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Abstract
We consider the existence of solutions to the semilinear elliptic problem

—Au+u=uP + HZZI cidq; in D'(RM),
(%)

u>0 ae inRY and wu(z) =0 as|z| — oo,
with prescribed given finite points {a;}7; in R" and positive numbers {c;}I";, where N > 3,1 < p < N/(N—2),
& > 0is a parameter, and d, is the Dirac delta function supported at a € RY. We reduce the problem (%), to the
problem in H'(R™)NCo(RY) in terms of auxiliary functions, and then show the existence of a positive constant

k* > 0 such that (%), has at least two solutions if x € (0,k"), a unique solution if x = k", and no solution if
K> K"

MSC': 35J60; 35J20
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1. Introduction

We are concerned with the problem of finding positive solutions with prescribed isolated
singularities to semilinear elliptic equations. Choosing a finite set of points {a;}"; in R and

a set of positive numbers {c¢;}!",, we consider the existence of positive solutions of the problem

m
(1.1), —Au+u :up—i—ani&ai in D'(RY),
1=1

with the condition at infinity
(1.2) u(z) — 0 as |z| — oo,

where N > 3,1 < p < N/(N —2), kK > 0 is a parameter, and J, is the Dirac delta function
supported at a € RY. We denote the Laplacian on RY by A and the class of distributions on
R” by D'(RN).

We recall some known results concerning the singularities of possible solutions of the equation.
Let © be a bounded domain in R¥ containing 0. By the works due to Lions [23] and Brezis

and Lions [9], we obtain the following result.
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Theorem A [23, 9]. Assume that u € C?(Q\ {0}) satisfies
(1.3) —Au+u=u? inQ\{0}

with ¢ > 1 and u >0 a.e. in Q. Then u € LL (Q) and

loc
(1.4) —Au+u=ul+rd inD(Q)

for some k > 0. Furthermore, the following (i) and (ii) hold.

(i) In the case 1 < g < N/(N —2), if K = 0 in (1.4) then u € C*(Q), and if K > 0 then
u behaves like a multiple of the fundamental solution Ey for —A in RN, i.e., —AEy = 8y in
D'(RN).

(ii) In the case ¢ > N/(N — 2), there holds k =0 in (1.4).

For the proof, see Theorem 1 in [9] and Corollary 1, Theorem 2, and Remark 2 in [23].

It should be mentioned that Johnson, Pan, and Yi [21] showed the existence and asymptotic
behaviour of singular positive radial solution u of (1.3) with 1 < ¢ < (N +2)/(N —2). In
particular, they showed that, if N/(N —2) < ¢ < (N + 2)/(N — 2), there exists a positive
solution u of (1.3) satisfying u(x) ~ c|lz|~2/?~1) as |z| — 0 for some constant ¢ > 0. Then, in
this case, the singularity of v at x = 0 exists, but is not visible in the sense of distribution.

In this paper, we investigate the existence of positive solutions with prescribed isolated sin-
gularities to the equation in RY. By (ii) of Theorem A, if p > N/(N — 2) then (1.1), with
# > 0 has no positive solution u € C?(RN \ {a;}™,). Hence, the condition 1 < p < N/(N — 2)
is necessary for the existence of positive solutions u € C2(RN \ {a;}™,) of (1.1), with x > 0.

We review some known results concerning related problems. Lions [23] studied the existence
of positive solutions of the problem

—Au=uP +rdy in D'(Q),

(1.5)
u =0 on 0f2,

where  is a bounded domain in RY containing 0 with smooth boundary 9. It was shown
in [23] that there exists k* > 0 such that (1.5) has at least two positive solutions for each
k € (0,x*) and no such solution for k > x*. Later, Baras and Pierre [5] studied the existence
of positive solutions for the problem

—Au=uP+rp  inD(Q),

(1.6)
u =0 on 0,

where (1 is a positive bounded Radon measure in €. In [5] they showed that (1.6) has at least
one positive solution for each sufficiently small x > 0 by investigating the corresponding integral
equations. See also Roppongi [25]. Amann and Quittner [3] exhibited the existence of k* > 0

such that (1.6) has at least two positive solutions for 0 < k¥ < k* and no solution for k > k*.



Bidaut-Veron and Yarur [7] gave the existence results and a priori estimates for (1.6) including
the case where 1 is unbounded. In [3], [7], they also consider the problems involving measures
as boundary data. We also refer a survey by Veron [28], [29], and the references therein. In [26]
the second author studied the existence of positive solutions for the problem

—Au+ f(u) = i cide, in D'(RYN)
i=1
in the cases where f is nonnegative. In [26] he also showed the nonexistence of positive solutions
for some f with sign changing.
In order to state our results, we introduce some notations. Let F; denote the fundamental
solution for —A 4 I in R, that is,

1
(27r)N/2‘x|(N—2)/2 K(Nf2)/2(\$|)

Ei(z) = Ei(|z]) = for z € RN\ {0},

where K, is the modified Bessel function of order v. We see that E; has the following properties:

1
(N —2)Nwy|z|N-2

E\(z) ~ as || — 0, and

Ei(z) ~ cp]z| N=D2e7ll g |2 — oo,

where wy denotes the volume of the unit ball in RN and ¢; > 0 is a constant depends on N.
In particular, F; € C*(RY \ {0}) and E; € L"(RY) for all 1 <7 < N/(N — 2). Define fy by

fo(x) = ZCZE1($ — a;).
i=1
Then fo € C®(RN \ {a;},) and fo € L"(RY) for all 1 <r < N/(N —2), and f, satisfies

m
—Afo+ fo=) cidq, inD'RN).
i=1
In this paper we refer to u as a positive solution of (1.1),, if u € L¥ (RY) satisfies (1.1), in

the sense of distribution and v > 0 a.e. in RY.

Proposition 1.1. Let u € LY (RY) be a positive solution of (1.1), with k > 0. Then

u € C2(RN\ {a;} ")) and u(x) > 1(())Cf07" € RN\ {a;}7,. Assume, in addition, that (1.2) holds.
Then w € LY(RYN) for all ¢ € [1,N/(N — 2)) and u satisfies
(1.7), uw=Fy * [uP]+ rfy ae in RN
and u(xz) = O(E1(z)) as |x| — oo, where the symbol * denotes the convolution.
For each x > 0, we define Uy for 7 =0,1,2,..., inductively, by

(1.8) Uy =rfo and Uj = Ej* {(Uj’f‘fl)p} +rfo forj=1,2,....



Take gy € (p, N/(N — 2)) arbitrarily, and define {¢;} by

1 1 2 -1 1 2 -1
(1.9) —:——<——p >j:——<——p > for j=1.2,....
4 Qo N qo qj—1 N qo

From p < N/(N —2) and qo > p, it follows that 2/N — (p — 1)/qo > 0. Then, by choosing

suitable qq if necessary, there exists an positive integer denoted by jy satisfying
1 1

>0>—.

Qjo—1 Q3o

(1.10)
We use the notation Co(RY) = {u € C(RY) :u(z) — 0 as |z| — co}.

Proposition 1.2. For each k € (0,00), the following (i) -(iii) are equivalent to each other :
(i) u=w+Uf € Lj, (RN) is a positive solution of (1.1),—(1.2);

loc

(ii) w € Co(RYN) is positive in RN and satisfies

(1.11), w = Ej * {(w +Uj )" —( J’%_l)p} in RY;
(iii) w € HY(RY) is a weak positive solution of

(1.12),, —Aw+w=(w+U;)’ = (Ui_,)P in RY,

that is, w > 0 a.e. in RN and satisfies
(1.13), /RN (Vw - Vi + w) dz = /RN ((w+ UL — (U )P) dhda
for any ¢ € H'(RN).

Remark. In (1.12), we have (w+U% )P — (U _)F € HYRN) for w € HYRN) with w > 0.
(See (ii) of Lemma 2.8 below.)

By Proposition 1.2, the problem (1.1),—(1.2) can be reduced to the problems (1.11), in
Co(RY) and (1.12), in H*(RY). We will investigate the problems (1.11), and (1.12), by an
approach based on adaptation of the methods by [1, 2, 14, 23].

Our main results are stated in the following theorems.

Theorem 1. There exists k* € (0,00) such that

(i) if 0 < kK < K* then the problem (1.1),—(1.2) has a positive minimal solution u,,, that is,
u, <u a.e. in RN for any positive solution u of (1.1),—(1.2). Furthermore, if 0 < k < & < K*
then u,, < u; a.e. in RY;

(ii) if kK > k* then the problem (1.1),,—~(1.2) has no positive solution.
Theorem 2. If k = k* then the problem (1.1),—(1.2) has a unique positive solution.

Theorem 3. If0 < k < k* then the problem (1.1),—(1.2) has a positive solution T, satisfying

U > Uy



In the proof of Theorem 1, we will employ the bifurcation results and the comparison argument
for solutions of (1.12), and (1.11),, respectively, to obtain the minimal solutions. We will prove
Theorem 2 by establishing a priori bound for the solutions of (1.12),. We will prove Theorem 3
by employing the variational method with the Mountain Pass Lemma. In the proofs of Theorems
2 and 3, the results concerning the eigenvalue problems to the linearized equations around the
minimal solutions play a crucial role.

Concerning nonhomogeneous semilinear elliptic problems of the form
—Au+u=ul+rf(x) inRN

with ¢ > 1 and f € H-Y{(RY), we refer to Zhu [30], Deng and Li [15], [16], Cao and Zhou [12],
and Hirano [20]. They successfully showed the existence of at least two positive solutions of the
problems under suitable conditions. See also [27, 13] for closely related problems.

This paper is organized as follows. In Section 2 we investigate the representation of solutions
and give the proofs of Propositions 1.1 and 1.2. In Sections 3 we show the existence of minimal
solutions and give the proof of Theorem 1. In Section 4 we prove Theorem 2, and in Section 5
we show a priori estimate employed in Section 4. In Section 6 we prove Theorem 3 by applying
the variational method, and in Section 7 we give the proof of the proposition stated in Section
6. The basic inequalities, which used in this paper, are listed in Appendix A. The eigenvalue
problems with singular coefficient are studied in Appendix B. Proofs of auxiliary lemmas are
given in Appendix C.

In the remaining of this paper, we denote Bg = {x € R" : |z| < R} for R > 0. The norms
LY(RYN) and H'(RY) are denoted by || - [|[ze and || - ||z1, respectively. We define |[ul|?, =
[ullZs + [Vul2, for u € H'(RY). We denote by H~'(R") the dual space of H'(R"). We
denote by &'(R”) the class of tempered distributions. We note here that the operator —A +1I :
S'(RN) — S’(RY) is invertible and the inverse operator is given by (—A + 1)~ f = Ey x f for

f €S (RN). The letter C' denotes inessential constants which may vary from line to line.

2. Representation of solutions: Proofs of Propositions 1.1 and 1.2

Lemma 2.1. Assume that u € LY (RY) satisfies (1.1), with k > 0 in the sense of distribu-

loc

tion. Then u € C?(RN \ {a;}7,).
Proof. We observe that uP € Li (RY) and u satisfies

(2.1) ~Au+u=uP inDRN\ {a;}7).

Then, by the result due to Brezis and Strauss [11] (see also Veron [29]), we have u € T/Vl(l)g(RN \
{a;}i,) for all » € [1, N/(N — 1)). By the Sobolev embedding, it follows that

(2.2) we L (RY\ {a;}y™,) forall s € [1, N/(N —2)).



Put sg € [p, N/(N — 2)) arbitrariry, and define {s;}?°, by

1 P 2
2.3 — = ——= fork=12...
( ) Sk. Sk._l N or Y Y ?

inductively, that is,

1 2 ( 2 1) L
— = — - — for k=1,2,....
s Np-1) \Np-1) s/’

From so > p and p < N/(N — 2) it follows that 2/(N(p — 1)) —1/sp > 0. Then, by choosing
suitable sq if necessary, we have 1/s,, < 0 < 1/sp,—1 with some integer ky. From (2.3) we see

that N N
LA fork=1,2,... kg —2 and Fho-l o
p 2 p 2

From (2.2) we have u € L;° (RY \ {a;}",). We will show, by induction, that

loc

(2.4) ue LE (RN \ {a;}7) fork=1,2,...,k — 1.

loc

Assume that u € Ly* (RN \ {a;}™,) with some k € {1,2,...,ko—1}. Then u? € Lfggl/p(RN\

loc

{a;}™). By applying the interior L¢ estimate in (2.1) and the Sobolev embedding, we obtain

we W PRV {a}ny) Lt (RN \ {ai ).

loc loc

Thus (2.4) holds by induction. In particular, we obtain v € Ly (RN \ {a;}",), and hence

loc

uP € Lskofl/p(RN \ {a;}™,). By applying the interior L9 estimate in (2.1) and the Sobolev

loc

embedding with s,_1/p > N/2, we obtain

2,8k0—1/ m o i
ue Wit RN\ {a}12) © CRo RN\ {ai}7Ly)

loc

with some o € (0,1). By employing the Schauder interior estimate in (2.1), we obtain u €
CEYRN\ {a;}™,), and hence u € C2(RN \ {a;}7). O

loc

The following lemma will be used in the proof of Proposition 1.2.

Lemma 2.2. Assume that u € L} (RY) is a solution of (1.1),; satisfying u € LY(RN \ Bg)

loc

for some ¢ > p and R > 0. Then u(x) — 0 as |z| — oo.
Proof. Take Ry > R such that
(2.5) Ry > |a;| fori=1,2,...,m.

Lemma 2.1 implies that u € C?(RN \ Bg,). Let ¢ € C®°(RY) be a cut-off function such that
((x) =1 for |z| > 2Ry and ¢(x) = 0 for |z| < Ry. Then Cu € C*(RY), and Cu satisfies

~A(Cu) + Cu=n[u] inRY with n[u] = C(uP — 2V - Vu — uAC.



From v € LIY(RN \ Bg,), we have Cu € LI(RY), and then n[u] € LY/P(RN). Note that Cu
satisfies
Cu= Fy x[nlu)] in RY.

Put sg = ¢ and define {s;}72, by (2.3). Then we observe that 1/s;, <0 < 1/sy,—; with some
integer kg. We will show, by induction, that

(2.6) Cue L*RY) fork=1,2,...,k — 1.

Note that ¢u € L*°(RY). Assume that u € L%-1(R") with some k € {1,2,...,ky — 1}. Then
nlu] € L¥*-1/P(RN). By (ii) of Lemma A.3 in Appendix A, we obtain Cu € L**(RN). Thus (2.6)
holds by induction. In particular, we obtain Cu € L%~ (RN), and hence n[u] € L**o-1/P(RN).
Note here that sg,—1/p > N/2. In the case si,—1/p > N/2, by applying (iii) of Lemma A.3,
we obtain (u € Co(RY). This implies that u(z) — 0 as |z| — oco. In the case sg,_1/p = N/2,
we have n[u] € L"(RY) for all r € [sy,_2/p, N/2]. Applying (ii) of Lemma A.3, we obtain
Cu € L*(RY) for all s > sg,_1. In particular, we have n[u] € L*(R"Y) with s > N/2. By (iii) of

Lemma A.3 we obtain (u € Co(RY), and hence u(z) — 0 as |z| — oo. O

Lemma 2.3. Let u € L? _(RN) be a positive solution of (1.1),~(1.2). Then u(z) = O(e=**l)

loc

as |z| — oo for any a € (0,1).

Proof. Lemma 2.1 implies that u € C?(R\ Bg,) with Ry > 0 satisfying (2.5). Take a € (0,1)
arbitrarily. From (1.2) there exists Ry > Ry such that |u(z)[P~! <1 — a2 for |z| > Ry. Then u
satisfies —Autu < (1—a?)u for |z| > Ry, or —Auta?u < 0 for |z| > Ry. Putv(z) = C1E;(ax),
where C1 > 0 is a constant so large that C1 Fy(ax) > u(z) at |x| = R;. Then v satisfies

~Av+a*v=0 for|z|>R; and v>u on|z|=Ry.

Since u(x),v(x) — 0 as |x| — oo, by the maximum principle we obtain v(z) > u(z) for |z| > R;.
This implies that u(z) = O(E1(az)) = O(e=®?l) as |z| — cc. O

We recall the asymptotic result by Gidas, Ni, and Nirenberg [18].

Lemma 2.4 ([18, Proposition 4.2]). Assume that ¢ € L*(RN) satisfies 1(x) = O(e=?1*l) as
|x| — oo for some B > 1. Then Ey x¢(x) = O(E1(x)) as |x| — oo.

Lemma 2.5. Let u € L (RY) be a positive solution of (1.1),—(1.2) with k > 0, and put

loc

v=u—kfy. Thenv >0 a.e. in RN, v e L"(RN) for allv € [1,N/(N — 2)), and v satisfies

(2.7) v=FE *[(v+kfo)’] ae in RN
and
(2.8) v(x) = O(Ei(x)) as|z| — oc.



Proof. Lemma 2.3 implies that
(2.9) u(z) = (e as |z] — oo

for any o € (0,1), which implies u € LP(RY). Let v = u — rfo. Then v satisfies —Av + v = uP
in &'(RY), and hence

(2.10) v=FE *[uf] ae in RV,

Note that u? € L*(RY). Then, by (i) of Lemma A.3 in Appendix A, we obtain v € L"(R”) for
all 7 € [1, N/(N —2)). From (2.10) it is clear that v > 0 a.e. in R and (2.7) holds. From (2.9)
we have u?(z) = O(e~?1*l) as |z| — oo for some 3 > 1. By Lemma 2.4 we obtain (2.8). O

Proof of Proposition 1.1. For a positive solution u of (1.1),, Lemma 2.1 implies that u €
C*RN \ {a;}™™,). By the strong maximum principle, we have v > 0 in R™ \ {a;}",. Let u
be a positive solution of (1.1),—(1.2), and put v = u — kfg. Recall that fo € LI(R") for all
qg € [1,N/(N —2)) and fy satisfies fo(z) = O(E1(z)) as |z| — oco. Then, from Lemma 2.5 we
have u = v+rfg € LY(RY) for all ¢ € [1,N/(N —2)) and u satisfies (1.7), and u(z) = O(E(x))

as |x| — oo. O
In order to prove Proposition 1.2 we need some lemmas.

Lemma 2.6. For each j € N and k> 0, UF defined by (1.8) satisfies the following:

(i) Uy € L"(RYN) for allr € [1,N/(N —2)) and Uy <Uf a.e. in RN ;

(i) Uf € C2RN\ {a;}7,) and Uf(z) = O(Er(x)) as x| — oo.

(iii) Assume that u € LP(RN) is positive a.e. in RY and satisfies (1.7),.. Then u > Uf a.e.

in RN for each j € {0} UN.

Proof. (i) By the definition, we have Uf € L"(RY) for all r € [1, N/(N — 2)). In particular,
Uf € LP(RY) and (UF)? € LY(RY). From (i) of Lemma A.3 in Appendix A, we have Ej *
[(U§)P] € L™(RY) for all » € [1,N/(N — 2)). This implies that Uff € L"(RY) for all r €
[1,N/(N —2)). By induction we obtain UJ" € L"(RN) for all r € [I, N/(N — 2)) with each
jeN.

By the definition, we have U > U§ a.e. in RY. Then, by induction, we obtain Uy 2 Ui,
a.e. in R for each j € N.

(ii) By the definition, it is clear that Uf € C*(RN \ {a;}1;) and Uf(z) = O(Ei(z)) as
|z| — co. Assume that Uf; € C?’(RM\ {a;}™,) and Uiy = O(Ei(z)) as |z| — oo for some
J € N. Then, by the definition of U, we observe that

—AUF + U = (Uf-y)P in D'(RY N\ {ai}i2y).



By the Schauder estimate, it follows that UF € C*RN \ {a;}™,). Note that (Ufq(z)P =
O(e™P) as |xz| — oo with some 8 > 1. Then, from Lemma 2.4, we have E; * (UF_)P(x) =
O(E1()) as |z| — oo, and then Uf(x) = O(E1(z)) as [z| — oo. Thus, by induction, (ii) holds
for each j € N.

(iii) From (1.7), and Uf = kfo, we have u — U§ = E; * [uP] > 0 a.e. in RY. Assume that

u—Uj;>0ae in RY for some j € N. From (1.7), and (1.8) we have

u—Uf=Ep*[u — (U’ >0 ae. in RY.

By induction, we obtain v > U} a.e. in RY for each j = N. a
For each j € N and k > 0, define V[ by
(2.11) Vi=U;7-Uj,.

From (ii) of Lemma 2.6, it is clear that V[ € C*RN\ {a;}™,) and Vi(z) = O(E1(z)) as
|z| — oco. From (2.11) and (1.8) we observe that

(2.12) VE = By« (U] and  VF = By # [(US,)P — (UF,)P] for j > 2.

The right-hand side of (2.12) can be written as

(2.13) VE = By # [(UF o + V)P — (UF,)P] for j > 2.

Recall that {g;} is the sequence defined by (1.9) with go € (p, N/(N —2)) and jy is the integer
satisfying (1.10). Define {r;} by
1 p—1 1 1

2
2.14 4o b 4 frg=1,2,...
(2:14) rj @0  g¢-1 q N

From (1.10) it follows that r; < N/2 for j =1,2,...,j50 — 1 and rj, > N/2.

Lemma 2.7. (i) V[*(z) is strictly increasing with respect to k > 0 for each fired j € N and
re RN\ {a;} .

(ii) Ve (L'n L) RN) for j =1,2,...,50 — 1 and Viie (L'nCyn HY®RN) for each
K > 0.

Proof. (i) From (2.12) it is clear that V| is strictly increasing in x > 0. We note here that
s+ (t+s)P —sP and t — (t+ s)P — sP are increasing for each fixed ¢ > 0 and s > 0, respectively.
Then, from (2.13) we see that V5" is strictly increasing in £ > 0. By induction, we obtain V/* is
strictly increasing with respect to k > 0 for each j > 1.

(i) Since UF € L'(RYN) for j > 1, we have V" € L'(RN) for each j € N from (2.11). We will
show that

(2.15) VFeLURY) for1<j<jo—1

9



Note that Uf € L%(RY). From (2.12) and (ii) of Lemma A.3 in Appendix A, we obtain
V€ Lo(RYN). Assume that Vi€ L%-1(RN) for some j € {2,3,...,50 — 1}. From (2.13)

and the mean value theorem, we observe that
Vi< By [p( f,l)pflvjil] a.e. in RV.
From UF_; € L®(RN) and (i) of Lemma A.1, we obtain

(U7 )PV € L (RY),

where r; is given by (2.14). Then, from (ii) of Lemma A.3, we have V* € L% (RY). Thus (2.15)
holds by induction. In particular, Vi _; € L%~!(R") and then

(U 1PV y € Lo (RY).

Jjo—1 = jo—1

(U )P € LY(RYN). Thus Lemma A.4 implies that V¥ € (Con H')(RY).

Note here that rj, > N/2. From Uf _; > VE_jand U _; € LP(RM), we have (U? PvE <
4 O
Jo—1

Lemma 2.8. (i) Let j € N and w € Co(RYN) with w > 0. Then, for each k > 0,

(2.16) p( f_l)p_l(w + Vi) < (w+Uf)P — (UfL,)P < p(w + Uf)p_l(w + Vi) ae in RY.

Furthermore, for k1 > kg > 0,
(2.17) (w+ UM = (Ui)P > (w+UP)P = (UZ2)P ae. in RY.

(ii) Let w € HY(RN) with w > 0 a.e. in RN. Then (w + UFRP — (Uf_4)P € HYRN) for
each k > 0.

(iii) Let w € L¥(RY) with w > 0 a.e. in RYN. Then, for each x > 0,

(2.18) Ey«[(w+ UL — (Us )"l € C(RY).

Proof. (i) Observe that V;* > 0 and

(w+ U — (U = (w+ Vi + Uy )P = (UL, )P.

By the mean value theorem, (2.16) holds. Recall that V* and UF is strictly increasing in £ > 0
for each j = 1,2,.... Then, by the similar argument as in the proof of (i) of Lemma 2.7,
(w+UF)P — (Uf_y)P is strictly increasing with respect to £ > 0. Thus (2.17) holds.

(ii) From (ii) of Lemma 2.7 and (i) of Lemma 2.6, we have V € H'(RY) and Uf_, € LP(RY).

Y- U e

By applying (ii) of Lemma C.1 in Appendix C, we obtain (w + Ve +Ux 1

Jo—1
H~Y(RY). Thus (ii) holds.
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(iii) From (2.16) and the fact V}* € L*®(RY) and Ul € L®(RN) with g € (p, N/(N — 2)),
we have

(w+UR)P = (Ui 1) < plw + UR)P = (w+ Vi) € (L% + LO/D)(RY).

Note that go/(p — 1) > N/2. Then, from (iv) of Lemma A.3 in Appendix A, we obtain (2.18).
g

Lemma 2.9. (i) Assume that w € LY(RN) with w > 0 a.e. in RY and satisfies
(2.19), w = Eq [(w +UR )P —( ﬁ),l)p} a.e. in RV,

Then w € Co(RY) and w > 0 in RV.
(i) Assume that w € Co(RY) is positive in RN and satisfies (1.11),. Then w € H*(RY).

Proof. (i) First we will show, by induction, that
(2.20) we LY(RN) for1<j<jo— 1.

Assume that w € L%-1(RY) with some j € {1,...,jo — 1}. It follows from (i) of Lemma 2.8
that

0 < (w+Uj)’—(Us_1)P < plw —I—U]’-Z)p_l(w—l—vj’;) a.e. in RV,

Since V5 € (L*NCy)(RN) and UF_, € L (RN), we have w+ Vi e L%-1(RY) and w+UR_4 €
L (RY). From (i) of Lemma A.1 we obtain

0< (w+UpR)Y —(Us )P <plw+ U )P~ w+ Vi) e LI (RN),

where 7 is given by (2.14). By applying (ii) of Lemma A.3 to (2.19),;, we obtain w € L% (RY).
Then, by induction (2.20) holds. In particular, we have w € L%-*(R”Y). By the similar
augment as above, we obtain

0< (w+ UL — (U5 )P < plw+ UL~ (w+ VE) € Lo (RV).

We note here that r;, > N/2. Then, by applying (iii) of Lemma A.3 we obtain w € Co(RY).
Furthermore, w satisfies (1.11),, and then w > 0 in RY.

(ii) First we will show that w € L"(R") for all r € [1,00]. From w € Co(RY) it suffices to
show that w € L'(RY). Put u = w+Uf. Then, from (1.8) and (1.11), u satisfies (1.7),. This
implies that u satisfies (1.1), in S’(R”), and hence in D'(RY). Since Uf(z) — 0 as |z] — oo,
u satisfies (1.2). Then, by Proposition 1.1 we have w + U% € L'(RY). From Uy € L'(RN) we
obtain w € L*(RY), and hence w € L"(RY) for all r € [1, x].

From w + Vjr € Co(RY) and w + Uji_y € L® (RY) it follows that

0

K\p— R - N
plw+ UL Y Hw+ VE) € Lo/ =D(RN),
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Note here that go/(p — 1) > p/(p— 1) > N/2. From V < UZ we have
-1 1 RN
plw+UZ)P(w+ V) <plw+Ux)’ € L' (RY).

Thus (w+ UF)P — (UF_1)P € (L' N L9)(RY) with some ¢ > N/2. By Lemma A.4 we obtain

w e HY(RN). O

Proof of Proposition 1.2. (i) = (ii). Let u = w+ U} € LP (RY) be a positive solution of
(1.1),—(1.2). Proposition 1.1 implies that u € L"(RY) for all r € [1, N/(N — 2)) and u satisfies
(1.7)x. Then, from (iii) of Lemma 2.6 we have w > 0 a.e. in RY. From u,Uf € L(RN) it

follows that w € L%°(RY). From (1.7), and (1.8), w satisfies
w= By *[uf — (UF _1)P] = B+ [(w+Uj) )P — (Uj_1)*] ae. in RY.

Thus w satisfies (2.19),. From (i) of Lemma 2.9 we obtain w € Co(R") and w > 0 in RY.
Hence (ii) holds.
(ii) = (iii). From (ii) of Lemma 2.9 we have w € H'(RY). Lemma 2.8 implies that (w +

URY —(Uf )P € H'RYN) c S/(RY). From (1.11),, w satisfies

—Aw+w=(w+ U - (Us )P inDR"Y).

Since D(RY) is dense in H'(R"), we have (1.13), for any ¢ € H'(R").

(iii) = (i). It is clear that u = w + U} € L (RN) and u > 0 a.e. in RY. From (iii) of
Lemma 2.8 we have (w + UF)P — (UF _;)P € H= Y (RM) c S'(RM). Then w satisfies (1.11),.
From (1.8), u = w + UJ; satisfies (1.7),, and hence u satisfies (1.1),. Take Ro > 0 such that
(2.5) holds. From (ii) of Lemma 2.6, we have Uf € L"(RN \ Bg,) for all € [1,00]. Then
u=w+Uj € LPN/(N=2)(RN \ Bg,). Lemma 2.2 implies that u(z) — 0 as || — co. Thus (i)

holds. O

3. Existence of minimal solutions and linearized eigenvalue problems: Proof of

Theorem 1

First we will show the following lemma.

Lemma 3.1. Let w € H'(RY) be a solution of
(3.1), —Aw+w=(w+ UL —(UE )P inRY,
where (s)y = max{s,0}. Then w >0 a.e. in RV.

Proof. Note that UF = Vi +Ur_; and V7 € H'(RY). Then, from (ii) of Lemma C.1, we
have (w +UZ )L — (U ;)P € HYRN) c S/ (RYN). Tt follows that

w= Ey *[(w+Uj)L — Uy _1)P] ae. in RY.
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From (1.8) we obtain
w+ UL =E +[(w+ USR] +5fo>0 ae in RY.

Put u =w + Uf. Then u > 0 a.e. in RY, and u satisfies (1.7).. From (iii) of Lemma 2.6 we
obtain w =u—Uj > 0 ae. in RV. O

Lemma 3.2. There exists ko > 0 such that (1.12),, has a positive solution w € H*(RN) for
K € (0, Ho].

Proof. Define ® : (0,00) x H'(RN) — H=Y(RY) by
(3.2) D(k,w) = —Aw+w — (w+ UL ) + (UF ;).
Then it follows that, for u € H'(RY),
(3.3) Oy (k, w)u = —Au+u — plw + Uj’%)ﬁflu.

In particular, ®,(0,0)u = —Au + u. It is clear that ®,(0,0) : HY(RY) — H-YRY) is
invertible. Then, by the implicit function theorem (see, e.g., Berger [6]), there exists a solution
w e HYRN) of (3.1), for k € (0, ko] with some xg > 0. Lemma 3.1 implies that w > 0 a.e. in
RY. Thus we obtain a positive solution of (1.12), for x € (0, xq]- O

We will show comparison results for the solutions w € Co(RY) of the problem (1.11),.

Lemma 3.3. Assume that there exists a positive function 0 € Co(RN) satisfying
W > By # [(0+ULY —(UF_)P] in RN

for some & > 0. Then, for any k € (0, i), there exists a positive solution w € Co(RN) of (1.11),
satisfying 0 < w(z) < w(x) for x € RN. Furthermore, for any positive function w € Co(RY)
satisfying

(3.4) > By x[(@+ U — (Uf_)P] in RY,
we have w(r) < w(x) for z € RN.
Proof. Let k € (0,&]. Define {w,}, inductively, by wy = 0 and

(3.5) wy, = By * [(wp—1 +US)P — (Ui _1)F] forn=1,2,....

From (iii) of Lemma 2.8 and (2.17), we see that w; € C(R"™) and 0 < wy(x) < @(x) for z € RV.
By induction, we obtain w,, € C(R") and

0 <w(z) <wy(x) < - <(x) forxzeRN.
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Put w(z) = lim, o wy(x) for each € RY. Then 0 < w(z) < w(z) for € RN. Letting
n — oo in (3.5), by the Lebesgue convergence theorem, we find that w satisfies (1.11),. From
(iii) of Lemma 2.8 we obtain w € C'(RY), and hence w € Cp(RY).

Let @ € Co(RY) be a positive function satisfying (3.4). By induction, we have w, < w in
RY forn=1,2,.... Thus w < @ in R". O

For each xk > 0 we define the solution set Sy by
S.={w e HY(RY) : w is a positive solution of (1.12),.}.

By Proposition 1.2, w € S, if and only if w € Co(RY) is positive in RV and satisfies (1.11),.
We call a minimal solution w, € S, if w, satisfies w,, < w in RY for all w € S.. Lemma 3.2

implies that S, # () for sufficient small £ > 0.

Lemma 3.4. (i) Assume that Sy, # 0 for some ko > 0. Then S, # 0 for all k € (0, ko).

(i1) If Sk # 0 then there exists a minimal solution w, € S,. Moreover, w, < W for any
positive function W satisfying (3.4).

(iii) Assume that w,. € S,; and w; € S are minimal solutions with 0 < k < k. Then w,, < w;

in RV,

Proof. (i) Let k € (0,K0) and wg € Sk,. Applying Lemma 3.3 with & = wy and & = kg, we
obtain a positive solution of (1.11),. This implies that S, # () for all k € (0, xg)-

(ii) Assume that w € S,. Applying Lemma 3.3 with & = w and & = k, there exists w,. € Sy
such that w, < w in RY. Furthermore, w,, < @ for any positive function @ satisfying (3.4). In
particular, we obtain w, < w for all w € S,. Thus w, is the minimal solution of Sj.

(iii) From (2.17) we have

w = By * [(wg + UR)P — (U, 1)P) > Bux [(wy + UR P — (U 1)),

In particular, (3.4) holds with @ = w;. From (ii) of this lemma, we have w; > w,, in R". Then
it follows that

wy > By (g + U — (U _0)") 2 By # [l + U — (Uf_1)P) = e

Thus we obtain w; > w, in RY. O
Lemma 3.5. Let £* =sup{x > 0: S, # 0}. Then 0 < r* < cc.

Proof. Lemma 3.2 implies that «* > 0. Then it suffices to show that x* < oco. Take R > 0

arbitrarily, and consider the eigenvalue problem
—A¢p+¢=2Ap  in Bp,

(3.6)
¢ =0 on 8BR.
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We denote by (A1, ¢1) the first eigenvalue and the corresponding eigenfunction of the problem.
It follows that A; > 0, ¢;1 > 0 in Bpg, and that d¢;/0v < 0 on dBp, where v is the outer unit
normal vector on OBg. Let k > 0 such that S,; # 0, and let w € S,. Then, from (2.16), w
satisfies

—Aw+w=(w+ U = (Us_ )P >pUf )P (w+V}) in Bg.

Note that Ur | > kfy and V7 > 0. Put m = inf{fy(z) : z € Bpr} > 0. Then w satisfies
—Aw+w > prkP'mP~lw in Bg.
Multiplying this by ¢ and integrating it on Bg, we have

(3.7) / (Vw - Vo1 +wey) dx > p,#’*lmp*l/ worde.
Br Br

On the other hand, multiplying the equation in (3.6) by w and integrating it on Bg, we have

—/BR(Agbl)wda:—f—/BR werdr = A\ /BR worde.

Since 0¢1/0v < 0 and w > 0 on OBpR, we have
—/ (A¢y)wdx > V1 - Vwdz.
Br Br

Thus
(3.8) /BR (Vo1 - Vw + wey) de < A /BR wordx.

From (3.7) and (3.8) it follows that psP~'mP~! < X;, and hence x < m(\;/p)"/P~1). This
implies that x* < m(\;/p)"/®~ D < cc. O

Proof of Theorem 1. (i) Let * = sup{x > 0: S, # 0}. Lemma 3.5 implies that 0 < £* < oco.
By (i) and (ii) of Lemma 3.4, there exists a minimal solution w, € Sy for k € (0,£*). From
(iii) of Lemma 3.4, w

« 18 strictly increasing in x € (0,£). Put u, = w, + Uk. Then, from

Proposition 1.2, u,. is the minimal solution of (1.1),—(1.2), and it is clear that w,, is increasing

in k € (0,Kr").
(ii) By the definition of x*, (1.12), has no positive solution w € H*(R") for k > x*. This
implies, from Proposition 1.2, that (1.1),—(1.2) has no positive solution for k > x*. O

For k € (0,x"), let u,, be the minimal solution of (1.1),—(1.2) obtained in Theorem 1. Let us

consider the following linearized eigenvalue problem

—Ap+¢=Ap(u,)P1¢ in RV,
(3.9)
¢ € HY(RN).

From Proposition 1.1, we have u,, € L"(RY) for all r € [I, N/(N — 2)). Then, from p <
N/(N — 2), it follows that (u,)P~! € L"(RY) for all € [1,q) with some ¢ > N/2. By Lemma
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B.2 in Appendix B, there exists a first eigenvalue \; = A;(k) > 0 of the problem (3.9). The

following lemma plays an important role in the proofs of Theorems 2 and 3.
Lemma 3.6. We have (k) > 1 for each k € (0,k*). In particular, there holds

(310) 0l = M) [ plw e > [ plw)r R

for any v € HY(RN)\ {0}.

Proof. For k € (0,£"), let w,, be the minimal solutions of S;. Then u, = w, + Uf. Let
K,k € (0,k*) with k < &, and put z(z) = wi(z) — w,(z). From (iii) of Lemma 3.3 we have
z>0in RY. From (2.17), w; satisfies

—Aw +wp = (wp + UL — (UL )P > (wg + UL — (U )P in RN,
Then z satisfies
(3.11) —Az+z>p(w, + U]’-Z)p_lz =p(u, )Ptz in RV,
Let ¢ € H'(RY) be the eigenfunction of the problem (3.9) corresponding to A\; > 0, that is,

(3.12) —A¢1 + 1 = Mp(u, )Pt in RV,

We note here that ¢; > 0 a.e. in RY. Multiplying (3.11) and (3.12) by ¢; and z, respectively,

and integrating them on RY, we obtain

A /RN p(w )P zprda = /RN(VZ V1 + z¢1)dx > /RN p(u, )P 2 da.

Thus A; > 1. From Lemma B.2 in Appendix B, we obtain (3.10). O

4. Existence and uniqueness of the extremal solution: Proof of Theorem 2
For k € (0,k*), let w,, € S, be the minimal solution obtained in Lemma 3.4.

Proposition 4.1. For any R > 0, there exists a constant My = My(R) > 0 independent of
K such that sup, g w,(z) < My for k € (0,K%).

We will give the proof of Proposition 4.1 in the next section.

Lemma 4.1. For any small € > 0, there exists a constant C' = C(g) > 0 such that

(4.1) (t+s)P —sP < (1+e)(t+s)P 1t +CsP fors,t>0.
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Proof. Take € > 0 so that £/(1 — £) = e. By using the Young inequality, we have
(t+s)P s <E(t+s)P +CE)s? =&(t+ )P 1t +E(t+5)P s 4 C(6)sP.

This implies that
(t+s)Pls <e(t+s)P 4+ CsP

with C = C(&)/(1 — &). From (t + s)P = (t + s)P~1t + (t + s)P~Ls, we obtain (4.1). 0

Lemma 4.2. There exists a constant My > 0 which is independent of k such that ||w, || g1 <
M, for all k € (0,K%).

Proof. Putting ¢ = w,, in (1.13),, we obtain

ol = [ (e + U5V = U5 2)7) wede

We note here that Uiy = VS + Uji_;. From Lemma 4.1 we have, for any € > 0,

(@2) el < 0 4e) [ et URY ™ et Viwda +C [ (U5 1) wda
Recall that u, = w, + Uf. Then it follows from (3.10) that
1
Kk\p—1, 2 2
(43) Sl e U ke < 5.

We note, from (ii) of Lemma 2.7, that V}* € H L(RN). By using the Young inequality and
(3.10), we obtain

[ 05 Ve

(4.4) < E/RN(Q,{—FUﬁ))p*ledx‘FC(é) /RN(%JFUfo)pﬂ(V}*g)de
€ C(e) |y n
< Z;H%H?p = Vi

From (4.2)—(4.4), there exists a constant C; > 0 such that

(1+5)2 2 K12 K
(1— S ) el < €0 (Wl + [ (W1 )

for sufficient small ¢ > 0. Take Ry > 0 such that (2.5) holds, and put R > Ry. From (ii) of
Lemma 2.6, we see that UF _; € L™ (RN \ Bg) for all r € [1,00]. By Proposition 4.1 we obtain

Ut )P — Y Ko\P

/N( ]071) w,.dx /BR(Ujol) ’w,{dx_y/ N\BR(Ujofl) w,.dz
< M / UF_)Pdx + E_)Pw,.dx.
= 0 BR( 7o 1) N\BR( Jo 1)

By the Young inequality, for any £ > 0 there exists a constant C'(¢) > 0 such that

£V d <~/ §d+c~/ 5\,
Jroer, Pz <& [ wlide £ CE) [ (Uf )
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Therefore, we have

1 (1+5)2 =C 2 <C Ve 2 K Pd K de
- D — &by ”wn”Hl > ” jo”H1+ BR( jo—l) T + RN\BR( jo—l) €L

for sufficient small € > 0. We note here that Vj’g < VJ’; and ]’%_1 < Uj’ff)_l for k € (0,x*). Thus

we obtain ||w,| g1 < M; with a constant M; > 0 independent of x € (0, k). O

Lemma 4.3. There erxists a minimal solution w,. € Sg+. Furthermore, A\1(k*) = 1, where

A1 (K*) is the first eigenvalue of the linearized problem (3.9) with u,, = w,« + U]’-z*.

Proof. Let {k,} be a sequence such that k, < k,4+1 and Kk, — K* as n — o0o. Since w,, is
increasing in x € (0,x*), we have w, < w in RN. Then, from Lemma 4.2, there exists a

positive function w* € H'(R) such that

Kn+1

w, <w* ae inRY and w, — w* weakly in H(R") as n — oc.

We note here that w,, —satisfies
43 f T Vorm)de = [ (G U = O v
for any ¢ € H'(R"Y). From (ii) of Lemma 2.8 we have
S (@ U = (U3)7) flda < o0
for any ¢ € H'(R"). Letting n — oo in (4.5), by the Lebesgue convergence theorem we obtain
/RN (V' - Vi + w) de = /RN ((w* + UL Y — (U, )?) .

Thus w* € HY(RY) is a positive solution of (1.12)., i.e., w* € Sy+. From (ii) of Lemma 3.4
there exists a minimal solution w,. € Sg«. We verify that w, = w*. In fact, from (iii) of
Lemma 3.4 we see that w, < w,- in RY forn =1,2.... Then w* < w,.», and hence w* = w,.«.

We will show that A\;(k*) = 1. Since Ai(k,) > 1 from Lemma 3.6, we have
p—1,,2 p—1,/,2 2
(4.6 S P, P < () [ pla, 1 R < 0l

for any v € HY(RY). Let n — oo in (4.6). Then, by the monotone convergence theorem, we

obtain

[ Pl e <

for any 1 € HY(RYN). Let ¢; € H'(R"Y) be the eigenfunction corresponding to A1(x*). Then it
follows that

M) [ plue e = 6.

This implies that A\j(k*) > 1.
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Assume to the contrary that A;(k*) > 1. Define ® : (0,00) x H'(RY) — H=Y(R") by (3.2).
Then (3.3) holds for u € H'(R"). In particular,

o (", wye Ju = —Aut u— plug + U .

By Lemma B.3 in Appendix B, we find that, for every f € H~!'(RY), there exists a unique
solution u € HY(RY) of @, (k*,w,+«)u = f, that is, &, : HY(RY) — H}(RY) is invertible
at kK = k* and w = w,«. Then, by the implicit function theorem, there exists ¢ > 0 such that
®(k,w) = 0 has a solution w, € H'(RY) for k € (k* —&,x* +¢). From Lemma 3.1 we obtain
a positive solution w,, of (1.12), for k € (k* —e,k* +¢). This contradicts the definition of x*.
Then A;(x*) <1, and hence A\;(k*) = 1. O

Proof of Theorem 2. Let w,« € Sk« be the minimal solution obtained in Lemma 4.3. We will
show that w,.. is a unique positive solution of (1.12),+ in H*(R"). Assume that w € H'(R")
is a positive solution of (1.12),+. Since w, is the minimal solution, we have w > w,. in RV,

Put z = w — w,«. Then z > 0 and satisfies
(4.7) —Az+z=(w+U} )P — (we- + U )P in RV

Let ¢1 € H'(R") be an eigenfunction of the linealized problem of (3.9) with u, = w,. + U]’-‘;*.

Since Aj(x*) =1 from Lemma 4.3, we have
—Ap1 + ¢1 = p(w,- + U )P ' in RV,
Multiplying this equation by z = w — w,. € H'(RY), and integrating on R", we have
K*\p—1
(48) Jo (Vo1 Vet i) do= [ plae + Uz (= e Yonda
Multiplying (4.7) by ¢; and integrating on RV, we obtain
(4.9) /RN (V2 Ve + 21 dz = /RN (w4 UL — (e + U brd.
It follows from (4.8) and (4.9) that
/RN Flw+ U we + U )pydz = 0,

where F(t,s) = t? — s? — psP~1(t — 5). We note here that, for t > s > 0, F(¢,s) > 0 and
F(t,s) = 0 if and only if ¢ = s. Then, from ¢; > 0, we conclude that
F(w+ U w,{*—i—Uj’%*):O a.e. in RY and w=uw,. in RY.

jo » £

Thus (1.12),+ has a unique positive solution w, in H'(RY). Put u,. = w,- + U]’-‘;*. Then, by

Proposition 1.2, u,.- is a unique positive solution of (1.1),—(1.2) with k = k*. O
5. A priori bound of minimal solutions: Proof of Proposition 4.1

19



For p1 > 0, we define E,,(z) = VN ~2E; (uz) for x € RY. Then E,, is the fundamental solution
for —A + p?I in RY. We see that E,, satisfies

E,(x) ~ cu|x|7(N71)/267“‘x| as |z| — oo,

where ¢, > 0 is the constant depends on N and p. We denote by Ej the fundamental solution
for —A in RV, that is,

1
(N —2)Nwy|z|N-2

Eo(z) = for z € RV \ {0},

where wyy denotes the volume of the unit ball in RY. We see that Ey(z) > E,(x) for z € RV\{0}
and E,(z) ~ Ey(x) as |z| — 0.

For each > 0, we define e, € C®(RM) N HY(R") such that 0 < ¢, < 1 in R" and
eu(x) = E,(x) for || > R, with some R, > 0. Then it is clear that

5.1 e, () ~ x| WN-D2e=nll a9 2] — o
(5.1) () ~ eyl

with the constant ¢, > 0. By the definition, e, satisfies —Ae,, + p’e, = 0 for |z| > R,,. Then
there exists a constant C' = C(u) > 0 such that

—Ae, + /feu <Ce, in RY.
Hence, for 1 € (0,1) we have
(5.2) —Ae, +¢, <Cie, in RY

with C; = C(u) + 1 — p? > 0.
From (5.1) and (5.2), we easily obtain the following results.

Lemma 5.1. (i) There exists a constant C' = C(u) > 0 such that

0< —ey(x)eu(x—y) <C forx,yERN;
eu(y)

(ii) Let 0 < v < 1. Then, for ji € (0,vp), there exists C = C(fi,v) > 0 such that e},(z) <
Cep(z) for x € RY;
(iii) Let 0 < u < 1. Then, for any v € H'(RN) with ¢ >0,

/RN (Veu - Vi +e,p)de < Cy /RN eypdx
for some constant Cy = Cy(u) > 0.
For p € (0,1), we define Ey ,(z) = E1(x)/eu(z) for z € RV \ {0}

Lemma 5.2. For p € (0,1), the following (i)—(iv) hold.
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(i) There exists a constant C = C(u) > 0 such that, for u € §" with u > 0,
enFyxu< CEy % [ue,] ae in RY.

(ii) Let g € (1, N/2). Then there exists a constant C' = C(q, 1) > 0 such that, foru € LI(RY),

1 1 2
HELM * UHLT S CHUHLQ ’U}Zth ; = 5 — N

(iii) Let r € [1, N/(N — 2)). Then there exists a constant C' = C(r,u) > 0 such that
|E1u *ullzr < Cllullp for u e LYRY).
(iv) Let r > N/2. Then there exists a constant C = C(r,u) > 0 such that

|Evp*ul|pee < Cllullpr forue LT(RN).

Proof. For v € 8’ with u > 0, we have

eu(x) B xu(z) = /RN Ei,(z - y)%u(y)eﬂ(y)dy < CEyy, * [uey)(z)

for some constant C' > 0. Here we have used the property (i) of Lemma 5.1. Then (i) holds. By
the definition of E , we see that F, < CEy for some constant C' > 0. From (iii) of Lemma
A.1 in Appendix A, (ii) holds. We find that Fy, € L"(RY) for all r € [1, N/(N — 2)). Then,

from (ii) of Lemma A.1, we obtain (iii) and (iv). O

For k € (0,k*), let w,, € S, be the minimal solution obtained in Lemma 3.4. Multiplying
(1.11), by e, € HY(RY) and putting ¢ = e, in (1.13),, we obtain

(5.3) w(@)eu(@) = ep(2) By + [(wy + UL — (US_))(@) for @ € RY,
and
(5.4) oo T Veu +weda = [ ((wet URY = U5 0)7) ey

respectively. Recall that ¢o € (p, N/(IN — 2)). We obtain the following lemma.

Lemma 5.3. Put po = qo/(p —1). For any p € (0,1), the following (i) and (ii) hold.
(i) llweeullraw < C for all k € (0,K%), where C = C(u) > 0 is a constant independent of k.
(i) ||(w, + U]’ff))p_leuHLpo < C for all k € (0,k"), where C = C(u) > 0 is a constant

independent of k.
Proof. We will first show that
(5.5) [(w, +Uj)eullpr <C forall k € (0,x%),

21



where C' = C(u) > 0 is a constant independent of k. From (5.4) and (iii) of Lemma 5.1, we

have
(5.6) [(we + Uj)P = (Uj—1)P)epllr < Crllweenl o

for the constant C7 > 0 which is independent of k. By the Young inequality, for any € > 0, we
have

lweenllr < ellwienllr + Cle)llenllr < ell(we + Uj) eullr + Cle)lleul -

From (5.6) we obtain
(1= Cre)ll(wy + Ujg)Peullr < CLl(e)llenllr + 1 (Uf—1)Pepll

for sufficient small € > 0. We note here that 1 <U j’»‘f:_l for k € (0,x*). Then we obtain

(5.5) for some constant C' independent of &.
From (5.3) we have
lwenllzoo = llepBr* [(w, + Ug)” — (U 1) Lo < llep B+ [(w + Uj)P]l| oo
Then it follows from (i) and (iii) of Lemma 5.2 that

lweullzo < CllBy * [(wy + Uy Peullpo < Cli(w, + Upy)Pey| 1

for some positive constants C' and C. From (5.5) we obtain (i).

From py = qo/(p — 1) it follows that
e+ U3 P eullmo = (e + Ugp e/ @V
In the case 1 < p < 2, from |le,|[z < 1, we have
1w + UL e/ P Vllzan < [l(wy + U eull oo

In the case p > 2, put i € (0,1/(p —1)). Then, from (ii) of Lemma 5.1, there exists a constant
C = C(f1, k) > 0 such that

(w, + Uf)el/ P~V Lo < Cll(wy + Ufi e oo
From (i) of this lemma, for any u € (0,1) there exists C' = C'(u) > 0 such that
1w, + Useullro < lweenllzn + [1Ufepllzan < C + [JUF eullzo.
Thus, both in cases 1 < p < 2 and p > 2, we obtain (ii). O
Proof of Proposition 4.1. Recall that {g;} is the sequence defined by (1.9) with ¢o € (p, N/(N—

2)) and jo is the integer satisfying (1.10). Define {r;} by (2.14). Take {y; ;OZO such that
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Kio € (0,1) and pj—1 < pj/2 for j = 1,2,...,jo. Applying (ii) of Lemma 5.1 with v = 1/2,

there exist positive constants C'j, 7 =1,2,..., 70 such that
(5.7) e’ < Cjey,, RN forj=1,2,...,j.

First we will show
(5.8) lweeu,llps < C; forj=1,2,...,j0— 1,

where C; = Cj(g;, ;) > 0 is a constant independent of x. From (i) of Lemma 5.3 we have
lwyeuollLao < Co. Assume that [Jw,e,,; [[fe-1 < Cj-1 with some j € {1,...,j0 — 2}. From
(5.3) and (2.16) we have

(5.9) Wen, < ey B * [p(w, + Uj’f))pfl(w,i + Vi) in RY.
By using (i) and (ii) of Lemma 5.2, we obtain
lweep, iz < CllEy, * [pws + UR)P~Hw, + Vi5)ep, Lo
< Ol + UR)P (we + View, s
From (i) of Lemma A.1 in Appendix A and (5.7), we obtain

_ _1 1/2 1/2
(e + ULV wen s < |l(wy + U el poollw,esd, || o

(5.10) )

< C?H(M,.; + U]{z)p—leuj71 HLPO leﬁeﬂjfl HL""J'*1
and
(5.11) l(w,, + U5 P~ Ve llpr < [(we + US )P ey, e Vil - -

From (ii) of Lemma 5.3 and the fact that V7 < VJ’; for k € (0,x), we obtain |lw.e,, |4 < Cj.
Thus, by induction, we obtain (5.8).
Note here that r;, > N/2. Then, from (5.9) and (i) and (iv) of Lemma 5.2, we have

ey, e < CllBry # (e + U P (e + VE)ep, o

< COll(we + Up )P~ e + Vid)ews, o

By the similar argument as above, we obtain (5.10) and (5.11) with j = jo. By using (5.8) with
J =Jo— 1, we obtain |lw.e,; [ < Cj, for some constant Cj, > 0 which is independent of &.

By the fact that inmeER eu;, > 0, we obtain the conclusion of Proposition 4.1. O

6. Existence of second solutions: Proof of Theorem 3
Let u,; be the minimal solution of (1.1),—(1.2) for k € (0, x*) obtained in Theorem 1. In order
to find a second solution of (1.1),—(1.2), we introduce the problem
~Av+v=(v+u,)P —u’ inRY,

(6.1),
ve HY(RY) and v >0 ae. in RV.
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By Proposition 1.2, w, = u,, — Uf € H'(RM) is positive in RY and satisfies (1.12),. Assume
that (6.1), has a solution v, and put W, = v, + w,. Then w, € H'(RY) is positive and
satisfies

— AW, + W, = (W, + UL — (U )P in RV,

Thus, by Proposition 1.2, we can get another positive solution u, = Wy + Uf of (1.1),—(1.2)
satisfying %, > u, a.e. in RV,
We will show the existence of solutions of (6.1), by using a variational method. To this end

we define the corresponding variational functional of (6.1), by

I:(v) = %/RN <|Vv|2 +v2) dx — /RN G(v,u

with v € HY(RY), where

1
(ty +s)PT — — P Pt

(6.2) G(t,s) = pL —

+1

From (i) and (ii) of Lemma C.3 in Appendix C, I, : H'(R") — R is C! and the critical point
vp € HY(RY) satisfies

/RN (Voo - Vi + vot) + g(v0, ,)8h) dar = 0
for any ¢ € HY(RY), where
(6.3) g(t,s) = (ty + )" — 5"

Furthermore, if vy # 0 then vy > 0 in R,
Define h(t,s) and H(t,s) by
1
(6.4) h(t,s) = g(t,s) —t% and H(t,s) = G(t,s) — — 1tp+1,
p

respectively. The proof of the following proposition will be given in the next section.

Proposition 6.1. Let {v,} C HY(RY) be a sequence satisfying v, — vo weakly in H'(RY)
asn — oo for some vg € HY(RN). Then there exists a subsequence, still denoted by {v,}, such
that the following (i) and (ii) hold.

(i) For any v € HY(RYN),

(6.5) [ 9ommvds = [ gl wvds asn— .

(6.6) / (vn,u,)der — / (vo, u
RN

(6.7) / h(vp, u, vnd:c—>/ (vo, u,, )vodx.
RN
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We will verify the existence of nontrivial solution of (6.1), by means of the Mountain Pass

Lemma.

Lemma 6.1. Let {v,} C H'RY) be a sequence satisfying I.(v,) — 0 as n — oo in
H=YRN). (i) Then, for any e > 0,

(6.8)

loallfn = [ 9010} vada] < elfvallm

with sufficient large n.
(ii) Assume, in addition, that v, — vy weakly in H'(RY) asn — oo for some vo € H'(RN).
Then

(6.9) (00 Vot vy da = [ glunw)vds =0
RN RN
for any ¢ € HY(RY). Furthermore, vg > 0 a.e. in RN, and if vg # 0 then vg > 0 a.e. in RV.
Proof. (i) Let € > 0. From I (v,) — 0 as n — oo, we have, for sufficient large n,

(6.10) [ o Vot oo = [ glon, v < el

for any ¢ € H'(R"). Putting ¢ = v,,, we obtain (6.8).

(ii) Let n — oo in (6.10). Since (i) of Proposition 6.1 holds and € > 0 is arbitrarily, we obtain
(6.9). From (ii) of Lemma C.3 in Appendix C, we obtain vy > 0 a.e. in R" and, if vy # 0, then
vo > 0 a.e. in RY. O

Lemma 6.2. Assume that {v,} is the Palais-Smale sequence for I, (v), that is,
v, € HYRYN), {I.(vn)} is bounded, and I.(vy,) — 0 asn — oo in H HRYN).

Then {v,} is bounded in H'(RY).

Proof. Since {I(v,)} is bounded, we have

1

(6.11) Slonll = [ Glonm)de < M
for some M > 0. Take € > 0 arbitrarily. From (i) of Lemma 6.1 we obtain
(612 loallfn = [ 9(0n, w)vnde = elenlln

for sufficient large n. Multiply (6.11) by 2 + ¢, with ¢, = min{1,p — 1}. Then, from (6.12) we

obtain

C
@re)M = (142 foalBgy, - @+e) [ Glonu)do

AV

C
Dol + [, @020 = (24 0G0, 1)) d = ol
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From (iv) of Lemma C.2 in Appendix C and Lemma 3.6, it follows that

C
CreM = 2 (Il - [ putvbde ) — elonlim

2
c 1
> 2 (1= 573 ) ol = <lnlle
with A1 (k) > 1. Thus, {v,} is bounded in H'(R"). O

Let us denote by Sp11 the best Sobolev constant of the embedding H*(RY) c LPT1(RY) for
1 <p<(N+2)/(N —2), which is given by

. l[wll%
weH (R¥)\ {0} Jull? s

(613) Sp+1 =

It is known that the infimum is achieved by some positive function vy € HY(RY) for 1 < p <

(N +2)/(N — 2), namely, Spi1|luol|,+1 = [[uo||%:. For simplicity, put

£ (l_ 1 ) S/,
p+1 9 P+ 1

Lemma 6.3. The functional I,; satisfies the (PS). condition for ¢ € (0,5,,), that is, any
sequence {v,} € HY(RN) such that
Ic(vn) = c€(0,85,) and I (vy) =0 asn— oo
contains a convergent subsequence.

Proof. Lemma 6.2 implies that {v,,} is bounded in H'(R). Then, there exist a subsequence,
still denoted by {v,}, and some vy € H'(R") such that

U, — Vg weakly in H'(RY) as n — oo,
N

v, — vy strongly in L _(RY) as n — oo,

Up, — Vg a.e. in RN asn — 0.

From (i) of Lemma 6.1 we have
(6.14) vnl3 — / g(Un, u,)vopdr — 0 as n — oo.
RN

Furthermore, from (ii) of Lemma 6.1, we obtain (6.9) and vy > 0 a.e. in RY. Putting ¢ = v
n (6.9), we have

(6.15) lvoll2 — /RN 9o, 1, )vodz = 0.

Then, from (ii) of Lemma C.2, we obtain

(6.16) Lo ( 2/ g(vo,u vodzc—/ G(vo,u,,)dx > 0.
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It should be mentioned that (6.14) and I, (v,) — ¢ can be written by, respectively,

(6.17) loallfn = )55 = [ B 1) vnda = of1)
and
1 1 L
(6.18) sl — I = [ H o )de = e+ o(1)

Now we will show that v, — vg strongly in H'(RY). Set w, = v, — vo. Then

wy, =0  weakly in H'(RY) as n — oo,
w, — 0  strongly in L2 (RM) as n — oo,
wy, — 0 a.e. in RN asn — oo.

Then it follows that

(6.19) lonllZ = llvollF + llwnllz + o(1).

Put @, = (v,)4+ — vo. From vy > 0 we have w, < 1, < (w,)s, and then @, — 0 a.e. in RV,

By the Brezis-Lieb lemma [8] we have
1 1 . 1
(6.20) 1(on)+ 117551 = llvol e + 1@allT5s: + o(1).
Substituting (6.19) and (6.20) into (6.18) and using (ii) of Proposition 6.1, we deduce that
1 2 1 ~ p+1
(6.21) Liswo) + 5llwnlls = S=7 [@nllpper = e+ o(1).
Substituting (6.19) and (6.20) into (6.17) and using (ii) of Proposition 6.1, we have
- 1
ool = [, 9(eo,1se)vode + wnlfr = @5 = o(1).

From (6.15) we obtain [lw |7, — HwnH’;ﬁl = o(1). Since {w,} is bounded in H'(RY), we may
assume that

lwnllfp — ¢ and ||dn|75 — ¢

for some £ > 0. By the definition of Sp41 and the fact that |[w,|2F!, < |lw,[?}1:, we obtain

Sp+1€2/(p+1) < ¢. We assume here that ¢ > 0. Then ¢ > ng{l)/(pfl). Letting n — oo in (6.21),

we have

11 .
IK,(UO) =C— (§—p—+1>€§C—Sp+1 < 0.

This contradicts (6.16). We therefore obtain £ = 0. Thus w, — 0 in H'(RY), which implies

that v, — vg strongly in H'(R”). This completes the proof. O

Lemma 6.4. There exist some constants p > 0 and 6 > 0 such that I,(v) > 6 > 0 for all
v € HYRY) satisfying ||v||gn = p-
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Proof. For any v € H'(R"N) we have

1 _ D o,
I.(v) = 3 <H’UH%{1 - /RN pub 1U2d33> - /RN (G(v,gn) - Qgﬁ 1v2> de = J1 — Ja.
From (iii) of Lemma C.2, for any € > 0 there is a constant C' = C'(¢) > 0 such that
Ty < E/RN w2z + CO|lo|25L,
From Lemma 3.6 and the Sobolev inequality, we have

1 1 .
> (1 - —— 2 d < 2 Ol
=y ( Al(n)> ol and  Jo < s ol + Cllolt

with Aj(k) > 1. Thus, for € > 0 sufficient small, we obtain
Li(v) = Cillo]lpn = Collo|l7y

with some constants C1,Cy > 0. This implies that there are positive constants p and 6 such
that I,.(v) > 6 holds for all v € H'(RY) with ||v]|z1 = p. O

Lemma 6.5. Assume that ug € H'(RY) attains the infimum (6.13), that is, Spi1lluol|2s =
[uoll3;1. Then I (tug) — —o0 as t — oo and sup~q Le(tug) < Si;.
Proof. From (ii) of Lemma C.2, we have

t? 2 e p+1
Is(tuo) < ol — - Juollfits for any ¢ >0.

Here we use the properties u,,uo > 0 in RY. Then it is clear that I;(tuy) — —o0 as t — oo.
We observe that

+1 —1
sup ﬁ”uOH2 - EHUOHP—FI _ (1 _ 1 ) HUOH?‘h (p+1)/(p—1) o
t>0 \ 2 A p+i1 Lot 2 p+1 ||u0H%p+1 pH

Then we obtain sup,-q Ix(tuo) < Sy ;. 0

Proof of Theorem 3. Let ug € H'(RY) be the function which attains the infimum (6.13).
From Lemma 6.5 there is a constant 7' > 0 such that e = T'ug satisfies ||e]| g1 > p and I, (e) <0,
where p is the constant in Lemma 6.4. Denote

= inf Iy )
¢ = Inf max (v(s))

where T' = {y € C([0,1]; HY(R")) : 7(0) = 0, (1) = e}. Then, from Lemmas 6.4 and 6.5, it
follows that 0 < 6 < ¢ < S;.4. By the Mountain Pass Lemma without the (PS) condition ([4,
10]), there exists a sequence {v,} C HY(RY) such that I,(v,) — c and I’ (v,) — 0 as n — oo.

By Lemma 6.3 there exists a subsequence which converges to some v, in H*(R"). Then v, is a
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nontrivial critical point of I,;, and hence v, solves the problem (6.1),. As has been mentioned

above, we obtain a positive solution @, of (1.1),—(1.2) satisfying @, > u, a.e. in R". O

7. Proof of Proposition 6.1

In this section we will show Proposition 6.1. By the definitions of ¢(t, s), h(t, s), and H(t,s),
we may assume that v, > 0 and vg > 0 a.e. in RV throughout this section.

By Proposition 1.1 we see that u,, € C?(RN \ {a;}™,) and u,.(z) = O(E1(z)) as |z| — oo.
Take Rg > 0 such that (2.5) holds. Then u,, € L"(R™ \ Bg,) for all r € [1,00] and there exists
a constant Cy > 0 such that

(7.1) u,.(x) < Cpy for x| > Ry.

In this section we denote by C,, for r € [2,2N/(N — 2)], the constant in the Sobolev inequality
(A.1) in Appendix A.

First, we show the following lemma.

Lemma 7.1. Assume that {v,} satisfies the assumption in Proposition 6.1, and let ¢ €
HY(RN).
(i) For any € > 0 there exists R > 0 such that

7.2 / Upy Uy dr < e.
(72) [, Aol
(ii) For any R > 0, we have

(7.3) /B 9(Vn, )b — /B g(vo, u)pde  asn — co.

Proof. (i) For any & > 0 we can take R > Ry such that

1/2
</ |¢|2daz> <&
RN\Bj

From (i) of Lemma C.2 in Appendix C, we have

/ 9(vn, u,)pdr < C (Ug + Qg_lvn) Ydx
RN\Bj3

RN\B,

with some constant C' > 0. Note that 2p € (2,2N/(N — 2)). By the Hélder inequality and the

Sobolev inequality, we obtain

1/2

1/2
o 0= (fvie) ™ (o, 2] <ttt
RMN\Bj RN RMN\Bj
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From (7.1) and the Holder inequality, it follows that

1/2 1/2
/RN\B~ uP Lo pde < Cgil </RN v%dx) </RN\B~ ¢2d1’> < CgiléHUnHHl.
R R

Since {v,} is bounded in H'(RY) by the assumption, we obtain
Lo g ulvids < Ce,
RV\Bj

for some constant C' > 0 which is independent on n and €. For any € > 0, take £ = ¢/ C. Then
(7.2) holds.

(ii) By the assumption, {v,} is bounded in H'(Bpg). Then, there exists a subsequence, still
denoted by {v,}, and V € L?’(Bg) such that

vp — vo strongly in L?P(Bg),
v, = V9 a.e.in Br, and v, <V a.e. in Bg.

From (i) of Lemma C.2 it follows that
9(vn, w) Y] < C(Wh + uk™ wn) 9] < C(VP + k™ V)[4

We observe that

1/2 1/2
[ vl < ([ vras) ([ vtar) <o,
Br Br Br

(p=1)/p 1/2p 1/2p
/ Qg—lVW’dx < (/ gﬂdm) (/ V2pdx) (/ ¢2pdfﬁ) < o0,
BR BR BR BR

and that g(vp,u,.)Y — g(vo,u, )y for a.e. in Br as n — oo. By the Lebesgue convergence
theorem, we obtain (7.3). O

Proof of (i) of Proposition 6.1. For any € > 0 there exists R > 0 such that (7.2) holds.
Observe that

‘/RN 9(vn, Uy )pd — /RN g(vo,u,,)Ydz

= /RN\BR g(vnaﬂn)h/}‘dx + /RN\BR g(v07ﬂn)|¢‘dx + ‘/BR(Q('UTL,E,{) - g(UO,Eﬁ))wdl‘ .

From (i) and (ii) of Lemma 7.1 we have

lim sup ‘/ g(vn, u,. )dx —/ g(vo, u, )dx| < 2e.
RN RN

n—oo

Since € > 0 is arbitrarily, we obtain (6.5). O

To prove (ii) of Proposition 6.1, we need the following lemma.
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Lemma 7.2. Assume that {v,} satisfies the assumption in Proposition 6.1.

(i) For any € > 0, there exists R > 0 such that

(7.4) / H(vy,u,)dr <e and h(vp, u,)vpde < e.
RN\BR RN\BR

(i) For any R > 0, we have

(7.5) H(vy,u,)dr — H(vg,u,)dx
Br Br
and
(7.6) / h(vp, u,,)vpdr — h(vg, u, )vodz
Br Br
as n — o0o.

Proof. (i) Recall that u, € L"(RY \ Bpg,) for all r € [1,00]. Then, for any & > 0 there exists
R > Ry such that

1/2 1/2
(7.7) ( / uicﬁc) <& and < / gipdx> < &

From (C.7) and (C.9) in Appendix C, we have

/ H(vp,u,,)dze < C (vPu,, +vpul) dx
RN\Bj RN\Bj

and

/ h(Un, 4 )onda < C (WP, + vntl?) dir,
RN\Bj RN\Bj

respectively. It follows from the Holder inequality, the Sobolev inequality, and (7.7) that

oy ez < ([ oivs) ( / ch@ < Chllonlly,
RN\B, RN RN\B,

1/2 1/2
/ vpuldr < (/ v%dm) </ gipd:c> < Ellvnllgr ®mvy-
RM\Bj, R RM\Bj,

Since {v,} is bounded in H'(RY) by the assumption, we obtain

/ H(vp,u,)dr < Cé and h(vp, w,,)vpdr < Ce
RV\B RM\B

for some positive constant C which is independent of n and €. For any € > 0, put € = ¢/ C.
Then (7.4) holds.
(ii) There exist a subsequence, still denoted by {v,}, and V € LP*1(Bg) N L?*(Bg) such that

v, — v strongly in LPYL(Bg) N L*(Bg),
v, = V9 a.e.in Br, and v, <V a.e. in Bg.
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Then H(vn,u,.) — H(vo,u,) and h(vy,u,)v, — h(vo,u,)ve for a.e. in Br as n — oo. From
(C.6) and (C.8) in Appendix C, we have

H(vp,u,) < Cobt +ul7ho?) < C(VPH 4 ul7'V?)

and

h(vn, e )vn < C(uf™ 4+ ufl0p) < C(VPH 4 a1V,

respectively. By the Holder inequality, we obtain

(p—1)/p 1/p
/ Qﬂfl‘/Qde’ < </ gﬁdx) < V2pdx> < 0.
Br Br Br

By the Lebesgue convergence theorem, we obtain (7.5) and (7.6). O

Proof of (ii) of Proposition 6.1. For any € > 0 there exists R > 0 such that (7.4) holds.
Observe that

‘ H(vn,g,{)dzn - H(”Oaﬂn)d‘r
RN RN

< H(vp,u,)dx + Hv,g,id:n—l—‘/ H(vp,u,) — H(vg,u,,))dx| .
Jrer, Bl e [ B+ [ (H ()~ Ho,u,)

R

As a consequence of (i) and (ii) of Lemma 7.2, we obtain

hff;ip ‘/RN H(vy,u,)dx — /RN H(vg,u,)dz| < 2e.
Since € > 0 is arbitrarily, we obtain (6.6). By a similar argument, we obtain (6.7). 0

Appendix A: Inequalities

For convenience, we list below the basic inequalities, which will be used in this paper. We
assume N > 3 and denote by Ej the fundamental solution for —A in RY. For the proof, see,
e.g., [19], [22], [17].

Lemma A.1. (i) (Hélder’s inequality) For v € LP(RY) and w € LY(RY) with p,q € [1, 0],

1 1 1
lowler < lollzollwllze, where = + 2.
r p q

(ii) (Hausdorff-Young’s inequality) For v € LP(RY) and w € LY(RN) with p,q € [1, 0],

1 1 1
|lv*w|r <||v|e||lw|pa, where —=—+——1.
r p q

In particular, for v € LP(RY) and w € LY(RN) with p,q € [1,00], 1/p+1/q =1,

[[o* wllzee < [Jvf| Leflwl]za-
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(ili) (Hardy-Littlewood Sobolev’s inequality) For g € (1, N/2) there exists a constant Cq > 0
such that, for v € LYRN),

1 1 2
| Bo * vllzr < Cyllollze  where — = 2

(iv) (Sobolev inequality) For all r € [2,2N/(N — 2)] there exists a constant C, > 0 such that

(A1) o)l < Chllvllg for v e HYRM).

In this paper, we will use the following result. For reader’s convenience, we include a proof.

Lemma A.2. (i) Assume thatv € LP(RN) andw € LY(RY) withp,q € (1,00), 1/p+1/q = 1.
Then v xw € Co(RN).

(ii) Assume that v € L*(RN) and w € L®(RN). Thenvsxw € C(RYN). Assume, in addition,
that [|wl| L3\ By) — 0 as R — 0o. Then v w € Co(RN).

Proof. (i) From v € LP(RY) we have |70 — v||z» — 0 as |h| — 0, where 7,v(z) = v(z + h).

By the Holder inequality,
lvxw(z+h) —vrw(r)] < /RN [(v(z +h —y) —v(z —y))w(y)|dy
< lmwe = vllzefwl[ze — 0

as |h| — 0. This implies that v * w € C(RY). For |z| > 2R with R > 0, we have

vk w(x)] < /

oo, 1 = 9w @ldy + [ o =)ty

By the Holder inequality, it follows that

S, 1265 = 00y < 0l eyl vy — 0 a5 B2 o
From |z| > 2R, we have z —y € R \ By for y € Bg. Then
/ [v(z = y)wy)ldy < [[vllLo@3\Bg) [0l Larry — 0 as R — oo.

Br

Thus v * w(x) — 0 as |z| — oo, and hence v * w € Co(RY).

(ii) Following the argument in the proof of (i), we obtain (ii). O

Let F; denote the fundamental solution for —A + I in RY. We see that E; € L"(R") for
all r € [1, N/(N —2)) and E; < Ep. As a consequence of Lemmas A.1 and A.2 we obtain the

following lemma.
Lemma A.3. (i) For r € [1, N/(N — 2)) there exists a constant C, > 0 such that

|Ey % v||pr < Cpllv]jp for ve LYRY).
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(ii) For ¢ € (1, N/2) there exists a constant C, > 0 such that, for v € L{(RY),

2
N

1
| Eq *v||pr < Cgllv|lpa  where o=

=

(iii) Let v € LI(RY) with some ¢ > N/2. Then E; x v € Co(RY).
(iv) Let v € (L*° + L9)(R") with some ¢ > N/2. Then E; xv € C(R").

Lemma A.4. Assume that v € (L* N L9)(RY) with some ¢ > N/2. Then Ey xv € (Cy N
L*n HY(RN).

Proof. Put w = E1 *v. From (i) and (iii) of Lemma A.3, we have w € (L' N Cp)(RY), and
hence w € L?(RY). By the assumption, we obtain v € L"(RY) for all r € [1,¢]. In particular,
from N/2 > 2N/(N + 2) for N > 2, we have v € L*N/(N42(RN), Put w = E; * v. Then

—Aw+w=v inD'RN).
By employing the L%-estimate and the Sobolev embedding, we obtain w € W22N/(N+2)(RN)
and Vw € L2(RY). Thus w = Ey v € H'(RY). O
Appendix B: Eigenvalue problems

Let us consider the eigenvalue problem

~A¢ + ¢ = Aa(z)p in RV,
(B.1)
¢ € H'(RY),

where a € LN/2(RN) N LY(RVN) with some ¢ > N/2 and ¢ > 0 a.e. in RN,

First we show the following lemma.

Lemma B.1. Assume that {¢,} € H'(RY) is a sequence such that v, — g weakly in
HYRY) asn — oo. Then

(B.2) / ap?dr — / apidr  asn — oo.
RN RN

Proof. From a € LN/2(RN), for any € > 0 there exists R > 0 such that

2/N
(/ aN/Qd:U> < €.
l|>R

By the Holder inequality and the Sobolev inequality, we obtain

2/N
[ avide< ( / an) [l a2 < Clnlip,
z|>R |z|>R
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where C' > 0 is the constant independent of n. By the assumption, {t,,} is bounded in H*(R™Y).
Then

(B.3) / ap?dr < Ce and apadr < Ce,
o[> R

lz|=R

where the constant C' > 0 is independent of n and € > 0.
Put ¢ = ¢/(q —1). Note that ¢' € (1, N/(N — 2)). Then we can take a subsequence, still
denoted by {1}, and ¥ € L?? (Bp) such that

p — 1y strongly in LQq/(BR) and |¢,| < ¥ a.e. in Bp.
By the Holder inequality, it follows that

1/q , 1/q
/ aw%d:c < / a¥?dr < (/ aqu) ( p2a dm) < 0.
BR BR BR BR

By the Lebesgue convergence theorem we have

(B.4) / aidr — aidr asn — oo.
Br Br

Observe that

‘ /RN a? dx — /RN aidz

As a consequence of (B.3) and (B.4), we obtain

lim sup ‘ / aidr — / aidx

with some constant C' > 0. Since ¢ > 0 is arbitrarily, we obtain (B.2). O

< /m|>R m/)idx + /|I>R m/)gdx + ‘/BR(awi — m/)g)dac i

< (Ce

Lemma B.2. The problem (B.1) has the first eigenvalue Ay > 0 and the corresponding

eigenfunction ¢1 > 0 a.e. in RN. Furthermore, there holds
(8.5) [0l =N [ avtda
for any v € HY(RN)\ {0}.
Proof. We consider the minimization problem
N = inf{uwng,l e H'(RY), /RN adz — 1} .
Let {4} € H'(R") be a minimizing sequence of A, that is,

/RN ap?der =1 and |[¢n)?n — A1 asn — oo.

35



Since {1, } is bounded in H'(RY), there exists a subsequence, still denoted by {¢,}, and a
function ¢; € H'(RY) such that v, — ¢1 weakly in H'(R") as n — oo. Then it follows that
A1 = liminfy, oo |31 > [|01]|3:. Lemma B.1 implies that

/ apide = 1.
RN

Hence ¢ # 0 achieves the infimum A; > 0. Clearly, |¢1| also achieves A;. Then we may assume

that ¢; > 0 a.e. in RY. Furthermore, ¢ satisfies
—A¢1+ ¢1 = Magy in RV,
and hence ¢; = A\ E; * [a¢1] > 0 a.e. in RY. By the definition of \;, (B.5) holds. a

Lemma B.3. Assume that the problem (B.1) has the first eigenvalue \y > 1. Then, for any
f € HYRYN), the problem

(B.6) ~Au+u=a(@)u+f inRY
has a unique solution u € H*(RN).
Proof. For v,w € H'(RY) define B[v,w] by
Blv,w] = / (Vv - Vw +vw — avw) dz.
RN
By the Holder and the Sobolev inequalities, we have
[ avwde <l alloll evsev-s ol v < Clallpalllln
with some constant C' > 0. Then there exists a constant C' > 0 such that
|Blv, w]| < Cllv||g|lw| g for all v,w € H'(RN).
From (B.5) we have
Blv, o] = [v]|%: — / ade > (1— 1) o2
’ A Jrw - A1 !

for all v € H'(R"). According to the Lax-Milgram theorem, for every f € H~'(R") there
exists a unique u € H'(R") such that

Blu,] =< f,¢ > for all € H'(RY),
where < -,- > is the pairing between H~'(R") and H'(R"). This implies that (B.6) has a

unique solution v € H'(RV). O

Appendix C: Auxiliary lemmas
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In this appendix we assume p € (1, N/(N — 2)).
Lemma C.1. (i) There exists a constant C' = C(p) > 0 such that
|(t+s)E — 8P| < C(tlP + sP7Lt]) for s >0 and t € R.

(ii) Assume that u € H'(RN) and v € LP(RN) withv > 0 a.e. in RY. Then (u+v)f — P €
H-YRN).

Proof. (i) Note that |(t + )% — s?| < ||t + s[P~1(t + s) — |s[P~1s| for s > 0 and ¢ € R. Then,
by the mean value theorem, we have
p([tlP + sP71t]) ifp <2,
|(t+ ) — 8P| < p(Jt] + 5Pt <
207 2p(|t]P + sP7Lt|) if p > 2.

Thus (i) holds with C = p if p < 2 and C = 2P 2p if p > 2.
(ii) It suffices to show that there exists a constant C' = C'(u,v) > 0 such that

(1) [ ()t = o) wda] < Clol
for any ¢ € H'(RY). It follows from (i) that

|+ )% — 0P| [p] < C(ul” + o ul)ly] in RY.
By the Holder and the Sobelev inequalities, we obtain

/RN ulPlolde < Jlullfo [¢lre < Cllullj ¥,

— —1 -1
/RN W ul[plde < ollfs ull a1 2o < Cllollgs ull a9 e

Then we obtain (C.1), and hence (u + v)§ —v? € H-H(RM). O
Let G and g be the functions defined by (6.2) and (6.3), respectively.
Lemma C.2. (i) There ezists a constant C = C(p) > 0 such that
g(t,s) < C(tP + sP7't)  for s,t > 0.

(ii) For s,t >0,
1 1
— Pt < G(t,s) <
<Gl <
In particular, G(t,s) > t**1/(p+ 1) for s,t > 0.
(iii) For any € > 0, there is a constant C' = C(g) > 0 such that

g(t, s)t.

(C.2) G(t,s) — gsp_1t2 <esP M2 4 Ot for st > 0.
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(iv) Put ¢, = min{l,p —1}. Then
g(t,s)t — (24 ¢p)G(t,s) > —%spfth for s, t > 0.
(v) There exists a constant C' = C(p) > 0 such that
(C.3) |Gt +7,5) = G(t,s) — g(t,s)7| < Ot~ + |7P~! + 5P~ )|
for s >0 and t, 7 € R.

Proof. (i) Note that (t + s)4+ = (t + s) for s,t > 0. Then, from (i) of Lemma C.1, (i) holds .
(i) Put y(t,s) = G(t,s) —tPT1/(p+1) and §(t, s) = (1/2)g(t, s)t — G(t,s). We have y(0,s) =
y¢(0,s) = 9(0,s) = 3:(0,s) = 0 and

p(p—1)

yu(t,s) = p((t + s)pfl —tP) >0 and gyul(t,s) = 5

(t+s)P72t > 0.

Integrating them on [0, ¢] twice with respect ¢, we obtain y(t,s) > 0 and g(¢,s) > 0 for s,t > 0.
In particular, if t,s > 0, we have y(¢,s) > 0. Thus (ii) holds.
(iii) Define Y(t,s) = G(t,s) — (p/2)sP~'t2. Then we have Y (0,s) = Y;(0,s) = 0 and

Yiult,s) = p(t + )71 — ps? 1.

If p < 2 then

Yi(t,s) <p(t™" 4 s"70) = ps" = ptP L.
Integrating on [0,t] twice with respect ¢, we have Y (¢,5) < t?™!/(p+ 1). Thus we obtain (C.2)
with C =1/(p+ 1) for any € > 0. Let p > 2. By the mean value theorem, we have

Yie(t,5) <p(p—1)(t +5)P 2t < O 4 sP1)
with some C > 0. Integrating on [0,t] twice with respect ¢, we have
Y(t,s) < C(tPT! 4 sP723).

By the Young inequality, for any ¢ > 0 we have sP~2t3 < esP~ 12 + C(e)tP*!. Thus we obtain
(C.2).

(iv) See (v) of Lemma 5.1 in [24].

(v) We will show (C.3) by dividing into four cases according to the signs of ¢t + 7 and ¢. Put
Z(t,1,s) =G(t+T1,5)— G(t,s) — g(t,s)T. We note here that G(t,s) = g(t,s) = 0if ¢t <0, and
that G(t,s) and g(t, s) are nondecreasing in ¢ > 0 for each fixed s > 0.

(a) The case where t +7 >0 and t > 0. In this case, we have Z(¢,0,s) = Z,(¢,0,s) = 0 and

Zor(t,7,8) = plt+ 7+ 8P L <Ot + |7t + 577

with some constant C' = C(p) > 0. Integrating on [0, 7] twice with respect to 7, we obtain

(C.3).
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(b) The case where t + 7 > 0 and t < 0. In this case we have t + 7 < 7 and Z(t,s,7) =
G(t+7,s). From (i) and (ii) of this lemma, it follows that

Glt+7,5) < Glr,5) < 2g(r, )T < O+ 577172)

with some constant C'= C(p) > 0. In particular, (C.3) holds.
(c) The case where t +7 < 0 and t > 0. In this case we have t < |7] and Z(¢,7,s) =
—G(t,s) — g(t,s)T. Then

1Z(t,7,8)| < Gt 5) + g(t, s)|7] < G(|7],8) + g(|7], 5)]7]-
From (i) and (ii) of this lemma, we obtain
3 _
G(Irl5) + g(Irl s)lr| < Sa(Il, s)lr| < C(Ir[P 4 sP7Hr ),

Thus (C.3) holds.
(d) The case where t +7 <0 and t < 0. In this case Z(t,s,7) = 0. Thus (C.3) holds. O

Lemma C.3. Forve HY(RY) and w € LP(RN) with w > 0 a.e. in RN, define

I(v) = %/RN (]Vv[2 + v2) dx — /RN G(v,w)dx.

Then the following (i) and (ii) hold.
(i) I: HY(RN) — R is C' and satisfies

(C.4) T () = /RN (Vo - Vi + v — v, w)) de

for v,vp € H'(RN).
(ii) Let vg € HY(RYN) be a critical point of I, that is, I'(vg)y = 0 for any ¢ € H'(RYN). Then
vo > 0 a.e. in RN. Furthermore, if vy Z 0 then vg > 0 a.e. in RV.

Proof. (i) We see that
‘I(v + ) —I(v) — /RN (Vv -V + v — g(v,w)) de
<l + [ IG@+ bw) = Glow) — glo,w)] da.
Then, in order to show (C.4), it suffices to show that
(©3)  J=[ 160+ = Clow) — gvw)lde = o[¥lm) s ¥l =0
From (v) of Lemma C.2, it follows that

s [ (Pt o R do
RN
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for some constant C' > 0. By the Holder and the Sobolev inequalities, we have
1
Cllvllee l9lF20 + 19000 + lwlee[$1172)

1
Clllollzelllizn + IIEE + lwll e [¥11F:)-

This implies that (C.5) holds. Thus (C.4) holds. From (i) of Proposition 6.1, it is clear that
I'(v)y is continuous in v € HY(RY) for any v € H'(RY). Thus I : H}(R") — R is CL.
(ii) Note that ((v)+ + w)? = (v + w)P. Then, from (ii) of Lemma C.1 we have g(vg,w) €

H~1(R"), and hence vq satisfies

J

IN

IN

vo = E1 + [((vo) 4 +w)P —wP] ae. in RY.
Then vy > 0 a.e. in RY and, if vy # 0, then vy > 0 a.e. in RY. O
Let h and H be functions defined by (6.4).

Lemma C.4. There exists a constant C > 0 such that, for s,t > 0,

(C.6) H(t,s) < C(tPT + sP7 142,
(C.7) H{(t,s) < C(tPs + sPt),
(C.8) h(t,s)t < C(tPT! 4 sP=12),
(C.9) h(t,s)t < C(tPs + sPt),

Proof. We see that Hy(t,s) = (t + s)P — sP — tP. Then Hy(t,s) < (t + s)P — sP and Hy(t,s) <

(t + s)P — tP. By the mean value theorem,
(t+5)P —sP < p(t+s)P7 1t < CHP + sP71t)

and
(t+s)P —t? < p(t+ 5P 1s < O(tP s + sP).

Then it follows that
Hy(t,s) < C(tP + sP71t) and  Hy(t,s) < C(tP1s + sP).

Integrating on [0, t] with respect to ¢, we obtain (C.6) and (C.7), respectively.
Observe that

ht,s)t) = (p+1)(t+s) — (p+ P —sP —ps(t + )P~

< (p+1){(t+s)P —tF—sP}.
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By the similar argument above, we obtain (C.8) and (C.9). O
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