by Eq. (3.67) or (3.68), and
Eq. (3.69) or (3.70). Each of the three combinations,
Egs. (3.67) and (3.70), Egs. (3.68) and (3.69), Egs. (3.68)
and (3.70), are, however, incompatible with each other.
Hence, we finally arrive at the allowed boundary condi-
tions (3.52) compatible with the supersymmetry, as an-
nounced before. It is interesting to note that for the 5d
gauge theory discussed in the previous section there are
four types of possible boundary conditions compatible with
the N = 2 supersymmetry. On the other hand, for the 5d
gravity theory, the boundary conditions are uniquely de-
termined due to the existence of the two systems with the
N = 2 supersymmetry.

E. Spectrum

In the previous subsections, we have discussed the mode
expansions and the boundary conditions for the metric
fluctuation fields. Although a number of studies have al-
ready been made on the 4d spectrum of the model, most of
the works have concentrated on the physical spectrum by
taking gauge fixing to remove unphysical degrees of free-
dom. In this subsection, we present the quadratic action for
the full KK modes without gauge fixing, from which we
can clearly know how to take the unitary gauge to express
the action in terms of the physical degrees of freedom.

Let us first consider the metric fluctuation field & M,,(x, 7).
The mode expansion of %, (x, z) is given by

hu(x2) = 3 @) (), (3.71)
n=0
where the mass eigenfunctions f are defined by
= (0. + 3400, f0 @) =m0 (B72)
with the boundary conditions
9.f"() =0 atz=z, 2. (3.73)

It follows that the boundary conditions (3.73) allow f ™) to
have a zero mode, i.c.

3.f0(z) = 0 — O = const, (3.74)
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with mqy = 0. The existence of the zero mode implies a
massless graviton hﬁ%(x). The general solutions for n # 0
to the Eq. (3.72) with the boundary conditions (3.73) are

found to be of the form

F(z) = CWZA(Y (m,25)J2(m,2) — 31 (m,z0)Ya(m,2)),
(3.75)

where J, is the Bessel function of the first kind of order v
and Y, is the Bessel function of the second kind (or the

Neumann function) of order ». The C™ is the (real)
normalization constant which will be determined by

M f T Az Q) = 8, My (376)

21
where

M} = M? f % dzed(fOR,

21

The mass eigenvalues m,, are obtained from the solutions
to the equation

Y (m,z2)3(myzy) — J(m,20)Y,(m,zy) = 0. (3.77)

Let us next consider the metric fluctuation field
h,,s(x, z). The mode expansion of 4 ,5(x, z) is given by

hus(2) = S W)™ (). (3.78)
n=1

Thanks to supersymmetry, the function g (z) can be

obtained from £ (z) through the relation

§M() = a,f0()
mVl

= C"Z2[Y (m,2,)] (m,z) — I, (m,z2) Y1 (m,2)].
3.79)

As was noticed before, there is no zero mode for g
because a would-be zero mode solution does not satisfy
the boundary conditions and hence the mode has to be
removed from the spectrum.

Let us finally discuss the metric fluctuation field ¢ (x, z).
The mode expansion of ¢(x, z) is given by

b= Y $PLC) (3.80)
n=0

where the mass eigenfunctions k(z) are defined by

— (9, + A)(9, + 24")k"(z) = m2k™(z) (3.81)
with the boundary conditions
(0, +2ANkM(z) =0 at z = z3, 2,. (3.82)

Again thanks to supersymmetry, the functions k" (z) with
n # 0 can be obtained from f"(z) through the relation
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1 1
k(z) = m—(éz +ANg"(2) = W(Bz +ANa.f"(2)

= C(")Zz[Y1(mn22)Jo(ng) - J1(mn12)Y0(ng)]-
(3.83)

The zero mode k©)(z) is given by the solution of the first
order differential equation

(0, + 24Nk (z) = 0 — kO(z) = «©22, (3.84)

which is consistent with the boundary conditions (3.82).
The existence of the zero mode k¥ implies a massless
scalar ¢©(x), which is called a radion. A typical spectrum
of the functions f®, g, and k™ is depicted in Fig. 2.

|
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m
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Fo £(0)
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FIG. 2. The mass spectrum of £, g™ and k™. The spectrum
is three-fold degenerate except for the zero modes.

Inserting the mode expansions (3.71), (3.78), and (3.80)
into the quadratic action (3.10) and integrating out over the
z coordinate, we have

> 1 1
SO(n, 1, o) = M3, fd“x{z Eh%(x)[—z(nwava“ + MRTYIP + PR IT + 1P 9RP)
n=0

1 1

TR (PO A P TORIY) o (P A T = 20 m%)i|h,(un()r()€)
S Ly n >3

+ Zlih%(x)[n#pij — a#ap]h;;(x) + ;§¢(n)(x)[m + 2m%]¢(")(x)

3
I
—

+
M
#IP

(R @)[m, (P a” + n*P ok — 2047 a2) AU (x) + hU2 ([ —m, (n#P 97 + nkoor

—2nﬂffaﬂ>]h<">(x>>+Z(W(x)[ 2|00 + @] Sk o)

n=1

To clarify the physical degrees of freedom in the 4d spec-
trum, we would like to take the unitary gauge, in which all
unphysical modes are gauged away from the action and
only physical degrees of freedom survive. To this end, let
us recall linearized general coordinate transformations in
terms of the KK modes:

Bt () = R ) = B (0) = 8,60 (0) = 9,0 (x)
+my WM, =012+,
) — A () = R () = m, €40 (x)
~0,E"(x), n=123"""
AW (x)— ¢V (x) = ™ (x) —2m, P (x), n=0,1,2-"
(3.86)

Here, we have expanded the gauge parameters £, (x, z) and
és(x, z) as

£ux2) =Y MW ),

" (3.87)
£s(r2) = ()" (2).

n=1

+—§i<h@kx{ nlaﬂ}¢wx )+—¢wxxﬂ: nzaﬂ}mm>}

(3.85)
[
It follows that we can take the unitary gauge
p )y — —
h"(x) =0, n=123"--,
o (3.88)
P =0 n=123"",
with the choice
000 = - (1300~ 5,0 ¢<"><x>)
n=123""" g%mzz (3.89)

n=123"--:

We should note that the zero mode ¢© cannot be gauged
away and is physical. Therefore, we conclude that the
physwal degrees of freedom are given by h(") (n=
0,1,2,---)and ¢>(0) h(o) is a massless graviton, (;’)( ) is a
real massless scalar that is called a radion, and A ",, (n=
1,2,3,---) are the massive gravitons that can become
massive by eating the unphysical modes h(”5 and ¢ (n =
1,2,3,--).

An alternative way to obtain the physical degrees of
freedom is to rewrite the quadratic action (3.85) into the
following simple form
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n n n — 1 - n vipo (n
SH W, &) = 3 [ d4x{ PRTAELAE
3 50 0
58000800
= SORY, Wyt = 0,2, $170 = 0),
(3.90)
where
KMWPU' — _l( HP YV YT 4+ pro gV aP + VP Yr oo
(n) 4 n n n

1
+ nP79*9P) + E(nwaﬂa” + PT9*9")
1
+ Z(n“/’n”” + ptonP — 2t pPo) (0 — m2),

_ 1 1
A =l ——(a,0" +a,n") ——a,0,¢"
ke B m TRHS oy vé

220
n
L 0
J’_En;u»d) ’
n=123"--, &% =hd. (3.91)

It is now clear that the action (3.90) (without gauge fixing)
depends only on the fields ﬁ&f,), (n=20,1,2,---)and ¢(0).
Furthermore, Hﬁfl (n=1,23--+)and d)(”) are invariant
under the general coordinate transformations (3.86) and
hence they are physical degrees of freedom. The zero mode
ﬁﬁf?, is not invariant under the transformation (3.86) be-
cause the action remains invariant under the 4d general
coordinate transformations.

IV. CONCLUSIONS AND DISCUSSIONS

In this paper, we have investigated the 5d gravity theory
with the Randall-Sundrum background metric without tak-
ing any gauge fixing and shown that the 4d spectrum is
governed by two N =2 supersymmetric quantum-
mechanical systems. The N = 2 supersymmetric structure
is expected to be a common feature in any theory with local
symmetries.

In Sec. II, we saw that each nonzero mode Agf) (n#0)
becomes massive by absorbing Ag”) into the longitudinal
component of Aﬁf). A one-to-one correspondence between
Aﬁf) and Ag") (n # 0) is ensured by the supersymmetry
between the mode functions ) and g. Thus, the origin
of the supersymmetry lies in the higher-dimensional gauge
symmetry.

It is now clear why the 5d gravity theory possesses two
N = 2 supersymmetric systems in the 4d spectrum. We can
take the gauge condition ¢ = 0 for n # 0 by absorbing
¢™ into the longitudinal component of hif;.g The super-

8Precisely speaking, in the gauge condition ¢™ = 0 for n #
0, hflf,), also absorbs ¢(”) through the last term in the first equation
of Eq. (3.86).
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symmetry between the mode functions g and k" ensures
a one-to-one correspondence between hif; and ¢, We
can further take the gauge condition hzl; =(0forn # Oand
then hﬂ,’f,), becomes massive by absorbing hif% into hﬁf)y The
supersymmetry between £ and g ensures a one-to-one
correspondence between hﬁf,), and hi:’s) Thus, the origin of

the two N = 2 supersymmetric structures lies in the
higher-dimensional general coordinate invariance. It
should be emphasized that the full supersymmetry is lost
if unphysical degrees of freedom are removed from the
spectrum.

We have discussed the boundary conditions from a
supersymmetric point of view and succeeded to derive
the allowed boundary conditions compatible with the su-
persymmetry, which are consistent with those obtained
from a geometrical point of view [52,62—65,68-70]. It
will be interesting to point out the difference of the allowed
boundary conditions between the 5d gauge and the 5d
gravity theories. In the 5d gauge theory there are four types
of the allowed boundary conditions. If we choose any
boundary conditions other than the type (N,N), the 4d
gauge symmetry is broken because no massless 4d vector
appears, as depicted in Fig. 1. On the other hand, in the 5d
gravity theory there is only a unique set of the boundary
conditions, for which a massless graviton and a massless
scalar appear.

We have shown that the mass eigenvalue m,, of the mode
functions £, g and k" is triply degenerate (except for
the zero modes). A pair of {f", g™} form a supersymme-
try multiplet in a N =2 supersymmetric quantum-
mechanical system. Furthermore, a pair of {g", k""}
form a supersymmetry multiplet in another N = 2 super-
symmetric one. We then expect that the two N = 2 super-
symmetric systems would be embedded in a system with
some extension of the N = 2 supersymmetry. The exten-
sion cannot be, however, the standard N-extended one
because the number of the degeneracy between bosonic
and fermionic degrees of freedom is necessarily even. We
have discussed two possible extensions [54—61]. An inter-
esting fact is that both of them are nonlinear extensions of
the N = 2 supersymmetry algebra. It would be of great
interest to explore possible extensions of the standard
supersymmetry.

Although the quantum-mechanical supersymmetry is
shown to exist in the 4d spectrum, it does not imply
that the theory possesses the supersymmetry because we
have not shown that the action is indeed invariant under
some supersymmetry transformations. Interestingly, in
[71], by taking the R.-gauge the quadratic action of the
5d gravity theory has been shown to be invariant under
transformations that are closely related to the supersym-
metry found in this paper. It is, however, unclear that the
invariance preserves in the full action. Further study should
be done.
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Our study is far from satisfactory. It will be worthwhile
to continue further investigation on this subject. We should
show whether or not the supersymmetric structure found in
this paper exists in any higher-dimensional gravity theo-
ries. More importantly, we should clarify physical roles
and the importance of the supersymmetry in higher-
dimensional gauge/gravity theories. The work will be re-
ported elsewhere.
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